CONVERGENCE OF THE TWO-DIMENSIONAL DYNAMIC
ISING-KAC MODEL TO &3

JEAN-CHRISTOPHE MOURRAT AND HENDRIK WEBER

ABSTRACT. The Ising-Kac model is a variant of the ferromagnetic Ising model in
which each spin variable interacts with all spins in a neighbourhood of radius ~™*
for v << 1 around its base point. We study the Glauber dynamics for this model on
a discrete two-dimensional torus Z2 /(2N +1)Z?, for a system size N > v~ " and
for an inverse temperature close to the critical value of the mean field model. We
show that the suitably rescaled coarse-grained spin field converges in distribution
to the solution of a non-linear stochastic partial differential equation.

This equation is the dynamic version of the ®3 quantum field theory, which is
formally given by a reaction diffusion equation driven by an additive space-time
white noise. It is well-known that in two spatial dimensions, such equations are
distribution valued and a Wick renormalisation has to be performed in order to
define the non-linear term. Formally, this renormalisation corresponds to adding
an infinite mass term to the equation. We show that this need for renormalisation
for the limiting equation is reflected in the discrete system by a shift of the critical
temperature away from its mean field value.

1. INTRODUCTION

The aim of this article is to show the convergence of a rescaled discrete spin
system to the solution of a stochastic partial differential equation formally given by

OX (1a) = AX (,2) - %Xg(t, 2)+ AX (L) +V2E(ta) . (LD)

Here 2 € T? takes values in the two-dimensional torus, £ denotes a space-time white
noise, and A € R is a real parameter.

The particle system that we consider is an Ising-Kac model evolving according to
the Glauber dynamics. This model is similar to the usual ferromagnetic Ising model.
The difference is that every spin variable interacts with all other spin variables in a
large ball of radius v~ ! around its base point. We consider this model on a discrete
two-dimensional torus Z2/(2N + 1)Z2, for N > ~~1. We then study the random
fluctuations of a coarse-grained and suitably rescaled magnetisation field X, in the
limit v — 0, for inverse temperature close to the critical temperature of the mean
field model. Our main result, Theorem 2.1, states that under suitable assumptions
on the initial configuration, these fields X, converge in law to the solution of (1.1).
A similar result in one spatial dimension was shown in the nineties in [6, 22]. Our
two-dimensional result was conjectured in [24].

The two-dimensional situation is more difficult than the one-dimensional case,
because the solution theory for (1.1) is more intricate. Indeed, it is well-known that
in dimension higher than one, equation (1.1) does not make sense as it stands. We
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will recall below in Section 3 that the solution X to (1.1) is a distribution-valued
process. For each fixed ¢, the regularity properties of X are identical to those of
the Gaussian free field. In this regularity class, it is a priori not possible to give a
consistent interpretation to the nonlinear term X 3. In order to even give a meaning
to (1.1), a renormalisation procedure has to be performed. Formally, this procedure
corresponds to adding an infinite mass term to (1.1), i.e. (1.1) is formally replaced
by

0,.X (t,7) = AX(t2) - %(Xg(t,x) 300 x X(t,2)) + AX(t,2) + V3E(t2)

where “oo0” denotes a constant that diverges to infinity in the renormalisation proce-
dure (see Section 3 for a more precise discussion).

A similar renormalisation was performed for the equilibrium state of (1.1) in
the seventies, in the context of constructive quantum field theory (see [25] and the
references therein). This equilibrium state is given by a measure on the space of
distributions over T? (or R?) which is formally described by

% exp (- %(X‘l(x) ~ oo x X (x)2 +300) + %AX(a:)2 dr)v(dX), (1.2)
where v is the law of a Gaussian free field. It was shown in [26] that like the two-
dimensional Ising model, this model admits a phase transition, with the parameter
A playing the role of the inverse temperature. The measure (1.2) is usually called
the @‘21 model, and we will therefore refer to the solution of (1.1) as the dynamic (IJ%
model.

The construction of the dynamic @% model was a challenge for stochastic analysts
for many years. Notable contributions include [45, 37, 2, 39]. Our analysis builds
on the fundamental work of da Prato and Debussche [17], in which strong solutions
for (1.1) were constructed for the first time.

Much more recently, there was great progress in the theory of singular SPDEs,
in particular with [30, 31]. In these papers, Hairer developed a theory of regularity
structures which allows to perform similar renormalisation procedures for much
more singular equations such as the three-dimensional version of (1.1) or the Kardar-
Parisi-Zhang (KPZ) equation. Parallel to [30, 31], another fruitful approach to give
a meaning to such equations was developped in [28, 11]. One of the motivations for
these works is to develop a technique to show that fluctuations of non-linear particle
systems are governed by such an equation. The present article establishes such a
result in this framework for the first time. One interesting feature of our result is that
it gives a natural interpretation for the infinite renormalisation constant as a shift
of critical temperature away from its mean field value (as was already predicted in
[10, 24]).

The study of the KPZ equation has recently witnessed tremendous developments
(see [49, 14, 15] and references therein). In their seminal paper [5], Bertini and
Giacomin proved that the (suitably rescaled height process associated with the)
weakly asymmetric exclusion process converges to the KPZ equation. This result
relies on two crucial properties: (1) that the KPZ equation can be transformed
into a linear equation (the stochastic heat equation with multiplicative noise) via a
Cole-Hopf transform; and (2) that the discrete system itself allows for a microscopic
analogue of the Cole-Hopf transform [23]. The result can be extended to other parti-
cle systems as long as some form of microscopic Cole-Hopf transform is available
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[20]. However, for more general models, the question is still open, although notable
results in this direction were obtained in [27].

For the asymmetric exclusion process to converge to the KPZ equation, it is
essential to tune down the asymmetry parameter to zero while taking the scaling
limit (hence the name weakly asymmetric). This procedure enables to keep the
system away from the scale-invariant KPZ fixed point. This KPZ fixed point remains
partly elusive [16]. Proving that a discrete system converges to the KPZ fixed
point has so far only been possible (in a limited sense) by relying on the special
algebraic properties of integrable models, see [4, 36, 46] for early works, and [15]
and references therein for more recent developments.

We would like to underline the analogy between these observations and the situa-
tion with the two-dimensional Ising, Ising-Kac and ®* models. The scaling limit of
the (static) two-dimensional Ising model with nearest-neighbour interactions is now
well understood, see [50, 9, 12, 13] and references therein. We may call this limit the
(static, critical) continuous Ising model. Our replacement of nearest-neighbour by
long-range, Kac-type interactions does not simply serve as a technical convenience.
It also plays the role that the tunable asymmetry has for the convergence of the
weakly asymmetric exclusion process discussed above. That is, it enables to keep
the model away from the (scale-invariant) continuous Ising model. In order to best
see that this limit is qualitatively different from the continuous Ising model (and
its near-critical analogues), we point out that the probability for the field averaged
over the torus to be above a large value = decays roughly like exp(-x'%) for the
continuous Ising model [8], while one can check that this probability decays roughly
like exp(—x4) for the measure in (1.2), as it does for the Curie-Weiss model [21,
Theorem V.9.5]. It is expected that the measure (1.2) with critical A converges,
under a suitable scaling, to the continuous Ising model.

1.1. Structure of the article. In Section 2, we define our model and give a precise
statement of our main results. In Section 3, we describe briefly the solution theory
for the limiting dynamics, following essentially the strategy of [17]. Sections 4 to 6
contain the core of our article. There, we introduce a suitable linearisation of the
rescaled particle model and prove the convergence of this linearisation and several
non-linear functionals thereof to the continuum model. In Section 7, we analyse the
nonlinear evolution and complete the proof of our main theorem. Finally, in Section
8, we derive some additional bounds on an approximation to the heat semigroup
that are referred to freely throughout the paper. In several appendices, we provide
background material on Besov spaces, martingale inequalities and the martingale
characterisation of the solution to the stochastic heat equation.

1.2. Notation. Throughout the paper, C' will denote a generic constant that can
change at every occurrence. We sometimes write C(a, b, . . .) if the exact value of

C depends on the quantities a, b, ... . For = € R%, we write |z| = | [a2 4+ x(zj for

the Euclidean norm of 2. For z € R%, and r > 0, B(z,7) = {y e R%: |z —y| <7} is
the Euclidean ball of radius r around x. For a,b € R, we write a A b and a v b to
denote the minimum and the maximum of {a,b}. We denote by N = {1,2,3,...}
the set of natural numbers and by Ny = Nu {0}. We also write R, = [0, o).

Acknowledgements. We would like to thank David Brydges, Christophe Garban
and Krzysztof Gawedzki for discussions on the nearest-neighbour Ising model and
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quantum field theory. We would also like to thank Rongchan Zhu and Xiangchan
Zhu for pointing out an error in an earlier version of this article. HW was supported
by an EPSRC First Grant.

2. SETTING AND MAIN RESULT

For N > 1,let Ay = Z2/(2N +1)Z? be the two-dimensional discrete torus which
we identify with the set {~N,—(N - 1),..., N}2. Denote by X = {-1,+1}*~
the set of spin configurations on A . We will always denote spin configurations by
o=(o(k), keAn).

Let &:R? - [0, 1] be a C? function with compact support contained in B(0, 3),
the Euclidean ball of radius 3 around 0 in R?. We assume that £ is invariant under
rotations and satisfies

- 25
fRQ f(z)dr =1, fRQ Alx) |efPde = 4. @.1)
For 0 < v < %, let £: Ay — [0, o) be defined as £.,(0) = 0 and
ky(k) = o1y R(vk) k%0, (2.2)

where c;}l = Xkenr, v2 (k) and A}y = Ay ~ {0}.
For any o € Xy, we introduce the locally averaged field
hy(o, k)= ) ky(k=7)o(§) =t hy xa(k), (2.3)
JeAN

and the Hamiltonian

(o) = _% S k(- ) o()o(k) = —% S o(k)hy(0.k).  (24)
k.jeAn keA N
In both (2.3) and (2.4), subtraction on A  is to be understood with periodic boundary
conditions. Throughout this article we will always assume that N > v, so that
the assumption «.,(0) = 0 implies that there is no self-interaction in (2.4).
For any inverse temperature 3 > 0, we define the Gibbs measure A, on Xy as

A (o) = o@éexp(—ﬁjﬁy(o—)) ,

5
where
L=, exp( - B%(O’))
O'EEN

denotes the normalisation constant that makes A\, a probability measure. On X,
we study the Markov process given by the generator

Zf(0) = 3 e (0.)(f(07) - f(0)), (2.5)

JeAN

acting on functions f:Xy — R. Here 0/ € Yy is the spin configuration that

coincides with o except for a flipped spin at position j. As jump rates c, (o, j) we
choose those of the Glauber dynamics,

N
00 = ) a (o)
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It is clear that these jump rates are reversible with respect to the measure \,. Since
k~(0) = 0, the local mean field i (o, j) does not depend on o (). Using also the
fact that o(j) € {-1, 1}, we can conveniently rewrite the jump rates as

e_o-(j)ﬁh"/ (Uvj)

cy(0,7) B (03) 4 o—Bho (0,7

_ %(1 ~ o (j) tanh (B (0,7))) - 2.6)

We write (o (t))ss0 for the (pure jump) Markov process on X thus defined, with
the notation o (t) = (0(t, k))ken - With a slight abuse of notation, we let

hy(t, k) = ho(o(t), k) . 2.7)

The aim of this article is to describe the critical fluctuations of the local mean
field /., as defined in (2.7), and to derive a non-linear SPDE for a suitably rescaled
version of it. To this end we write, for ¢ > 0 and k € Ay,

ho(t,k) = ho (0, k) + fot.,%, ho (s, k) ds + m (£, k) 2.8)

where the process m., (-, k) is a martingale. Observing that for any o € 3 and for
any j, k € Ay, we have h (07, k) —hy(0,k) = =2k, (k-7)o(j), we get from (2.5)
and (2.6)

Loho(0,k) = —hy(0,k) + Ky * tanh (Bhy (0, k))
= (K9 % hy(0,k) = By (0, 8) ) + (B = 1) fiy % hy (0, k)
P (/-/W * 13 (o, k:)) 2.9)
where we have used the Taylor expansion tanh(8h) = Sh — 3(8h)* +

The predictable quadratic covariations (see Appendix B) of the martingales
m (-, k) are given by

(my (-, k), my (-, 7)) t_4'[£1\ Koo (k=€) Ky (5 = 0) ey (0(5),£)ds . (2.10)

Furthermore, the jumps of m., (-, k) coincide with those of h. (-, k). In particular,
if for some ¢ € Ay the spin o(¢) changes sign, then m(-, k) has a jump of
—20(0)ky(k-1).

2.1. Rescaled dynamics. For any 0 < v < 1 let N = N () be the microscopic
system size determined below (in (2.15)). Then set € = ﬁ Every microscopic
point k € Ay can be identified with 2 = ek € A, = {x = (21,22) € eZ* -1 <
x1,x2 < 1}. We view A, as a discretisation of the continuous two-dimensional
torus T identified with [~1, 1]%. For suitable scaling factors a, § > 0 and inverse
temperature 3 to be determined below we set

X(tx)——h(t$) zel,t>0. 2.11)
o €
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In these macroscopic coordinates, the evolution equation (2.8) (together with (2.9))
reads

tfe2 1

X, (t,x) =X (0,z) + fo (

Z,YX’Y(S, x)+ (5-1)

—— K~ X5 (s,

3 52

- %EK,Y xe X3(5,2) + Ky %2 By (s, x)) ds+ M, (t,z), (2.12)
for x € A.. Here we have set K (z) = e 2k, (e7 ') = ¢y 1 Z—sﬁ(gm) (the second
equality being valid for « # 0). The convolution *. on A, is defined through
X . Y(2) = Y.en. €2 X (x - 2)Y (2) (where subtraction on A, is to be understood
with Beriodic boundary conditions on [~1,1]?) and A, X = Z—;(IC, *. X —X) (so
that A, scales like the continuous Laplacian). The rescaled martingale is defined as
M,(t,x) = %”M(é? f) Finally, the error term E. (¢, z) (implicit in (2.9)) is given

by
1

B,(,7) = = (tanh (80X, (t,)) - B, (1,") + (5;5)3

In these coordinates, the expression (2.10) for the quadratic variation becomes

(M"/("x)vM’y('a Z/))t

82

t
=4—f > K (x-2)Ky(y-2)Cy(s,2)ds,  (2.14)
5%a Jo zeNe

X, (t, -)3) . (2.13)

where C., (s, z) = ¢y(0(s/a), z/¢). In these macroscopic coordinates, a spin flip at
the microscopic position k = 1y causes a jump of —20(5_1y)5_152K»y(?/ — ) for
the martingale M., (-, x).

The scaling of the approximated Laplacian, the term K, x. X 3 and the quadratic
variation in (2.14) suggest that in order to see non-trivial behaviour for these terms,

we need to imposelm%lwﬁzé—Q.Hence, from now on we set
e @ «
2
N=|~v2|, e=——, a=~% 6=~. 2.15
7] e=gy @= v (2.15)

For later reference, we note that this implies that for 0 < v < % we have
e=7"cy2  with (1-7%)<e2<(1+97). (2.16)

Under these assumptions, the leading order term in the expansion of the error term
(2.13) scales like 6*a~! = 42, Hence it seems reasonable to suspect that it will
disappear in the limit. In order to prevent the (essentially irrelevant) factor c, o from
appearing in too many formulas, we define

2
2 K _ e 1~
A'Y = 6772A7 = WEA’Y . (217)

At first sight, (2.12) suggests that 5 should be so close to one that (5 - 1)/« =
O(1). It was already observed in [10] (for the equilibrium system) that this naive
guess is incorrect. Instead, we will always assume that

(B-1)=a(cy+A), (2.18)
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where A € R is fixed. The extra term ¢, reflects the fact that the limiting equation
has to be renormalised (see Section 3 for a detailed explanation). Its precise value is
given below in (2.22), but we mention right away that the difference between ¢, and

Z 1
e Am?|w]?
O<|w|<y~t

remains bounded as ~y goes to 0. In particular, ¢, diverges logarithmically as v goes
to 0.

Before we state our main results, we briefly discuss a suitable extension of the
functions X, K, defined on A, onto all of the torus T2 (which we identify with the
interval [~1,1]%). A large part of the analysis below is based on tools from Fourier
analysis, and hence it is natural to extend these functions by suitable trigonometric
polynomials. For any function Y:A. — R, we define the Fourier transform Y
through

2 — W : 2
N Y v f -N,...,.N
Y(W) — ZxEAE € (CC) € 1 w € {2 ) 9 } 9 ) (219)
0 ifweZ*~{-N,...,N}~.
In this context Fourier inversion states
1 R )
Y(z) = 1 > Y(w)e™® forall z € A, . (2.20)
weZ?

It is thus natural to extend Y to all of T2 = [-1, 1]? by taking (2.20) as a definition of
Y (z) for z € T? \ A.. More explicitly, for Y: A, — R, we define (ExtY):T? - R
as

ExtY (z) = ! > 3 e? ™ (@) y (y))
we{-N,...,N}2 yeAc

2 sin (3(2N +1)(2; - ;)
=2 YW II —
yehe 4 j=1,2 s1n(5(x] —yj))

The extension of Y defined in this way is smooth and real valued. The function

ExtY is the unique trigonometric polynomial of degree < N that coincides with Y

on A.. This extension has the nice property that several identities that should hold
approximately are in fact exactly true.

First of all, by the continuous Fourier inversion we see that for w € 72

V(w) = fT2 e T (Ext V) (z) dat

i.e. the discrete Fourier transform of Y on A, and the continuous Fourier transform
of its extension coincide. Furthermore, if X,Y:A, - Rand Z := X *. Y, then
the discrete Fourier transform (2.19) satisfies Z(w) = X (w)Y (w). As the Fourier
transform of Z(z) = [p2(Ext X)(z - y) (ExtY)(y) dy satisfies the same identity,
we can conclude that Z and Z coincide on A.. Finally, in the current context,
Parseval’s identity states

> EX@) V() =7 Y X@)V ()

reAe weZ?

- fTQ(ExtX)(x) (ExtY)(z) dz . (2.21)
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Below, we will use these nice identities to freely jump from discrete to continuous
expressions, depending on which one is more convenient. When no confusion is
possible, we omit the operator Ext and simply use the same symbol for a function
A. — R and its extension.

2.2. Main result. For any metric space S, we denote by D(R.,S) the space of
S valued cadlag function endowed with the Skorokhod topology (see [7] for a
discussion of this topology). For any v > 0 we denote by C™" the Besov space
B « discussed in Appendix A.

We denote by X the solution of the renormalised limiting SPDE (1.1), discussed
in Section 3 for a fixed initial datum X" € C™¥. This process X is continuous taking
values in C™".

Assume that for > 0, the spin configuration at time 0 is given by 0 (0, k), k €
AN, and define for x € A,

X,?(a:) =0 Y K, (z-y)oy(0,e7y) .
yehe
We extend XS to a function on all of T? as a trigonometric polynomial of degree
< N still denoted by X9. Let X, (t,z),t > 0, z € AZ be defined by (2.11) and

extend X, (t,-)tox € T? as a trigonometric polynomial of degree < NV, still denoted
by X,.

Theorem 2.1. Assume that the scaling assumptions (2.15), (2.16) and (2.18) hold,
where the precise value of ¢ is given by

K 2
=t ¥y 2' GG (2.22)
4 we{-N,.,N}2 7V~ (1-Ky(w))
w=#0

Assume also that Xg converges to X° in C™ for v > 0 small enough and that
X0, X,? are uniformly bounded in C™""" for an arbitrarily small x> 0. Then X
converges in law to X with respect to the topology of D(R,,C™").

Remark 2.2. In principle one can perform the analysis that leads to (2.15) in any
spatial dimension n. Indeed, the only necessary change is to replace the 2 terms
appearing in (2.14) by €", so that one wishes to impose 1 ~ %l VLN %. In this
way, one obtains the scaling relation

£ mAT, an Ay, § AT (2.23)
This relation was already obtained in [24] and for n = 1 it is indeed the scaling
used by [6, 22]. For n = 3, we expect that it is possible to combine the techniques
developed in this article with the theory developed in [31, 11] to get a convergence
result to the dynamic <I>§ model. For n = 4, relation (2.23) cannot be satisfied. This
corresponds exactly to the fact that the <I>ﬁ model fails to satisfy the subcriticality
condition in [31] and indeed, a limiting theory is not expected to exist for n > 4 (see

[1D.

Remark 2.3. We stress that our analysis is purely based on the dynamics of the
system; we do not rely on properties of the invariant measure ).
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Remark 2.4. A simple analysis (see e.g. [19, Chapter 2.1]) of the the trapezoidal
approximation c;}l = Yreay V2 R(7k) to [ R(z) dx = 1 shows that under our C*
assumption on & we have |cy1 — 1| < C~2. If we were to replace cy,1 by 1in (2.2),
this error term of the form C? would not disappear in our scaling, but would
produce an O(1) contribution to the “mass” A in the limiting equation. But this
effect could be removed under slightly different assumptions: If we assumed that
R 1is C* and in addition removed the assumption x(0) = 0, then by the Euler-
Maclaurin formula (see [19, Chapter 2.9]) we could get an arbitrary polynomial
rate of convergence. Under these modified assumptions, setting ¢, = 1 would not
change the result.

Remark 2.5. The condition £~ (0) = 0, which makes the analysis of the invariant
measure of the Markov process very convenient, causes some minor technical
problems. Much of our analysis is performed in Fourier space, and due to this
condition the Fourier transform f(,y (w) of K decays at most like ﬁ for large
w (see Lemma 8.2 below), whereas without this condition (and with a stronger
regularity assumption on £) one could obtain hcﬁ for any m > 1. Fortunately, this
only produces some irrelevant logarithmic error terms.

Remark 2.6. In order to state our result, we have made two assumptions that may
seem debatable. On the one hand, we have chosen to define the coarse-graining /.,
in terms of the same kernel . that determines the interaction. On the other hand,
we have extended the field X, as a trigonometric polynomial.

The reader will see below that the first choice is necessary in order to get control
on Fourier modes w satisfying 77! « |lw| < ~~2. The second choice is convenient
but essentially irrelevant.

A posteriori, it is not too hard to show that even without any coarse-graining, the
evolution

X, (tp) = 3 p(a) o o(t/a,z/e),
reN
viewed as an evolution in the space of distributions S’(T?) converges in law to the
same limit, but only with respect to the weaker topology of D(R,, S’(T?)).

Remark 2.77. Of course, there are many choices other than (2.6) for a rate ¢, to
define a Markov process on Xy that is reversible with respect to A. The Glauber
dynamics is a standard choice, but it would be possible to extend our proof to a
more general jump rate. We make strong use of the fact that c, (o, k) is a function
of h~ (o, k), and of the specific form of the Taylor expansion around h (o, k) =0
(see (2.9)). We furthermore use the fact that c, is bounded by 1.

