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SAMPLE PATH LARGE DEVIATIONS FOR LAPLACIAN MODELS IN
(1 + 1)-DIMENSIONS

STEFAN ADAMS, ALEXANDER KISTER, AND HENDRIK WEBER

ABSTRACT. We study scaling limits of a Laplacian pinning model in (1 + 1) dimension and
derive sample path large deviations for the profile height function. The model is given by a
Gaussian integrated random walk (or a Gaussian integrated random walk bridge) perturbed by
an attractive force towards the zero-level. We study in detail the behaviour of the rate function
and show that it can admit up to five minimisers depending on the choices of pinning strength
and boundary conditions. This study complements corresponding large deviation results for
Gaussian gradient systems with pinning in (1 + 1)-dimension ([F'S04]) in (1 + d)-dimension
([BFO09]), and recently in higher dimensions in [BCF14].

1. INTRODUCTION AND LARGE DEVIATION RESULTS

1.1. The models. We are going to study models for (1 + 1)-dimensional random fields. These
models are defined in terms of the potential, a measurable function V: R — R U {+o00} such
that « — exp(—V/(z)) is bounded and continuous and that

/ev(””) dz < co and /xQeV(”) dz =: 0 < co and /er(a:) dz = 0.
R R R

For most of the article we consider the Gaussian case V (z) = %xQ. Given the potential V', we
define a Hamiltonian e, |(¢), defined for £, € Z, with r — £ > 2, and for ¢: {£,£+1,...,r —
1,7} = R by

Hiew (¢ Z V(Ad), (1.1)
k=041
where A denotes the discrete Laplacian, A¢, = i1 + ¢p_1 — 2¢. Our pinning models are
then given by the probability measures

N—
Tha(dg) = e e H (co(don) +dse) [ duldsn).
N’EW) k=1 ke{—1,0,N,N+1} (1.2)
vt .
Yy (dg) = ZN;(W -1+ (4 H (00(depe) +dee) [ Oun(don),

ke{-1,0}

where N > 2 is an integer, ¢ > 0 is the pinning strength, d¢; is the Lebesgue measure on R,
do is the Dirac mass at zero, where 1) € R? is a given boundary condition and Zy.(¢)) (resp.
Zn (1)) is the normalisation, which is usually called partition function.
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The measures given in are (1 + 1)-dimensional models for a linear chain of length N
which is attracted to the defect line, the z-axis. The parameter ¢ > 0 tunes the strength
of the attraction and one wishes to understand its effect on the field, in the large N limit.
The models with ¢ = 0 have no pinning reward at all and are thus free Laplacian models.
By“(1 + 1)-dimensional” we mean that the configurations of the chain are given by graphs
{(k, &)} —1<k<n+1. Models with Laplacian interaction have been studied in the Physics litera-
ture in the context of semiflexible polymers, c.f. [BLLO0, [HV09], or in the context of deforming
rods in space, cf. [Ant05].

The basic properties of the models were investigated in the two papers [CDO08, [CDQ9], to
which we refer for a detailed discussion and for a survey of the literature. In particular, it was
shown in [CDO§| that there is a critical value . € (0,00) that determines a phase transitions
between a delocalised regime (¢ < €.), in which the reward is essentially ineffective, and a
localised regime (¢ > e.), in which the reward has a macroscopic effect on the field. For
more details see Section below. In the present paper we derive large deviation principles
for the macroscopic empirical profile distributed under the measures in (1.2)) (Section .
The corresponding large deviation results for the gradient models, where the Hamiltonian is a
function of the discrete gradient of the field instead of the discrete Laplacian, have been derived
in [FS04] for Gaussian random walk bridges in R and for Gaussian random walks and bridges
in higher dimensions in [BFO09]. In [FO10] large deviations for general non-Gaussian random
walks in R, d > 1, have were analysed, and in [BCF14] gradient model in higher (lattice)
dimensions were introduced.

A common feature of all these gradient models is, that typical fluctuations are observed on
scale v/N and that large deviation results can be obtained on a linear scale in N; for more
details see [Fun05]. In contrast in the Laplacian case the scale for the scaling limits is N3/? as
already observed in Sinai’s work [Sin92] on integrated random walks and proved in the specific
context of our models by Caravenna and Deuschel in [CD09]. In this article we derive large
deviations principles on scale N?. Beyond the different scaling, a major technical difference
between the Laplacian case and the gradient case is the fact that the Markov property which
features prominently in the large deviation proofs in the gradient case [ES04, BFOQ09] is not
directly available in the Laplacian case. To overcome this difficulty we introduce a correction
technique and replace “single zeros” of the profile by “double zeros” which then allows us
to write the distribution over disjoint intervals separated by a double zero as the product of
independent distributions over the disjoint intervals.

Our second major result (given in Section [2)) is a complete analysis of the rate functions. We
are particularly interested in the critical situation where more than one minimiser of the rate
function exists. The variational problem for our rate functions shows a much richer structure
of minimisers than the rate function for corresponding gradient models in [BFOQ09]. Without
pinning there is a unique bi-harmonic function minimising the macroscopic bi-Laplacian energy
(see Appendix . Once the pinning reward is switched on, the integrated random walk (scaled
random field) has essentially two different strategies to pick up reward. One strategy is to start
picking up the reward earlier despite the energy involved to bend to the zero line with speed
zero and the other strategy is to cross the zero level producing a longer bend before turning to
the zero level and picking up reward. The choice of pinning strength and boundary conditions
determines which of these strategies is favoured by the rate function.
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In Section[I.2) we present the large deviation results which are proved in Section[3] The results
of the variational analysis are given in Section [2] and their proofs are given in Section [2.3] We
include an Appendix [A] where some basic facts about the bi-harmonic equation and bi-harmonic
functions along with convergence statements for the discrete bi-Laplacian are provided. In
Appendix [B| we collect some well-known facts about partition functions of Gaussian integrated
random walks.

1.2. Sample path large deviations.

1.2.1. Empirical profile. Let hy = {hn(t): t € [0,1]} be the macroscopic empirical profile
determined from the microscopic height function ¢ under the proper scaling. More precisely,
define hy as a linear interpolation of (hy(k/N) = ¢ /N?)rer, with Ay = {-1,0,...,N,N+1}
by
INt| — Nt+1 Nt — | Nt]

hN(t) = N2 ¢LNtJ + TQZSLN”JA, t e [0, 1] (13)
We study hy distributed under the measures given in (|1.2)) endowed with a suitable boundary
conditions ™). In the case of Dirichlet boundary conditions, we fix parameters a,a, b, 3 € R

and then define the microscopic boundary conditions as

aN? —aN ifx = —1,
aN? if x =0,
PN (x) = { bN? if t =N, (1.4)
bN?+ BN ifx =N +1,
0 otherwise.

\

On the macroscopic scale this choice corresponds to fixing Ay (0) = a and hy(1) = b as well
the discrete derivatives

oy P0) — 9 (1) YO(N +1) = ()

v (0) = = - 2 8
In the case of free boundary conditions on the right side we only specify the boundary in
x = —1and z = 0, and write ¢{"’(=1) = aN? — aN and ¢} (0) = aN?, see (1.2). We write
r = (a,a,b,3) to specify our choice of boundary conditions ¥ in the Dirichlet case and
a = (a, «) for the mixed Dirichlet and free boundary case.

=a and hy(1)

We denote the Gibbs distributions with ¢ = 0 (no pinning) by ~% for Dirichlet boundary
conditions and by % for Dirichlet boundary conditions on the left and free boundary conditions
on the right and their partition functions by Zy(r) and Zy(a), respectively. In Section [1.2.2]
we study the large deviation principles without pinning (¢ = 0) for general integrated random
walks with free boundary conditions on the right hand side and show that these results apply
to Gaussian integrated random walk bridges as well. Our main large deviation result for the
measures with pinning are then presented in Section [1.2.3] To state these results we introduce
the spaces

Hy = {h € H*([0,1]): h(0) = a, h(1) = b, h(0) = o, h(1) = B},
used for the case of Dirichlet boundary conditions and the space

H2 = {h e H*([0,1]): h(0) = a, h(0) = a}
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used in the case of free boundary conditions on the right. Here, H*([0,1]) is the usual Sobolev
space. We write C([0, 1]; R) for the space of continuous functions on [0, 1] equipped with the
supremum norm.

1.2.2. Large deviations for integrated random walks and Gaussian integrated random walk
bridges. We recall the integrated random walk representation in Proposition 2.2 of [CDOS].
Let (X )ren be a sequence of independent and identically distributed random variables, with
marginal laws X; ~ exp(—V/(z))dz, and (Y, )nen, the corresponding random walk with initial
condition Yy = aN and Y,, = aN + X; + --- + X,,. The integrated random walk is denoted
by (Zp)nen, wWith Zy = aN? and Z, = aN?> + Y, + -+ +Y,. We denote P® the probability
distribution of the above defined processes. Then the following holds.

Proposition 1.1 ([CDO08|). The pinning free model 7% (¢ = 0) is the law of the vector
(Z1,..., Zn_1) under the measure P"(-) := P*(-|Zy = DN? Zn,1 = bN? + BN). The par-
tition function Zy(r) is the value at (BN,bN? + BN) of the density of the vector (Yny1, Zn11)
under the law P*. The model v coincides with the integrated random walk P®.

The first part of the following result is the generalisation of Mogulskii’s theorem [Mog76]
from random walks to integrated random walks whereas its second part is the generalisation to
Gaussian integrated random walk bridges.

Theorem 1.2. (a) Let 'V be any potential of the form above such that A(X) =
logE[eQ’Xl)] < oo for all X € R, then the following holds. The large deviation prin-
ciple (LDP) holds for hy under ~% on the space C([0,1];R) as N — oo with speed N
and the unnormalised good rate function €¢ of the form:

&s(h) = {fo A*(h(t))dt, if h € H,

+00 otherwise.

(1.5)

Here A* denotes the Fenchel-Legendre transform of A.

(b) For V(n) = in? the following holds. The large deviation principle (LDP) holds for hy
under v} on the spaces C([0,1];R) as N — oo with speed N and the unormalised good
rate function € of the form:

L rlye ; 2
= |~ h4(t)dt, he HZ,
8(h) — 2 fO ( ) Zf . r (16)
+00 otherwise.
Remark 1.3. (a) The rate functions in both cases are obtained from the unnormalised rate

functions by I}](h) = &y(h) — infyepz Ef(g) for general integrated random walks with
potential V respectively by I°(h) = E(h) — infye gz E(g) for Gaussian integrated random
walk bridges.

(b) We believe that the large deviation in Theorem (b) holds for general potentials V'
as in (a) as well. For the Gaussian integrated random walk bridges there exist explicit
formaulae for the distribution, see [GSV05]. Our main result concerns the large deviations
for the pinning model for Gaussian integrated random walk bridges. General integrated
random walk bridges will require different techniques.
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1.2.3. Large deviations for pinning models. The large deviation principle for the pinning models
gets an additional term for the rate function. Recall that the logarithm of the partition function
is the free energy. Difference of the free energies with pinning and without pinning for zero
boundary conditions (r = 0) will be an important ingredient in our rate functions. We define
7(€) as the thermodynamic limit of the logarithm of the quotient of the partition function with
pinning and the partition function without pinning (both with zero boundary condition),

T ZN,&(O)
7() = Jim R los 0y

The existence of the limit in ([1.7) and its properties have been derived by Caravenna and
Deuschel in [CDO§|, we summarise their result in the following proposition.