3. ANALYSIS OF THE LIMITING SPDE

As stated above, a well-posedness theory for the limiting equation (1.1) was
provided in [17]. More precisely, in that article local in time existence and unique-
ness for arbitrary C™ initial data and for v > 0 small enough was shown (recall
the definition of the Besov space C™ in Appendix A). Furthermore, it was shown,
using an idea due to Bourgain, that global well-posedness holds for almost every
initial datum with respect to the invariant measure. In our companion paper [41],
we extend these results to show global well-posedness for every initial datum in C™
for v > 0 small enough. In [41], we also show how to extend these arguments from



10 JEAN-CHRISTOPHE MOURRAT AND HENDRIK WEBER

the two-dimensional torus to the full space R2, but this extension is not relevant for
the present article. The purpose of this section is to review the relevant results from
[17, 41]. We give some ideas of the proofs where it helps the reader’s understanding
of our argument in the more complicated discussion of the discrete system that
follows.

As it stands, it is not clear at first sight how equation (1.1) should be interpreted.
Indeed, the space-time white noise is a quite irregular distribution, and it is well-
known that the regularising property of the heat semigroup is not enough to turn the
solution of the linearised equation (the one obtained by removing the X3 term from
(1.1) ) into a function. We will see below that this linearised solution takes values
in all of the distributional Besov spaces of negative regularity, but not of positive
regularity. We cannot expect the solution X to the non-linear problem to be more
regular, and hence it is not clear how to interpret the non-linear term X

A naive approach consists in approximating solutions to (1.1) by solutions to a
regularised equation. More precisely, let X be the solution to the stochastic PDE

1
dXE:(AX5—§X§’+AXE)dt+\/§dWE. 3.

Here W.(t,x) = %Z|w|<€—l ™ W (w, t) is a spatially regularised cylindrical
Wiener process. For every w € Z? the process W(w, t) is a complex valued Brown-
ian motion with E|[IV (w, t)|? = 4t. These Brownian motions are independent except

for the constraint W (w,t) = W(-w,t) for all w € Z? and ¢ > 0. We choose to
regularise the noise by considering a cut-off in Fourier space, but this choice of
regularisation is inessential. A solution to equation (3.1) for fixed value of € > 0 can
be constructed with standard methods, see e.g. [18, 29, 47]. It seems natural to study
the behaviour of these regularised solutions as € goes to 0. Unfortunately, letting €
g0 to zero yields a trivial result. Indeed, it is shown in [32] that X, converges to
zero in probability (in a space of distributions).

In order to obtain a non-trivial result, the approximations (3.1) have to be modi-
fied. Indeed, it is shown in [17] that if instead of (3.1), we consider

dX. = (AXE - (%Xf - chE) + AXE) dt + /2 dW., (3.2)

for a particular choice of constant c., then a non-trivial limit can be obtained as €
goes to zero. Similar to (2.22), the precise value of ¢, is given by

1

— . 33
1 4m?|w|? ©-3)

Ce =
O<|w|<

In particular, the constants ¢. diverge logarithmically as € — 0.
As a first step to show this convergence, equation (3.2) is linearised. Let Z. be
the unique mild solution to

dZ.(t,x) = AZ(t,x) dt +V/2dW.(t,z)
Z:(0,2) =0, 3.4

ie Z.(t,) = \/ﬁfot P;_,dW.(s,-), where P; = ¢! is the solution operator of the
heat equation on the torus T2. Then the renormalisation is performed on the level of
this linearised equation. We explain this procedure in some detail, because a similar
study of a linearised version of (2.12) constitutes the core of our argument.
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We start by recalling that the Hermite polynomials H,, = H,,(X,T') are defined
recursively by setting

Hy =1,
{ Hn :XHn_l —Taan_l (TLEN), (35)

sothat Hy = X, Hy = X% - T, Hy = X3 - 3XT, etc. One can check by induction
that
OxH, =nH,_ (3.6)
and
nn-1
OrH, = —%Hm 3.7)

(the identities are even valid for n € {0, 1}, for an arbitrary interpretation of H_;
and H o).

Now, for any fixed € > 0, Z. is a random continuous function, and there is no
ambiguity in the definition of Z', but for n > 2 these random functions Z' fail to
converge to random distributions as € goes to zero. If, however, Z" are replaced by
the Hermite polynomials

Z;n:(t, x) = Hn(Zg(t,iU), ca(t))

for

cs(t)zE[Ze(t,O)z]zé D fotexp(—2r72|w|2) dr

|wj<e1

t 1 2 12
=~ + —(1-e -2t , 3.8)
5 0<|§<:€_1 47r2|w|2( xp (- 2t |w] ))

then a non-trivial limit is obtained. Note that ¢, = lim;_.e (¢ () — &), where the
term % comes from the summand for w = 0 in (3.8) which does not converge as
t — oo. Furthermore, for every fixed ¢ > 0 the difference |c. — ¢.(¢)]| is uniformly
bounded in €.

The following result, essentially [17, Lemma 3.2], summarises this convergence.

Proposition 3.1. For every T’ > 0 and every v > 0, the stochastic processes Z. and
Z" for n > 2 converge almost surely and in every stochastic LP space with respect
to the metric of C([0,T],C™). We denote the limiting processes by Z and Z™.

We outline an argument for Proposition 3.1 which is inspired by the treatment of
a (more complicated) renormalisation procedure in [31, Section 10]. We start with
an alternative representation of the Z". As explained above we have Z.(t,-) =

V2 fot P;_,. dW.(r). It will be useful to introduce the processes

Reg(s,0) = Rlj(s.) = V2 [Py aW.(ra)

defined for s < 7, and to define recursively

Rgt(svx) = nf OR;’?,;I:(T,I') dRsyt(T’,l‘) .

It can be checked easily using It6’s formula and the relations (3.6) and (3.7) that for
any € > 0, we have

RIy(t,x) = Z"(t, @) .
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For any smooth function f:T? — R, the expectation

B2 (1, )= B( [, Z0(0) f o) do)

can now be calculated explicitly via Itd’s isometry, and we obtain'

" 2 ; TIE
EZ&”'(t,f)Z:n!Ll—nf[Ot]n Z |f(w1+...+wn)|2H‘Pt—rj(wj)fdr?

‘wi|£871 J=1

where dr = dry ...dr, and where P;(w) = exp (~tm?|w[?) denotes the Fourier
transform of the heat kernel on the torus. This quantity converges as € goes to zero,
and the limit can be expressed as

n 2
n!2 ./go,t]n ./(W)n ( /1;2 f(z) jl:IlPt_rj(x—Zj) dx) dzdr

where dz = dz; ...dz,. A crucial observation now uses the Gaussian structure of
the noise and the fact that Z7 (¢, f) is a random variable in the n-th homogenous
Wiener chaos over this Gaussian noise (see [44, Chapter 1] for a definition and
properties of Gaussian Wiener chaos). According to Nelson’s estimate (see [43]
or [44, Chapter 1.5]) the estimate on EZ7 (¢, f)? can be turned into an equivalent
estimate on EZ% (¢, f)P. Then one can specialise this bound to f = ng(u - -)
(defined in (A.8)), and apply Proposition A.4 to obtain bounds on E| Z(¢,-)|%_,
that are uniform in €.

For continuity in time, one can modify this argument to get bounds on E | Z (¢, -)—
Z™(s,-)|%-,, and then apply the Kolmogorov criterion.

In Sections 4 and 5, we will perform a similar argument for a linearised version of
the evolution equation (2.12). One obstacle we need to overcome, is that without the
Gaussian structure of the noise, Nelson’s estimate is not available. In Lemma 4.1,
we replace it by a suitable version of the Burkholder-Davis-Gundy inequality. The
price we have to pay is that various error terms caused by the jumps need to be
controlled.

It is useful to note that for fixed values of s and ¢, s < t, the processes R.";(s,")
actually converge in nicer spaces than the C™”. Indeed R ((s,-) = P;—sZ:(s,-), and
by the convergence of Z.(s) in C™ and standard regularising properties of the heat
semigroup (see e.g. (8.22) and the discussion following it) R. ;(s,z) converges to

Ru(s,a) = V2 [ Py dW(r,a).

'To derive this formula we introduce the Fourier coefficients R. ¢(s,w), R (s,w) (w € Z2) of
R :(s,-) and R_"(s,-) respectively, and observe that

Re(s,w) = \/ifr; Py (w) dW (w, ) (Jw] <e™),

Z é;f{lz(r,wl)ﬁ’t-r(wz) dW(wz, r).

w1 +wa=w

R(s,w) = nﬁ/j@i
For instance,

f Re(s :E)f(x)dx=£ 3 f(w)fs Prr (W) dW (w, )

T2 e,t ) o0 t-r 3 .

4 Jw|e—1
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in C* for every k € N. In the same way, Ry’ converges to

R (s.) = [ R r) dRr) = Hy (Ri(s,0) (R G0)) - G

Here the quadratic variation of the continuous martingale s — R;(s,z) for s <t is
given by

VACENE

2[) Pyi-r)(0) dr

% > '[Osexp(—Q(t—r)w2|w|2) dr ,

weZ?

where P;(x) is the heat kernel associated with the semigroup P;.

Finally, note that the convergence of R}*(t,-) to Z"(¢,-) in C”¥ can be quanti-
fied. Using an argument in the same spirit as the one sketched above, one can see
that forallv >0, 0 <A <1, p>2and T > 0, there exists C = C(v, \,p,T") such
that

E|Z™(t,) - Ry (s, )|,y < Clt—s| % (3.10)

forall 0 < s <t <T. A similar bound in the more complicated discrete situation is
derived below in (4.20).

In order to study the convergence of the the non-linear equations (3.2), we study
the remainder v, := X, — Z.. For € > 0, we observe that v, is a solution to the
random partial differential equation

1
Ope(t, ) = Ave — (g(vs +7Z.)3 —co(v. + Zg)) + A(ve + Z2)
= Ave = (V2 + 3022 + 3027 + Z2) + Ac(t) (ve + Z2) - (3.11)

where we have set A.(t) := A + ¢. — c(t). Note that the noise term dWV. has
disappeared from equation (3.11). Note furthermore that in the second line, we
have rewritten the right-hand side in terms of the processes Z., Z%, and Z**, which
converge to a non-trivial limit as € goes to zero. This is possible due to the relation

Hy(z+wv,c) = Z (n)Hk(z,c) ok,
k=0 k

which holds for arbitrary z,v € R and ¢ > 0.

Equation (3.11) can be treated as a normal PDE, without taking into account
stochastic cancellations or stochastic integrals. The argument in [17] is concluded
by observing that (at least for small times) the solutions of (3.11) are stable under
approximation of the functions Z., Z2% and Z in C([0, 00),C™") as well as the
limit of A. as € — 0. In this way, local in time solutions are obtained in [17].

The authors then show that these solutions do not blow up in finite time for
almost every initial datum with respect to the invariant measure. For our purposes,
it is slightly more convenient to have global existence for every initial datum in C™
for v > 0 small enough, and we show this in the forthcoming article [41]. In order
to state the main result, it is necessary to briefly discuss the role of the initial datum
X%ec.

There are essentially two possibilities — either equation (3.4) is started with X,
in which case the initial datum for (3.11) is zero; or the linear equation is started
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with zero, and (3.11) is started with X°. The first option turns out to be slightly
more convenient. Hence, we define Y (¢) := P, X and set

Z(t,)=Y(t,)+ Z(t,"),
2?2‘(t7.) - 2?2‘(t’-):4-2}f(t,-)éf(t,-) +-§f(t,')2
Z3(t,) = Z%(t, ):+3Y (t,) Z (8, )% +3Y (£,)°Z(t,) + Y (t,-)* . (3.12)

Notice that by the regularisation property of the heat semigroup (see (8.22)),
for any ¢ > 0, Y (¢,) is actually a smooth function and, in particular, the prod-
ucts appearing in these expressions are well-defined. More precisely, for ev-
ery 8 > v, there exists a constant C' = C(v, 8) such that for every ¢ > 0, we
get |V (t,)gs < Ct™F | X°]c-v, and hence |V (t,-)?c- < Ct~*F |X°|2.,
[Y (t,)2es < C @O X012, and [Y3(t,)|c-r < Ct0D| XA, where
we use the fact that C? is an algebra for 5 > 0 as well as the multiplicative inequal-
ity, Lemma A.5. Using Lemma A.5 once more, we can conclude that for every
T > 0, there exists a random constant Cy (depending on T',v, 3, | X 0 |-+ and on
the particular realisation of Z, Z 2 and : Z*%) such that

=1 BHv  ~..
sup |Z(t,")|ev <Co,  sup t =z [Z%(t,)|cv<Co,
0<t<T 0<t<T
Sup t/B‘l'I/HZZ?)Z(t’ )Hc—u S CO . (313)
0<t<T

After this preliminary discussion, we are now ready to state the main existence
result. For Z, Z%, and Z* satisfying (3.13), consider the problem.

0w =Av - %(v?’ +3Zv* +37%0 + Z:?’:) + A(t)(Z +v)
w(0,) =0, (3.14)

where
" 6—21571'2|w|2
A(t) ::A+£1_I)I(1)(cg—te(t)) =A-c+ ) Am2|wf?

(3.15)
2 weZ2\{0}

Note that A(¢) only diverges logarithmically in ¢ as ¢ goes to 0, and in particular
any power of A(t) is integrable at 0. The following theorem is essentially [41,
Theorem 6.1]. (The continuity of the solution map is not stated explicitly there, but
it is contained in the method of proof).

Theorem 3.2. For v > 0 small enough, fix an initial datum X° ¢ C™. For
(Z,7%,73) € (L°°([0,T],c-”))3, let (Z,Z%,Z%) be defined as in (3.12).
Let Sp(Z,7Z°%,Z°%) denote the solution v on [0,T] of the PDE (3.14). Then
for any k > 0, the mapping St is Lipschitz continuous on bounded sets from

(L=([0,T],¢))’ to C([0,T],C>¥~5(T2)).

Remark 3.3. The choice of two different time dependent normalisation constants
¢ and c-(t) may not seem particularly elegant. Indeed, in [17, 31], all processes
are renormalised with time independent constants. This is possible because in
those papers, the processes Z. and Z are replaced by similar processes that are
stationary in t. This can be done by adding a linear damping term and moving the
initial condition in (3.4) to ¢t = —oo (as in [17]), or by cutting off the heat kernel P;
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outside of a ball (as in [31]). In the discrete setting below, however, the choices for
the linearised process presented here seem most convenient.

This discussion shows as well that there is no canonical choice of the renormal-
isation constant ¢. and hence no canonical value of the constant A. The different
procedures in [17] and [31] yield different choices of c¢.. The difference between
these two constants remains bounded as € goes to zero, but it does not disappear in
the limit.

4. BOUNDS FOR THE LINEARISED SYSTEM

We now come back to the study of the discrete system. By Duhamel’s principle
and using the scaling relations (2.15) and (2.18), the evolution equation (2.12) can
be rewritten as

t 53
X, (t,) =P} X0 + fo P} K. *. ( - EX;”’(T, )+ (ey + A) X5 (r,)

t
+E7(r,-))dr+[0Pg_rde(r,-) on A, , @.1)

where we use the convention fot =/, (0,1]> @nd we denote by P = e® the semigroup
generated by A,. For every ¢ > 0, the operator P, acts on a function Y: A, - R by
convolution with a kernel, also denoted by P,’. This kernel is characterised by its
Fourier transform (defined as in (2.19))

Pl(w) =exp (17 2(Ky(w) -1))  ifwe{-N,...,N}*. (42

Viewing P’ as a Fourier multiplication operator (with P} (w) = 0ifw ¢ {-N,..., N}?)
enables to make sense of P, f for every f : T? — R. Further properties of the
operator P, are summarised in Lemmas 8.3 and 8.4 as well as Corollary 8.7.

As explained above for the continuous equation, a crucial step in studying the
limiting behaviour of X, consists of the analysis of a linearised evolution. For
x € A., we denote by

t
Z.(t,z) = fo PY . dM. (r,z)

the stochastic convolution appearing on the right-hand side of (4.1). The process
Z, is the solution to the linear stochastic equation

dZ.(t,x) = Ay Z-,(t, 2)dt + dM.,(t, z)
Z,(0,2) =0, 4.3)

for x € A, ¢ > 0. It will be convenient to work with the following family of
approximations to Z,(t,x). For s < ¢, we introduce

R%t(S,ZL‘) = [_0 Pt’zr dM’Y(r7$) .

As explained above (see the discussion following (2.20)), we extend R, ;(s,): Ac —
R and Z,(t,-): A: - R to functions on all of T? by trigonometric polynomials of
degree < N. Note that for any ¢ and any z € T?, the process R (-, x) is a martingale
and R, (t,-) = Z,(t,-).

As in the case of the continuous process, it is not enough to control Z., the
solution of the linearised evolution: we also need to control additional non-linear
functions thereof. We introduce recursively the following quantities: for a fixed
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t >0 and z € T?, we set R%:t(s,:c) =Ry.(s,z). Forn>2,t>0and x € A, we
set
S
R™(s,2) =n f CRTE(T,@) Ry 4.4)
e

We use the notation R, L(r=, x) to denote the left limit of RTY '(.,x) at r. This
definition ensures that (R';(s, ) )o<s<t is a martingale. To define an extension of
R%(s, ) to arguments € T2 \ A_ for n > 2, it is advisable not to extend it by a
trigonometric polynomial of degree < N. Indeed, products are not well captured
by this extension. It is more natural to define the extension recursively through its
Fourier series

. ) s 1

R} (s,w) = n[zo 1

and set R (s, x) := 411 > w72 ]:Bwnt(s, w)e™ % This definition coincides with (4.4)
on A, and for every n > 2 the function R} (s, ):T? - R is a trigonometric

polynomial of degree < n.N. For any n > 2 and for ¢ > 0, z € T? we define

>R, w - @) dRyy(r,@) (4.5)

weZ?

ZT(t,x) = Rt ) . (4.6)

The main objective of this section is to prove uniform bounds on the Besov norms
of the processes Z7" and R.';. These bounds are stated in Proposition 4.2.

As a first step, we derive a general bound on p-th moments of iterated stochastic
integrals. We start by introducing some more notation: Let F:[0,00)" x A” x
2 — R be adapted and left continuous in each of the n “time” variables. By
adapted, we mean that if s1,...,s, <t, then for all y1,...,y,, the random variable
F(s1,.--,8n,Y1,---,Yn) is measurable with respect to the sigma algebra generated
by X, up to time ¢t. We recursively define iterated integrals J,, F'(t) as follows. For

n=1,weset I F(t) = frtzo Yyen. 2F(r,y) dM (r,y). For n > 2, we set

t
3uF@ = [ % 3 FOm ) dM )
Tl:oylél\s

where F("1:91): [0, 00)™"! x A?"! is defined as

F(”’yl)(rQ,...,rn,yg,...,yn):F(rl,...,rn,yl,...,yn).

As above (but somewhat abusively here), we denote by J,,_1 F’ (r1.y1) (r7]) the left
limit of 71 > J,,_q F(r1:91) (71). With this definition, for every n and F, the process
t — J,F(t) is a martingale. Finally, given any F' as above and 1 < ¢ < n, we define

EFo(r1y. oo yTny 21« oy 20, Yoy - - - Yn) 4.7
4

= Z SQZF(T:U"'aTTL?yl"')yn)HK'y(yi_Zi) s (48)
Y1, YeeAL i=1

i.e. F'is convolved with the kernel K, in the first £ spatial arguments. In the sequel,

when we write J,,_¢Fy(r1,...,7¢; 21, ... z¢) this means that the iterated stochastic
integral is taken with respect to the variables rp,1,...,7, and yp41,...,y, and
evaluated at time ¢ = 7y (the variables r1,...,rp, 21,. .., 2z¢ are just treated as fixed

parameters). Using the definition (4.4), it is easy to see that for z € A, and 0 < s < t,
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we can write R, (s, ) = J,F(s) for

F(ri,...,mn, Y1y -y Yn) = n'H (:1: Yi) - 4.9)

Furthermore, note that for every n, the mapping F' ~ J,, F' is linear in F'.

Lemma 4.1. Letr n > 1 and let F:[0,00)" x A — R and Fy for 1 < £ < n be
deterministic and left-continuous in each time variable. Then for any p > 2, there
exists a constant C' = C(n, p) such that

2

! -t 2 2
E sup ‘JnF(r)‘ < C’/ f > e Fy(r,z)° dr + Err(n) ,
O<r<t r1=0 =0 zeA"
(4.10)

where we use the short-hand v = (r1,...r,), and dr = dry---drs dri. The error
term Err(n) is given by

n ot
Err(n) =C' 62y [ N g2(e-1)
=1 Jr1= re-1=0

20— 1EA
2
(E sup | Jn- eFe(re7Ze)|) dry-q 4.11)
0<7”[<’r‘g 1
Zp€Ne
where vy = (r1,...7¢), 2¢ = (21,...,2¢), drg_y = dry_y---drodry (there is no

variable to integrate for £ = 1), and rg = t.

Proof. We proceed by induction. Let us consider the case n = 1 first. In order to
apply the Burkholder-Davis-Gundy inequality (Lemma B.1), we need to bound the
quadratic variation as well as the size of the jumps of the martingale J; F'(¢). The
quadratic variation is given by

(3.F),
t
= [, T F ) Fg) M ), M ()
=Y yeA,
JeA:
t
1, [ 8 S PGy FOhg) T K (y=2) Ky (5-2) Cy (1 2) dr
eAe zele
%e/\
2
-2, [ 3 2F<r,y>Kw<y—z>) ¢, () dr
zeA, yeAf5
<4672f S 2 Fi(r,2) (4.12)
zelAe

Here we have used (2.14) for the second equality and the deterministic estimate
0 < C,(r, z) < 1in the last inequality. Let us now turn to the jumps. We had seen
above that a jump of the spin (k) at microscopic position k& = £~z causes a jump
of size 267 'e2 K, (y - z) for M.,,. With probability one, two such jumps never occur
at the same time, so that we only have to estimate the impact of such an event on

J1F'. If such an event takes place at (macroscopic) time r, then the martingale J; F’
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has a jump of absolute value
26207 | ¥ F(ry) Ky (y - 2)| = 22207 | Pi(r, 2) (4.13)
yehe

Hence, the Burkholder-Davis-Gundy inequality implies that for every p > 0, we
have

2 t
(IE sup ‘JlF(r)‘p)p < C’(p)( f Z g2 Fl(r,z)er +e%672 sup Fl(r,z)z) ,
0<r<t 0 JeA. OZsJ\st

which is what we wanted.

Let us now assume that (4.10) is established for n — 1. In order to bound moments
of the martingale J,, F'(¢), we bound again the quadratic variation and the size of
the jumps. For the jumps, we can see as in (4.13) that a jump of o (k) at location
k = &7z at time r; causes a jump of J,,F of absolute value

26207 3 &30 PO () K (31 - 1)
y1€Ae
Recalling that

2
S E2FCY) (rg oy yn) Ky (y1-21) = FL(PL o Ty 21,92, -+ Un)
y1€Ae
and that F' — J,_1 F' is linear, we can rewrite the quantity above as

262(5_1| Z 623n_1F1(7"I,21)‘.
yleAE

2

Hence, the corresponding error term in the bound for (E SUDg<r<t |3nF (r) ‘p) :
takes the form ,
45-2 ~ p\?

C(p)e*d “|E sup ‘Jn_lFl(rl,zl)‘ , (4.14)

0<ri<t
Z1 EAE

which is precisely the term corresponding to ¢ = 1 in (4.11).
For the quadratic variation of J,,F(t), we get as above in (4.12) that

(j”F>t

t _
= / S et 3, FO) () 3y FOWID () d(M (1) Moy (1) )y

1:0y1€A6
glEAE
2 t 2 2 (r1,91) 2
~ 1L,Y1
<4, [0 % (X 9 FO () K (g1 - 21)) dr
ZléAE y1€AE

t 2
:463,2[ Z 82 (jn—lFl(rlazl)) dT‘l .
0 z1€Ae
In the first equality above, we have used the fact that F'("1:¥1) (77) = Fr191) (1))
for Lebesgue almost every ;. Then Minkowski’s inequality (for the exponent 1—2’ >1)
implies that

2 2
(E(3.F)?)" 3463/72/; Y & (E3naFi(r,20)])” drr (4.15)

21 EAE
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But the induction hypothesis implies that for some C' = C'(n,p), for every 1 > 0
and z1 € A., we have

2 Tn—
(E‘jn—lFl(Tlazl)‘ ! <Cf / 1 g2(n=1) Fy(r,z)* dr’

zneA6

+Err(ry,21) , (4.16)

where dr’ = dr,, ... drs, and where the error term is given by

Err(ry, 21) = Ceo7? Z[r f £2(6-2)
=2 Jr2 re-1=0

Z[ 1 EAE

2
(E sup  [Jn-eFu(re, z0)| ) dry, (417
0<rp<ry_q
ZgEAg
with drj, = dry ... dra. We then obtain the desired estimate by plugging (4.16) and
(4.17) into (4.15). O
With Lemma 4.1 in hand, we now proceed to derive bounds on Z7".

Proposition 4.2. There exists a constant yy > 0 such that the following holds. For
everyneN, p>1L,v>0T>0,0<A< %and0</<;s 1, there exists a constant
C =C(n,p,v, T, \, k) such that for every 0 < s <t <T and 0 <y < 7,

E sup R (r,) [0, 5y <CEP 40?009 @418)
0<r<t
E sup |RY(r,-) = Ry (r s, )b, o0 <Clt = s+ CP0™ 0 (4.19)
0<r<t
E sup R (r,-) = Ry(r ns, )b, oy <C Jt= P+ CP07 - (4.20)
0<r<t
Remark 4.3. In particular, the bounds (4.18) — (4.20) imply that (under the same
conditions on p, v, \, k) we have
E|Z(t, )0, o < CEP + P
B Z7(t,) = Z(5,) [P, oy < Clt = s P+ CP07)
E| Z(t,) = Ry (5,5 < C |t = sP+ CAP0)

These weaker bounds are the key ingredient for the proof of tightness in Proposi-
tion 5.4 and for the proof of convergence in law in Theorem 6.2 below.

Proof. Recalling that R (0,-) = 0, we see that the bound (4.18) is contained in
(4.19), so that it suffices to show (4.19) and (4.20). Furthermore, note that by the
monotonicity in p of stochastic LP norms, it is sufficient to prove these bounds for p
large enough.

For any smooth function f:T? — R and any n, we write

R 1) = [ R 2) () de,

and similarly, Z7"(t, f) = RJ'i(t, f). Note that in general, neither f nor R}
(defined for all z € T? as in (4.5)) are trigonometric polynomials of degree < NV, so

that this integral does not coincide exactly with its Riemann sum approximation
on A..
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In order to obtain (4.19) and (4.20), we derive bounds on
E sup |RY(r, f) = Ry (ras, f)IP and  E sup [RY4(r, ) - R (r As, )P
0<r<t 0<r<t

for an arbitrary smooth test function f:T? — R and for an arbitrary p > 2. Later, we
will specialise to f(x) = ng(u — ) (defined in (A.8)) for some u € T? and k > —1
to apply Proposition A.4.

A simple recursion based on (4.5) shows that for 0 < s < ¢, we have R7';(s, f) =

J,F(s) where fory = (y1,...,yn)- v = (r1,...,7n), and w = (w1, ..., wp),

n! z LR s
Py = TS flarr o rwn) [TPL, (e ™w
we(Z2)m j=1

—nl [, 1) [1P7, (o) da

Here, each P,’ r; 18 viewed as a function on all of T2, Note that the kernel
I P,lrj (z —y;) is a trigonometric polynomial of degree < n.V in the x variable
and a trigonometric polynomial of degree < IV in each y; coordinate.
By linearity of the operator J,,, we get for any 0 < s <t and 0 < r < ¢ that
R, ) = Ry (rns, ) = 3n(F' = F)(r)
RY(r, ) = B3 (r s, f) = In(F' L) (1) -
Here we use the convention to set P,_,. (z —y;) = 0 for r; > s.
Hence, by Lemma 4.1 there exists C' = C'(n, p) such that

(E sup |RY(r, f) = Ry (r, F)I)
0<r<t
¢ t 2n t s 2
<— > & (Fl(r,z) - F(r,z))" dr+Err, 4.21)

77,' 1,0y =0 ZGA?

LSAIN)

and

2
(E sup |RY3(r, f) = Ry (r ns, [)IP)?
0<r<t

C t r
: (n - 1)' -[7"1—3 »/7"2 1 =0 Z €2n F:L(I',Z)2 dr +Err’ . 4.22)
. - geeeslm= zeAg

Here F! denotes the convolution of F* with the kernel K. ~ in all n spatial arguments
as defined in (4.7). In (4.21) and (4.22), we have used the symmetry of the kernels
F! and F? in their time arguments to replace the integrals over the simplices
O0<rp<rpq1<...<rp <tand0<r, <...< 7 by integrals over [0,¢]™ and
[0,71]""L. The precise form of the error terms Err and Err’ is discussed below.
We start by bounding the first term on the right-hand side of (4.21). Using
Parseval’s identity (2.21) in each of the z; summations, we get for any fixed r

Z g2 (FfL(r,z) - F;:(r,z))2

zeA]
!2 ) n ~ n . 2
= S e (T8 Ko - TTPL )
4 wE(ZQ)n j=1 ’ J=1
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where as above we write w = (w1, . .. ,wy). For fixed w and r we bound
n " “ n R R 2
(TIPL, Ky wp) - [T PL Ko (wp)
j=1 j=1
<31

( jkv(wj)) ( t— rkK (wr) = P va(wk)f

X

:13?:]‘

(P, Ky (w))) - (4.23)

N

J=k+1

We performs the r-integrations for fixed value of £ and w for each term on the
right-hand side of (4.23) separately, recalling that for w € {~N,..., N}? and for
any ¢ > 0 we have P} (w) = exp (-tv2(1- IA(.y(w))) according to (4.2). For the
integrals over r; for j # k we use the elementary estimate

t o0
/ 2 g f o2t ) g . € (4.24)
0 0

?+2£

for ¢ = 7_2(1 - IA(V (wj)) > (. We split the integral over 7, into an integral over
[0, s] and an integral over [s,t]. Then for the same choice of ¢ we use the bounds

(5= ~(t-1)\2 5 (1 _ —(t-s)t 2[‘9 ~(s=r)2¢
/(; (e e )dr (1 e ) A e dr

t—s
< E/ _Mdr

<4,
t— +2¢
as well as

t
f L A — (4.25)
S g + 2/€

In this way we obtain for every k € {1,...,n}

f lj(Pgr A wj)) ( t—rg W(OJ]C) s rkK (wk))

< I (P, Ko (w))) dr
j=k+1
‘KW(W)‘Q
j=1 %+2'y*2(1—f(7(wj)) i +27*2(1—f(7(wk))
- ‘Kv(wj)‘z
ki1 % + 27‘2(1 - K7(wj)) '

Here we have again made use of the convention f’g,rj (wj) =0 forr; > s. We only
make this bound worse, if we replace the % appearing in last line of this expression
by % Plugging this back into (4.21), summing over w and using the invariance of
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this expression under changing the value of k € {1,...,n}, we obtain
1 rt
— Z gn (F,tl(r,z) - Fﬁ(r,z))2 dr

n' 1y, =0 zeA”

1 A 2 |k (Wl)|2
<e"nln?— flwi+...+wy) ’ -
”we(%)nl ! 2l L+ 2972(1 - Ky (w1))
ﬁ K (w))]
P2 te 2 2(1- Koy (wy))

(4.26)

The corresponding calculation for the integral in (4.22) is very similar (but slightly
simpler). After passing to spatial Fourier variables and performing the integrations
over ro,...,r, using (4.24), we get

1 t 1 2n ot 2
- e F (r,z)° dr
(n—l)' -/7‘\1=8 ‘/7"2,...77’”=Oz§\:n n( )

ge”‘ln!ni ‘f(w1+ +wn)‘ _[ th (wl))

an we(Z2)"

- ‘KW(WJ')‘Q
L ey ar)

As above, we only make this bound worse, if we replace the expression - appearing
r1

d’l“l .

in the last line by % Then we can perform the dr; integral using (4.25). In this way
we get the same upper bound (up to an inessential factor n) (4.26) for the integrals
appearing on the right-hand side of (4.21) and (4.22).

Now we specialise to f(z) = n;(u — 2) for some u € T? and k > —1. Note that
according to (A.9), for this choice of f, we have R'(s, ) = 0x (s, u). For
this f, we recall from (A.7) that f(w) = x(w) e ¥™*_ In particular, |f <1
for all w € Z% and f(w) = 0 for |w| ¢ Iy, where I, = 25[3/4,8/3] for k > 0 and
I =[0,4/3]. Summarising, we can conclude that for every n > 1 and p > 2, there
exists C'= C'(n,p) such that forall 0 < s <t, k> -1and u e T,

2

(IE sup ‘5kR'yt(r u) = O R (r A S,U)|p)g

0<r<t
- 2 . 2
K (w n K (w;
<C : LSIC) I - ’2”( ) +Err, (427)
st i+ 2772 (1- Ko@) 525 1 +2072(1- Ky (wy)
where, for w = (wy,...,w,) € (Z*)", we write ¥ w = Yj=1wj. In the same way,
we have

2

(IE sup ‘(5ka(r u) = 6 R (1 A s,u)‘p)p
O<rst

[ ()] [ ()|
Swel, 73 +2fy‘2(1 Kv(wl)) +2fy‘2(1—f{7(wj))

We defer the analysis of the sum appearing on the right-hand side of both (4.27)
and (4.28) to Lemma 4.4 below, and proceed to analyse the error terms Err and Err’,

<C +Err’ . (4.28)

I 5

T
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going back to the setting of an arbitrary smooth f : T? — R for the moment. The
term Err on the right-hand side of (4.21) is given by

Err =Ce*572 i ft / g2(=1)
=171 Ty 1= 0

Zg 16/\
2

P
(E sup \sn_uF;—F;)(u,zmp) drey.  (429)
0<re<ry_q
ZéGAE

where as above ry = (r1,...7¢), z2¢ = (21,...,2¢), and dry_y = dry_1---dra dry.
Here, for any 1 < ¢ < n and for fixed ry, zy, we have

|Fn-e(Ff = F})(re,20)[”

| [ 1 R“(meM (- 2)

- R"(ry, ) HPJTJ*Ku 2))de |
7=1
V4

<p R e ([, 15@)] 17 1 K (o - 2p)|de)”

o e Comol N O VIO q |PL,, % Ky (x - 2)| dz) ", (4.30)
i

where we use the convention Rﬂ' 1 and RY JE(rg,xz) = 0 for vy > 5. By
Lemma A.3 and the definition of R% as a trigonometric polynomial of degree
<(n-£)N <nN, forevery k' > 0 there exists a constant C' = C'(n, ') such that

I3 5O

’?t_é:(rl) ')Hc—n’ .

Hence, plugging (4.30) back into (4.29) and applying Minkowski’s inequality, we
get

!

Err <C(n,p,r')e* 62y

2
Z[(E sup HR,;L “(r, )Hp o+ E sup HR" “(r, )Hp o )p
=1

/ [ 22(6-1)
Te-1= O

©2e- 1€Ae

2
<f R i | @3
Oggs/?\"g,l T =1
Zp€Ng
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We turn to bound Err’. In the same way,

2
Err':Cs45_2( sup ‘Jn 1F£(T1721)| )

8<rn<

ZleAs
noo~t
L Ots2 Z / / 22(0-1)
f=2JT1= re-1=0 5 o leA

2
(E sup ‘Jn gFg(I‘g,Zg)‘ ) dry_q
0<ry<ry-
ZgEAg

n 2

< C(n,p, k") gt 52 7_4"‘/ Z [(E sup HR%‘K:(T, -)Hp_ﬁ,);
0<r<t

N /t f 22(6-1)
r1 re-1=0 ,

ZéleAe

2
Sup (/2‘f($)| H‘P]_T] *K'y(ff‘zj)‘dfﬁ) dI‘z_1:|. (4.32)
OSTZ%(Z,I T j:1

zpeNe

The integral appearing both on the right-hand side of (4.31) and (4.32) specialised
to the case f(x) = ny(u— ) for some k > —1 and u € T? is bounded in Lemma 4.5.

Actually, in the case n = 1, we obtain a slightly better bound, because the only
stochastic process R’”_ * appearing on the right-hand side of (4.31) and (4.32) is

Rot = 1. Hence, the embeddlng from C™* — L is unnecessary, and we do not

need to introduce the factor v~*

Finally, summarising our calculations (4.27) and (4.31) as well as the bounds
derived in Lemmas 4.4 and 4.5, we can conclude that for everyn >1,p >2,7T > 0,
A €[0,1], and v > 0, there exists a constant C' = C'(n,p, T, A, ) such that for all
0<7<70,0SsstST,ueTQ,andeveryk>—1

(E sup |5kRiZ}(r, u) — o RS (r A s u)’p) <Ot - s 222 (k + 2)"
O<r<t

2
—4u — 2+6(n—-1 p
+Cy? (log('y 1)) +6( )é max (Eosup HR T(r,‘)||zc’y) . (4.33)
= ,...771— <r<
T=8,t

= 1. We can bound

where as above we use the convention Rv . =

2
(E sup ‘cSkR7 2 (ryu) = 0 R (1 A s,u)|p)p
0<r<t
by exactly the same quantity, with the only difference that the max in the second line
only needs to be taken with respect to 7 = t. The desired bounds (4.19) and (4.20)
now follow easily by induction, as we now explain. The arguments are identical for
both bounds, so we restrict ourselves to (4.19).
For n =1, the bound (4.33) reduces to

2
(E sup ‘(5kR7 t(r,u) = 61y, s (1 A s, ) ‘p)p

0<r<t

<Clt - sP 22 (ke + 2) + C4* (log(v 1)),
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so that (4.19) for n = 1 and p large enough (choosing p > % suffices) follows from
Proposition A.4. To pass from n — 1 to n, we observe that for every fixed ' > 0, the
inductive hypothesis implies that

SIS

£=0,...,n—-1
T=58,t

max (E sup HRij(r, ) pm,) (4.34)
0<r<r
is uniformly bounded for £ < T". Hence (4.33) turns into
2
(IE sup ‘5kR%(r, u) = 6p R (r A s, u)|p) P
0<r<t

9

< C|t _ S|>\ 22k)\(k " 2)n 4 072—4,{’( 10g(7_1))2+6(n_1)

for C'= C(n,p,T, A, «"). By choosing " = % and applying Proposition A.4 for p
large enough, (4.19) follows for arbitrary n € N. U

Lemma 4.4. Let n € N and c < ¢ be fixed. Let 0 <y < 7o, where g is the constant
appearing in Lemma 8.2. For any k > 0 let Ij, = 2F [g, E], and let I_1 = [0,27'¢].
Then for every T > 0 and X € [0, 1], there exists a constant C = C(n,c,¢,\,T)
such that for all k > -1, and 0 < s <t < T, we have

A 2 >

|K7(w1)| I"—I

Y wely, i+2’7_2(1—KW(W1)) J=2 %+27_2(1_K7(wj))
<Clt- 8‘)\ 22k)\(k + 2)n—1 ’ (4.35)

where for any w = (w1,...,wy) € ({=N,...,N}*)", we use the short-hand nota-
tion Yw = Y7 wj.

Proof. We assume that 0 < v < vy where 7 is the constant appearing in Lemma 8.2.
We only need to consider those w with w; € {~N, ..., N}? for all j because all
other summands vanish.

For |w;| < ~~1, we can use (8.7) and (8.13) to bound

‘Kv(wj)f 1
P2 (L-Ky(wy))  §+ el

1
<C(T)|———= At).
7 OO
For |wj| > ’y‘l, we get essentially the same bound using (8.7),(8.10) and (8.13):

. 2
‘K’Y(wj)| < C 1 <
%4—2")/_2(1—[{7(0)‘7')) "~ wsl? %Jrc%”y_Q -

C(ﬁw A t) . (436)

To bound the sum over these terms we claim that for any w € Z?, 0 < XA < 1 and
r > 0, we have the following bound

GM(w)y= Y (—1 Ar)ﬁ !

we@eyr \L Il )i L
> w=w
<C(n,\) 1 log(1 +|w|)™ . (4.37)

1+ |w]2(=2)
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We show (4.37) by induction. For n = 1, it follows from an easy interpolation. For
n > 2, we observe that for any w € 72,

G(n)(w) _ Z G(n_l)(wl) 1%

w1+wo=w |<J‘)2|2 ‘

To bound this sum, we split its index set A(w) = {(w1, w2) € (Z?)% wy +ws = w}
into the following three sets

Ar(w) = {(w1, w2) € At Jwa| < Glwl}
Ao (w) = {(wl, wa) €A Jwo| > %]w[, and |wi| < 3|w|} ,
Asz(w) = {(w1, wo) € A |wi| > 3Jw]} .

On A; (w), we have by the triangle inequality that |w| > %\w\, so that we can bound

1
G(n_l)(wl)
A?w) 1+ ‘WQP
A
r n-2 1
<O——r—log(1+42 -
T N i v
2% jwal< 5wl
A
r n-1
—1+|w|2(1*)‘) log (1+w])" .
For the sum over Az (w) we write
Z G(n_l)(wl) ! 5 < } 5 —7)‘2(1_)\) log(l + |wl|)”_2
Az (w) 1+ oo 1+ Z‘wl |1 |<3]w] 1+ fown |
A
r n-1
—1+|w|2(1’)‘) log (1+w])" .

Actually, the extra logarithm on the right-hand side of this bound is only necessary
in the case A\ = 0, but we do not optimise this. For the sum over As3(w), we observe
that on A3 we have |ws| > 3|w1 | to write

O B AR ) s S
As(w) 1+ fwnf? i 58w 1+ Jw [2=Y) L+ lw]?
A 1 1 n—1
1+ |w|2(=2) og (1+w])" ",

which finishes the proof of (4.37). Summing G (w) over all w with |w| € I
establishes (4.35).

O

Lemma 4.5. There exists vg > 0 such for any T > 0, there exists a constant
C = C(T) such that forany £ e N, 0 <t < T, k> -1, 0 <y < v and u € T?, we
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have
ft f 2(6—1)
" fe-1= 0 Zé 1’5A5
Y4 2
sub (_[2 ‘nk(u_x)|H‘P7lr] *K’Y(x_zj)‘dﬂf) drp_q
0<re<re_1 T j=1
ZZEAE

< 0y (1og(r7h)" "
Proof. Throughout the calculation we make heavy use of the pointwise bounds
on P » K., derived in Lemma 8.3. From now on we choose 7 as the constant
appearing in this lemma, and we assume that 0 < v < 7. Furthermore, for notational
simplicity we assume that u = 0, but the argument and the choice of constants are
independent of this.

We start by fixing 71 > 19 > ...7p-1 >0 and 21,...,2_1 € A; and bounding

) 2
sup (fTQ [ ()] Hl [P, * Ky (- Zj)\dfﬂ)
i

(4.38)

0<rp<re_y
Zp€Ne

-1 2
S sup ”PJ*KVHiw(TZ)([EQ ‘nk(x)‘H‘Ptv—rj * v(x—zj)‘dx) :
j=1

0<r<T
Lemma 8.3 implies that for 0 < r, < T we have
2 12
| B % Ky e oy < C(T) 77 (Tog(v )

Hence we can write

]t [ 2(6-1)
r1 re-1=0 ,

Z[ 1€A5
¢ 2
sup (/ ‘nk(ac) H tr * 7(:U—zj)|al:z:) dry_q
0<re<re_1 j=1
Z[EAE

<Cy* (log(v ™)) / f [ (21) ||k (22)| H (21, 22) doydze, (4.39)

where

%(.%’1,.%’2)
_ ft f 22(6-1)
T1 To—1= 0

1, 725 1€AE

H\Pgr * K (x1 - zj)Hpg * Koy (22— 2;)| dro
i1

-1
1 t
= @ 1)'([) > g? ’Pﬂ*Kv(ml—z)HP,:’*Kq,(acg—z)‘dr) .
-4 zeAe

Here, in the second line we have used the symmetry of the integrand in the time
variables to replace the integral over the simplex r7p_1 < ry_1 < ...7r; < t by an
integral over [0,¢]". We claim that (up to a power of log(~y™1)) the convolution
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Y e, €2|PY « Koy (21 - 2)| | P« Ky (22 - 2)| satisfies the same bounds (8.16) and
(8.17) as P, » K.,. Indeed, we get for all 21,25 € T that
> g? |P77 * K (21 - z)| ‘P,? * K (g - z)‘

zeNe

<P« Ky -

‘Pﬂ * KV(@ -

My Mereany

with the obvious conventions HfHLl(As) = Y LeA. €2 |f(2)| and HfHLoo(As) =
SUp,ca, |f(2)| for any function f: A, — R. According to (8.16), we have uniformly
overz € T?and 0 < r < T that HPT'Y*K.Y(x—~)HLw(A y < ol log(y_l))2(t_1/\7_2) .
On the other hand, (8.16) and (8.17) imply that

| P Ky (- ')HLl(AE)

_ 1 _ _
< Clog(y 1)? > EQ(M Ay 1) <Clog(v™1)3. (4.40)
zeNe

Combining these bounds, we get

3 e? |PY « Ky (z1 - 2)| | P * Ky (22 - 2)| < C’(log(’y_l))s(t_1 A W_Q) ,

zeNe

for a constant C' that is uniform in 0 < <7 and 0 < 7y < 7p.
Integrating this bound over r for any fixed x1, x5 € T? brings

[Ot > g2 ‘Pﬂ * K (21 —z)‘ ’Pﬂ *Kw(wg—z)|dr

zeA,

SC(log(’yl))5(/(;72 72dr+j;:r1 dr)

_1\\6
< C(log(y 1)) )
Plugging this back into (4.39) leads to

S [ e
7‘1:0 rg,1:021

7“~’2471€A€

0<re<re_y
Z[GAE

<Oy (log(7—1))2+6(6—1) anHil(W) '

¢ 2
sup ( [EQ |77k($)| ITl ’Ptv_rj * Ko (x - zj)’ da:) dry_y
j=

Recalling that according to Lemma A.1,

Uk(wl)Hil(TQ) < C uniformly in k& > -1,
we get the desired conclusion (4.38). 0

For technical reasons, below in Lemma 7.4 we will need an additional bound on
Z., that states that the very high frequencies of Z., are actually much smaller than
predicted by Proposition 4.2. We define

Z2Eta) = Y 62y (t 7).
ka%
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Lemma 4.6. There exists a constant g > 0 such that anyp > 1, T >0, and k > 0,
there exists a constant C = C(p, T, k) such that for all 0 < s <t < T and 0 <y < 7,

E|ZYer (¢, )| . < Cyp) (4.41)

Proof. In the proof of Proposition 4.2, we had already seen in (4.27) that for all
k >0, we have

2 2 w 2
(Eaz, @) < ¥ [ ()]

- + Err. (4.42)
wle2t 28] 7+2772(1- Ky(w))

According to (4.33), we have

Err < C’yQ( log(’yfl))%
In order to bound the first expression in (4.42), recall that we are only interested in
-2
k with 2F > 71—0. In particular, for v small enough all frequencies appearing in this
sum are much larger than y~!. For such w, the bounds derived in Lemma 4.4 are

suboptimal. Indeed, the bound (4.36) can be improved to
. 2
‘K 7 (w)) ‘ < ¢

1 1
_ 2 - . 1 2
Feor(1m ko) el T
3
.