(1.7)

Proposition 1.4 ([CDO0§|). The limit in ezist for every € > 0. Furthermore, there exists
gc € (0,00) such that T(e) = 0 for e € [0,e.], while 0 < 7(g) < 0o for e € (g.,00), and as
£ — 00,

7(e) =loge(l —o(1)).

Moreover the function T is real analytic on (e.,00).

We have the following sample path large deviation principles for hy under 75 . and 7y,
respectively. The unnormalised rate functions denoted by % and 3 are of the form

Y= (h) :%/0 R2(t) dt — 7(e)|{t € [0,1]: h(t) = 0}, (1.8)

for h € H= H? and H = H?, respectively. Here | - | stands for the Lebesgue measure.

Theorem 1.5. Let V(n) = %nQ. The LDP holds for hx under yn = vy, V. respectively on
the space C([0,1;R) as N — oo with the speed N and the good rate functions I = I° and I = I}

of the form:

> (h) — inf d(h fh e H

[(h) — ( ) 1 hGH{ ( )}7 Zf E ' Y (19>
400 otherwise,

with 3 = X and & = X5 respectively, and H = H? respectively H = H?2. Namely, for every

open set O and every closed set X of C([0,1];R) equipped with the uniform topology, we have

that

o] .
hNni)loréleogny(hN € 0) > —inf I(h),

heo
: 1 :
h?fipﬁ logyn(hy € K) < _flblelgfcj(h)’ (1.10)

in each of two situations.

As the limit 7(e) of the difference of the free energies appears in our rate functions it is
worth pointing out that this has a direct translation in terms of path properties of the field,
see [CDO8|. This is the microscopic counterpart of the effect of the reward term in our pinning
rate functions. Defining the contact number ¢ by

by =#{ke{l,...,N}: ¢ =0},
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we can easily obtain that for e > 0 (see [CDO0§]),
Dy(e) :=E o [(n/N] = e7'(e) as N — 0.

This gives the following paths properties. When € > ., then Dy(¢) — D(g) > 0 as N — oo,
and the mean contact density is non-vanishing leading to localisation of the field (integrated
random walk respectively integrated random walk bridge). For the other case, ¢ < &, we get
Dy(g) — 0 as N — oo and thus the contact density is vanishing in the thermodynamic limits
leading to de-localisation.

2. MINIMISERS OF THE RATE FUNCTIONS

We are concerned with the set M® of the minimiser of the unnormalised rate functions in
for our pinning LDPs. Any minimiser of is a zero of the corresponding rate function
in Theorem [1.5, We let k% € H? be the unique minimiser of the energy & defined in (see
Proposition |A.1), that is, €(h) = 1/2 fol h2(t) dt is the energy of the bi-Laplacian in dimension
one. For any interval I C [0,1] we let hi! € H2(I), where the boundary conditions apply to
the boundaries of I, be the unique minimiser of £/(h) = 1 [, h%(t) dt, and we sometimes write
a,b for the boundary condition r with @ = (a,«) and b = (b, ). Of major interest are the

zero sets

N, ={t€0,1]: h(t) =0} of any minimiser h.
In Section [2.1] we study the minimiser for the case of Dirichlet boundary conditions on the left
hand side and free boundary conditions on the right hand side, in Section [2.2| we summarise
our findings for the Dirichlet boundary case on both the right hand and left hand side. In
Section [2.3] we give the proofs for our statements.

2.1. Free boundary conditions on the right hand side. We consider Dirichlet boundary
conditions on the left hand side and the free boundary condition on the right side only.

Let M;i denote the set of minimiser of Z;.

Proposition 2.1. For any boundary condition a = (a,«) on the left hand side the set M5 of
minimiser of 3% is a subset of

{h}u{hs: L€ (0,1)}, (2.1)
where for any ¢ € (0,1) the functions h, € Hif are given by

*,(0,0)
he(t) = {h(am (t) , fortel0,0), 22)

0 , Jort € [0, 1];
and the function h € H? is the linear function h(t) = a + at,t € [0,1].
Note that h does not pick up reward for any boundary condition a # 0 whereas for a = 0 it

takes the maximal reward. The function %, picks up the reward in [/, 1], see Figure [IJ2l[3] This
motivates the following definitions. For any 7 € R and a € R? we let

ooy () = E(hge"”) + 7, (2.3)
and observe that for 7 = 7(¢)
55 (he) = €l (0) = 7(2). (2:4)
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Henceforth minimiser of X5 are given by functions of type Ay only if £ is a minimiser of the
function €7, o) in [0,1]. We collect an analysis of the latter function in the next Proposition.

Proposition 2.2 (Minimiser for E7_ ). (a) For T =0 the function E?Gm is strictly de-
creasing with limy_,« 8(()@,0) (0)=0.

(b) For 7 > 0 the function €7, a # 0, has one local minimum at £ = (1(7,a,0) =

Va|(18/7)Y*, and the function Elomoy @ # 0, has one local minimum at ¢ =

6(7,0,0) = \/g|oz|. In both cases there exist T(a) such that {1(17,a) < 1 for all
T > T1i(a).
(c) For 7 > 0 and a = (a,a) € R* with w = |a|/|a] € (0,00) and s = sign (ac) the

function €7, o has one local minimum at £ = {(7,a) = \/%(|a| + /a2 + 6la]v/27)

when s = 1 , whereas for s = —1 the function 8@’0) has two local minima at ¢ =

l(1,a) = \/%( —la| +y/a? + 6]la|V27T) and { = ly(T,a) = \/%(|a| + /a2 — 6lalv27),

where 5 is a local minimum only if T < In all cases there are ;(a) such that
li(t,a) <1 forallT > 7(a), i =1,2.

ot
72a2 "

From now we use the notation for ¢; and /¢ for the points where the functions hy,,7 = 1,2,
pick up reward. We shall study the zero sets of all minimiser, that is we need to check if h, has
zeroes in [0, £) before picking up the reward in [/, 1].

2) with o > 0, h?éfg’g) with a # 0, and h?és(ii),o)

with al/a € [0,3) have no zeroes in (0,f), whereas the functions ha((i‘g 0) with al/a > 3 have
exactly one zero in (0,0). Analogous statements hold for a < 0.

Lemma 2.3. Let a > 0, then the functions h?;(g

There is a qualitative difference between the minimiser hy, and hy, as the latter one has a
zero before picking up the reward on [(s, 1], see Figure

0035

0025
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0,005

0.000

L n ! ! . L
00 02 04 06 08 10

Figure 1: hy, fora =1 and a = —12,7 = 288,¢; = 1/2(v/2 — 1)

In the following we write ¢;(a) for the value of the reward with 7(¢;(a)) = 7;(a) such that
42(7—1(0’)70’) S 172 = ]-72
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Figure 2: hy, fora=1and a = —12,7 = 288,(, = 1/2

L L L L T il
00 02 04 06 08 10

Figure 3: hy, fora=a =1 and 7 = 288,(; = 6/100(1 + +/101)

Theorem 2.4 (Minimiser for X%). (a) If a = (a,0),a # 0 ora = (0,a),a # 0 or w =
la|/|a] € (0,00) with s = sign (ac) = 1, there ezists €*(a) > e1(a) such that

{n} , Jore <e*(a),
M5 = { {h, by, } with 5 (h) = X5 (he,) , for e =e*(a),
{he } , fore > ¢e*(a).
(b) Assume w = |a|/|a| € (0,00) and s = sign(aa) = —1. There are 19(a) > 0 and

71 (a) > 0 and 75(a) > 0 such that the following statements hold.
(i) Let a € Dy :={a € R*: w € (0,00) and 1o(a) > 71 (a)}. Then there exist €} ,(a) >
0 and e5(a) > ea2(a) with e5(a) < €} 4(a) and 7(¢7,(a)) = To(a) and 7(3(a)) =
75 (@) such that

({E} , fore < ek(a),
(B, he} with 579 (1) = £ (hy,) , for e = £i(a),
M5 = {he,} . for € € (e5(a), &7 5(a)),
{hess ey} with S57 (hy) = 552 hy,) ) for e = £14(a),
L { e, } , fore > 612(a).
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(ii) Let @ € Dy := {a € R*: w € (0,00) and 19(a) = 77 (a)}. Then for e*(a) > m(a)
with 7(eX(a)) = 1o(a),

{h} , for e <ei(a),
M5 = {R, hyy, he } with 559 (1) = SF @ (hy,) = 55D (he,) , for e = €i(a),
{he, } , fore > ei(a).
(iii) Let @ € D3 :={a € R?: w € (0,00) and 1o(a) < 77(a)}. Then for e;(a) > 0 with

7(ei(a)) = 77 (a),

{n} , fore <¢i(a),
M = {h, hy, } with Z i( (E) a)(hzl) , fore =¢i(a),
{he,} , fore > ei(a).

Remark 2.5. We have seen that the rate function %5 can have up to three distinct global
minimisers. See Figure for examples of these functions. The minimiser in Figure[l has no
isolated zero before picking up the reward. Note that the existence of the minimiser (see F igure@)
with a single zero before picking up a reward depends on the choice boundary conditions. This
minimiser only exist if the gradient at 0 has opposite sign of the value at zero. See Figure [3
for an example when the gradient has the same sign as the value of the function at zero. The
minimiser hy, is the global minimiser if the reward is sufficiently large.

2.2. Dirichlet boundary. We consider Dirichlet boundary conditions on both sides given by
the vector r = (a, a, b, ) = (@, b). In a similar way to Section 2.1 for free boundary conditions
on the right hand side we define functions Ay, € H,? forany £, > 0 with ¢/ <rand {+r <1
by

haio (1) te0.0),

her(t) =<0 e, 1—r, (2.5)

hey V() te (-1l

Furthermore, we define the following energy function depending only on ¢ and r,

B(t,r) = &y + e(hyy ) = r(e)(1 — 0 — ), (2.6)
and using we get
E(l,r) = €150 (0) + €05 5 () = 7(2) = €10 (0) + €07 4 0, (1) — 7(2), (2.7)

where £ is replaced by —( due to symmetry, that is, using that h 1 rb) (t) = hzkl;(i;r(’)l))(Q—r—t) =
0,r
h(bf—ﬂ?o)( t) for t € [1 —r,1]. Hence
X (he,) = E(L,1).
For given boundary r = (a, a, b, ) the function k% € H? given in Proposition does not
pick up any reward in [0, 1].

Proposition 2.6. For any Dirichlet boundary condition v € R* the set M® of minimiser of the
rate function X in H? is a subset of

{h@yr, h;t 0+ < 1},
where ¢ and v are minimiser of €7 in Proposition .
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Figure 4: hy, fora=b=1and a = —12 5—12 T = 288 51—1/2 V2 —1)
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Figure 5: hy, fora=b=1and a =—-12,0=12,7 =288,(, = 1/2

Proposition allows to reduce the optimisation of the rate function ¥¢ to the minimisation
of the function E defined in for 0 < £+ r < 1. The general problem involves up to five
parameters including the boundary conditions 7 € R* and the pinning free energy 7(¢) for the
reward e. It involves studying several different sub cases and in order to demonstrate the key
features of the whole minimisation problem we study only a special case in the following and
only outline how any general case can be approached.