— A
L+ |wj?

< 072( t) L (443)

-2
where we have used the fact that |w| > 71—0 Following the rest of the argument as
before, we see that

E|ZMeh(t, )b, < CAF + P log(v )P

and the desired bound follows from Lemma A.3. |

5. TIGHTNESS FOR THE LINEARISED SYSTEM

In this section, we continue the discussion of the processes ZJ" and R.'; defined
in (4.5) and (4.6). The first main result is Proposition 5.3 which states that Rvnt
can be approximately written as a Hermite polynomial applied to R, ;. In Propo-
sition 5.4, we combine this result with the bounds obtained in Proposition 4.2 to
show tightness for the family ZJ" in an appropriate space.

We start by comparing the quadratic variation (R, (-, )); to the bracket process
[R+,:(-,2)]: (see Appendix B for the different notions of quadratic variation for a
martingale with jumps). Implicitly in the proof of Lemma 4.1, we have already seen
that for z € A, and 0 < s < ¢, we have

(Rys(-,2))s =425 fos S 2P+ K (w-2) Cy(r,2)dr . (5.1)
zeNe

Lemma 5.1. For z € A,, let

Qn (5, 2) = [Ry(2) ]s = (R (5 2))s (5.2)

where s = [R (-, x)]s is the bracket process of the martingale R ;(-,x). Let
Yo > O be the constant appearing in Lemma 8.2. For any t > 0, kK > 0 and
1 < p < +oo0, there exists C' = C(t, K, p) such that for 0 <~y < 7o,

E sup sup |Q~+(s,z)[P < C~P=5),

zeA 0<s<t
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Proof. By monotonicity of stochastic L” norms, it suffices to show the statement
for p large enough. We wish to apply the Burkholder-Davis-Gundy inequality to the
martingale ) +(-, z) for a fixed z € A, and in order to do so, we need to estimate
the quadratic variation and the jumps of this martingale.
Since the martingale R (-, z) is of finite total variation, its bracket process is
simply
[Rye( )]s = Z (ArRy (-, $))2 .
O<r<s
Moreover, as the process s = (R .(:,x))s is continuous, the jumps of Q- +(-, x)
are identical to those of s = [R (-, ) ]s.
Recall that an update of the spin (k) at microscopic position k = 71z causes
a jump of size 26 'e? K., (y — z) for M, (y). If such an event takes place at the
macroscopic time s, then the martingale R, +(-,z) has a jump at time s of absolute
value
26°67 1 (P %o Ky) (2 - 2) < 26%67 | Ky || o (ay € 3 (5.3)

where we have used the fact that |P,'[11(5,y = 1, cf. (8.15). Under the same
circumstance, the jump of the martingale Q) +(-, ) at time s is

(262671 (P, *e Ky) (2 - z))2 < (37)?.

This gives us the required estimate on the jumps of Q. (-,). We now turn to
its quadratic variation. It is the same as the quadratic variation of the process
s [Ry+(-, )]s, hence,

<Q’Y7t('7 Jj))t

[ot 2 @ (262671 (P %o Ky ) (2 - Z))4 ds

zeA¢

16&6 t 2 4
add —[0 z;f (PLg*e Ky)'(2) ds
where we used the fact that C,, (s, z) < 1. Using again (5.3) in the form

2
|B], »e K| <2
t—s 7€ Dyl L>(Ae) = )

yields

82 4 t
(QuCa)i <2 [0 5 (B« K (2)ds.  (54)
zeA¢

We now use (£2+%/ad?) < 2 and (4.24) to obtain

Ry (@)l
eyt K@
Qubhe2er o T2 K@)

For 0 < 7 < o, the bounds (8.10) and (8.13) imply that the sum over |w| > v~ is
bounded uniformly. By (8.7) and (8.13), the sum over |w| < Cy~! is smaller than
C(t)log(y™!). We have shown the deterministic bound

(Qy () < Cy* log(v 1) (5.6)

By the Burkholder-Davis-Gundy inequality (Lemma B.1), it follows that for all
p >0,

(5.5)

E sup |Q,:(s,z)[P < CHP logp/2('y_1) ,

0<s<t



CONVERGENCE OF DYNAMIC ISING-KAC MODEL TO <I>‘21 31

where C = C'(p,t), and in particular the constant does not depend on x € A.. The
conclusion is then obtained using the observation that

E sup sup [Qy(s,2)P < 3 E sup [Qq(s, )P | (5.7)
xeA, 0<s<t zeA, 0<s<t
and choosing p sufficiently large. U

Lemma 5.2. Let vy > 0 be the constant appearing in Lemma 8.2. For any t > 0 and
1 < p < +o0, there exists C' = C(t,p) > 0 such that for every 0 < v < 7,

» 1/p
(E ap| T (ARyi())?] ) < Clog(y7)

xele  0<s<t

Proof. We observe that
Z (ASR’Y,t('vx))Q = Q"/,t(ta IL') + (R’Y»t('ﬂ m)>t .
0<s<t

By Lemma 5.1, it thus suffices to show that

sup(Ry () < Clog(y™") . (5.8)
xeAe
We learn from (5.1) (as when passing from (5.4) to (5.5)) that
- 2
K ()]
(Rya(z)h < 40272 > : 5 :
7 wel-N N2 T+ 2772 (1 - Ky (w))
We obtain (5.8) arguing in the same way as from (5.5) to (5.6). U

We are now ready to prove that the R} can approximately be represented as a
Hermite polynomials applied to 12, ;. Recall the recursive definition (3.5) of the
Hermite polynomials H,, = H,(X,T) as well as the identities (3.6) and (3.7) for
their derivatives.

We aim to bound the quantity

E,;?t(S,l‘) = Hn(R’y,t(Suaj)’ [R’y,t('uz)]s) - R'Zt(svl‘) ’ (59)

for any x € T2. Here, we view [Ry,:(-,x)]s as defined on all of T2, by extending
it as a trigonometric polynomial of degree < N. Recall that according to (4.6),
Ri;f:t(t,x) = Zﬁynz(t,a:).

Proposition 5.3 (Z]" as a Hermite polynomial). Let o be the constant appearing
in Lemma 8.2. Then forany n € N, k > 0, t > 0and 1 < p < oo, there exists
C =C(n,p,t,k) >0 such that for every 0 < v < 7,

1/p
(E sup sup |E77ft(s,:n)|p) <Oy
xeT?2 0<s<t
Proof. We start by reducing the bound on the spatial supremum over x € T? to
the pointwise bounds for x in a grid. According to the definition, for every n the
function EZ'} is a trigonometric polynomial of degree < nN. Forn = 1, Lemma A.6
implies that we can control the supremum over = ¢ T? by the supremum over
x € A, at the price of loosing an arbitrarily small power of . For n > 2, this
lemma does not apply directly, but we can circumvent this problem by refining

the grid. Indeed, set Ag”) = {x € %22:—1 < x1,792 < 1}. Then Lemma A.6

applies (the fact that the number of grid points in this lemma is an odd multiple
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of the dimension is just for convenience of notation) and we can conclude that
SUD T2 ‘E{‘t(s,m)‘ <C(k)e™ SUP_ () ‘Evnt(s, z)|- Finally, as in (5.7) we can

reduce the bound on the supremum over = € A§") to bounds on a single point

T € Ag"). We now proceed to derive such a bound.

The proof proceeds by induction on n. For n = 1, it is obviously true since
E:}; = 0. We now assume n > 2.

To begin with, we observe that for any n, there exists C' such that for every

x,t e Randevery |h| < 1,]s| < 1,

1
Hy(x+h,t+s)— Hy(x,t) - 0x Hy(z,t) h - §8§(Hn(x, t)h? = OrH,(z,t) s

<C(Jal"? + D2 1) (P + JsP) . (5.10)

We fix x € Aé”) and use the shorthand notation

R(s) = (Ry(s, @), [Rye(,2)]s) -
By It6’s formula (see Lemma B.1 and Remark B.3),

H(B() = [ 0rHy (B07) dlRy )],

v [ OxHA(RGT)) dRya(r,0)
1 S

+5 [ B (ROT)) dlRyu (o),

+ Err(s, ), (5.11)

where Err(s,x) is the error term caused by the jumps,

Err(s,2) = > {AHa(R) - 0rHo(R()A Ry ) )

O<r<s
O Ha(RO)AR () = 50X Ha(RO) (AR () |

We have seen in (5.3) that uniformly over r and « € A, we have |A, R, (-, )| < 37.
Together with Lemma A.6, this implies that

sup sup |AqR (-, x)| <Oy " (5.12)
OéréthAén
for any given k > 0, where C' = C (k). Therefore,

ARy ()] = (BB () < (O

As a consequence, we can apply the estimate in (5.10) on the error term, to get

[Err(s,2)| < C ( Sup R ()[4 sup [Ro ()72 + 1)

0<r<s 0<r<s

x Z {(AVR%t(Vx))S"' (ATR’Y,t(',~T))4}'

O<r<s

In view of (5.12), it is clear that the summand (A, R (-, z))? can be neglected.
From (5.12) and Lemma 5.2, we obtain that for every 1 < p < +00, there exists C'
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such that for every s < t,

1/p
p
(Bsuw| 3 @[ s ton ),

xele  O<r<s

and using Lemma A.6, we can replace the supremum over x € A, by a supremum

over x € Ag”) in this bound (at the price of changing the exact value of the arbitrarily
small k).
By the bounds derived in Lemma 4.1, Proposition 4.2 and Lemma 5.2, we also

get that for every > 0, there exists C' > 0 such that for every s < ¢ and x € A§”),

1/p

_ e p i,

(B] sup 1012 sup (a2 ) <0
0<r<s 0<r<s

It follows from these observations that for every x > 0 and 1 < p < +o00, there exists
C such that uniformly over x € A,

1/p
(Esup Err(s,z)P) " < Oy . (5.13)
s<t
Going back to the relation in (5.11), we can use (3.6) and (3.7) to see that O H,, +
8§< H,,/2 =0, so the first and third integrals in (5.11) cancel out. Using (3.6) again,
we arrive at

Ho(B() =n [ Hot (RGT)) dRoa(ry) + Ene(s, o).

In view of the definition (4.4) of R"(s,x) (which remains valid for = € Ag”)), we
can rewrite this as

E™(s,z) = n f L ESNT,2) ARy (ra) +En(sa) . (S04

Assuming that the Proposition is true for the index n — 1, we want to prove that it
holds for the index n. In fact, it suffices to prove that for every s > 0, every ¢t > 0
and every p sufficiently large, there exists C' > 0 such that uniformly over = € A,

m: P 1/p 1-k
(E sup [ET;(s,0)F") < C', (5.15)
0<s<t

since we can later on argue as in (5.7) to conclude. The error term in (5.14) will
not cause any trouble by (5.13). There remains to consider the integral in the right-
hand side of (5.14). Since this integral is a martingale as s varies, we can use the
Burkholder-Davis-Gundy inequality, provided that we can estimate its quadratic
variation and its maximal jump size. The quadratic variation at time ¢ is bounded by

n? sup |E5 (s, ) (B ()

with (R, ;(-,7)); < C'log(y™!) by (5.8). The maximal jump size is bounded by
n sup |E'ﬁ;?t_1:(5,x)‘ sup|AsRy (-, )],
s<t s<t

and we already saw that sup,., |AsR, (-, )| < Cy'7". The induction hypothesis
and the Burkholder-Davis-Gundy inequality thus lead to (5.15), and the proof is
complete. U
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Finally, we are ready to conclude and to prove the tightness of the processes ZJ".
Before we state the result, recall that for any separable metric space S, we denote
by D(R,,S) the space of cadlag functions on R, taking values in S, endowed with
the Skorokhod topology (see [7, Chapters 16 and 18]). Recall in particular that
according to [7, Theorem 16.4], a family of processes is tight on D(R,,S) as soon
as their restrictions to all compact time intervals are tight.

Proposition 5.4. For any fixed n € N and any v > 0, the family {Z7",~ € (0, %)} is
tight on D(R.,C™"). Any weak limit is supported on C(R.,C™). Furthermore, for
anyp>1andT >0, we have

sup [E sup HZ;”:(t,-)Hp_U <00 . (5.16)
7e(o,%) 0<t<T

Proof. We can restrict ourselves to consider 0 < v < g, where g is the constant
appearing in Lemma 8.2 and Proposition 4.2. We fix a T' > 0 and show tightness in
D([0,T],C7").

Our strategy is similar to that of [42]. Let m € N be fixed below. The estimate
(4.19) implies that for all s # t € y""Ng, allp> 1, ' >0 ,\ < ﬁ, and n € N, we
have

n: n: l p
I ZJ(t,) = 23 (5,00 o < C(It= s +92) < Cle=s/", (5.17)

where C' = C(n,p,v', T, \). We now define the following continuous interpolation
for Z": set Z7"(t,-) = Z"(t,) f0r~ t € v"Np, and interpolate linearly between
these points. It is easy to check that Z7* satisfies

EHZ’Vn(t? ) - Z;/n:(sv ) Hp_u’—z/\ < C|t - S‘Ap )

for all values of s,¢ € [0,7"] and hence, the Kolomogorov criterion implies the
desired properties when Z* is replaced by Z7".
We claim that for any x > 0 and p > 1, we have

E sup sup "Zv;":(t,:n) - Z7"(t, a:)‘p <C(n,p,T,k) =P (5.18)
0<t<T xeT?2

Once we have established this bound, the proof is complete.

By monotonicity of LP-norms, it is sufficient to establish (5.18) for large p. We
treat the case n = 1 first. In view of Lemma A.6, it suffices to establish (5.18)
with the supremum over z € T? replaced by the supremum over z € A.. We fix an
interval I}, = [ky™, (k + 1)~ ] for some k € Ny and an = € A., and we start with
the estimate

sup | Z, (t,x) — Z,(t, )| < Qi:llp |Zy(t,x) = Zy (kY™ 2)]| .
k

tEIk
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Using the definition (4.3) of Z,, the definition of M, just above (2.13), as well as
(2.8), we get forany t € I,

Zy(t,x) = Zy(ky™, )

= /kjm AyZy(s,x)ds + (Mw(t, x) - Mn,(kfym,a:))
t 1 L

_ fw AL Z.(s,7)ds - 5( @ Zoho(5,2) ds)

1 T
t5ha () -m( ). G619

We bound the terms on the right-hand side of (5.19) one by one: using the definition
of A, we get for the first term that

t
f AVZy(s,x)ds
ky™

sup sup
xel, tely

c
S

C(k")
S 72(4—2/@’ /;k HZ'Y(Sv ')Hc_ﬁr ds .

In the second inequality we have used Lemma A.3 for an arbitrary " > 0. Hence
we get for any p > 1

E sup supsup
k<T~~™ zel. tely,

p

t
< Z E sup sup [ N AyZ\(s,x)ds
k<T~—m rel tely kv

<OWp) Y v CHWE( [ |20 g ds)
k

k<T~—m™

<O(K,p, T)y ™y E2yme qup B[ Z,(s,) |0 -
0<t<T+y™
By (4.18), the supremum on the right-hand side of this expression is bounded by a
constant depending on 7, " and p, so that the whole expression can be bounded by

C(H,,p, T) 7p(m(1—%)—(2+2f§')) .

Choosing m > 3, x’ small enough and p large enough we can obtain any exponent
of the form p(1 - k) for v (k' < £ and p > 3 suffice).

For the second term on the right-hand side of (5.19), we use the deterministic
estimate |2, h~ (s, k)| < 2 which holds for any £ € A and any time s to get for any
xelA.and k< T~ and any t € I,

1 5 ™
(0% —
- m gh S,zd £2_S2m3
i Jix (e )as) 2T <
Hence this term satisfies the estimate (5.18) as soon as m > 4.
Let us turn to the third term on the right-hand side of (5.19). The process hv(-, f)
only evolves by jumps. Let us recall that a jump-event at position j € Ay at time

s€ [%, é] causes a jump of magnitude 2&7(5,]') < 3~2 for hv(-, %) Hence, we
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have .

sup sup S (55 = (55 2)) <37k
where Jj, is the total number of jumps at all locations j € Ay during the time
interval [%, W] According to (2.6), the jump rate at any given location is
always bounded by 1, so the total jump rate is bounded by |A¢|. This implies that for
every k, the random variable .Jj, is stochastically dominated by Poi(\), a Poisson
random variable with mean \ = v™a Y A.| < Cy™ %, We impose m > 6, so that
this rate goes to zero. We note that

E sup JE< Y EJ<Ty "EPoi(A)P.

k<T~—m k<TH~™

Since E [Poi(A\)P] < C(p)y™ 5, we arrive at

’ypE[ sup Jp]SC'(p,T)'yp_G, (5.20)
k<T~—m k

and as above we can obtain the exponent p(1 — ) by choosing p > g. Summarising
these calculations and invoking Lemma A.6, we see that for any x > 0, m > 6 and
P> % there exists a constant C' = C'(p, T, ) such that

E sup supsup|Zy(t,z)—Z, (k7™ )P < CAPR) | (5.21)
k<Ty=™ 2eT? tely,

which establishes (5.18) in the case n = 1.
We now proceed to prove (5.18) in the case n > 2. According to Proposition 5.3,
it suffices to show

E sup sup |H,(Z(t,2)) - Ho(2)(t, )] < CA1P
0<t<T zeT?2

where Z(t,x) = (Z,(t,x),[Ry4(-,x)]:), and H,(Z) denotes the process ob-
tained by evaluating H,,(Z(t,x)) at points t € v"*N exactly and taking the linear
interpolation in between. It is easy to see that for fixed 2 € T2 and ¢ € I;, we have

|H(Z(t,2)) = Ha(2) (8, )]

< C(n)(1+sup|Zy(t,z)|" + sup[Ry.(:, x)]gnﬂ))
tGIk telk

x (5up|Z,(t,2) ~ Zy (k™ )| + sup|[[Ro (- 2) e = (R () i) -
tGIk tEIk
(5.22)

We have already established (5.16) for n = 1, which yields a bound on all moments
of supycy, |2, (t, z)[" as well as (5.21), so that it remains to bound the terms involv-
ing the bracket process. We start with the last term on the right-hand side of (5.22).
For a fixed k, we write s = k" and get for any ¢ € I,

[Ryi ()]t = [Ry s (@) ]
< Z ‘(ATR”/,t('ax))Q - (AT‘R’V,S('7$))2| + Z AT(R%t('vw))Q . (5-23)

0<r<s s<r<t

Recall, that a jump of spin o (k) for k = 71z at time r causes a jump of absolute
value 262071 P x. K., (- 2) for Ry +(-, ), so that the first term on the right-hand
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side of (5.23) can be bounded by
> ARy (5 2))? = (ArRy 5( @)

0<r<s
4
£
< 4—2J sup sup ](P]_T *e Kw(z))2 - (Pg—r *e Ky(z))2
o z€A¢ 0<r<s

)

where J is the total number of jumps at any point in A 5 and any point in time before
T in macroscopic time, which corresponds to 7'/a in microscopic units. As the
jump rate at any given point is always bounded by 1, J is stochastically dominated
by a Poisson variable Poi(\) with mean A < CTe 2a~! < CT+7°, which implies
in particular that for every p > 1,
EJ? <C(p,T)y ™.
On the other hand, for any 0 < r < s and z € A, we can write
‘(Ptv—r *e KW(Z))Q - (Pg—r *e 7(2))2’
< ‘Ptﬂir e Ky (2) + A K’y(z)| ‘Plr *e Ky (2) - P % K’y(z)‘
<Oy P log(v ) [P, *e Ky (2) = Py »c Ky (2)

)

where we have made use of (8.16) in the last line. We continue by bounding brutally

\Pf_r *e Kw(z) - P, % Kw(z)‘

. ~ (R (w)— =T R (w)—
— 1 Z ewrsz’y(w) (672 (Ky(w) 1)_€,Y2 (Ky(w) 1))‘
4we{—N,...,N}2
SC’y_4t_S

72

where we have used the bound | K., (w)| < 1 twice. Summarising these bounds, we
get for any p

E sup supsup( Z ‘Ar(R'\/,t('am))Q_(AT‘R’Y,k’ym('ax))2‘)p

k<T~=m xeAc tely * 0<r<s
<C(p, 7)Y v *log(y')",

which is bounded by C'(p, T)*(>~*) as soon as m > 10.
For the second term on the right-hand side of (5.23), we write using (5.3)

Z A,n(R%t(-,ar:))2 < C'yQJk ,
kym<r<(k+1)y™

where as above Jy, is the total number of jumps at all locations j € A during the
k™ (k+1)y™
a «

time interval [ ] Repeating the argument that leads to (5.20), we get

that for m > 6

YPE sup JP<C(p,T)~*7C.
k<T~—m

Summarising these calculations, we get that for m > 10 and p > %, there exists
C =C(p, T, k) such that

E sup supsup|[Ry;(,2)]i = [Rypym (- 2)Jkym|” < CHPE) 0 (5.24)
k<T~~™ zel. tely,
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Finally, going back to (5.22), it remains to bound

p
E( sup supsup[R, (- 2)]"'?)
k<T~=™m zel. tely,

<C Z EH [y ey )(n/2) Hpoo(AE)
k<T~—m

+CE sup sup sup‘[R%t(-,x)]t = [Ry jym (-, @) J oy |p
k<T~=™ zele tely
In view of (5.24), the second term can be neglected. Using Lemma 5.2, we see that
the first term is bounded by C'(p, 7))y~ log(y~!)™?. Plugging all of this back into
(5.22), invoking Lemma A.6 once more, and using Holder’s inequality (with a large
exponent on the terms in the last line of (5.22)) we get for any x > 0 and p large
enough

Esup sup |H,(Z(t,2)) - Ho(Z)(t, 1:)‘ < C(n,p, T, k)P |
xeAe 0<t<T

and the proof is complete. U

6. CONVERGENCE IN LAW OF THE LINEARISED SYSTEM

The aim of this section is to prove the convergence in law of Z., and the approxi-
mate Wick powers Z7" to the solution of the stochastic heat equation and its Wick
powers. We will only be able to show the convergence in law of Z,, and Z7" up to a
stopping time that depends on X, (the “non-linear” dynamics), which we do not
control for now. For a fixed v € (0, %) anym>1and 0 <~ <1, we set

Tym = 1inf {t>0: | X, (t,)|c-v > m} . (6.1)

The following Theorem 6.1 states, roughly speaking, that Z., converges to Z (the
solution of the stochastic heat equation introduced in Section 3) “until 7, ”. In
order to state this properly, we introduce a different extension of Z, beyond 7 1.
We start by modifying the microscopic jump process o for times ¢ > 7, 1. Indeed,
for k € A and for ¢ > 0, define

o(t,k ift < T
Tym(t k) = { ais,m(t),k) otherwise .
Here o/, , is a spin system with ¢, (74 m/c, k) = 0(7y m/@, k) and with jumps
occurring for every t > 7w/ and every k € Ay at rate %, independently from o.
We now construct processes M.,  and Z, n, following exactly the construction of
M, and Z,, with o replaced by 0., . Fort > 0 and k € Ay we set hy n(t,k) =
(0ym(t,-) x k) (k) and as in (2.8) we set

t

My (£ k) 1= By (£, 5) = hyn (0, k) — fo L (s, k) s, (62)
where £ is defined as in (2.5) with ¢, replaced by
s ] ¢y 1fs<T““ ,

€ym _{ : otherwise 6.3

(in other words, £ . is the infinitesimal generator of ¢, ,)). Finally, let M, (¢, z) :=

(lsmv m(é < ) The processes M (-, z) are martingales with quadratic variations
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given by (2.14) with C,, replaced by

Cym(s,2) = c;m(omm(s/a), z[e) . (6.4)
Let BT ., and Z7';, be defined as iterated stochastic integrals just as R, and ZJ*
in (4.4), (4.5), and (4.6), but with M., replaced by M., 1. It is clear that for s < 7y ,
we have R, . (s,-) = R';(s,-). Furthermore, the main results of the previous two
sections, i.e. Proposition 4.2, Lemma 5.1, Proposition 5.3, as well as Proposition 5.4
hold true unchanged if R7"; and Z7';, are replaced by R} ., and Z7,. Indeed, the
only property used in these proofs concerning the jump rate C, is the fact that it is
bounded by 1, and this remains true for C, .

Theorem 6.1 (Convergence of Z.). Let v € (0,1/2) and m > 1. As ~y tends to 0,
the processes Z., w converge in law to Z with respect to the Skorokhod topology on
D(R,,C™"), where Z is defined in Proposition 3.1.

Proof. As in equation (4.3) on T?, we have that

t
Z, m(t ) = fo Ay Zoy (s, ) ds + My m(t, ) . 6.5)

As explained above, Proposition 5.4 also applies to the family of processes Z, .
Therefore, for any fixed m > 1 the family (Zym).. (0,1 1s tight for the Skorokhod
’3

topology on D(R,,C™"). Let Z be a sub-sequential limit of Z, 1, as 7 tends to 0.
It suffices to show that the law of Z is that of Z. In order to see this, we appeal to
the martingale characterization of this law, as recalled in Theorem C.1 below. By
Proposition 5.4, Z must take values in C(R,,C™").

Let ¢ € C*(T?). We define

Mo (1) = (Zym(), ) - fo (2 m(s), A6 ds

where (f,g) = [ f(x)g(x)dx. More generally, when f is a distribution and g
a smooth test function, we write (f,g) to denote the evaluation of f on g. As
(f,Avg) = (A, f,g), the process M., 4 is a martingale.

Let us first see that for any s > 0,

(Zym(5), 8y0) = (Zym(8), AG) < CF | Zy () e (6.6)

for a constant C' = C(¢). Indeed, according to the definitions of A, and K, (see
the discussion below (2.12) as well as (2.17))

Bydl@) =eru7 3 2R (0 + 2) o)

2evZ2 v

1 € 1 g2
patbe > 2 */)( ‘225j¢($);2‘j+§ > 03.050() 3 %%

zeyZ>? Jj=1, J1,32=1,2

1 &3
o ) 0105,050(2) 7, ijzjg) +Err.

J1,J2,J3=1,2 v

The error term Err is readily seen to be bounded by Cy? uniformly in x. Further-
more, by the symmetry of £, all of the sums involving odd powers of z; vanish. The
only remaining contribution is
1
—c

A¢2

v,1 Z VQ‘Q(Z)Zfa
zeyZ2
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where we used symmetry of the kernel again. The Riemann sum converges to
the integral [ &(z)z7dz = 2 and the error is bounded by C? (see Remark 2.4).
Therefore, we get
| Ayg = Ad|1= < C7.
The estimate (6.6) thus follows from Lemma A.3 and the fact that the Fourier
coefficients of Z, with frequency larger than IV < 72 vanish.
For any L > 0 and z € D(R,,C™"), we define
Tr(z) =inf{t>0:|z|c-+ > L}

and for any ¢ > 0,

o0 = 0),0) - [ (), 80 ds.

The first condition from Theorem C.1 that needs to be checked is that //

a local martingale. For some s > 0, we give ourselves a bounded contmuous
function F': D(R,,C™") — R that is measurable with respect to the o-algebra over
D([0,s],C7"), and we consider, for ¢ > s,

Gr4(2) = (///Z,(b(t ANT1(2)) = M, 0(s A TL(z))) F(z),

where we slightly abuse notation by writing ., 4(t A T7,(z)) to denote the process
that is equal to ., 4(t) if t < T7.(z), and is equal to the left limit of .#, 4 at T, (2)
otherwise. Let us define

Loc = {L >0:P [H?Hc—u has a local maximum at height L] > 0} .
Noting that

—= 1
Locc L>0:P[ sup Z(t)”CV:L:IZ— :
n,meN t:ft—s|<1/m n

s€Q4
we see that this set is countable. For L ¢ Loc, the process Z belongs a.s. to the set
of continuity points of the mapping
DR, C") - R
z > Tr(z).

Similarly, Z belongs a.s. to the set of continuity points of the mapping

D(R,,C) - R
z > 9r(2).

By the continuous mapping theorem, ¥, ;(Z- ) thus converges in law to 47, ;,(Z)
along the sub-sequence v — 0. Since z — ¥ ;(2) is uniformly bounded, the ex-
pectations converge as well, i.e. E[%, ;(Z,n)] converges to E[%4), ,(Z)] along
the sub-sequence v — 0. Moreover, .#z . 4(t ATr(Z,m)) is very close to
My s(t NTL(Zym)), as shown by (6.6) (and where we use the same abuse of
notation on t A T7,(Z w)). More precisely,

E HgL,t(Z%m) - (M%¢>(t ANTL(Zoym)) = My (s A TL(Zv,m))) F(Z'y,m)u
<C(Q)ty" ' L|F 1= .
By the martingale property of M., (), we have
E [(M%fb(t N TL(Z%m)) - M%(b(s A TL(Zv,m))) F(Z ,m)] =
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so B[94}, +(Zym)] tends to 0 as y tends to 0. This implies that E[%LJ(?)] =0, and
thus that (.77 ,(t ATy, (Z)))ss0 is a martingale. Since the set Loc is countable, we
can choose a sequence L,, ¢ Loc that goes to infinity with n. For such a sequence,
Tt (Z) tends to infinity a.s. as n tends to infinity. We have thus proved that M7

is a local martingale, which is what we wanted.
For z € D(R,,C7"), let

2
To(t) = (Mp(t)” - 2t]0]72 -
In order to verify the assumptions of Theorem C.1, there remains to see that I'
is a local martingale. The reasoning is similar, except that unlike the first part, the

argument relies on the presence of the stopping time 7, ,. Let us see how. Recalling
M.,  from (6.5), we have

Moy () = (M m(), 0) ,
which coincides with (M, (t),$) if t < 7y . If we assume further that ¢ is a
trigonometric polynomial of degree K < oo (i.e. ¢(z) = izwﬂg K (w)e™ ™),
then by (2.21), we have the identity
(M ,m(t)7¢) = Z 52M77m(t7w) (b(x)

zelA

for v~2 > K. By (2.14), the predictable quadratic variation of M., 4 is given by

(Moghi=acy [0 5 & 6(@)o() Ky - 2)Ky (y - 2) Cyns, ) ds

x,y,2€ e
with C i, as in (6.4). The central point is the observation that for ¢ < 7 1,

1
ny,m(ta z) - 5

1
= |Cy(t2) - 5 <O X, () ev, (6.7

whereas for ¢ > 7., i, we have C,, 1, = % by definition.
Indeed, to see (6.7) we note that by (2.6) and (2.11),

Cy(t,2) = 5| < Blhy (o (tf), z[€)| = BO| X, (8, 2)] -

1
2
Moreover, since the Fourier coefficients of X, with frequency larger than 2
vanish, we obtain from Lemma A.3 that
-2
| X5 ()2 < O™ Xy () ]lc-v -

Recalling that § = v and 8 < 2 for y sufficiently small, we obtain (6.7). From this,
we deduce that the quadratic variation of M., 4 at time ¢ is close to

25 [T % 6@)ow) Ky - 2K (y - =) ds

z,y,2€N\e

up to an error controlled by v'~. It is then clear that this tends to 2¢[¢[?, as
tends to 0. We obtain that the martingale

M»2y,¢(t) = (M)t

isclose to I'z_ . () up to an error that vanishes as + tends to 0. We can now proceed
as in the first part to obtain that I'; is a local martingale. Recall that we have
assumed that ¢ is a trigonometric polynomial. But by Remark C.4, this is sufficient
to characterize the law of Z, and the proof is complete. O
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We can now prove the convergence in law of the iterated integrals as well. As
above, for the moment we can only prove this “before the stopping time 7, .

Recall the definitions of the processes R;" and Z"* in Section 3. Furthermore,
recall that for 2 € T?, the process s + Ry(s,z) = Ri¥(s,z), defined for s < ¢, is a
continuous martingale with quadratic variation given by

(Ri(o)h=5 8

weZ?

fosexp (2(t = r)m2|w]?) dr | 6.8)

and that for s < t and « € T2, we have the exact identity
R;ﬁn:('S?x) = Hy (Rt(sax)7<Rt('ax)>8)' (6.9)

Theorem 6.2 (Convergence of Z7"). For every m € N and n € N, the processes
(Zvlm, -+ Z'w) (defined as in the beginning of this section) converge (jointly) in
law to (ZV,..., Z™) with respect to the topology of D(R,,C™")".

Proof. As explained at the beginning of this section, the results from Sections 4
and 5 remain true if R7'} and Z7" are replaced by R} , and Z',. In particular,
by Proposition 5.4, the family of processes (Z,y”m)76 0.1 is tight with respect to
the topology of D(R,,C™"), for every given n. This imglies immediately that for
every n, the family of vectors (Zvlm, s 2, v € (0, %) is tight with respect to
the topology of D(R,,C™")™. It remains to check the convergence of the finite
dimensional distributions.

From now on, we use the shorthand notations Z., = (Zﬂylm7 vy ZY) and Z =
(Z1, ..., Z™) to denote the random vectors of interest. It will be useful to also use
R, = (R} RY ) and Ry = (R, ... R{™). We fix a K ¢ N and times
t; <tg < ...<tg. Furthermore, let F: (C™*)™¥ - R be bounded and uniformly
continuous (with respect to the product metric on (C™)™*¥). We need to show that

Li_r)r(l)\EF(Zv(tl),...,Zv(tK)) ~EF(Z(t1),...,Z(tg))| =0
To this end, fix s; < tq, ..., Sk < tx and write

[EF(Zy(t1),...,Z+(tx)) -EF(Z(t1),...,Z(tk))|
<E|F(Zy(t1),...,Z1(tx)) = F(Ryz, (51),.., Ryuy (5K))|
+|EF (R, (51), ..., Ryt (sK)) ~EF(Ri(s1), ..., Ri(sk))|
+E|F(Re(s1),....Re(sk)) - F(Z(th),...,Z(tk))| - (6.10)

Recall the estimates (3.10) and (4.20) that allow us to control all moments of
1Z+(t;) — Ry 4, (s:) H (c-v)n uniformly in 7. Since F' is uniformly continuous, we
can thus make the first and last terms on the right-hand side of (6.10) small uni-
formly in 7 by choosing |¢; — s;| small enough. Therefore, in order to conclude, it
suffices to show the convergence in law of the vector (R4, (51),..., Ry, (5K))
to (R¢(s1),...,Ri(sk)) for fixed values of s; < ¢;.

We will show the stronger statement that this convergence in law holds with
respect to the topology of (L>)™*¥ . By Proposition 5.3, it suffices to show that

Hy(Ry 4, m(8i,2), [Ryt;m(,2)]s;) ¢=1,...,n, i=1,....K
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converges in law to (R¢(s1),...,R¢(sk)) in L*°. By (6.9) and Lemma 5.1, it
suffices to show the two convergences
(law)
(Bytim(s1)s -, Ry e m(sk)) Tj} (Bi,(51),-- Ripe (s)) . (6.11)

and

((Rytim (s sns s (Bt Msre ) s (R (o3 Dsns -+ (Ree (5 Dorc) »

-0
(6.12)
both being understood for the (L°°)* topology. (The joint convergence in law of
(6.11) and (6.12) would follow immediately since the right-hand side of (6.12) is
deterministic.) As for (6.11), note that R ¢ w(s) = P . Z, w(s). We learn from
Corollary 8.7 and Proposition 4.2 that fori = 1,..., K,

[P = Presd) Zym(si) | —2 0.

almost surely. It thus suffices to check the convergence of P, s, Z(s;) to Ry, (s;) =
P,,_s,Z(si). The estimate (8.22) ensures that the mapping

C—l/ N LOO
Z » P_Z
is continuous, so the convergence in (6.11) follows from Theorem 6.1 and the

continuous mapping theorem.
Turning now to (6.12), we learn from (5.1) that for x € A,

S 2
(R%ti,m('vx))si = 40’2y,2 \/O‘ ZA 62 (Ptz/—r *e K’Y) (Z - .CL‘) C’Y,m(ra Z) d?",

where C,, (s, z) satisfies (6.7). It is thus clear that up to an additive error that is
bounded by Cv!~2” uniformly over x € A, the quadratic variation (R ¢, m(-,))s,

is given by
Si
2/ Z g2 (PtZ—r *g KW)Q(z—a:) dr
0 zeAe

(we also used the bound (2.16) which implies that |c%’2 ~1] < C+? and the calculation
(5.5) — (5.6) which yields a logarithmic bound on the sum). The latter quantity is
equal to

%fo S exp (=20t - )y 2 (1- Ky () |Ky @) dr. (6.13)

we{-N,...,N}2

By (8.4) and (8.13), for any fixed |w| < v7!, we get
‘exp (—Q(ti - r)7_2 (1 - Kv(w))) ‘Kv(w)f - exp (—Q(ti - r)7r2|w|2) ’
< Cexp( - 2(t; - 7“)%)(@Z —r)y|w]? + 72|w|2) (6.14)
From the elementary bound

[Se—(t—r)f dr < se )
0

we can conclude that after integrating the bound (6.14) over [0, s;] and summing
over |w| < ¥7!, we obtain a quantity that is bounded by C(s;,;)y. In the same
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way (using (8.13) once more), we obtain that the sum arising in (6.13) restricted to
indices |w| > v~ ! is smaller than

1 _

< s Z exp (—2(ti—si)m) < Csyy 2exp(—2(ti—si)
we{-N,...,N}2 1y

1

o)
Ciy? )’

w|>~~

and a similar bound holds true for the limiting quantity exp (—2(ti - r)7r2|w|2).
Hence we can conclude that uniformly over z € A, we get the deterministic bound

‘(R'y,ti,m(‘,fﬁ)> <Rt ( x)) t )’Yl 21/

It only remains to refer to Lemma A.6 to conclude that the convergence (6.12) also
holds for the extensions to arbitrary z € T2.

O

7. ANALYSIS OF THE NON-LINEAR EQUATION

In this section, we summarise the calculations of the previous sections and prove
our main result, Theorem 2.1. Throughout this section, v > 0 will be assumed
to be small enough and fixed. We furthermore fix X" € C™. We denote by
X € C(R,,C™") the solution of the renormalised limiting evolution equation with
initial datum X° as constructed in Section 3. Throughout the section, we make use
of the bounds on K, and P, collected in Section 8.

Recall that the rescaled field X (¢,x) was defined in (2.11). Recall furthermore
that it satisfies the evolution equation (2.12), or equivalently, its mild form (4.1).
For the reader’s convenience, we repeat here that (4.1) states

3
X, (t,) =P/ X0+ f Py K % —B X3(5,) + (e + A) X, (5,°)
+ By (s,7)) ds + Zv(t,‘) on A, . 7.1)

This equation is only valid on the grid points x € A, because the extension by
trigonometric polynomials does not commute with cubing X.,. Therefore, our first
step consists of deriving an equation that holds for all 2 € T2,

The problem is only caused by large w in Fourier space. Indeed, as long as
|ws| < %, we have

Ext[(e™%)’] = [Ext e™*]° | (7.2)

where as before, we have used Ext to denote the extension operator for a function
A. — R to a function T? — R by trigonometric polynomials of degree < N. In order
to control the error caused by the extension, we will use the notation introduced
above Lemma 4.6 and write

xheh= 35X, and X0V = Z kX, (7.3)
2k2’¥102 2k< 10

so that X, = Xf;igh + X,IYOW. It is convenient to already collect some error terms
in the first lemma, and to this end we discuss some notation. For z € A., we
set ¢y (s,2) = [Ry,5(-, )]s, and we extend this to all z € T? as a trigonometric
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polynomial. Recall that in (3.15) we had defined
6—257r2|o.)|2

472 |w|?

A)=A-2+ %
2 weZ2\{0}

Finally, recall that ()., ; was defined in Lemma 5.1.
With this notation at hand, we are ready to state the following result.

Lemma 7.1. For every t > 0, we have on T?
¢ 1 .
X, () =PI+ [ PL (= 52X + (6 (5,) + A(9) X, (5.)
+En(s,)) ds + Z,(8,) - (7.4)

For every T > 0 and k > 0, there exists C = C(T,k,v) such that the error term
satisfies for all 0 < s <T and 0 <y <y

[Err® (s, )| oo (r2y < C (1 X5 (5,) 130 + 1)
x(v5 575+ [ XEER (5, ) | o m2y + [ Qs (5, ) | L(as)) - (7.5)
Proof. We get from (7.1) that
Err® = err® 4 err® 4 err(® ,

where

err(l)(s7 ) =Ey(s,7) - %(/83 - 1)EXt(X'?Y)(S’ )

err(2)(s, ) = —%(Ext (X:j’(s, )) - (Ext Xy(s,-))?’) ,
err®(s,-) = (¢cy + A=y (5,-) = A(s)) X,(5,-) .

The first term is easily bounded using the definition of £, in (2.13) and the assump-
tion (2.18) and (2.22) on 3. On A, we get

Jerr D (s, ) ey < OV 15 ) Em sy + 72 Tom(7 DX (5, ) By

Using Lemma A.6 this bound can easily be extended to x € T? at the expense of
loosing an arbitrarily small power of . Furthermore, as we have already seen
at several places, we can use Lemma A.3 and the fact that )A(7 (w) =0 forw ¢
{-N, ..., N}? tobound the L> norm by the C** norm. In this way we get for any
arbitrary small x > 0

Jlerr®(s,)] . 2y < Ok, V) (X (s, ) |3 + 1)
For the second term, we get on T2
Ext (X2) - (Ext X,)°
= [Bxt ((X2™)%) = (Bxt X2)?]
+ Bt e (3(x1v)? 4 gx Lo xhieh . (hieh)?)

- [Bxt X (3(Ext X10)” + 3Bxt X1V Ext XD 4 (Exe x2ER)) ]



46 JEAN-CHRISTOPHE MOURRAT AND HENDRIK WEBER

According to (7.2), the term [Ext ((X,IYOW)?’) - (Ext XIYOW)?’] vanishes. Using
Lemma A.6, the remaining terms can easily be bounded, so that we obtain

Jerr® (s, ) o= 2y <C(R)Y | XN (5, ) | oo (22
y (HXLOW(S,.)H%OQ(W) + HXBigh(Sr)HQLw(rz)) . (7.6)

Finally, we bound the terms appearing in the bracket on the right-hand side of (7.6)
by

1 X2 (s, M perzy € 2 106X (5, ) [poo(rey € D0 27 X5 (5,7) e
2’“<% 2%%

<OW)y ™[ Xy (5,) e

and in the same way

| X2 (s, ) e rzy € 0 166X (5, | o2y € CF 2 |1 X5(5,) o -
2’“2%

Note that the number of terms appearing in the last sum is uniformly bounded in ~.
We will see below that this last bound does not capture the true behaviour of X;ligh
but it is sufficient for this particular part of the estimate (7.6).

In order to bound err(®), we recall that the precise value of ¢, was defined in

(2.22). Then we get for x € T?