The symmetric case r = (a, a, a, —a): It is straightforward to see that
S (heysy) = Bl €)= €15 o) (6) + €10 o (6) = 7(e), i, = 1,2, (2.8)

(a,a,0)
Clearly the unique minimiser h%(t) = a+at—at? of € has the symmetry h(1/2—t) = hi(1/2+t)
for t € [0,1/2]. The function F is not convex and thus we distinguish two different sets of
parameter (a,7(g)) € R? according to whether (i) £;(7(¢),a) < 1/2 for i = 1,2; or whether (ii)
ly(7(g),a) > 1/2 > £1(7(¢),a). There are no other cases for the parameter due to the condition
01 + ¢y < 1 and the fact that ly(7(e),a) > (1(7(¢), a).
Parameter regime (i):

Dy :={(a,7) € R*: {1(1,a) < 1/2 A ly(1,a) < 1/2 if l5(7, a) is local minimum of €la.0)}-

aaO

Parameter regime (ii):
4

Dy :={(a,7) e R’: 1 > ly(7(e),a) > 1/2> ly(7(e), @) > 0,7 < 7242

}-
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We shall define the following values before stating our results.
There are €;(a) such that ¢;(7(¢),a) < 1/2 for all € > ¢;(a),7 = 1,2. We denote by 7/ (a) =
7(ef(a)) the unique value of 7 such that

£ ((4(r (a), @) — 1/27 (a) = 1/26(h}). (2.9)

Likewise, we denote 73 (a) the unique value of 7 such that £72@(¢,(75(a),a)) — 1/275(a) =
1/2&(h}) when such a value exists in R otherwise we put 75(a) = oco. We denote 15(a) the
unique zero in Lemma (a) of the difference A(7) = E7(¢1(1,a)) — E7(la(T, @)).

Theorem 2.7 (Minimiser for ¥¢, symmetric case). Let r = (a, o, a, —a).

(a) If a = (a,0),a # 0, or a = (0,a),a« # 0, or w = |a|/|a| € (0,00) with sign (aa) = 1
and € > €1(a), then (a,7(e)) € Dy and there is €(a) > e1(a) such that

{h2} , fore < ei(a),
M = {hr-? hfl,ﬁ} with ZEI(G)<h:) = EET(G)(hf1,@1) , fore= ET(G’)a
{hfhfl} , fore > €>{(CL).
(b) Assume w = |a|/|a| € (0,00) and s = sign(aa) = —1. There are 19(a) > 0 and

(@) > 0 and 75 (a) > 0 such that the following statements hold.

(i) Let a € Dy := {a € R*: w € (0,00) and 7o(a) > 7{(a)}.Then there exists
e12(a) > 0 such that (a,7(e)) € Dy for all ¢ € (€12(a),e2(a)) and (a,7(c)) € Dy
for e > ey(a). Then there exist €7 5(a) > 0 and £3(a) > 0 with £3(a) < €7 ,(a) and
7(e12(a)) = 7o(a) and 7(e5(a)) = 75(a) such that

{h:} , fore < &14(a),

{hk, hiy oy} with 35 (RE) < E(heyp,) V E(hE) > X(haye,)  fore € (€12(a),e2(a)),
. {Rz, hey ey} with $22(@ (h2) = $2@ (b, 4) , fore =¢3(a),

{hes.0} - for e € (¢5(a), €7 5(a)),

{hey rs hey, b with S120 (R, o) = B2 (b, 4) , for e = ¢} 4(a),

\{hghgl} , fore >ei,(a).

(ii) Let @ € Dy == {a € R*: w € (0,00) and 7o(a) = 7i(a)}. Then there exists
£12(a) > 0 such that (a,7(€)) € Dy for all € € (€19( ) o(a)) and (a,7(g)) € Dy
fore > ey(a). Then there exists € (a) > 0 with 7(}(a)) = m0(a) and 62((1) > eo(a)
such that

({11} , fore < Eia(a),
{hk, hey o, b with 3°(hE) < X(heye,) V EE(hE) > X5 (hey,) , fore € (€12(a),e2(a)),
Ve = 4 i) , Jor e € (e2(a),el(a)),
(R, By sy Mty By g i o} with S5 @ (R) = S5 @ (hy, () =
Y@ (hy, p,) = 25 @ (hy, 4)) = 2%@) (hy, ) , fore=c¢ek(a),
| {here t , fore>¢el(a).
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(iii) Let @ € D3 := {a € R*: w € (0,00) and 19(a) < 7i(a)}. Then there erists
g12(a) > 0 such that (a,7(c)) € Dy for all e € (£12(a),e1(a)) and (a,7(g)) € Dy
for e > ei1(a). Then there exists €i(a) > e1(a) with 7(e5(a)) = 7 (a) such that

{h:} , fore < &12(a),

c_ {hi oy oy b with 3°(h) < X(heyp,) VES(hE) > X%(heypy) , fore € (€12(a), 5(a)),
{he, hyy oy} with 1@ (R%) = $E1@ (R, ) , for e =¢€j(a),
{he, 0, } , fore >¢ei(a).

Remark 2.8 (General boundary conditions). For general boundary conditions r =
(a,a, b, B) one can apply the same techniques as for the symmetric case. Thus minimiser
of X¢ are elements of

{h:7h@,€a hr,r> hé,r; hr,é: €+ r < 1}

Remark 2.9 (Concentration of measures). The large deviation principle in Theorem
immediately implies the concentration properties for yn = Yy . and yn = Vi .-

lim yy(diste (hy, M7) < 6) =1, (2.10)
N—oo

for every § > 0, where M = {h*: h* minimiser of I} with [ = I° and I = I3, respectively, and
disto, denotes the distance under ||-||. . More precisely, for any 6 > 0 there exists ¢(0) > 0 such
that

A (distoo (A, ME) > §) < e <@V
for large enough N. We say that two function hy, he € MF® coexist in the limit N — oo under
N with probabilities A1, Ay > 0, A1 + Ao = 1 when

N—o0

hold for small enough § > 0. The same applies to the free boundary case on the right hand side
and its set of minimiser M5. For gradient models with quadratic interaction (Gaussian) the
authors in [BEOQ9] have investigated this concentration of measure problem and obtained state-
ments depending on the dimension m of the underlying random walk (i.e. (14 m)-dimensional
models). The authors are using finer estimates than one employs for the large deviation princi-
ple, in particular the make use of a renewal property of the partition functions. In our setting
of Laplacian interaction the renewal structure of the partition functions is different and requires
different type of estimates. In addition, the concentration of measure problem requires to study
all cases of possible minimiser. This is studied in ([A16]).

2.3. Proofs: Variational analysis.

2.3.1. Free boundary condition. PROOF OF PROPOSITION [2.1]  Suppose that h € H?2 is not
element of the set (2.1)). It is easy to see that there is at least one function h* in the set (2.1)
with

Y5 (h7) < X5(h). (2.11)
For ¥3%(h) < oo, we distinguish two cases. If [N,| = 0, then |[N;| = 0 and we get

S5 (h) = E(h) > 0 = E(R) = 25(R)
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by noting that h is the unique function with &(h) = 0. If [N,| > 0 we argue as follows. Let ¢ be
the infimum and r be the supremum of the accumulation points of N}, and note that £,r € N,.
Since [N, N [¢,7]°] = 0 we have

S5 (h) = ELA(h) + £C(h) — r(e)|{t € (¢,7): h(t) = O}] + EMMI(R).

As (,r € N, we have that h(¢) = h(r) = 0 as the differential quotient vanishes due to the fact
that ¢ and r are accumulations points of Nj,. T hus the restrictions of h and h* = hy to [0, /]

are elements of H (2& 0)- By the optimality of h mequahty - is satisfied for A* = h,. [

PROOF OF PROPOSITION . The followmg scaling relations hold for ¢ > 0 (in our cases
¢ €(0,1)) and a = (a,a),

*,(0,0)
Bl ) = hiluiy (/) for te [0,4) (2.12)
Using this and Proposition with r = (a, a,0,0) we obtain

1 [t 1
9 *7(07Z) — * 2 J—
8(0 E)(h(m()) ) - 263 A (hr(t)) dt = €_3 (6&2 + 6&0[5 + 20&252),

and thus

1
gz—a,O) (6) = 73 (6&2 + 6aal + 2a2£2) + 74,

d .. 18a* 12aax 202 2
— &0 l) = — - — +7':—£—4(3a+a€—\/7/2€2)(3a+0z€+ VT/2),

d¢ (4 3 2
RE 4
@S(a,ﬂ) (0) = 6—5(6a + al)(3a + af).

(2.13)
The derivative has the following zeroes
fis = a+ a2+ 6aV2r
NG )
fyya = —aE+Va?— 6a\/§'
\/Z

(a) Our calculations (2.13) imply €40 (¢) < 0 for @ € R?\ {0} and lim/ E(q0)(¢) = 0. If
a=a =0, then &) (f) =0 for all £.

(b) If @ # 0 and o = 0 our calculations (2.13)) imply that the function has local minimum at
(= 1{(r,a) = \/|a|(178)1/4, whereas for ¢ = 0 and o # 0 the function has local minimum at

0 ="11(1,a) = \/7/2]c|.

(c) Let w = |a|/|a| € (0,00) and s = 1. Then (2.13)) shows that the function has a local

minimum at ¢ = (;(7,a) = \/%(|a| +1/a? +6lalv2T). If s = —1 we get a local minimum at

(= Vl(1,a) = \/LTT(—|04| + 1/a? + 6|a]v27) and in case T < 7‘;‘% a second local minimum at

(= ly(r,a) = \/%(|a| + 1/a? —6|a|v27). Note that ¢,(1,a) < l2(7,a) whenever ly(7, a) is
local minimum. This follows immediately from the second derivative which is positive whenever

€(7‘(L)<|3“‘ oré(7a)>6“ fora>0>aandi=1,2.

O
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PROOF OF LEMMA [2.3]  We are using the scaling property
h*,(o,e)( t) = ahy. (0:1) (t/¢) fora#0andte€|[0,/,s=sign(ax),w = |al/|c|,

(a,0) (1,sw—14,0)
hly (8) = hiyoyg, (t/0)  for a=0and ¢ € [0, 4],
and show the following equivalent statements, the functions h?l,é,o) with ¢ > 0, ha%o) with
¢ € R\ {0}, and Ay, o) with £ € [0, 3) have no zeroes in (0, 1), whereas the functions Af; _, ¢
with ¢ > 3 have exactly one zero in (0,1). Thus we study the unique minimiser of £ given in

Proposition , that is, we consider first the functions h’(kl 50,0) for s € {—1,1} and ¢ > 0. The
function h{; ., o) has a zero in (0, 1) if and only if it has a local minimum at which it assumes a

(2.14)

negative value. Its derivative has at most one zero in (0, 1) as by Proposition the derivative
RE(t) = bs + 2(—3 — 205)t + 3(2 + {s5)12

is zero at t = 1 for the boundary condition given by r = (1, s¢,0,0). Now for s = 1 the local
extrema is a maximum as the function value at t = 0 is greater than its value at t = 1 and thus
the derivative changes sign from positive to negative. For s = —1 and ¢ < 3 there is no local
extrema as the first derivative is zero only at ¢ = 1 and has no second zero in (0,1) and the
second derivative fzfr,o)(l) =6 —2( at t =1 is strictly positive. Thus the derivative takes only
negative values in [0, 1) and is zero at t = 0. For s = —1 and ¢ > 3 there is a local minimum as
the second derivative at ¢ = 1 is now strictly negative implying that the first derivative changes
sign from negative to positive and thus has a zero at which the function value is negative. The
functions h{, , ) have no zero in (0,¢) for £ # 0 by definition as the only zeroes are t = 0 and

t=1. U

PrOOF OF THEOREM [2.4] (a) (i) Let & = 0 and a # 0. Note that ¢,(7,a) < 1 if and only
if 7 > 18Jal*. Let £1(a) be the maximum of €. and this lower bound. We write 7 = 7(¢). Now
¥%(he,) = 0 if and only if 7 = 7% with

6
183/4 —i—181/4 /_ /A,

and we easily see that 3% (hy,(r.a)) <0 for all 7 > 77

(ii) Now let @ = 0 and o # 0. Note that ¢, (7, a) < 1 if and only if /7 > v/2|a| and thus let
e1(a) be the maximum of e, and 2|a|*. Now ¥5(h,) = 0 if and only if 7 = 7*(a) := 8|a/®, and
Y5 (hey(ray) < 0 as d/d7(X% (e (ra)) < 0 for all 7> 77

(iii) Now let s = sign (acr) = 1 and assume that a, @ > 0 (the case a, @ < 0 follows analogously).
As 0y(7,a) is decreasing in 7 > 0 there is €;(a) > &, such that l(1,a) <1 forall 7 > 7 (a).
Lemma [2.10[ (b) shows that there exists €} (a) such that Z i (hg1 (rr,a)) = 0 and the uniqueness
of that zero gives ¥%(hy, (r(c),a)) < 0 for all € > €](a).

(b) Let s = sign (aa) = —1 and assume a > 0 > « (the other case follows analogously). Clearly
we have Z?(a)(hgi@(si(a)),a)) > 0 as l;(7(gi(a)),a) = 1 for i = 1,2, and for any £ > g;(a) we
have ¢;(7(¢),a) < 1 and thus

d
Ef,-(T) = li(1,a) — 1 < 0 where we write f;(7) = X}(hy(ra)), i=1,2.

Furthermore, due to Lemma there is a unique 7y = 79(a) such that

fi(r) = fo(r) for 7 < 719 and fi(7) < fo(7) for 7 > 79 and f1(70) = fo(70).
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We thus know that f; is decreasing and that fi(7) — —oo for 7 — co. As fi(711(a)) > 0 there
must be at least one zero which we denote 77 (a) which we write as 7(¢f(a)). The uniqueness of
71 (a) is shown in Lemma [2.10] (b). Similarly, we denote by 73 (a) the zero of f, when this zero
exists (otherwise we set it equal to infinity), and one can show uniqueness of this zero in the
same way as done for 77(a) in Lemma (b). We can now distinguish three cases according
to the sign of the functions f; and f5 at the unique zero 7y of the difference A = f; — f5. That
is, we distinguish whether 7y(a) is greater, equal or less the unique zero 77 (a) of f;.

(i) Let @ € Dy := {a € R?: w € (0,00) and 15(a) > 77 (a)}. Then fi(m5(a)) = fa(mo(a)) < 0
and thus 75 (a) exists and satisfies 75 (a) < 7{(a). This implies immediately the statement by
choosing €7 ,(a) and €3(a) such that 7(e] ,(a)) = 7o(a) and 7(c3(a)) = 75 (a).

(i) Let @ € Dy := {a € R*: w € (0,00) and 19(a) = 7{(a) = 75(a)}. Then fi(ro(a)) =
f2(ro(@)) = 0 and thus for £}(a) with 7(ci(a)) = m(a) we get X7V (hy,) = F @ (hy,) =

2;§(a)(h) = 0. Then Lemma [2.10 (a) gives X5 (he,) < X5(he,) < 0 for all € > €¥(a).

(iii) Let @ € D3 := {a € R*: w € (0,00) and 79(a) < 77 (a)}. Then fi(ro(a)) = fo(ro(a)) >0
and for €(a) with 7(¢j(a)) = 77 (a) we get Z?(a)<hgl) = E?(a) (h) = 0 and 3%(hey) < 0 and
E;i(hgl) < E?(f%) for e > ei(a).

U

Lemma 2.10. (a) For any a € R? with w = |a|/|a| € (0,00) and 7 € (0, %;] the function
A1) :=E7(ly(T,a)) — ET(la(T,a))

has a unique zero called Ty, is strictly decreasing and strictly positive for T < Ty.
(b) For any a € R? with w € (0,00) there is a unique solution of

Y5(hey(r0)a)) =0,  T=7() > 7(a), (2.15)

which we denote by T = 7(¢5(a)).

PrROOF oF LEMMA [2.10 (a) The sign of the function A is positive for 7 — 0 whereas
the sign is negative if 7 = % Hence, the continuous function A changes its sign and must

have a zero. We obtain the uniqueness of this zero by showing that the function A is strictly
decreasing. For fixed 7 we have (Proposition

d

@87(6) =0, for ¢ = ly(7,a) or £ = {5(T,a).

The functions €7 (¢;(7,a)) are rational functions of ¢;(7,a) and depend explicitly on 7 as well.
Thus the chain rule gives

Qerto(r) = ti(r).  i=1.2and e(oo‘—4
dT \T = L;\T). =1, na 7 ,72&2

As l1(1,a) < ly(7,a) the first derivative of A is negative on (0, %]

b) We let 7 = 7(¢7(a)) denote the solution of (2.15)). As the rate function is strictly positive
( 1 1 yp
for vanishing 7 and lim, ., ¥7(¢1(7, a)) = —oco we shall check whether there is a second solution

to (2.15). Suppose there are 7(¢) > 7(¢’) solving ([2.15) with
Z;:”(hh('r(s),a)) = Etj‘/(hh('r(a’),a))' (216>

!
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For fixed ¢ the function 7 — X%(he) = €], o)(¢) — 7 is strictly decreasing and thus

5% (he) > 55 (he) for £ = ¢y(7(¢")). (2.17)
Now Proposition [2.2] gives

S5 (hey (r(er),a)) = nin 25 (he) = X5 (hay(r(e),a))-

Combining (2.16)) and (2.17) we arrive at a contradiction and thus the solution of ([2.15) is
unique. Hence X5 (hy, (r(e),a)) < 0 for all 7(e) > 7 = 7(e7(a)).

0

2.3.2. Dirichlet boundary conditions. PROOF OF PROPOSITION [2.6] ~ We argue as in our proof
of Proposition using (2.7) observing that for any h € H? with ¢ being the infimum of
accumulation points of N, and 1 — r being the corresponding supremum,

32 (h) = €OO(h) = 7() (1 — € — 1) + XD (h) = €155, (0) + €] 5, (r) — (&),
=E(,r).
The second statement follows from the Hessian of F being the product

0% rie) (py O arie)
7026@0(05,380.50/(")

of the second derivatives of the functions ™) (see Proposition . 0

PROOF OF THEOREM [2.7]  (a): We first note that due to convexity of & the solutions hj
for boundary conditions r = (a, a, a, —«) are symmetric with respect to the 1/2— vertical line.
Furthermore, in all three cases of (a) only ¢;(7, a) is a minimiser of €7 and thus of F due to
symmetric boundary conditions and thus the Hessian (see above) of the energy function F ({2.7))
is positive implying convexity. Henceforth, when ¢;(7, @) is a minimiser of F the corresponding
minimiser function (see Proposition of the rate function has to be symmetric with respect
to the 1/2— vertical line. These observations immediately give the proofs for all three cases in
(a) of Theorem [2.7|because symmetric minimiser exist only if ¢;(7, @) < 1/2. Hence we conclude
with Theorem 2.4 and ¢,(7,a) < 1/2 for € > £;(a) using the existence of 77 (a) solving (2.9).
The existence and uniqueness of 77 (a) can be shown using an adaptation of Lemma (b).

We are left to show all three sub cases (i)-(iii) of (b) in Theorem In all these cases we
argue differently depending on the parameter regime. If (a,7) € D; we can argue as follows. If
(1(7,a) and ly(7, @) both exist and are minimiser of the energy function E we obtain convexity
as above (the mixed derivatives vanish due to the fact that E is a sum of functions of the single
variables). Then we can argue as above and conclude with our statements for all there sub
cases for parameter regime Dy with ¢;(1,a) < 1/2,i=1,2.

The only other case for the minimiser ¢;(a, 7(¢)) of ETis 1 > ly(7(€),a) > 1/2 > {1(7(¢),a) >
0 which gives a candidate for minimiser of ¢ which is not symmetric with respect to the 1/2—
vertical line. It is clear that at the boundary of Dy, namely ¢, + ¢, = 1, we get E(h)) <
E(ly(1(€),a),l1(1(€),a)). Depending on the values of the boundary conditions and the value
of 7(¢) the minimiser can be either h} or the non-symmetric function hy, ., or both. As
outlined in [Ant05] for elastic rods which pose similar variational problems there are no general
statements about the minimiser in this regime, for any given values of the parameter one can
check by computation which function has a lower numerical value. ([l
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3. PROOFS: LARGE DEVIATION PRINCIPLES

In this chapter the proofs for the large deviation theorems are presented. In Section [3.1| we
prove the extension of Mogulskii’s theorem to integrated random walks and integrated random
walk bridges. In Section [1.2.3] we prove the main large deviation result, Theorem [1.5 for
models with pinning. The proof of the lower LDP bound in Section [1.2.3|relies on the Gaussian
LDP via Lemma [3.4. The proof of the upper LDP bound relies on a stronger Gaussian large
deviation bound in the form of the Gaussian isoperimetric inequality presented in Lemma [3.11]

3.1. Sample path large deviation for integrated random walks and integrated ran-
dom walk bridges. We show Theorem by using the contraction principle and an adapta-
tion of Mogulskii’s theorem ([DZ98] Chapter 5.1]).

(a) Recall the integrated random walk representation in Section and define a family of
random variables indexed by t as

_ 1
Yn(t) = NYLth—i-la 0<t<1,
and let gy be the law of Yy in Loo([0,1]). From Mogulskii’s theorem [DZ98, Theorem 5.1.2]

we obtain that uy satisfy in L ([0, 1]) the LDP with the good rate function

[ () = {fol A*(h(t))dt | if h € AC,h(0) = o,

o0 otherwise,

where AC denotes the space of absolutely continuous functions. The empirical profiles hy are
functions of the integrated random walk (Z,),en, (see Proposition [L.1]), and

1 1 [t 1 [t~
() = 32+ 73 [y Prvern = Ziv) s = [ Tl s

The contraction principle applied to the integral mapping immediately immediately gives the
LDP for the empirical profiles hy. The rate function for this LDP is given as the following
infimum

J(h) = inf IM(g), with 8, = {g € Lu([0,1]): /Ot g(s)ds = h(t),t € [0,1]}.

gESH

It either h(0) # a or h is not differentiable, then 8, = @. In the other cases one obtains
8, = {h}, and therefore J = €;. This proves part (a) of Theorem .

(b) In the Gaussian case the LDP can be shown by Gaussian calculus (e.g., [DS89]), or by
employing the contraction principle for the Gaussian integrated random walk bridge. The
explicit distribution of the Gaussian bridge leads to the follows mapping. We only sketch this
approach for illustrations. For simplicity choose the boundary condition 7 = 0 and a = (0, 0).
The cases for non-vanishing boundary conditions follow analogously. Then

PO = PO o Bt (3.1)
where for Z = (Z1,..., Zn+1),
Bn(Z)(x) = Zy — AN(2, 2N, Zn1 — Zn), ©€{1,2,...,N + 1},
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and
1

(=
N(N +1)(N +2)
Clearly, BN(Z)(N) = By(Z)(N +1) = 0. Now we see that the integrated random walk bridge
distribution on the left hand side of (3.1]) is given by the integrated random distribution via
the continuous mapping By. Therefore we can apply our reasoning in part (a) and another
application of the contraction principle leads to the statement. Note that the explicit map By
is only given for quadratic potentials, for more general potentials a different techniques will be
required.