B

¢y +A-c (s,2) - A(s)

_ Z |IA(’Y(w)‘2 _ [R ( x)] I f _ Z exp(—257r2|w|2)
- ~ v,8\ " s 51 1o
wel-N,oNy2 272 (1 - Ky (w)) 2 g Amwl?
w0 w0

Recall from (5.2) that for x € A, [Ry,(-,2)]r = (Ry (-, 2))r + Q~,r(s,2). Fur-
thermore, according to (5.1) we get for x € A,

(Rys(2))s
:40%72 [)S ZA: 52(Pg_r *g KW)Q(x—z) Cy(r,z)dr

=2 [)S 3 (P, +e KV)2(90 —2) dr +err®(s,2)
zeNe

B % /05 >, exp (_% (1- K,(w))) ‘Rv(w)\Q dr +err™® (s, )

we{-N,...,N}?
s, LSOl
we{-N,...,N}2 Ay2 (1 - Kv(w))
w0

x [1 - exp (—% (1- Kw(w)))] +err® (s, ),
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where for any x > 0

eri®(s,z) =4(c2 5 - 1) [0 Y (P K (- 2) Oy 2) dr
zeNe

s 1
+4/ S (P, +e KW)Q(.T—Z) (Cv(r,z)——)dr
0 zeAe 2
<C(T, k) ¥+ C(T, k) 27 X (1) v

using (2.16) and (6.7) as well as the fact that [’ ¥ ca_ 52(PQ_T *o Kw)z(x - 2)dr
is bounded by C(T") log(y™) < C(T, k)y~".
Summarising these calculations, we get

o+ A=y (5,) = A(s) + Qy s(s,2) + e (s,2)

= ‘R—V(W)F %2 .
S K@) (5 0-f)

w0

3 exp(—2s712|w|?)

7.7
472 |w|? .9

weZ?
w0

We bound the difference between the sums over |w| < v~} term by term. We write

@) (-2 (1 iy ) - CRLZT D)
/ -——(1-K T i 2r 2
Ky (w)[* 1
ot | JE@F
<exp(-2sm%|w|?) 47,2(1_[{7(“))) 472 |w|?

‘KW(W”Q

4772 (1- K (w))
Using Lemma 8.1, we can bound the expression on the right-hand side of (7.8) for
jw| <~ by

. (7.8)

exp (—i—j (1 - Kv(w))) - exp(—25772|w|2)

|w]?
P i T e o Lsﬂwﬁ <Cr g
vl w]? jw]+3

So, summing over 0 < |w| < v~! gives a contribution which is bounded by C’y%s_%.
Of course, the choice of the exponents here is essentially arbitrary — we could have
obtained any bound of the type fy)‘s_% for 0 < A < 1 — but this choice is convenient.

For |w| > 7L, the terms in the sum involving IA(,Y are not a good approximation
to the corresponding limiting terms, so we simply bound each sum separately. For
the first one, using (8.10) and (8.13),

. 2
K (w) 2s N
_2| il Al exp(——2 (1—Kw(w)))
we{-N,...,N}? dry (1 - KW(W)) v
[

2
y 2s 2 1 1 2 1
<C ( )SC'ySsB —<(Cvy3s 3

we{—NZ N}? el Ciy? we{—NZ N}2 jw|?
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while for the second one,

2], 2
5 exp (=257 |w| )SC(K)S_gvg_H_

2|52
e 4702 |w|
wZ'y"l
Summarising our calculations, we get the desired estimate on Err(). (]

For m > 1, recall the definition of the stopping time 7 1, in (6.1) and the definition
of the processes Z,  (see the discussion following (6.3)). It will be useful to
introduce an auxiliary process X n(t,2),t>0, z € T? as the solution of (7.4) with

Z, replaced by Z,, n and Err() replaced by

ErrM (s ifs<7ym,
Err{(s) = {0 (5) e rm (7.9)

The existence and uniqueness of this process for fixed v > 0 follows by an elementary
ODE argument which we omit. Of course, X, m(t,-) and X, (,-) coincide on the
event {t < 7, m}. Note that according to (7.5), by choosing v > 0 and x > 0 small
enough, for s < 7, , we have the deterministic bound

||Err§nl)(57 ')||L°°(11‘2)

11 1 ; 1
< O(T,m) (73578 + 978 [ XI5, ) o ey + 775 [Qn(5.) 1)) -
(7.10)
We will require yet another process that approximates X,. Forany 0 <¢ <T', we
define
7’Y,m(t’ ) = PtXO + Z’y,m(ta ) + ST(Z’y,ma Z%/Q,:ma Zw?’,m)(tv ) s

where St is the solution operator to the continuous problem, defined in Theorem 3.2.
Recall that the definition of the operator Sy involves the choice of initial datum X,
which we keep fixed. The following lemma is an immediate consequence of the

main results of Sections 3 and 6. (The initial datum of the limiting evolution X is
X%eC™)
Lemma 7.2. Forany T > 0, let F:D([0,T],C™") — R be uniformly continuous
and bounded. We have
liny [B[F(X,m)] - E[F(X)]|=0.

Proof. Fort € [0,T], we can write

X(tv ) = PtXO(') + Z(tv ) + ST(Zv Z:2:7 Z:&)(ta ) :
In Theorem 6.2, it was shown that the triple (Z, m, me, Zv?’m) convergences in law
with respect to the topology of D([0,T],C™)? to the triple (Z, Z'%, Z*%). As the
limit is continuous, we can conclude that the convergence also holds with respect to
the metric of L°°([0,7],C™)3.

On the other hand, Theorem 3.2 ensures that the operator St is uniformly
continuous on bounded sets from L‘X’([O,T],C"V)3 to, say, C([0,T],C*(T?)).
Note that the evolution Y () = P, X" is in C([0,T'],C™") by properties of the heat
semigroup P;. In particular, the mapping that sends (Z, Z'%, Z%) to

PX+ Z(t,)+Sp(Z,2%, Z3)(t,")
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is continuous from L>°([0,7],C™)3 to D([0,T],C"). This implies the desired
result. O

It remains to bound the difference between 7%,11 and X, (or X, ). Note that
these two processes are naturally defined on the same probability space, so that we
can derive almost sure error bounds. For most of the remainder of this section we
collect bounds to show that for every fixed m > 1, 7" > 0 and bounded uniformly
continuous function F:D([0,T],C™") — R, we have

limsup E|F (X ym) - F(Xym)|=0. (7.11)
v—0

Once (7.11) is established, it can be combined with Lemma 7.2, implying the
convergence in law of X, , to X for every fixed m > 1. The stopping time 7,  can
then be removed by a soft argument that will be explained in the proof of our main
result, Theorem 2.1, at the end of the section.

We start by treating the initial datum. We set Y, (¢,-) = P}’ X9 on T?. Lemma 8.4

and the uniform bound on HXS |-~ imply that for x > 0 and 8 > 0, we have

|V ()| osn t77F < C(T, B, ) (7.12)

uniformly in « and in ¢ € [0, T']. This is slightly worse than the bound available for

the continuous equation, where we have uniform control on |Y'(¢,-)| st 3 for all
values of v, 8 > 0. The bound is weaker due to the bad behaviour of Pg on high
Fourier modes observed in Lemma 8.4, but sufficient for our needs.

We set

Oy m(t, @) = Xy m(t, @) = Zym(t, ) = Yo (t,)  t20, 2eT?,

Tym(t,2) = Xy m(t, 2) = Zym(t, ) - Y (t,2) t>0, zeT?. (7.13)

So the desired bound (7.11) follows as soon as we have established bounds on
supPgerer | Y () = Yo (t,-) e as well as supgeier [Vy,m(2,-) = vym(2, .)HC% for
fixed T" and m.

The first of these bounds is established in the following Lemma.

Lemma 7.3. For every T > 0 we have

sSup HY(ta ) - Y’Y(ta ')HC’” -0 (7.14)
0<t<T

Proof. For any t > 0 we can write
[V (t,) = Yo (t ) e < [P(X° = XD) e + |(P = F)X]lev . (7.15)

The operator P, is bounded on C™" uniformly in ¢, so that the first term is bounded
by C|| X° - Xg |c-» = 0. For the second term, we use the assumption that states
that the Xg are uniformly bounded in C™*" for some small x > 0, as well as the
fact that | P — Py|¢-virnoc—v < C(T,v, n)vg according to (8.33). So (7.14) is
established. O
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We now turn to the terms v and U, . As in Section 3, we have to include the
initial conditions in the renormalised powers of Z . We define

Zym(t,) = Yo (t,) + Zoym(t,)
7m(t )i= vm( ) +2Y(t, ) Zym(t,-) + Y5 (8, )2, (7.16)
'y,m(tv ) = 'y,m( 7') +3Y- (t ) m(t ) + BY’Y(ta ')2 'y,m(t)') + Y’Y(tv')g :

Furthermore, we define 77 ms 7 i n and Z  in exactly the same way as we defined
Zymy 22 Z 3 in (7.16), w1th the only dlfference that all occurrences of Y, (%,-)

yom
are replaced by Y(t, )= PXY.
With these notations in place, we can observe that U = S7(Zy,m,

satisfies

A/m? m)

t —
E’Y,m(t") == '[0 Pt—s\IJ%m(S) ds , (7.17)

where we have set
- 1 _3 = _92 —:2: _ —:3:
Uy m(s) 325(%,m(5) +3Zym(8) U5 (8) + 32, 10 (5) Uy m(s) + Z%m(s))

_ —:1:
— A(3) (Vym(s) + Z,, () - (7.18)
In the next lemma, we establish a similar expression for vy m. To this end, recall
the definition of E7; in (5.9). We denote by E7'; . the corresponding quantity with
Ry 1, R replaced by Ry tm, R - AS discussed above, Proposmon 5.3 holds as
well (1n fact, with the same constant) with E7; replaced by EZ

ybme
Lemma 7.4. Forall v > 0 and t > 0 we have on T?
Uyt ) = f PY Ky x (Uym(s) + ErelD + EnelP(s,))ds . (7.19)
where
W () 123 (10(5) + 37m() 2, (5) + 3225 () () + 25 ()
— A(3) (Vym(8) + Zym(3)) - (7.20)

The error term Err( ) was bounded in (7.10), while for Err( ) , we have for 0 < s <T
and for 0 < v <y

IErr$ (5,) | o (2
<C(T,v, Ii)(

bt 2 R||

1)) - (7.21)

Proof. Using (7.4), we see that v, i, satisfies for any ¢ > 0 on T?
t 1 ~
Vym(t,") = [0 P K *e ( - g(vv,m + Zym)’(s,°)
+(65(5:) + A)) (0 + Zym) (s,) + B (5,) ) ds

The term Errm b (s, ) was already controlled in (7.10). For the rest, we write

(T2) + S

1B,

1 - ~
g(U'y mt Z'y,m)3 - c’y('v ')(U%m + Z’va)

1 ~ ~ 1~
3 2 :2: :3: (1) (2)
=3%m U mZym + UymZy oy + §Z%m +errt’ +errt?
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where
err(l)(s7 ) = U’me(‘S? ')(Zg,m(sa ) - C7(57 ) - Zw%m(sa )) )

1, =~ ~ ~.q.
err®@(s,.) = g(z;im(s, ) =3¢y(8,) Zoym(s,) = Z5 (5,7)) -
To control err™V) | we write using (7.16)

Z5 w(s,) = ¢5(5,7) = Z(s.)
= (2 +2Yy Zym + Y2 ) (5,0) = ¢y(5,0) = (200 + 2V Zy i + Y ) (5,7)
= Z5m(s,) = &4 (5,7) = 25 (5,°)
= B2 1(s,0) .

»S,m

For err(®) we write using (7.16) once more (and dropping the arguments to improve
readability)
(Zg,m - 3%2%111 - Z'fm)
= (25 0 +3Y, 25+ 3Y. 2y + V) = B¢y (Zym + Y5)
(22 + 3 20 4 3Y 2y + YY)
=(Z2 =3¢y Zym = Zi0) + 3Yo (22 = ¢y = Z24,)
= B +3Y,EZ

P)/,S,m ’Y?svm :

By assumption, Xf: is bounded in C™”.The bound (7.12) thus ensures that for any
# > 0, we have a uniform bound on s”**||Y, || L (12), from which the desired bound
follows. ([

In the next lemma, we combine the expressions (7.17) and (7.19) to derive a
bound on supyer [Tym (%) = vym(t;-) ”c%'

Lemma 7.5. Let k > 0 be the constant appearing in the boundedness assumption
in Theorem 2.1 and let v > 0 be small enough. For every 0 <t <T and 0 <y < o,
we have

_ — ¢ 11,
””%m(tv')_v%m(tf)HC% 301/(; (t-s)"3s 6””%m(57')_U%m(sy')nc% ds

+C1(v2 + | X0 - XO)e-v) + En® (),  (7.22)

where the constant Cy depends on v, k, T | X°|c-v+x, X,?”c—wrn as well as the ran-
dom quantities Supo<s<r | Uy,m(s, ) HC%’ SUPg<ser [Vy,m(s, ) ”C%’ supogser | Zym(s,) e,
SUPo<s<T HZ»yQ,m(S’ e, SUPg<s<T HZ'yB,m(S’ e

The error term Err(®) satisfies for every T >0, p>2and 0 < A < g

E sup [En® ()] <o, (7.23)
0<t<T

for a constant Cy = Co(p, T, \).
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Proof. For any t > 0 and v > 0, we get combining (7.17) and (7.19)
Vym(t,s) = vym(t,-) == fot (Prms = BLy * Ky ) Wy m(s) ds
- [Ot Pl x Kyx (Uym(s) = Uym(s))ds
+ [OtPt'is * Koy (Errt(,.ll)(s,‘) + Errg)(s,-)) ds, (7.24)

where ﬁ%m(s) was defined in (7.18) and ¥, ,(s) was defined in (7.20). Using the
multiplicative inequality, Lemma A.5, we can bound for every s > 0

[ m(5) e
< [Tym(5.)17y + CONZym(s,) e [Tym(s:) 2
—:2: _ —:3:
T CW)Zm(s, )Mo [07m (s, ) o3 +[29,m (55 ) e
+ A (195m(s:) g+ 1Z5m(s, ) e=) - (7.25)

where we have chosen v > 0 small enough to assure v < % Recalling the definition
of 7%,,1, 73:“1 and 7:3:]“ just below (7.16) we get for s > 0

1Zm(5,) e < 1Zym(s, ) e + 1Y (5,) e <[ Zym(s, e + CI X e
and for any < > 0

—:2: 9.
1Z, e < 122

v + Cw, R) (12 mllc= Y llevss + 1Y levse Y lc-)

2
e[V [lve

—:3: :3: = :2:
1Z mlle < 1Z285lcv + CR) (122 le 1Y v + 1 Zym
Y [Ges Y e )

where we have omitted the arguments (s, -) for all functions in the inequality. The
regularity bound (8.22) for the heat semigroup P; implies that for any A > —v

P
[Y () ]er < CN)E2 [ X0 e (7.26)

Furthermore, the definition (3.15) of A(s) shows that |A(s)| < C'log(s~!). Com-
bining these bounds, we get the following (brutal) bound uniformly over 0 < s <T'
= _ _1
[T ()] <COAT) (T, )y +1) 573 (XU 1)

(I1Zym($) e + 125 + 125w (8)e) . (727

where we have assumed that v and  are small enough to ensure that the exponent
on s in the term [V (s)[2,.. < C(T,v,&)s™2*®) | XO|2, satisfies 2v + & < 1.
Combining Lemma 8.4 and Corollary 8.7, we observe that for any A < % -5 and

K > 0, there exists a constant C' = C'(T, \, ) such that uniformly over 0 < ¢ < T,
[(P = P« £

o} SO (7.28)
Indeed, a combination of (8.23), (8.25) and (8.28) in conjunction with the standard
regularity estimate for the heat semigroup (8.22) yields that for any 0 < 8 < 2 and

K > 0, we have uniformly over 0 < ¢ <T

|(P - P « K,) <C(B,R,T)t % .

Hc—vﬁc—wﬁ—r‘i
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Interpolating between this bound and (8.34) yields (7.28).
For any < > 0 and A > 0 small enough, we can thus bound the first term on the
right-hand side of (7.24) uniformly over 0 < s <T'

1
Cc3

H _/Ot (Pt_s B Plls * K’Y)ﬁv,m(s) dS‘

< Otz 5 2 (7.29)

)

where the constant C' on the right-hand side depends on &, A\, T, | X, |lc-~ but
also on the random quantities supgc <7 [|[Uy,m (s, ) ”c% SUP<s<t | Zym (8, -)) s

SUDg<s<T HZ,YQm(s, Y-+ and supg.sop ||Z$m(s, Y| ¢-». In the last inequality in
(7.29) we have chosen v, A\, k small enough to ensure that the quantity on the right-
hand side of the integral in the second line is integrable at as s — ¢. By choosing v
and < small enough we can still choose \ = % Then the right-hand side of (7.29)

is bounded by Cvé where C' depends on T, | X, |c-» as well as all the random
quantities listed above.

As we will now see, the second term on the right-hand side of (7.24) can be
treated in a similar way. Using again the multiplicative inequality, Lemma A.5,

as well as the definition of Z, m, Z2,, Z%., Z, ms Zom and Zo in (7.16) and

below, we get for all s > 0 and any & > 0 that
Hﬁ%m(s) - ‘I’%m(s)Hc-u
SC(V’ K, T)(Hi%m(sv ) - U%m(s, )”C% + HY(Sv ) - Y’Y(Sa ')”C‘V)
x (14 A@)) ([Tym(s: )%y + Jorm(s: )12y + 12y m(s e + 12550 (s, e
1Y () Goem + 1Y5(5,) [ +1).

Arguing as in the proof of Lemma 7.3, we see that
[Y (s,) = Y5 (s.) e < CIX° = Xe-v + C(v, 5, T)2

where £ > 0 is the constant appearing in the boundedness condition in the statement
of our main result, Theorem 2.1. Furthermore, using (7.12) (or Lemma 8.4), we get
forany x > 0

[Y (s, ) [Ewer < O, R)s™ 77| X v
1Y, (s, ) [Gosn < C0, 7, T)s™ 2R | XD e

(As stated above, the bounds for the approximated heat semigroup are weaker than
the bounds in the continuous equation. )
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This estimate, together with (8.28), gives the following bound on the second term
on the right-hand side of (7.24), for any < > 0:

1
C2

H/OtPJ,SK * @m(s)—ww(s))ds‘

(B (5) = vym()] g, + X0 = Xe-v +~5 ) ds. (7.30)

for a constant C' that depends on v, &, s, T, | X°| ¢-v+x, HXO |c-v+~ as well as the ran-
dom quantltles SUPg<ser [Uy,m (s, )H » SUDPo<s<T ”U% (3 )” 15 SUPo<s<T | Zym(s5) e
SUPg<s<t | Z: % in(8,°)|cv. Here we have absorbed the logarlthmlc divergence of

A(s) as s — 0 into the term s~4~3% by choosing a slightly larger &. If v, & > 0 are
small enough, the integral in the last line of (7.30) can be bounded by

t 11, 5
C [ (t=5)35H Bm(5) ~ vm(5) | ds + CIXD - X0 + O

For the last term on the right-hand side of (7.24), using (8.28) once more, we get
for any k > 0

H[ Pl Ky ( Errm)(s ) +ErrP (s ,)))ds|| ob
< C(k, T)/ (t=8) i F|EmD (s,) + EnP (s, s .

Recall that according to (7.9), for s > 7, » we have Err )(s) 0. Else, according
to (7.10), we have

[Erri” (5.) = (r2)
11 -1 v high -1
<O(T,m)(v2s75 + 770 | XJE (s, )| oo () + 761 Qa(s:) [ )
For the second term on the right-hand side of this estimate we write
| X3 (s, )| oo 2y
high high high
<25 (s, ) Lo (r2y + oy (55 ) oo w2y + V575 (55 [ oo (r2)
_ _lv g
<[ 23" (s, | (r2) + O o3 (s, ) o3 + C (v, &, T2 7| X e -
hi

-y, ,%Ih and Yhigh(s -) are defined analogously to (7.3). From this definition,
it follows immediately that ||v7 b (s, )| o= (12) is controlled by CA vy m (s, )||C% ,

Here, v

and similarly for Y7h gl We have also used once more the estimates provided in

Lemma 8.4 to control the C2 norm of Y, (s).
According to (7.21), we have for any k > 0

—V—R”

JErr S feo 2y < C (6, vy R)(| B2 ol o 12y + 57 B2, oo 22y ) -
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Summarising all of these calculations, we get
_ — [t 1o _
[0rm(t:) =Tt er <Cr [ (¢ =) 5578 0m(5) = Tn(8) s i
+C1 (72 + X9 - X0 e-v) + Er® (1),

for a constant C'; that depends on all of the quantities listed below (7.29) and (7.30).
The error term takes the form

t Jl_g( _1 ; _1
B () <O, T) [ (0= 5) 7 (775105, pm oy +9H Qs (5, 2=

loxg

»S,m

| oo (r2y + 7R EZ |L°°(’]I‘2)) ds,
In particular, we can conclude from Lemmas 4.6, 5.1 and 5.3 that for any p > 2,

E sup |Err(3)(t)‘p <C(p, T,\)7",
0<t<T

for any A < %. So the desired result follows. (]
We are now ready to conclude the proof of our main result.

Proof of Theorem 2.1. For r and m > 1, we define the events AZ = AZ (v, m), and
AF = AF(y,m) by

AZ = {1 2yl <00 1225 cw <0, |25 e <von [0,T1)

AE ={ sup |Err(3)(t)‘ < ’y% }.
0<t<T

Recall that

By Theorem 3.2, there exists a constant C'(T',r) such that on the event AZ,

Sup Hﬁmm(@‘)uc% <C(T,r). (7.31)
0<t<T

Letrg = C(T,r) + 2 and let T = T'(7y) be the stopping time defined by
T =inf{t>0: [T, m(t, ),y 2o}

By a suitable version of Gronwall’s inequality (see e.g. [33, Lemma 5.7]), we
deduce that there exists a constant C' depending on 7', r and the choice of small
constants &, v > 0 in Theorem 2.1 such that on the event AZ n AE, we have

Sup [vym(t+) =Ty m(t ) .y <C (7% + X0 - x° ”c_u) (7.32)
0<t<TAT
(recall that the quantity in the supremum above is a continuous function of ¢). In
particular, for ~ sufficiently small,

sup [o3m(t,) =Ty m(t, ) 3 <1
0<t<TAT

Together with (7.31), this implies that

[Ty m(T AT, My <ro-1.
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By continuity of ¢ = ||y m(t,-) ”c% , this implies that 7' > T', and thus that (7.32)
can be upgraded to

Sup ([0 (t,7) = Ty ()] oy <C(v% + X7 = XPfer) (133)
0<t<T

on the event AZ N AE and for v > 0 small enough (depending in r). Recalling that
Xym=Vym+Zym+Yy and Xym=Tym+Zym+Y,

we deduce from (7.33) and Lemma 7.3 that for every m,r > 1 and every bounded

uniformly continuous mapping F': D([0,7],C™") - R,

lim E [|F (Xym) = F(Xym)|Lgzaue] =0 (7.34)

Let us write 7er and ZE for the complementary events of ArZ and AF respectively.
Note that in (7.34), the indicator function of the event AE does no harm, since it
follows from (7.23) and Chebyshev’s inequality that

. —E

%1_{1(1)1?[.,4 ]=o0. (7.35)
Let € > 0. We now argue that by choosing r sufficiently large, we can make the
probability of the event 7er smaller than € as v — 0. In order to do so, let us
introduce the stopping times

7 = nf {t 2 0:max (|1 Zy,m () e, [ Z5m®) e, | 255 () e ) 2 1},

v,m

72" =inf {t > 0: max (| Z(t) |e-+, | 2% () e, | 2% (8) [e-v) 2 v} -
Recall from Theorem 6.2 that (Z m, me, Zf’m) converges in law to (Z, Z%, Z%)
for the topology of D(R,,C")3. Arguing as in the proof of Theorem 6.1, we

see that for every r outside of a countable set Loc (the set of r such that ¢
max (|| Zym(t) e ZZa @) lev, | 25 (1) |c-») attains the value r as a local max-

imum with positive probability), the random variable 2

%;12 converges in law to 74"
as v — 0 (keeping m fixed). By Proposition 3.1, the random variable

sup max ([ Z(t) e, |Z%(8) -, |27 (t) )
0<t<T

is finite a.s., so it suffices to choose r sufficiently large to ensure that
P[r7"<T]<e.