An(z,u,v) = —2u+vN) +2*(3uN +vN —vN?) +x((2+3N)u—sz>.

3.2. Sample path large deviation for pinning models. In the following we will prove
Theorem for the case of Dirichlet boundary conditions. We concentrate on the Dirichlet
boundary case and only briefly comment on the (minor) difference in the case of free boundary
conditions on the right towards the end of Sections and 3.2.2] In Section we show
the large deviation lower bound and in Section the corresponding upper bound. It will
be convenient to work in a slightly different normalisation. Instead of we will show that

.1 Zne(r) )
— e AT >
ln inf 77 log Zn(0) Welh € 0) 2 = Inf B(h), (32)
. 1 ZNE(T) .
_ ) r < . .
hfffo‘ip W 108 Zn(0) Vel € X) < = fnf B(h), (3:3)

where Zy .(r) is the partition function introduced in (|1.2]) with Dirichlet boundary condition
given in and Zy(0) is the partition function of the same model with pinning strength
¢ = 0 and Dirichlet boundary condition zero. Note for later use that exact formulae for the
Gaussian partition function Zy(0) are presented in Appendix . Once the bounds and
(3.3) are established, they can be applied to the full space O = K = €([0, 1]; R) implying

. ZN,€<T> o .
Ay los ) — AR R,

so that (|1.10]) follows.

3.2.1. Proof of the lower bound in Theorem . Fix g € H? and § > 0. We establish the lower
bound (3.2)) in the form

lim inf e log Ine(r)
N—o0

N ZN(O) 7N7a(HhN - gHoo < (S) > —E(g). (3‘4)

REDUCTION TO “WELL BEHAVED” g¢. Recall that by Sobolev embedding any g € H? is
automatically €*([0, 1]) with %—Hélder continuous first derivative. We can write

{t€[0,1]: g(t) =0} =NUN,
where N is the set of isolated zeros
N ={t€0,1]: g(t) = 0 and g has no further zeros in an open interval around ¢},

and where N is the set of all non isolated zeros. The set N is at most countable, and therefore
IN| = 0. These zeros do not contribute to the value of ¥(g). The set N is closed.
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Definition 3.1. We say that g € H? is well behaved if N is empty or the union of finitely
many disjoint closed intervals, i.e.

N =U",[0;,7)]
forsomek>1and 0 </l <r; <--- </l <r,<1.
Lemma 3.2. For any g € H? and § > 0 there exists a well behaved function g € H? such that
19 = Gl <6 and 3(g) < X(g).
PROOF. We start by observing that for ¢ € N, we have ¢/(t) = 0. Indeed, by definition there
exists a sequence (t,,) in [0, 1] \ {¢} which converges to t and along which g vanishes. Hence

S0 — L 91E2) =)

=0.

By uniform continuity of g there exists a ¢’ such that for |t —t'| < ¢ we have |g(t) — g(t')| < 6.
We define recursively
(=mfN r=if{t eN: (t,t+0)NN =0},
l=inf{t e N: ¢t >nr} ro =inf{t e N: ¢ > lyand (t,t + ") NN = o},
and so on. Then we set § = 0 on the intervals [¢;,7;] and § = g elsewhere. The function ¢
constructed in this way satisfies the desired properties. O

Lemma implies that it suffices to establish for well behaved functions g and from
now on we will assume that g is well behaved. Furthermore, in the case where N = @ the bound
follows from the Gaussian LDP, so that we can assume N # @. We will first discuss the
notationally simpler case where N consists of a single interval [¢,r] for 0 < ¢ < r < 1. We
explain how to extend the argument to the general case in the last step.

EXPANSION AND “GOOD PINNING SITES”. From now on we assume that there exist 0 < ¢ <
r < 1 such that ¢ = 0 on N = [¢, ] and such that all zeros of g outside of N are isolated. Under
these assumptions we will show that

.. 1 ZN,€(T> r
IINIILIOI})fﬁlOg T(O)'YN,S(HhN - g”OO < 5)

> —(% /Oe;c;?(t)dt—r(a)(r—@+%[gﬁ(t)dt>. (3.5)

The definition (1.2)) of 7 can be rewritten as
Zne(T) YN (do) =
> o e M@ Tedo(der) [ den 11 8,00 (dgy).  (3.6)
k

PC{1,.,N—1} keP ke{l,. ,N—11\? ke{—1,0,N,N+1}

The first crucial observation is that for certain choices of “pinning sites” P the right hand side
of this expression becomes a product measure. Indeed, if P contains two adjacent sites p,p+ 1
we can write

1
%[—1,N+1](¢> = fH[—l,p](Qﬁ) + §(A¢p)2 + %(A%H)Q + :H[p+1»N+1](¢)a

which turns into Hi_1,(¢) + 3621 + 3020 + Hipr1,n+1) (@) if ¢p = ¢p1 = 0. This means that
when ¢, and ¢, are pinned, the Hamiltonian decomposes into two independent contributions
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— one which depends only on (the left boundary conditions on ¢(—1), ¢(0) given in ((1.4) and)
®1, ..., ¢p—1 and one which only depends on ¢,o, ..., ¢n_1 (and the right boundary conditions
on ¢(N),¢(N + 1)). Then the term corresponding to this choice of P in the expansion (3.6
factorises into two independent parts. We will now reduce ourselves to choices of pinning sites
P which have this property.
Definition 3.3. For N > 2 set p, := |N{| and p* := | Nr]. A subset P C{l,...,N —1}isa
very good choice of pinning sites if

o {l,....p.—1}NP=gand {p*+1,... N-1} NP =02.

o {p,ps+1 pp -1} CP.

(Here we leave implicit the N-dependence of p. and p*).

As all the terms in (3.6) are non-negative we can obtain a lower bound by reducing the sum
to very good P. In this way we get

Zne ()Y (I = glloo < 0)
> Y e 2 (7)Ao (sup A (t) — g(t)] < 0)

P very good O<t<t

X Zip, pp#(0) pr*,p*]\?(gg |h(t)] < 0)

X Zy )7 Ve (50 [hiv(t) = (0] < 0). (37)
The measures Y1 pot1] and Vip- N41) O the right hand side of this expression are defined as
r 1 —
Vo pes1] (do) = me Hi—1,pu+11(9) H doy H 5wl<CN)<d¢k)
o ke{l,...,p«—1} ke{—1,0,p«,px+1}
r 1 —H,*
Vipe—1,5+1(d9) = me Hip—1.341(9) H daoy H 6¢I(CN) (dox).

ke{p*+1,...,.N—1} ke{p*—1,p*,N,N+1}
These measures do not depend on the specific choice P of very good pinning sites. The measure
7[27* )\ 18 defined as

1 —_ *
Vo 1\ (d@) = 0>e Hipe(9) H do(d¢r,) H doy..

Z [p*vp*}\ﬂ’( keP ke{ps,...p" \P

Note that none of these measures depends on the choice € of pinning strength, which only
appears as a factor /7l in each term in (3.7). Note furthermore, that all three measures
VYtpot1) Vpr—1,N+1] and 7[?3*7]0*]\? are Gaussian.

Lemma 3.4. For every € > 0 there exists an N, < oo such that for all N > N* we have

Fapern( g () =g(0)] < 8) = exp (=] [ jyat i / iwpa+ ) (58)

1 1
Ve (sup [an(t) — g(t)] < 8) > exp(—zv[ / §(t)2dt — inf / hr(t)thJreD . (3.9)
r<t<1 , hoJ,

where the infimum is taken over all h: [0,¢] - R and h: [?", 1] — R which satisfy the right
boundary conditions, i.e. h(0) = a, h(0) = a, h(f) = 0, h(¢) = 0 for (3.8) and h(r) = 0,
h(r) =0, h(1) = b, h(1) = j for (3.9).
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Proor. This follows immediately from the Gaussian large deviation principle presented in
Proposition [I.2} O

Lemma 3.5. There exists an N, < oo such that for N > N, and for all very good P C
{1,...,N — 1} we have

1

0
. sup |hn(t)] <6) > = .
Vp~.p ]\?(£§t£r| N(t)] <6) > 5

PrROOF. By the definition of hy we get
Va*,p*]\w(zilg |hn(t)] > 6) < Wﬁ*,p*]\ﬂ sup |p(k)| > ON?)

P« <k<p*

< Z ’Y[(])g*,p*]\?“(?(k)‘ > 5N2) :
Recall that under 7[(}17* )\ all ¢(k) are centred Gaussian random variables and that the sum on
the right hand side goes over at most p* — p, +1 < N terms. Hence in order to conclude it is
sufficient to prove that for all N and for all P and for all k& € {p.,...,p*} the variance of ¢(k)
under 7).\ is bounded by N?.
To see this, we recall a convenient representation of Gaussian variances: If C' be the covariance
matrix of a centred non-degenerate Gaussian measure on RY. Then we have for k =1,..., N,

yi
Crp= sup ———=,
yeRN\{0} (y,C~1y)

where (-, -) denotes the canonical scalar product on RY. This identity follows immediately from
the Cauchy-Schwarz inequality. In our context, this implies that the variance of ¢(k) under

'y&*’p*]\? is given by

n(k)? n(k)?
sup —r < sup _—
0 {perp™} R 2 }C[p*,p*](n) n: A{ps,p* } =R 2 j_c[pmp*}(n)
n(k)=0 for keP n(k)=0 for k€{p«,p++1,p*—1,p*}

where the inequality follows because the supremum is taken over a larger set.

The quantity on the right hand side can now be bounded easily. By homogeneity we can
reduce the supremum to test vectors n that satisfy n(k) = 1. Invoking the homogeneous
boundary conditions, for such 1 there must exist a j € {p.,...,p*} such that n(j + 1) —n(j) >

%. Invoking the homogenous boundary conditions once more (this time for the difference

n(ps +1) —n(p.)) we get

LS (plm D —nlm) = (am) —nlm =) = 3 Anm)< 3" [An(m)
<o —p-DH Y Ianmf)”

Using the bound p* — p, — 1 < N we see that n must satisfy

:H[p*,p*}(n) > W ,

which implies the desired bound on the variance. O
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THE PINNING POTENTIAL. First of all, we observe that the minimal energy terms appearing
in (3.8) and (3.9) can be absorbed into the boundary conditions. We obtain by the identity
(B.2) in conjunction with Proposition that for every ¢ > 0 and for N large enough

¢
exp (Nil}llf/ h(t)?dt) Zi_1 p,41)(1) > Zi-1p.41(0) exp(—€eN)
0

1
exp (Nirhlf/ h(t)?dt) Zpe n+1(7) > Zipe n11)(0) exp(—€eN)

Therefore, combining (3.7]) with Lemma and Lemma we obtain for any € > 0 and for N
large enough

Zn (1) 1 /Z.. ) /1 o
—— Yy (lhn — 9]l <) > = - N t)*dt — N t)*dt — N
7.10) Wellin = gloe <) 2 g e (=N [ 500 [ (eyde - Ne)
x Z 5\3’| Z[fl,p*ﬂ](O)Z[p*,p*]\?(o) Z[p*71,N+1](0) .
Zn(0)

P very good

It remains to treat the sum of the partition functions on the right hand side. First of all, we
observe that Z_;,, 41(0) and Zp-_1 n41(0) and Zn(0) do not depend on the choice of very
good P so that they can be taken out of the sum, i.e. we can write

oo Z1-10.41)(0) Zpp, pp\2(0) Zppe—1,n411(0)
Zn(0)

P very good

:Z[—l,p*+1](0>Z[p*,p*](0) Z[p*—l,N+1](0) Z €|?|Z[p*,p*]\?(0>
ZN(O) Z[p*,p*](O)

Here we have multiplied and divided by the Gaussian partition function Zp,-,.(0) (In the
notation of the introduction this constant could also be written as Z,-_, o, but we prefer to
keep the explicit dependence on the interval in the notation). This allows us to compare the
sum on the right hand side to the limit which defines 7(g). More precisely we get

7 " 0 L p.1e(0
Z 8\?\ [p«,p ]\T< ) _ [P*,p«], ( ) > exp ((7" B E)T(E) o NG)
Z[P*,p*}(o) Z[p*,p*]m)

for N large enough (depending on €), where the equality follows from reversing the expansion.
To conclude it only remains to observe that according to Appendix [B| the quotient

Z1-1p.41)(0) Zpp .1 (0) Zjpr—1,5+1)(0)
Zn(0)
decays at most polynomially in N which implies that it disappears on an exponential scale.
Therefore, follows.