Enlarging r if necessary, we can also make sure that r ¢ Loc, and thus get
limsup P[4 ] < limsup P[r7 < T] < P[r7 < T] <. (7.36)
y—0 y—0

We decompose
[E[F (Xym)] - E[F (O]l < [E[F (Xym)] -E[F (X)]]
YE[|F (X ym) = F (X m)] Laznae) + | Fl=P[A] UAT].
By Lemma 7.2, (7.34), (7.35) and (7.36), we obtain that
limsup [E[F (Xym)] -E[F(X)]| <e|F|re -

~v—=0
Since € > 0 was arbitrary, this proves that X, ;, converges in law to X as v tends
to 0, for any fixed value of m.
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We can now remove m by a similar reasoning. Recall the definition of 7, 1, in
(6.1) as
Tym =inf {t > 0: | X, m(t)|c» >m} ,
and set
T =inf {t >0: | X(t)|c—~ >m}.
Arguing as above, we obtain that for every m outside of a countable set Loc’, the
stopping time 7, converges in law to 7. Moreover, we know from Theorem 3.2

that supg;<7,1 | X ()] c-~ is almost surely finite. Hence, for any given ¢ > 0, we
can choose m = m(7', ¢) sufficiently large and outside of Loc’ so that

limsupP[7ym <T]<¢.
v—0
Recalling that X, , and X, coincide up to 7 n, this implies that
limsupP [ Xy, # Xy] <e.
7=0

Since X, i converges in law to X, this concludes the proof of Theorem 2.1. [

8. SOME BOUNDS ON THE KERNELS K, AND Pt“’

In this section, we collect some facts about the kernels K, and the approximate
heat semigroups P,’. We start by summarising some properties of the Fourier
transform K, of K. Recall that for 0 <y < % andw € {-N,...,N}2, itis given
by

Ky(w) =y 2 K (z)e ™7 = ¢, 4 > 72 R(z) e EMwT (8.1)
xeAe ey 72

where R is the smooth function introduced at the beginning of Section 2. In the
second equality, we have used the fact that £ has compact support in B(0, 3) to
replace the sum over ZA’ by a sum over 772 = 72~ {0}. Recall our choice of

scaling (2.15), (2.16), in particular € = 720%2.
For some of the following calculations, it is useful to view K ~ as a function of a
continuous parameter by evaluating (8.1) for all w € R2. The function Rv defined
in this way is smooth and (2N + 1) periodic in both coordinates. We will typically

evaluate it only for w € [-N — %, N + %]2 Furthermore, we have for all w and for
j=12

;K (w) = —7;571'6%1 S APa; R(x) e/ (8.2)
v xeyZ?
and
2
2% € —im w-x
8]2-K7(w) = —¥7r20%1 > 2 :c? R(z) e EMwe (8.3)
reyZ2

In (8.2) and (8.3), we can sum over ’yZQ instead of 722 because the summand at
x = 0 vanishes. This will be slightly more convenient below.

For small v, the expression (8.1) approximates ﬁ(yw), where the continuous
Fourier transform R(w) is defined as

R(w) := .[1R2 R(z) e ™ dy (weR?).
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The following lemmas state that some properties of ﬁ(ww) also hold for f(y, uni-
formly in y. We begin with pointwise estimates.

Lemma 8.1. There exists a constant C' > 0 such that for all 0 < v < % and for
lw| < v~ we have for j = 1,2

(1= Ky (w) - 7P| < Cylwl® (8.4)
| - 7720, K (w) - 2mwj| < Cylw]? (8.5)
|- 207K (w) - 27%| < CHlw] - (8.6)

Proof. For any |w| <71, a Taylor expansion yields

1= KV(W) =Cy,1 Z o R(z) (1 - e_m(g/”)w'z)
zeyZ2
=cy1 > 7 R(w) (iw%w T+ %(ﬂ%w . :1:)2) +Err,
zeyZ?

where

3

3
Bl < Skl 5 enn B 7l R(@) <ol

6 TeyZ2

By the symmetry of the kernel K(z), we have
> ')/in(m)(w-a:):o and ) V2 xy o R(z) =0.
weyZ? zeyZ?
Furthermore, for j = 1, 2, the sums

Cy,1 Z 72ﬁ($)$?
xeyZ2

converge to [p» K(x) :):]2 dx = 2 as v — 0 and the error is controlled by C~2, so
(8.4) follows.
The remaining bounds (8.5) and (8.6) follow in a similar manner: For (8.5), we
write
03K (W) =ismeyy Y ARy R(w) (¢7TEMT 1)
v xeyZ?
= ryQWijcmlcg/’Q > 729:? £(z) +Err" |
TeyZ2
for an error term Err’ that is bounded by C|w|?y? uniformly for |w| < v~1. Here we
have used the symmetry of the kernel R to add the term —1 in the fist equality and
to remove the sum over x1x in the Taylor expansion in the second line. The bound
then follows as above.
In the same way, we write
2 .
—O?Ky(w) = 8—27r20%1 G l’? R(z) e i EMwa
v xeyZ>2
= 727r20%10372 > 7230? R(z) +Err |
zeyZ2

where Err’ < Cyw| and the bound (8.6) follows. O
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Lemma 8.2. There exists a constant C' such that for all 0 < ~ < % we[-N-
I N+1%andj=1,2
(1) (Estimates most useful for |w| <~y™1)
Ky (w) <1, 8.7)
10, K ()| < Cy(jw| A1), (8.8)
07K (w)] < C* (8.9)
(2) (Estimates most useful for |w| > ~v™1)
w|? |K,(w)| < C, (8.10)
wl|? |0, Ky (w)| < Cy (8.11)
ywl? |07 K (w)| < CH*. (8.12)

Furthermore, there exist constants Cy > 0 and 7y > 0 such that for all 0 < v < yg
andwe[-N -3 N+11%,

(1-K,(w))> i(|w|2A1). (8.13)
Cy

Proof. To see (8.7), we write
Ky (W) <en Y Y R(x)=1.

xeyZ2

For |w| < 771, equations (8.8) and (8.9) follow directly from Lemma 8.1. For
|w| > ’y_l, the bounds (8.10) — (8.12) are stronger, so it suffices to establish those.

The argument for (8.10) is very similar to the argument used in the proof of
Lemma A.1. Indeed, for any function f:vZ2 — R, we set

Asf(@) =772 > (f(@) - f(2)),

TeyZ?
T~T

where Z ~ = means that Z and x are adjacent in 4Z2. Similar to (A.1), for fixed
weR2wesete, :x e ™EMWT and we get that

2

~Ae, =277 > (1 - cos(emwj))e,, -
j=1

After a summation by parts, we get
1 ) B
. ~ALR(w)) ew(x), (8.14)
2972531 (1 - cos(emw;)) ’erev%ﬂ (-2 R(z)) ew(x)

where &(z) = &(z) for z # 0 and £(0) = 0.
Recalling our scaling ((2.15) and (2.16)), it is easy to see that
1 1

<C )
T2 T (L cos(emw) PP

f(v(w) =

uniformly over € and |w;| < N + % On the other hand the fact that £ is a C? function
with compact support shows that the sum on the right-hand side of (8.14) is bounded
when restricted to points x that are not 0 or adjacent to 0. For those five points x
which are, we bound A,Yfi(m) < %. Hence, the sum over these five points weighted

with 42 is bounded by 40. This finishes the proof of (8.10).
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The arguments for (8.11) and (8.12) are almost identical to the argument for
(8.10). Indeed, performing the same summation by parts as in (8.14), we get

o) <Oy T - e )
xeyZ2

and

2
o, <, ! 5 2 1A RE@)-
reyZ?
Note that the problem caused by the fact that £(0) was defined replaced by 0 has
disappeared in these expressions. By assumption, both z; &(z) and :c? R(x) are
C? functions with compact support, so that the sums appearing here are uniformly
bounded. This shows (8.11) and (8.12).

Let us proceed to the proof of (8.13). From (8.10), we get the existence of ¢ > 0
such that for w > E’y‘l, we have Ky(w) < % Hence, (8.13) holds for such w. Next,
we treat w with |w| < ¢y~ for a ¢ > 0 to be fixed below. For such w (8.4) implies
the existence of C such that

1- K, (w) 2 ?lwfy® = Clwfy® 2 (7% = C o) )|w*y*

. 2 :
which can be bounded from below by 7T7|w|272 if we choose ¢ small enough.

Finally, in order to treat the case ¢y™* < |w| < &y~!, we observe that the Riemann
sums

Ko(y ) = en 3 A2 R(r) e
xeyZ2

approximate R&(w) uniformly for |w| € [¢,]. On the other hand, R is the Fourier
transform of a probability measure with a density on R?, and as such, it is continuous
and has [R(w)| < 1 if w # 0. In particular, |R(w)| is bounded away from 1 uniformly
for |w| € [¢,¢]. Combining these facts, we see that for vy small enough, K (w) is
bounded away from 1 uniformly in ¢y~! < |w| < @y~t. This shows (8.13). ]

The next lemma provides some pointwise estimates on the kernels P, x K., that
are used in the proof of Lemma 4.5. On A., P,(-) is a Markov kernel for every
t>0:

zeA.=P/(x)>0 and ) &*P)(x)=1. (8.15)
TeAc
Recall our convention to define K, and P, for all z € T? by extending them as
trigonometric polynomials of degree < N. We note that for x ¢ A, the properties
2
K, () = cy1 27 R(x) and P (z) > 0 do not hold in general.
Lemma 8.3. Let vg > 0 be the constant introduced in Lemma 8.2. For every T > 0,

there exists a constant C' = C(T) such that for all 0 <y <o, 0 <t <T and x € T?,
we have

[P« K ()| < C(¢7( log(y_l))2 Ay ?log(v ), (8.16)
and
|z? | P+ K (z)| < C log(v7") . (8.17)
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Proof. We write
1 o A .
|P) « K ()] < 1 > exp (t7 2Ky (w) - 1)) |K, (w)] -
we{-N,...,N}?2

We first bound the sum over w satisfying |w| < 7~!. According to (8.7) and (8.13),
there exists C7 > 0 such that for 0 < v < g

U X t -
> exp(ty 2(K7(w)—1)) ‘Ky(w)‘é > exp(——|w|2)§0(t YAy 2) ,
wl<r ! wisr! Gy
for a universal constant C'. On the other hand, using (8.10) and (8.13), we get

> exp (772K (w) - 1) Ky ()]

we{-N,...,N}?
Jw|>y

t 1
<C exp| — )
o.)e{—]\;...,N}2 ( Cry? ) |’7w|2

Jw]>y~

If t > 4C1+%log(~y!) (and recalling that according to (2.15), N < v~2), then

t 1 _ t _
Z exp(—m)—2£5v 4exp(—c 2)357 474=5.
we{-N,...,N}2 17?7 [l 1Y
lw|>y~1

Else, if t < 4C1y%log(7 1), we have

Z exp ( h Ct 2 )
we{-N,...,N}2 1
>yt
which shows (8.16).
The proof of (8.17) is again similar to the proof of Lemma A.1 and the proof of
Lemma 8.2. As in those arguments, we define a discrete Laplace operator, this time
acting on functions f:Z? — R and defined as

Af(w)= Y (f(@) - f(w)) . (8.18)
@el?

_ _ _ _ 2
> <Cylog(y ) < Ct ' (log(v ™))",
[ywl

LW

As above, for fixed z € T2 we set e, : w > € , and we get that

2
-Aey =2 (1-cos(mzj)) ey .
j=1

In this way, after a summation by parts over Z2, we get for all 2 € T? and ¢ > 0
that
1

2 Z?zl (1 -cos(mz;))

> | -Alexp (t72(Ky(w) - 1)) Ky ()] |- (8.19)
we{-N-1,...,N+1}2

P+ K () <

L

X

Recall that the 15? and f{v are defined as zero outside of {~N...., N}2. Hence by
(8.18), the discrete Laplacian of P]'K’, is zero outside of {-N —1,..., N +1}2,
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We treat the sum over the boundary points, i.e. over those w = (w1, ws) for which
at least one w; satisfies |w;| = N or |w;| = N + 1, first. For such an w we bound
brutally using (8.10)

|~ AP ()| < 4157 E ()] + T PR (@) € —— < Cy2
weZ? |7w|
w~w

There are 16N + 8 < Cy~2 such boundary points, so that the sum over these points
in (8.19) is bounded uniformly in 0 < 7y < g and ¢.

In order to bound the discretised Laplacian appearing on the right-hand side
of (8.19) at interior points w, it is useful to pass to continuous coordinates. If
f:IR? - R is C?, then for w € Z2, equation (8.18) can be rewritten as

1
21:2 [1 8jzf(w +71e;) (1 —|7|)dr
j=1,

< Z sup ‘6]2f(w+76j)‘, (8.20)
j=1,27€[-1,1]

|Af(w)] =

where e; and ey are the standard unit basis vectors of R?. In order to apply this to
bound (8.19), we calculate for j = 1,2

P(ME D) )
- AMED(N2(9: K ) K, + MO2K,) K + 02K, + 20(9; K., )2 8.21
Gy v JEy )Ry T Ry (9iK4)7), ( )

where to improve readability we have dropped the arguments w and set \ := ty~2.

We now use the bounds derived in Lemmas 8.1 and 8.2 to bound the terms on
the right-hand side of this expression one by one. For the first term, we write for
0<y <70, Jw|<ytandj=1,2

sup X (wrre;)-1) \2 (0, K (w + T€j))2 K, (w+7ej)
Te[-1,1]

t 2\ ;2 2
<C sup exp( - —|w+7e;|”) t*|\w + Tej
re[-1,1] ( C1 ! ) | !

t _t
< Cexp( TeN |w|2) eC1 23 (Jw* + 1) ,

where we have used (8.7), (8.8), and (8.13) in the first inequality. The sum over
{w € Z?:|w| <y} of the terms appearing in the last line is bounded uniformly in
0<t<TandO0<y<1.

For the second term, we write in a similar way for |w| <~ ' and j = 1,2

sup eA(K“*(“J'Tej)_l))\E)JZIACY(w +7e;) Ky (w +7ej)
Te[-1,1]

t 2\ &
SCexp(—EM )e 1t
where we have used (8.7), (8.9), and (8.13). The sum over |w| < ’y‘l of these terms
is again uniformly bounded for 0 <t <7T'and 0 <~y < 1.

For the third term on the right-hand side of (8.21) and |w| < y7!, we use the
w-independent bound

e’\(kw_l)(ﬁff(y) <CH?,
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which follows immediately from (8.9) once we observe that AE) < 1,
Finally, for the fourth term we write

ARy (w)-1) \(a. 7 2 ot oyt 4 2
2e My MO Ky (w)) SC’exp( Cl|w| )727 lw|* < Cy*,

which shows that the sum over |w| < y~* of these terms is uniformly bounded.
For the sums over |w| > 77!, we note that by (8.13), for 0 < v < 7 the terms

=D \2 and AE-D )\ are uniformly bounded for |w| > y71, so that we can
bound the whole expression on the right-hand side of (8.21) by

C((9R,) Ky + (B3R, Ky + 07K, +2(0,R)?)

2 2 2
SC( il 5t v 1t v 2).
wl®  [ywlt |yl

Taking local maxima over w + Te; only changes the constant in this expression. The
sumover {w € {-N+1,...,N —1}% |w| > v~} of this expression can be bounded
by a constant times log(7~1). Hence the proof is complete. O

Finally, we summarise the regularising properties of these approximate heat
operators P, as well as P, » K. We recall that the usual heat operator P; satisfies

8
[P X [gves < C(B) 72 [ X v (8.22)

forallveR, 8 >0andt > 0.

In the following lemma, we discuss analogous bounds for the approximate opera-
tors. Recall that the operators P, and K., are naturally defined on trigonometric
polynomials of degree < N, and are otherwise viewed as Fourier multiplication
operators (that is, they evaluate to 0 on trigonometric monomials of degree > V).
Their behaviour is quite different on frequencies that are small compared to v~ and
on frequencies that are large compared to 7™, so we treat those two cases separately.
Our argument essentially follows [28, Lemma A.5].

Lemma 8.4. Ler g be the constant introduced in Lemma 8.2 and fix c1,co > 0,
T >0, and k > 0.

(1) Forevery B> 0and 0 < \ <1, there exists a constant C = C(c1,T, K, 5, \)
such that for all functions X:T? — R with X (w) = 0 for |w| > c177}, we
have forall 0 < v < vy, 0<t<T andv eR

IP) X guesn < C 5] X]cv (823)
[(P] = P)X |evr < (C 2| Xer ) A (C7 [ X gonn ) (8.24)
|y * Xlev—r < C | X v (8.25)
| K+ X = Xjovr < C 9 X gron - (8.26)

(2) Forevery 3 >0, there exists C = C(ca, T, K, 3) such that for any distribu-
tion X on T? with X (w) = 0 for |w| < cay~L, we have for all 0 < v < o,
0<t<TandveR

|PYX | cvipr < C 7P| X v . (8.27)
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If furthermore 0 < 3 < 2, then

_B
|P)(Ky*x X)|cvis-n <Ct 2| X|cv . (8.28)

Remark 8.5. The (arbitrarily small) loss of regularity » in these estimates has two
reasons. It is caused on the one hand by the logarithmic divergence that appears
in the last line of the estimate (8.29) below. This could probably be removed by
performing additional integrations by parts. A second (arbitrarily small) loss of
regularity is caused by the fact that in (8.29), we derive a bound on a discrete L'
norm over A, rather than on the L' norm over T2. This allows us to avoid boundary
terms in the integration by parts.

Remark 8.6. The approximate heat operator P, is not as regularising on high
frequencies as F; is, as can be seen in the estimate (8.27). The usual rescaling is
recovered when one also convolves with K, as in (8.28), but only for 3 < 2.

Proof. We start by discussing the regularisation properties of an abstract Fourier
multiplication operator. Suppose that 7" is a Fourier multiplication operator with
symbol 7' : Z*> — C vanishing for w ¢ {-N,..., N}?. We aim to derive a bound
on [|6x (T X )| peo(12) = [Tk X | Lo (12) for k satistying 2k§ < N. By definition,
0, (TX) = 0 for all larger k.

In order to avoid boundary terms in (8.29) below, we will actually derive bounds
on [T6xX | ze(x.) and then use Lemma A.6 to conclude that

|76k X || oo r2y < C(R)E™ 3T X | oo (a,) < C(R)22F| T X | o4,

i.e. we encounter an arbitrarily small loss of regularity.

We start by defining auxiliary cutoff functions Y for £ > —1 as follows. Suppose
that y: R? — R, is smooth, that it coincides with the constant function 1 on B(0, 3)x
B(0, %) and that y vanishes outside of the annulus B(0,4) \ B(0, %) For k € Ny,
set Yx(w) = x(27%w). Let Y_1:R? - R, be smooth and suppose that it coincides
with 1 on B(0,3/2) and that it vanishes outside of B(0,2). Finally, set 7j;(z) =
LS ez X (w) €72,

For any k > -1, we have according to Young’s inequality

IT0x X | oo (ary = IT *e Tk %2 06X | Loo(ary < IT *e Ml L2 (A 108X [ oo (A
T we il prany 2™ 105X v -
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In this calculation, we identified 7" with its integral kernel. In order to bound the L'
norm appearing on the right-hand side of this estimate, we write for k > 4

1T * 7| 1 v
1 7 - WL
-y 2T Y Txtw)e

zele 4 we{-N,...,N}2

Z 22k€2

1 . .
- Z 2—2k T(ka) X(w)emwm

xe2k A, we2 k72
lwj|<27* N
- Y g%k 1
e, 1+228 %4 92(1 = cos(m27Fx;))
1 . )
|7 2 2T (W) (1-4,)e ™
we2k72
|w;|<2* N
1 1 .
<C 922 = 272 (1 - A(T(2%w) x(w)
erZkAE 1+]z|?|4 WE;ZQ ( )
|wj|<2* N
<Clog(2) Sup |(1 —ék)(T(2kw) )Z(w))‘ . (8.29)
g§|w|S5

This time, the discrete Laplacian is defined as

Aflw) =2 3 (f(@)-f(),
we27k72
|w;]<27* N
w~w

and the nearest neighbour relation is to be understood with periodic boundary
conditions on {w € 27¥7Z% |w;| < 27* N'}. The integration by parts is also understood
with periodic boundary conditions on this discrete torus. (This is the reason why we
had to restrict the sum to = € A, — only for such z is w + ™% an eigenfunction
for A,). In the fourth inequality in (8.29), we have used the fact that Y has compact
support contained in B(0,4) \ B(0, %), which ensures that for k > 4 the discrete
Laplacian is supported in B(0,5) ~ B(0, %)

In all of our applications, T is defined and smooth on all of R?, and not only on
the grid points in Z2. As in (8.20), we can then replace the local supremum over the
discrete Laplacian by a local supremum over the derivatives in the continuum. We
get for k > 4

sup |(1-A)(T(2"w) x(w))|

%§|w|35
<C sup |[T(2°w)|+C sup [9;T(2"w)|+C sup |77 (2"w)|. (8.30)
L<jwl<5 L<wl<s L<jwl<s
j=1,2 j=1,2
In the case k = —1,..., 3, we get easily
1 .
Ty s [Ll; ¥ T@x@|de<C s [T@)]. 63D
T21% Le(-N,..,N)2 |w]<32
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We are now ready to apply these bounds to the operators of interest. The bounds
on 0, X for k < 3 follow from (8.31), so from now on we assume that & > 4. For
P we have for 0 < 7 < v, for |w| <7y~!,and j = 1,2

(1 K (w))) Sexp( - M) ,

ptv(w) ZeXP( c;

\g

OJ2
0,71 () = P} () 50,8 @) < CViewp (- L) (il

ol
R . 2 .
O2B) (w) = Pg(w)(%(a Ky(w)’ + 2afm(w))
2
<Ct exp( - %)(ﬂwﬁ + 1) : (8.32)
1

where we have used the bounds on K. ~ and its derivatives stated in Lemmas 8.1 and
8.2. The first of these bounds immediately yields, for any 3 > 0,

2
P (2%w)| < _ b 9ok ¢ (97k )P qup afe e |
o V@ sew (- 5 2%) < () apate

Similar bounds on the first and second derivatives of ]5? follow in the same way
from the remaining estimates in (8.32). Indeed, both of these bounds behave slightly

better for small ¢ — we gain a factor #3 in the bound for the first derivative, and
a factor ¢ in the bound for the second derivative. The desired bound (8.23) then
follows.