We have thus established for an open ball around a well behaved function which has
exactly one zero interval. As outlined earlier after Lemma we actually need to show
for all well behaved functions. For a general well behaved functions with N = U;?:l[fj, r;] and
0</l <rg <--- </t <rp <1 the proof can be easily adapted: For j = 1,..., k we define
the discrete boundary points p.; = | N¢;| and p; = | Nr;] and define very good pinning sites
to be those subsets of {1,..., N — 1} which contain all of the p, ;, p.; + 1,pj — 1,pj and none

P very good

P very good
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of the sites to the left of p. ;, between the p; and p, j41, or to the right of p;. In the product
representation (|3.7]) we then get a larger number of independent factors — one for each of the &
pinned intervals and one for each of the k + 1 intervals where the interface can move away from
the x-axis (in the case where ¢; = 0 or r; = 1 there are only k or even k — 1 intervals where the
interface can move away). Lemma can then be applied to each of the “free” intervals and
Lemma [3.5| can be applied to each of the “pinned” intervals and the discussion of the partition
functions can be repeated with only obvious changes.

Finally we mention that the case of Dirichlet boundary conditions on the left hand side
and free boundary conditions on the right hand side follows in the exact same way. The only
difference is that the right boundary condition in the definition of Vip* N+1] should be removed
and that consequently the infimum in has to be taken over the larger class of all i satisfying
h(r) = h(r) = 0 without any restriction on h(1) or h(1).

3.2.2. Proof of the upper bound of Theorem[I.5. For the upper bound we need to show that
) 1 Zne(r) )
— ) T < — .
hfvrfiip w108 Zn(0) Tivelh € X) < = Inf B(h), (3.10)
for all closed K C €([0, 1]; R).

REDUCTION TO A SIMPLER STATEMENT. First of all we observe:

Lemma 3.6. For any N € N let 7y be the measure given in (L.2) with boundary conditions as
in ((1.4]) and let the rescaled profiles hy be as given in (1.3]). Then the sequence of distributions
of the rescaled profiles hy is exponentially tight in C([0, 1]; R).

The proof of this lemma can be found at the end of this section. Lemma [3.6] implies that it
suffices to establish (3.10]) for compact sets K. Going further, it suffices to show that for any
g € C([0,1];R) and any € > 0 there exists a 6 = §(g,€) > 0 such that

1 INe
lim sup — log N’—mfy}{,js(h]v € B(g,0)) < —X(g) + €. (3.11)

Nooo N ~(0)
Here B(g,r) = {h € C([0,1];R): ||h — g|lco < r} denotes the L> ball of radius r around g.

We give the simple argument to show that (3.11]) implies (3.10]): For any compact set K and
any € > 0 there exists a finite set {g1,...,gn} C K such that K C UL, B(g;,0(gj,€)). Then

(3-11) yields

lim sup — log ZN’E(T>7T (hy € X) < lim supl log 3 ZN’a(T)’yT (hy € B(g;,9(g5,€)))
N—o0 N ZN(()) N\t o N—oo N = ZN(O) NN X 7
ZNE(T) r

< max limsup — log —

i=1, oM Neo N ZN(O) 7N,a(hN € B(9j>5(9j>€)))

< — mi ;
< - min Y(g5) + €
< —inf X(h) +¢,

so (3.10) follows because € > 0 can be chosen arbitrarily small.

For fixed g and € the value of § is determined by the following lemma.
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Lemma 3.7. For any g € C([0,1];R) and all ¢ > 0 there exists a 6 > 0 and a closed set
Z C [0,1] such that the following hold:

(1) T is the union of finitely many disjoint closed intervals, i.e.
I =uili[t;,r)] (3.12)
for some finite M and 0 < 01 <11 <ly <19 <...<rp <1.

(2) The level-set {t € [0,1]: |g(t)| < 0} is contained in T.
(8) The measure of T satisfies the bound

IZ] < [{t € 0,1]: [g(£)| = O} + €.
The proof of this lemma is also given at the end of this section.

EXPANSION AND KEY LEMMAS.  We will now proceed to prove that holds for a fixed ¢
and € and a suitable J € (0,4), where § is given by Lemma For simplicity (and similar to
the proof of the lower bound), we will assume that the set Z constructed in this lemma consists
of a single interval [¢,r]. The argument for the case of a finite union of disjoint intervals is
identical, only requiring slightly more complex notation, and will be omitted.

We write
r 1 |P| r
’YN,s<hN € B(g,9)) = Zn(r) Z e Z,nne(T) 7[*1,N+ﬂ\f}’(h'N € B(g,9)), (3.13)
Ne PC{1,..,.N—1}
where as above fy["_L NHI\P denotes the Gaussian measure over {—1,..., N + 1} which is pinned
at the sites in P, i.e.
1
r d¢) = ———— e Hi1p41(@) d ) doy),
Vo1n+1pe(de) Z i) H Pk H o (dox)

ke{l,..,N—1}\P kE€PU{—1,0,N,N+1}

and Z|_1 n41)\2(7) is the corresponding Gaussian normalisation constant. By definition |g(t)| >
d>dfort e [0,1]\Z, soin (3.13)) it suffices to sum over those sets of pinning sites P C NINZ.
The next two lemmas simplify the expressions in the sum . For the moment we only deal
with homogeneous boundary conditions » = 0 and start by introducing some notation which
will be used to simplify the partition functions. As above in Definition [3.3| we will be interested
in sets of pinning sites P that allow to separate the Hamiltonian H_; x4 into independent
parts.

Definition 3.8. Let P C {1,...,N — 1} be non-empty and let p, = minP and p* = maxP.
We will call P an good choice of pinning sites if {p. + 1,p* — 1} C P. We will also call the
empty set good.

Note that the very good sets introduced in Definition are good but the inverse implica-
tion is is not true. The difference between the two notions is that we do not prescribe the
precise value of p, and p* for good sets. They will however always be confined to the interval
[[{N], |rN]|+1]. We also introduce the following operation of correcting a set to make it good.

Definition 3.9. Let P C {1,..., N — 1} be non-empty with p, = minP and p* = maxP. Then
we define

co(P)=PU{p. +1,p" — 1}
We also set ¢(@) = @.
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For later use we remark that on the one hand the correction map ¢ adds at most two points
to a given set P, and that on the other hand for a given good set P there are at most 4 distinct
P with ¢(P) = P. The following Lemma permits to replace the partition function Z;_1 x1\#(0)
in by the partition function Z_;, N+1}\c((}:)(0) with corrected choice of pinning sites.

Lemma 3.10. For every non-empty P C {1,..., N — 1} we have

Zanee(0) < (27 N) Z v ape(@)(0)-
PrOOF. Forany P C {1,...,N — 1} set

e—ﬂ{[_1,N+1](¢>) H d¢k H 6O(d¢k)

ke{l,...N—1N\? ke{—1,0,N,N+1}UP

1

0
_ d 0
Ver,n+10(d0) Z1,n+1)\2(0)

We derive an identity that links the Gaussian partition function Zi_;ny41\2(0) to
Z1_1,n+1\pugyp) (0) for an arbitrary P C {1,...,N — 1} and j ¢ P. We have

(/e_g{[—l,N+I] (®) H d¢k

ke{l, .. .N=1}\(Pu{s})

< 1 solden) doy. (3.14)

ke{—1,0,N,N+1}UP

Zi_1n+1p\2(0) = /

R

Denote by ¢* the unique minimiser of H_; y11] subject to the constraints that ¢*(k) = 0 for
ke {-1,0,N,N+ 1|} UP and ¢*(j) = 1. Then by homogeneity for any y € R the function
y¢* (k) is the unique minimiser of }{;_1 y 1] constrained to be zero on the same set, but satisfying
y¢*(j) = y. This implies that for any ¢: {—1,..., N + 1} — R satisfying the same pinning
constraint we have

%[71,N+1](¢) = %[71,N+1](¢ - ¢(j)¢*) + ¢(]‘)25}C[71,N+1](¢*)-

As in the proof of Lemma |3.5| we can see that H_y y111(¢*) = Wlaﬁ(y)) where var(¢(j)) denotes

the variance of ¢(j) under v, v, )p- This allows to rewrite (3.14) as

( / o M1 1) (6—0(7)67) I1 doy (3.15)

ke{l,....N-1}\(PU{s})

Z-1,n+\2(0) = /

R

y2
x [T solagn))e ==ty

ke{—1,0,N,N+1}UP
_y2 :
=Z[-1,n+1)\@u{s}) (0) / e dy = Z_1 N4\ @uyh (0)V/ 27 var((j)).-
R

As the correction map ¢ adds at most two points to the pinned set it only remains to get an
upper bound on the variance of ¢(j) for j = p,+1 or j = p*—1 under 7[0717 N1\ OF equivalently
a lower bound on Hj_y ny;1)(¢*); we show the argument for p, + 1. It is very similar to the
upper bound on the variance derived in Lemma [3.5, but this time we obtain a better bound
using the fact that p. + 1 is adjacent to a pinned site. More precisely, using that ¢*(p.) = 0
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and the fact that the homogenous boundary conditions imply ¢*(0) — ¢*(—1) = 0, we get

D=

1=¢"(pe+1) = 0" (p) = D> _ (6" +1) = 0" () — (¢°() — ¢"(G — 1)) ZM

j=0
P 1 1
< o+ (D006 < NEEH v (69)
j=0
This finishes the argument. 0

The next Lemma provides an upper bound on the Gaussian probabilities appearing in (/3.13|)
(still for homogeneous boundary conditions). It is essentially a variant of the Gaussian isoperi-
metric inequality. To state it, we introduce the rescaled Hamiltonian

Z () ) -2 (5)
Observe that for h and ¢ related by (1.3} . we have

Hi1n41(9) = NEn(hn).

Lemma 3.11. For every 6 > 0 there exists an Ny > 0 such that for all N > Ny and all
PCA{l,...,N —1} and all g € C([0,1];R).

Woanspelhn € B(g,0)) < exp (= Ninf Ey(h)),

where the infimum is taken over all h: {—+,1,...,1,1+ %} = R with ||h — g < 26.

PROOF. We recall a convenient version of the Gaussian isoperimetric inequality (see e.g.

[Led96]): Let v be a centred Gaussian measure on RY with Cameron-Martin norm || - ||car.
Furthermore, let B C RY be a closed set satisfying v(B) > % Then

(B +8(r)) > &(r). (3.16)
Here

1
O(r) = — / e 2
(=% .
denotes the distribution function of the standard normal distribution, 8(r) = {z €
N |lzllear < 7} s a closed ball in the Cameron-Martin norm

B+8(r):={x+y:x€ Bandye8(r)}

We apply this theorem to the distribution of the rescaled profile hy under the measures
7[0 LN+ - All of these distributions are Gaussian and for each choice of P the Cameron-

Lemma [3.5] that for any § > 0 and there exists Ny such that for N > NO we have uniformly
over the choice of P

WE)—l,NH}\?(hN € B(0,0)) > 5 (3.17)

5
Indeed, just like in the proof of this Lemma, the probability of the complement goes to zero
for large N uniformly over P, because the variances of each hy(k/N) for k=1,...,N — 1 are
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bounded by N~! independently of the choice of P. Now we invoke (3.16) for B = B(0,§) and
observe that the ball B(g,d) is contained in the complement of B + 8(r) if

r= inf 2NEN(h). (3.18)

heB(g,26)

This yields

M

7[0—1,N+1]\'J>(h]v €B(g,0)<(1—d(r) <e 7.

The claim then follows from rewriting

(infrep(g2s) v/ 2N8N(h))2

2 heB(g,268)

O

CONCLUSION.  We now apply these two Lemmas to the terms appearing in the sum ((3.13]).
For each P # @ we can write

Z[—I,N+1]\3’(7'> ’Y[T—LNH]\?(hN € B(g,9))
= e v 70 e (0) Ay e (B(g — g, 6)), (3.19)
where we have used (B.2) to include the boundary conditions into the Gaussian partition
function. The function ¢; 5 is the minimiser of H,, subject to the boundary conditions r
and pinned on the sites in P. The profile Ay ; is the rescaled version of ¢ , and in particular
Hiiny(@rp) = NEn(hy5). First of all, Lemma allows to bound for N large enough

uniformly over P

0 * .
7[71,N+1]\:P(B(9 - hr,?: §)) < eXP(_NheB(gljlhf:’T’%) En(h))

= exp ( — N inf SN(h) + NEN(h:,TP))a

heB(g,26)
and the last term in the exponent exactly cancels the first term on the right hand side of (3.19)).
Plugging this into the left hand side and then using Lemma yields
Zi-1,n e (7) 7[T—1,N+1]\T(hN € B(g,9))

< Zianipe(0) exp (- Nheg(lgf%) En(h))

< (27N)Z- 0 — N inf En(h)).
< (27N)Z- N )exp( hellar(lg,%) v ))

Finally, we claim that there exists a § € (0,6) such that for N large enough
inf En(h)>E(g) —e.

heB(g,26)

Indeed, if this is not the case, then there exists a sequence 4,, — 0 and a sequence N(n) — oo
such that

|hn = glloo <6, and  En(hy,) < E(R) — €
which contradicts Lemma This finally allows to write for this ¢ and for N large enough
Zica v (1) A vspe (b € B(g,6)) < (27N) Zi_y viape@) (0) exp (— N(E(g) — €)).
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Plugging this into (3.13]) we obtain

ZszV,E(((;)wZ,a(B(g,é)) < (2nN)exp (= N(&(g) —€)) Z o Zi N 1o (0)‘

PC{LUN ], |rN | +1} Zn(0)

For P = @ we have %W = 1 by definition so this term is of lower order. The sum

over all non-empty P can then be rewritten as

T 171 2118 +1)\(2) (0)

PC{LUN ], |rN|+1} Zx(0)
P

<4 ¥ €|9|Z[1,ZJVJ:<1(J)\)?(0>§4 Sy 1N+11\)9>(0)

P good IN<ki<ko<rN P good
LN <p.<p*<rN px=k1
p*=ks

=4 Z Z i Z1-1,p.411(0) Zpp. pp\2(0) Zpp+ n411(0)
Zn(0)

IN<ki<ko<rN P good

px=k1
p*=ko
. Z1-1k141)(0) Zky 5] (0) Zky N111(0) Zky hs)  (0)
IN<ki<ko<rN ZN(O) Z[kl,kzl (0)
We now bound this expression by
Z 0)7 0) 7 0 A 0
§4N2 sup [ 1,k1+1]( ) [k17k2]< ) [kQ,N+1]( ) Sup [k1,k2],e ( )
EN<ki<k2<rN Zn(0) IN<ky<ka<rN ks ks](0)

and observe that according to Appendix [B| the first supremum grows at most polynomially in
N while Proposition implies that for N large enough the second supremum is bounded by

< exp(N(r — £)(7(e) + €)) which establishes (3.11)).

PROOFS OF LEMMAS.

PrROOF OF LEMMA 3.6  Due to the Arzela-Ascoli Theorem and the fixed boundary conditions
it suffices to show that

hmsuphmsupﬁ log (Yx..(h € €([0,1];R): 1A]lse > M)) = —cc. (3.20)
M—o00 N—oo
We recall, that according to ((1.2) the measure v}, . can be represented as a convex combination
of Gaussian measures via
Z- (r)
r || Z[-1LN+I\P r
T D s (R

PC{1,.,N-1} ZN’S(T)
where as before YNt 18 the Gaussian measure which is determined by the energy functional
Hi~1,n41) and the boundary conditions r as well as the pinning sites P, and Z|_;, N+1]\g>(r) is the
corresponding partition function. To show that (3.20)) holds, we introduce a notion of M-typical
sets of pinning sites for every M below. Roughly speaking P C {1,..., N — 1} is M-typical if
it does not contain any point whose distance to the boundary is ~ M ~3N. The bound (13.20)
then follows from the following two statements:
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e For every choice of boundary conditions r = (a, «, b, ) and any M > 1 there exists an
Ny such that for N > Ny and for any M-typical P C {1,..., N — 1} we have

_ NM?

Worwepe (b € C([0,1;R): [[Alle > M) < e 75, (3.21)

e For choice of boundary conditions r = (a, «, b, §) there exists a ¢ > 0 such that for any
M > 1 there exists Ny > 0 such that for N > N,

Z_ 1
Z 5‘?| [ 1)N+1]\?(T) < e—cNMS' (322>

P not M-typcial ZN,e (T) n

The rest of the proof is devoted to establishing the bounds and . We start with
the following two Lemmas which summarise useful properties of the Hamiltonian JH_; x4
on configurations pinned close to the boundary. The first Lemma gives a lower bound on
Hi-1,n+41)(¢) for profiles ¢ pinned close to the boundary. The second Lemma asserts the ex-
istence of a profile ¢* which satisfies the boundary conditions  and the pinning condition at
the sites in P C {1,..., N — 1} with a good control on J—C[_LNH](QB*), provided that P does not
contain sites close to the boundary. The proofs of both Lemmas are given below, but before
we conclude the proof Lemma [3.6] assuming that they hold.

Lemma 3.12. Let (a,«) # (0,0). Then there exists 69 > 0 and a ¢ > 0 such that for all N, all
L <N, alPcC{l,...,N—=1} withmin®P < L and all : {—1,..., N+1} — R satisfying the
boundary conditions ¢(—1) = N?a— Na, ¢(0) = N?a as well as the pinning condition ¢(k) = 0
for k € P we have

2

Hian (o) > 7

Lemma 3.13. Let (a,a) € R?. Then there exist a constant ¢ such that for any 0 < § < 1 there

exists Ny such that for N > Ny there exists a function o*: {—1,..., N+1} — R which satisfies
the boundary conditions (L1.4)) as well as ¢*(p) =0 for all 6N < p < N —IN and such that

. N
Hian(eF) < €55

Motivated by these two Lemmas we now present the definition of typical choice of pinning
sites P.

Definition 3.14. Let r = (a,a,b,8) € R* and let M > 1 and N > 2. Furthermore, let 5y > 0
be a constant whose precise value depends on r and will be given below. For (a,a) # (0,0) a
subset P C {1,...,N — 1} is called M-typical from the left if P N[0, (6oM)"5N] = @. For
(a,a)) = (0,0) and set is M-reqular from the left. Similarly it is called M-typical from the right
if PNN(1 — ((50M)’%), N] = @ for (b,8) # (0,0 and any set is M-reqular from the right for
(b, ) = (0,0). The set is M-typical if it is both M-typical from the left and from the right.
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We now proceed to deriving the bound (3.21]) for typical P. For any fixed choice of pinning
sites P C {1,..., N — 1} we have

7[1l1,N+1]\ﬂ><h € €([0,1;R): [|A]loo > M)
= 7[71—1,N+1]\T(¢: |¢(k + 1) — ¢(k)| = NM for at least one k € {0,...,N — 1})

N-1

< VLN (¢: lo(k +1) — ¢(k)] > NM)

(NM — m(k))*
<N swp e (=g nt)
where m(k) and o(k)? are the mean and variance of ¢(k + 1) — ¢(k) under NN We
can thus conclude if we can establish that for any M large enough and every N large enough
(depending on M) uniformly over all M-typical P and for all k € {0,..., N — 1} we have

1
m(k) < =NM and o(k)* < N.
2

The second bound follows by a similar argument as Lemma [3.5) which does not make use of any
specific requirements on P. As in this Lemma we see that

O’(k‘)2 _ sup (U(k + 1) B U(k))Q

n: {~1,...N+1} >R 2H 1 n41)(n)
n(k)=0 for kePU{-1,0,N,N+1}

. . ((k +1) = n(k))?

n: {~1,...N+1}=R 2Hyngyy(n)
n(k)=0 for ke{-1,0,N,N+1}

and to bound this quantity we write using the homogeneous boundary conditions

((k+ 1) = (k) = (3G + 1) = 03) — () — G — 1))

j=0

< (k+1)> (An(i))* < N2H1v41(n),

J=0

which establishes the desired bound on o(k)?. To derive the bound on m(k) we make use of
Lemma [3.13] First of all, by definition m(k) = ¢*(k + 1) — ¢*(k) where ¢* is the H_1,n41-
minimiser subject to the boundary conditions r as well as the pinning condition P. If (a, a) #
(0,0) and (b,5) # (0,0) we invoke Lemma for every fixed M and for N large enough
(depending on M) to get the existence of a profile ¢~5* satisfying the boundary conditions
as well as ¢*(p) = 0 for (5oM) 3N < p < N — (60M)~35N with Hi1np1(0F) < cdpMN. In
particular, this ¢* satisfies all of the M-typical pinning conditions simultaneously, which implies

in turn that for each M-typical P we have H_1 n41)(¢*) < Hi—1,n41)(¢*) < cdgMN. Then we
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can write using the boundary conditions

[m(k)| = 6" (k + 1) = ¢" (k)| = |aN + Z (G +1) = 6"() = (6"() = ¢"(j = 1))

k 1
< |a|N + k+1%(z >2§|a|N+2050NM.
7=0
At this point the required bound on m(k) follows if we fix o small enough. The argument if
either (a, ) = (0,0) or (b, 3) = (0,0) is identical by noting that we can simply set ¢* near the
corresponding boundary.