To get bounds on P,’ — P;, we write

[£7/@) - )] = [exp (- 51 K (@) - exp(-tl?)|
|°~’|2 r 2
Sexp( ) ‘ (1- K (W) = tm?|w]? ’
SC’eXp( ' § )t|w|2'y|w|<C()\)'y (72 A lw),

the last inequality being valid for any 0 < A < 1. In the third inequality we have
made use of (8.4). For the derivatives, we write

0,5 () - 0 By(w)|
< 2mtlw] [P (w) = Pi(w)| + Pi(w)| - %ajfg(w) - 2t

_tlul?
<Cvy+Ce O tylwf <Cry.

Here, in the second inequality we have used (8.5). Note that as above in the bound
for 9; P we gain a factor \/# with respect to the bound for P;.
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Finally, for the second derivatives we have using (8.5) and (8.6)
075 (w) - 9 Pu(w)|
< Jrtiw? - 2m? [B] (w) - Pu(w)]
2 oz 2 a2 2| |t g2p 2
+ Pg(w)(b(ajfg(w)) - art2w| + |¥aj Ko (w) +27%))
<C t%’y .
We can now deduce (8.24) by repeating the argument below (8.32).
The bounds (8.25) and (8.26) follow immediately from (8.7), (8.8), and (8.9) as
well as the bound
K (@) 1] < Ol
uniformly in |w| < 7, which is an immediate consequence of (8.4).

We now pass to the bounds for |w| > 4!, In order to get (8.27), we write for
lw| >y withwe {-N,...,N}?

i =en (- 51~ k) son(- 5z) <o (- 3)

A . t A t
,PW — P’Y —0: K _ _—
0; P (w) = P, (w) 72@ S (w) < C”yexp( 0172)72 ,

2 iy . t2 . 2t o9
AR (w)(g(ajffv(w)) + ﬁaj&(w))
t 2t
SC"}QGXP(—W)(F‘F?)

In this case, we write for 8 > 0

PY(25w)| < ~ Lok} < (2R 1) supafe EoT |
fﬁg' P <o (- gm2) < (27 supalen

and as before similar bounds on the first and second derivatives of Pt'y follow in the
same way, so that (8.27) follows. Observe the exponent ¢t ~? which yields a weaker

8 .
bound than the ¢t~ 2 one gets in the case of the heat operator F;.
Finally, for P] K., we write for |w| > v~}

t)C 1

‘Pt'Y(W)K»y(W)‘ < G‘Xp( - W W < C(A)W y

for any 0 < A < 1. For the derivatives, we get

105 P (w) Ko (w)] + | P (w) 05K (w))]
t ) t 1

v g
S G <C(N)

t
B 0172)’72|w|2 B Alwf?r

gC’vexp( +C’exp(

72 Y2 |wl?
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and
(Ko1)o~
‘8]2'(6,\/2([(7 1) K )|
42
<en (—4(8K) L (2R R, + 2K, +2 5 (9,K,)%)
Y 7
¢ 2 .2 2 2 2
SCeCﬂQ(t— T +i R +2i 7 )
e S G ¥ L o S G e
’Y
<O+ .
w2
Hence (8.28) follows as well. U

Corollary 8.7. Let gy be the constant appearing in Lemma 8.2. For any T > 0,
k>0, 8>0and0 <\ <1, there exists a constant C = C(T, k, 3, \) such that for
every 0 <~y <7, 0<t<T, veR and distribution X on T2,

[(P] = Pi) X [evr < (C X v ) A (CAA X v ) - (8.33)

_2
[P Ky = P)X e < (A E|X e ) A (CP X fen ) 839)

Proof. To see (8.33), we split X into its Littlewood-Paley blocks d; X, separating
those with 2¢ < 4~! from those with 2 > v~1. For the blocks with 2¥ < 71, the
necessary bound is stated in (8.24). Indeed, this bound is even better, because it has
the term ¢~ replaced by 3.

For the blocks with 2* > 7!, we bound brutally

|0k (P = P) X | oo (12y <

(T2) + ||Pt5kX”L°°(T2)
< 2*k(l’+)‘)(HPt’y(5kXHCV+A + ”Pt(st”C’”"\)

<2V (| P 6 X [ or + [P X o) - (835)
Then the bound (8.33) follows from (8.27), and this is where we pick up the term
t.

To get (8.34), we argue in a similar way. For 6, X with 2¥ < 4~!, we bound
|0k (P Ky = Pr) X | oo (12)
<0k (P (Ky = 1) X) || oo (72) + 06 (P = Pi) X | oo (72 -
The bound then follows from a combination of (8.23), (8.24), and (8.26). For
2k > ’y‘l, we argue as in (8.35) with (8.27) replaced by (8.28). O
APPENDIX A. BESOV SPACES

The aim of this appendix is to recall some facts about Besov spaces on the torus
T", which we identify with [-1,1]"™. We begin with a technical lemma.

Lemma A.1. Let x be a smooth function with compact support. For every € > 0, let
Ne(x) = Z e x(ew) (xeT™).
wezZmn

For every p,p’ € [1,+00] with 1/p+1/p’ = 1, we have

SUP i HUs”Lp(Tn) < +oo.
O<e<



CONVERGENCE OF DYNAMIC ISING-KAC MODEL TO <I>‘21 69

Remark A.2. This lemma would follow from very simple scaling arguments if we
were considering the continuous Fourier transform instead of the discrete Fourier
series.

Proof. Since ||n- Hﬁp(ﬂrn) < |7 ||I;3(Tn) |7l £ ¢1ny» it suffices to prove the lemma

for p =1 and p = co. Since x is bounded and compactly supported, the result is
clear for p = co. In order to cover the case p = 1, we define

)V(s($) =" Z eimwac X(w)a
weez™
so that e"n.(ex) = x-(x). It is then clear that y. is bounded uniformly over ¢
and that |z 21 (1) = [Xell£1 (T /). In order to conclude the proof, it thus suffices
to check that x. decays uniformly fast enough at infinity. In order to do so, we
introduce

Afw)y=e? Y (fW)~f(w)),

w'eeZ™
W' ~w

where w’ ~ w is the usual nearest-neighbour relationship in eZ". Writing e, : w —

e we observe that
Aey = 272 i(COS(EW:EZ’) -1e,. (A1)
i=1
For every positive integer k, repeated integration by parts yields
> Afeg(W)x(w) = Y ea(w)ALx(w). (A2)
weeZn weeZn

Since  is smooth and compactly supported, | éf x| is bounded uniformly over ¢,
and thus

S ez (W) AP (W)| < Cp

wee™

for some constant C'. Combining this with (A.1) and (A.2), we obtain that
Ck

[e72 21, (1 - cos(ema;))]"

Hence, there exists C;, such that uniformly over ¢ € (0,1] and = € T" /e,

. Cy,
X< ()| < W’ (A.3)

Xe(2)] <

and this is sufficient to conclude the proof. U

We learn from [3, Proposition 2.10] that one can find smooth rotationally invariant
functions ¥, x taking values in [0, 1] and such that

supp X € B(0,4/3), (A4)
suppx € B(0,8/3) \ B(0,3/4), (A5)
Vw e R, y(w) + +f x(w/2%) =1, (A.6)

k=0
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where we write supp f to denote the support of f, and B(0,r) to denote the Eu-
clidean ball of radius r. Recall that any distribution Z on T™ can be written (see e.g.
[3, Proposition 2.12]) as the Fourier series

Za)=— T Z(w)e™,

weZd

where
7 _ —iTwx .
Z(w)—/TdZ(J:)e dzx;,

(this expression has to be interpreted as testing the distribution Z against the test
function 2 — e~"™%). We use the partition of unity provided by (A.6) to decompose
any distribution v over T" as a sum of (smooth) functions with localized spectrum.
More precisely, we let

X1 = >~<, Xk =x(/2%)  (k20), (A7)
opZ(z) = Z Xe(@)Z(w)e™*  (k>-1),
weZd
so that
+o00
Z = Z YA
k=-1

For any v € R, and 1 < p, ¢ < oo we define

1
oo q
1Z]155, = (kz <2’“’u6kzum>)‘I) = @162 11n )5

-1
with the usual interpretation (as a supremum) for ¢ = co. We define the Besov space
By, as the closure of C*°(T™) with respect to this norm. Note that if p, g = oo, this
dev1ates slightly from the standard definition to take all distributions for which this
norm is finite. Our choice to take a slightly smaller space has the advantage to yield
separable spaces.

The operator Jy, is best thought of as a convolution operator. Letting

ne(z) = o Z Xp(w) €™ (k> -1), (A.8)
wezd
we observe that
Rz =np* 2, (A9)

where * denotes the convolution in T".

Lemma A.3. For every v > 0, there exists C = C(v) such that for any R > 1, if
Z(w) =0 forall we Z" such that |w| > R, then

| Z]| oo (Tny < CR"[[ Z] -
Proof. By definition of the Besov norm
|62 oo (zny < 2% | Z ] v
Let [ be the smallest integer such that 2! > R. The assumption on Z ensures that

l
Z=Y 6,2,
k=0
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hence
l l k }
1 Z 11 rny < D0 N0kZ | poo(rny < [ Z]lcv D 27 < C2¥ | Z]c-v.
k=0 k=0
We get the result by observing that 2! < 2R. (]

The following Kolmogorov-like lemma is used for deriving a priori bounds in
Section 4.

Proposition A.4. Let r — Z(r,) be a cadlag process taking values in C*°(T").
ForanyveR, 1<p<ocoandv, <v- %, there exists a constant C' = C(p,n,v,v,)
such that

E sup [Z(r,-)|z.. <C supsup PR sup ‘(5kZ(7“ x)’

0<r<oco k>0 zeTn 0<r<oo

Proof. Let x:R™ — R be a smooth non-negative function which is identical to 1 on
the unit ball B(0, 3) and with compact support contained in B(0,4). For k > -1,
set
> e x(2Fw)  (weT).

wez™

1
() = 5,

For any k > —1, we have 632 * 7, = 037, and hence by Holder’s inequality we get
that for any 0 < r < oo,

sup [0xZ(r,x)| = sup

zeTn xeTn

/;F" ok Z(r, x—y)ﬁk(y)dy| <ok Z () o crey 1] Lo (7my 5
where 1 i 17 =1. Lemma A.1 implies that

En
Hﬁk’HLP'(Tn) < C(p7n)2 L
so that
H(SkZ(Tv ')Hpoo(q[‘n) = C(pa ) an ”(SkZ(T? )”LP(T" :

Using this estimate, we get

sup sup 27 8,2 (r,) |

0<r<oo k>-1

< sup 0 2" 6.2 (r, )]

0<r<oo |>_1

<C(p,n) Z okp(vat ) sup |0k Z(r,

k>-1 0<r<oo

) ” LP(Tn .
Therefore,

E sup |Z(r.) . <Com) X270 [ B sup (020 0)]" da

0<r<oo k>0 0<r<oo

<C(p,n) Y, okp(veti-v) sup sup 2"PE sup ‘5kZ(7“, x)‘p
k>0 zeT™ k>0 0<r<oo

<C(p,n,v,v,) sup sup 2P E sup ‘5kZ(r x)|

zeT™ k>0 0<r<oo

In Section 7, we make use of the following multiplicative inequality.
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Lemma A.5. Let 3 <0< v withv+ 3> 0. Then the mapping (Z1,Z2) — Z1Z
defined for Z, Zy € C* extends uniquely to a continuous bilinear mapping from
C” x CP — CP. That is, there exists a constant C' depending only on v and 3 such
that

|21 Zallcs < Cll Zillev | Z2]lcs -

The proof of this statement in the case of the full space can be found in Sections
2.6 and 2.5 of [3] (see in particular Theorem 2.85). The argument on the torus is
exactly the same, so we do not replicate it here.

Finally, we provide a bound on the L°° norm of a function defined by extension
from a grid by trigonometric polynomials.

Lemma A.6. For N €N, set € = ﬁ andlet A ={x eeZ™:-1<x; <1 fori=

1,...,n}. Forany Z:\A. - R, we define the extension

n sin(%(QN +1)(zj - zj))

)

ExtZ(z) = ZA: ;—ZZ(Z) L sin (5 (25 - 2))
zel, J= 2

defined for all x € T". Then for any k > 0, there exists a constant C = C(k,n) such

that

|Ext 2], gy < O]

(T™ ‘ZHLOO(Ag) ’

Proof. For p > 1 we get from Young’s inequality that
sin (Z(2N +1)(w; - 2))
sin (5 (2 - 7))
sin(%(ﬂ\f +1)(zj - zy))

sin(g(a:j - Z]))

ETLH

n
zeA€2 j=1
n n

Sy

zeA, j=1

sin (%(QN +1)(xj - zj))
(2N +1)sin (3 (z; - z)))

1
p)p

Here in the last line we have made use of the index change Z; = |2(N + 1) (x; — 2;) |
(interpreted with periodic boundary condition on {-N, ..., N'}). Now by choosing
p =" >1 we obtain the desired result. O

. <2N+1>"“%”( > 11

zeNe j=1
_n(p-1)
<Cn)e S (1A
ze{-N,...,N}m

APPENDIX B. MARTINGALES AND AN ITO FORMULA WITH JUMPS

Let M = (M(t))s0 be a cadlag square-integrable martingale (with M (0) = 0).
Its predictable quadratic variation (M ), is the unique increasing (in the wide sense)
process such that M?2(t) — (M), is a martingale. Its bracket process is

(M= M) =2 [ M(s)aM(s),

where M (s7) is the left limit of M at time s. A convenient way to think about these
processes consists in noting that the bracket process is the limit in probability of

n—1

> (M(ti1) = M(8))?

=0
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as the subdivision 0 = tg < --- < ¢, = t gets finer and finer ([35, Theorem 4.47]),
while the predictable quadratic variation is the limit of

n—1

> E[(M(ti) - M(1:))* | ],

1=0

where (.%#;)1>0 is the underlying filtration ([35, Proposition 4.50]). In particular,
if M is of finite total variation, then the bracket process is simply the sum of the
jumps squared:

[M]i= Y (AM)?,

O<s<t

where AgM = M (s) — M(s™). If M has continuous sample paths, then the pre-
dictable quadratic variation and the bracket process coincide ([35, Theorem 4.47]).
In every case, [M ], — (M), is a martingale ([35, Proposition 4.50]).

Let (o(t))s0 be a Feller process. Denote by . its infinitesimal generator, with
domain D(.%). For f € D(Z), the process

My(1) = fo (D) - F(o(0) ~ [ 25(a(s))ds

is a martingale. Moreover, if f? € D(.Z), then its predictable quadratic variation is
given by

(Mph= [ T5(o(s))ds,

where T'y = Z(f?) - 2f.Zf is the so-called “carré du champ” (see for instance
[40, Appendix B]). When .Z is the operator defined in (2.5), we have

. ; 2
Lr(o) = 2 ey(0,0)(f(o?) = f(0))".
JeAN
The Burkholder-Davis-Gundy inequality below plays a key role in our analysis.
Lemma B.1 (Burkholder-Davis-Gundy inequality). Let M be a cadlag square

integrable martingale. For any p > 0, there exists a constant C' = C(p) such that
forall T >0,

E[ sup |M(t)|p] < C(E[(M)E] +E[ sup |AtM|p]) ;

O<t<T 0<t<T
where we recall that Ay M := M (t) — M (t™) denotes the jump of M at t.

Proof. The case of discrete-time martingales is covered by [34, Theorem 2.11]. The
continuous-time case can be recovered by approximation. Alternatively, one can
consult for instance [38]. O

The following result, which can be found for instance in [48, Theorem I1.7.31],
is akin to the fundamental theorem of calculus, but with integrands that may have
jumps.

Lemma B.2. Let X = (X(l), e ,X(")) : R, = R" be a cadlag process such that
for every i, X @) js of bounded total variation. Let f : R™ — R be a continuously



74 JEAN-CHRISTOPHE MOURRAT AND HENDRIK WEBER

differentiable function. Then f(X) : R - R is of bounded total variation and
fF(X()) - F(X(0))

Y [ S (X)) AX D) ¥ AL =)
i=175= i=1

Oz; O<s<t

L (x st}
ox;

(B.1)
where we recall our notation A;F = F(s) — F(s™) and fstzo = fse(w].

Remark B.3. In the setting of Lemma B.2, let us assume for simplicity that n = 1.
Recall that the bracket process of X is then given by

[X]t = qu (ASX)2 :

If f is twice continuously differentiable, we can rewrite (B.1) as
D)~ FXO) = [ PO ax(s) g [ ) dix,
b 3 A0 - PN A - 37K (X0,

O<s<t

which is nothing but It6’s formula, see [48, Theorem I1.7.32].

APPENDIX C. MARTINGALE CHARACTERIZATION OF THE STOCHASTIC HEAT
EQUATION

Recall that we write (P} )0 = (em)tzo for the semigroup associated with the
Laplacian on T2. Let W be a cylindrical Wiener process over L?(T?). The solution
Z of the stochastic heat equation

dZ = AZ dt +/2dW
{ 2(0,) = 2 (D

is defined by
t
Z(t) = Ptz0+¢§f0 Py dW (s).

If ¢ € C°°(T?) is a smooth test function, and if we write (z, $) for the evaluation of
2 € 8'(T?) against ¢, we have

(2().6) = (o, Pis) + V2 [ Psgd(s)

for every ¢ > 0.
The goal of this section is to give a martingale characterization of the law of Z.

Theorem C.1 (Uniqueness for the martingale problem). Let Z be a random process
in C(R,,S'(T?)). For every ¢ € C*°(T?), define

— — t__
M) = (Z().0) - (Z(0).6) - [ (Z(5).20)ds
and
Ly (t) = ME(t) - 2t 6] 72.
If for every ¢ € C*®(T?), the processes (My(t))i0 and (L'y(t))is0 are local

martingales, then Z has the same law as Z the solution of (C.1) with initial
condition zy = Z(0).



CONVERGENCE OF DYNAMIC ISING-KAC MODEL TO &% 75
Remark C.2. Since Z is assumed to take values in C(R,,S’(T?)), the martingales
(M(t))ez0 and (T'4(t) )0 are automatically continuous.

Remark C.3. The fact that (I'y(¢))s0 is a local martingale identifies (2¢]¢[75 )0
as the quadratic variation of (M (t))ss0. In particular, for every t > 0, My(t) is
square-integrable,

E[MG(1)] = 2t] 6|72, (C2)
and (My(t))=0 and (I'4(t) )40 are (true) martingales.

Remark C.4. Theorem C.1 remains true if we only know that M and I'y are
continuous local martingales for every trigonometric polynomial ¢. Indeed, it
suffices to argue by density using (C.2).

Our proof of Theorem C.1 begins by showing that the martingale property can
be extended to smooth test functions that also depend on the time variable.

Lemma C.5 (Time-dependent martingale characterization). Let Z be a random
process in C(R,,S’(T?)). For every 1 € C*°(R, x T?), we let

Mo(®) = (Z(0),60)) - (Z0), () = [(Z(5), 05+ A)i(s)) ds
and
Dy(t) = M3 =2 [ [0(s)[F2 d.

Under the assumptions of Theorem C.1, the processes (M. (t) )0 and (I'y(t) )0
are continuous martingales.

Proof. We decompose (Z(t),4(t)) - (Z(0),4(0)) into
(Z(t), (1) = (Z(0),%(1)) + (Z(0),%(t)) - (Z(0),%(0)). (C.3)
By the assumptions of Theorem C.1, we can rewrite the first difference as
[ @), dp(0)) s + My (0,

and we decompose the integral further into
t t__
[ @), a0 ds+ [ (Z(s), A1) - v(s)) ds
t __ t t
- fo (Z(s), Adb(s)) ds + f i f (Z(s), Aduto(u)) duds. (C.4)
The second difference appearing in (C.3) can be rewritten as

[[ @000 ds = [[@(s).000))ds~ [ (@ls)-Z(0), 0(s)) s

By the assumptions of Theorem C.1, we can rewrite the second integral in the
right-hand side above as

/Szto {fu;(7(u),A8§(¢(s))du +M85w(s)(5)} ds.

The double integral cancels with that appearing in the right-hand side of (C.4). We
thus obtain

(Z(1),(1)) - (Z(0),(0))
= [ (Z(5). 00+ )05 ds + My (1)~ [ Mouiey(s)ds,



76 JEAN-CHRISTOPHE MOURRAT AND HENDRIK WEBER

so that .
My () = My (t) - fo Map.ss)(5) ds. (C.5)

By Remark C.3, M, (t) is square-integrable for any ¢ > 0. If we denote by (F)¢0
the underlying filtration, we observe that

t+s
E[My(t+5) = My(t) | Fe] = Mygras) (t) = My (t) - ft M,y (t) dr.

By linearity, this is equal to 0, and thus (M. (%))ss0 is a martingale. We now
compute its quadratic variation. Since

t
t'—>]é Mas¢(s)(8)d$

and t = M(4)(to) are of bounded variation, we can write
d{My)e = d{Mya)e = 2[0(8) 172 dt,
that is,
t
(M)e=2 [ o) ds,

and the proof is complete. U

Proof of Theorem C.1. Let ¢ € C*(T?), and ¢ € C*([0,t] x T?) be the bounded
solution of the backward heat equation

{ (05 + A)p(s) =0 for s e (0,t),
o(t) = ¢.
We learn from Lemma C.5 that

M (t) = (Z(1), (1)) - (Z(0),6(0))

is a martingale with quadratic variation

2 [ 16(:)IR ds.
Clearly, ¢(s) = Pi_s¢, so we can rewrite M(t) as
M5(t) = (Z(1),6) - (Z(0), Pu6)

and the quadratic variation as

t 2
2 [ 1P-solz d.

By polarization, it follows that the quadratic covariation at time ¢ between /\/1(25—1 and

M(ZTQ 18

2 fo (P, Prstrs) ds.

for every ¢1, ¢y € C*(T?). Since ME is a continuous martingale for every ¢,
the fact that the quadratic covariations are deterministic implies that the law of
(M5(t)) 120, pec=(T2) is determined uniquely. Letting Z be the solution of (C.1)

with zg = Z(0), we observe that the quadratic covariations of
Mg (t) = (Z(t),9) - (2(0), Pi¢)

are the same as those of (Ma(t))tZO,QSGCm(TQ)’ so the proof is complete. O
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