It remains to establish (3.22)) and to this end it suffices to derive an upper bound on
Yo Mz npe(r)
P not M-typcial

as well as a lower bound on Zy (7). For the upper bound we fix P and as before we denote
by ¢* the unique H|_; x4y minimiser subject to the boundary conditions 7 as well as the
specific pinning condition P. As P is not typical we can invoke Lemma to deduce that
Hi—1n41)(0") > ¢N(8oM)3. Then by Appendix [B| we have

1
Zi_invpo(T) = e -1 )Z[—l,N+1]\ﬂ><0) < @ eN(MD? Z1_1,n+1\2(0),
which permits to write using (1.7))
1 1

P not M-typcial PC{1,....N—1}
On the other hand, for the lower bound we can use the coarse bound

ZN,a(T) = Z 5‘T|Z[71,N+1]\T(T) > Z[fl,NJrl]('r) = e_NCZ[A,NH}(O),

PC{1,..,.N—1}

where in the last step we have used that according to Proposition the mean energy
%%[_1’ ~N+1] is uniformly-in-N bounded along the sequence of minimisers with boundary con-
ditions r and without further pinning condition. This suffices to establish , because
according to Appendix [B| Zj_1,x41)(0) decays at most polynomially. ([

PrROOF OF LEMMA [3.12]  Assume first that both a # 0 and o # 0. Then for any ¢ satisfying
the boundary condition ¢(0) = N2a as well as ¢(p) = 0 for some p < L there exists at least one

ke {0,1,...,p— 1} such that |p(k + 1) — (k)| > Nz‘al > NQ'“' . We now recall that according

to the boundary condition on ¢(— ) we have ¢(0) — ¢( 1) = Na. We now set dy = 5~ which
implies that for L < §oN we have M — Nla| >3 N ‘a| . This then yields
1 N 2|a|

<ok +1) = o(k)| = [6(0) = o(=D)| < |(¢(k +1) = ¢(F)) = (¢(0) = ¢(=1))]

=

’Zk: J'))—(<Z5(j)—¢(j—1))‘ < (k+1)é<2k:(ﬁ¢(j))2>2

J=0 Jj=0

< L2 (2K 21 ,n41)(9))2,

[NIES
w\»—‘

(3.23)
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which can be rewritten as

’ CL‘2 N4

Hi- >

and which is stronger than the bound claimed in the proposition due to L < N. If o = 0 and
a # 0 the estimate (3.23)) holds in the same way without any restriction on dy and with left hand

\al

side replaced by & i.e. the final lower bound on H_; y41](¢) is improved by an (irrelevant)
factor 4. Finally, let us assume a = 0 and «a # 0, say a > 0. Then the condition ¢(p) = 0 for
some p < L implies that there exists a k € {0,1,...,p — 1} such that ¢(k + 1) — ¢(k) <0, so
that holds with left hand side replaced by N|«| yielding the final estimate

|a|2N2

Hiivey(o) = 7

PROOF OF LEMMA B3T3l
We define the function
¢t (z) for x € {—1,0,1,...,[6N]|,[6N] + 1},
¢*(x) =<} 0 forx > L+1,
¢*"(x) forz e {N—|[6N|]—-1,N—|6N],...,N,N + 1},

where ¢** is the minimiser for Hi_y |sn|41(¢) = 3 ,Lf]\é (A¢y)? (see Proposition |A.3) satisfying

the boundary conditions

¢*(=1) = N*a —aN, ¢"°(0) = N?a, ¢"*([dN]) = 0, and ¢**([oN]) =
and similarly ¢*" is the minimiser of Hjy_|sn|-1,n+11(¢) = % ZszN—LéNJ (Agy)? satisfying
¢*"(N — |[6N] —1) =0; ¢*"(N — [6N]) =0; ¢*"(N) = N?b, and ¢*"(N + 1) = N?b+ Nj.

Then ﬂ-C[_LNH](gg*) = ﬂ'C[_l,L(;NHl](qb*’z) + Hin—|sn]-1,8+1](¢*") and it remains to bound these
two quantities. We only give the argument for H_1, 5w +11(¢™).

As in Proposition we argue that

1
N}C[q,wmﬂ}w ) — 86(h( %;S)) as NV — oo,

where h ) ) is the minimiser of &5(h) = 3 fo h2 ) dt with boundary conditions h(0) = a, h(0) =
a,h(d) = O and h(8) = 0 (see Propos1t1on . Using Proposition we compute

! (6a + 6aad + 26%a 2)

&shiag)) = 5

(a,0)
Thus for N large enough
2
Himi,nv41(0) < 53 (60 + 6aad + 26%a?)

as required. ]

PRrROOF OF LEMMA [3.7] By sigma-additivity of the Lebesgue measure there exists a 6 > 0
such that

[{t € [0,1]: [g(t)] < 26} < [{t € [0,1]: g(t) = O} +&.
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For any s € {t € [0,1]: |g(t)| < 26} there exists a ps > 0 such that the ball B(s, ps) N [0,1] is
still contained in this set. The collection of all these balls B(s, ps) N [0, 1] trivially covers {t €
[0,1]: |g(t)| < 26} and therefore also the smaller and compact sub-level set {t € [0, 1]: |g(t)] <
d}. Thus there exists a finite collection {si,...,s;;} such that

U B(sj,ps;) 2 {t € [0,1]: |g(t)] < 6}

We then set Z = Ujj‘;ilB(sj, ps;) N [0,1] and claim that this set has the desired properties.
Indeed, the union of finitely many open intervals can always be written as the union of a
(potentially smaller number of) disjoint open intervals. The closure of such a set is the union
of a finite (again, potentially smaller) number of disjoint closed intervals. The set Z contains
{t €[0,1]: |g(t)| < d} by construction. Furthermore

UB(Sj,ij) no,1] < {t € [0,1]: [g(t)] < 20}

which implies that the measure of this set is bounded by [{s € [0,1]: g(s) = 0}| + ¢. Adding
a finite number of boundary points does not change the Lebesgue measure, so that Z satisfies
the same bound. O

APPENDIX
A. ENERGY MINIMISER

We outline the standard solution for the variational problem of minimising the energy functional
1 /L.
£(h) = 5/ R)dt for he H2, (A1)
0
where r = (a, o, b, ).
Proposition A.1. The variational problem, minimise & in HZ, has a unique solution denoted
by hi € H? and given as
hi(t) = a+ at + k(r)t* +c(r)t?, te[0,1],
with
k(r)=3(b—a)—2a—p0, andc(r)=(a+pB)—2(b—a).

Furthermore, &(hY) = (2k(r)* + 6k(r)c(r) + 6¢(r)?).

Proor. For all h with A® = 0 we have
(h,§—hyp, =0 forall ge H2.
Then we get

1 . . 1 o .
We obtain the uniqueness by convexity and conclude with noting that (h):)® = 0, see [Mit13]
for an overview of bi-harmonic solutions. O
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Lemma A.2. For any N € N let hy: { — %, 0,...,1, %} — R be given with boundary values
r = (a,a,b,f) i.e.
1 1
hn(0) =a, hy() =t N(hw(0) =hx( =) =a, N(hx(1+ 1) = hn(1)) = 6.

We interpolate hy linearly between the grid-points. Furthermore set

N . . .
1 J+1 j—1 J\12
=y 2V () () -2 ()]
Enlhn) = ;O () + v (7 h (57
Then if hy converges uniformly over [0,1] to a function h we have

1
liminf &y (hy) > E(R) = 1/ h(t)?dt.
N—oo 2 0

ProOOF. We fix a subsequence (Ng) along which €y (hy) converges to liminfy_,o. En(hn)
which we can assume to be finite without loss of generality. Along this sequence Ey(hy) is
bounded. We drop the extra-index k£ and assume from now on that

sup En(hy) = C < 0. (A.2)
N
We will first consider discrete derivatives of hy. For j = —1,..., N, we set
J\ J+1y J }
gN(N) _N[hN< N ) hN(N) ’ (A.3)

and as before we interpret gy as a function [—%, 1] — R by linear interpolation between the
grid-points. The functional €x(hy) can be re-expressed in terms of gy as

En(hn) = %éﬁﬂ%f(%) - gN(‘j;N1>]2 = %/_l gi(s)*ds.

L
N

So, (A.2)) immediately implies the uniform Hélder bound

lgn (1) = gu(s)] < / ol dr < It - s / 11 g@(r)zdr)é <[t—sV20  (A4)

for -+ < s <t <1. We introduce the (slightly) rescaled function gy : [0,1] — R defined as

gu(t) = gN(N]i 1 (t * %))

and observe that

/1 : : | : ’
~/ /
In(t)dt = —— gn(t)"dt < 2C.
0 N +1 1

Observing that gn(1) =  we can conclude that there is a subsequence N along which gy,
converges weakly in H'([0, 1]) to a function g which satisfies

1
/ g (t)*dt < lim inf/gg,k (t)? dt = liminf /gf\,k (t)? dt = liminf &(hy).
0 N—o0 N—o0

N—oco N +1
Thus, the desired statement follows as soon as we have established that for all ¢ € [0, 1],

h(t) =a+ /Otg(s) ds,
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because then we get = fo )2ds = % f )2ds. To see this we rewrite the defining relation
(A.3) of gy for any N and any te [% JT] j >0, as
= - t
1 (Nt — . -
= ZN Tj)gN(j) :a+/ gn(s)ds + E, (A.5)
k: 0

where the error term Ey satisfies

By < | [Laxtras— [Canras] +] [ (avt) = ox (251)) as|

The definition of gy together with a uniform boundedness of gy in L'(]0,1]) imply that the
first term converges to zero as N — oo while the second term can be seen to go to zero by the
uniform Hoélder bound . We can then conclude by going back to and noting that
on the one hand hy(t) converges to h(t) by assumption and that on the other hand the weak
convergence of gy in H'([0, 1]) implies that fot gn(s)ds converges to fo s)ds.

0

Proposition A.3. For any N € N, N > 2, the variational problem, minimise Hy,, in QY has
a unique bi-harmonic solution ¢;. y € QN satisfying

{A%;N(as)zo forxe{l,...,N —1},

(A.6)
wn(@) =9 (x)  forx € 0Ay ={-1,0,N,N + 1}.

Then the coeﬂiczents of the discrete polynomial hy. y given as hy (§) = %gbiN({N) for

€ e{- N, ,N, AU N“}, converge as N — oo to the coefficients of the unique biharmonic
function h}. Moreover,

1 1
N}CAN<¢:,N) — 58(11:) as N — 0.

PRrROOF. Similar to Proposition one can show that the unique minimiser ¢} y € Q" is a
polynomial of order three such that ¢; y(NE) = N?h; (&) with

(€)= ax +an(r)i 4 kn(P)E +en(r)E, €€ (300,
with
20 —a(2+3N)+N@Bb+a(N+1)—f)
(N +1)(N +2) ’
—a+ B+ NB(b—a)—2a—8))
(N+1)(N+2) ’
2(2(a—b) +a+P)
(N+1)(N+2)
We observe that the coefficients of the polynomials h;. y converge to the ones of hy, that is,
an(r) = a,ky(r) — k(r), and cy(r) — ¢(r) as N — oo. The convergence of the minimal
mean energy follows immediately with the established convergence of the polynomials.

ay =a; ay(r)=

k’N<’I') = N(

CN<’I") =

O
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B. PARTITION FUNCTION

We collect some known results about the partition function for the case with no pinning (see
[Bor10] and [BS99]). The partition function with zero boundary condition r = 0 is

N-1
7(0 :/eﬂ{[_1,1\1+1](¢) | | d(b | | ) d¢ :/ e*%<w,BN—1w> dw;

ke{—1,0,N,N+1}
N—-1

_ ( (2m)N-1 >1/2 _ (2m)"z
det(By_1) (L(2+ (N =1D)2B+4(N = 1) + (N —1)2))

where the matrix By_; reads as

6 -4 1 0 --- 0
-4 6 -4 1 0
1 -4 6 -4 1
0 1 -4 6 -4

0O .-+ -« 1 —4 6

We can easily obtain the following relation for the partition functions with given boundary
r (via ™)) and zero boundary condition 7 = 0 for models without pinning.

Zn(r) =exp (— Hay(¢5.n)) Zn(0). (B.2)
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