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An Explicit Large Deviation Analysis of the
Spatial Cycle Huang—Yang—Luttinger Model

Stefan Adams® and Matthew Dickson

Abstract. We introduce a family of ‘spatial’ random cycle Huang—Yang—
Luttinger (HYL)-type models in which the counter-term only affects
cycles longer than some cut-off that diverges in the thermodynamic limit.
Here, spatial refers to the Poisson reference process of random cycle
weights. We derive large deviation principles and explicit pressure expres-
sions for these models, and use the zeroes of the rate functions to study
Bose-Einstein condensation. The main focus is a large deviation analysis
for the diverging counter term where we identify three different regimes
depending on the scale of divergence with respect to the main large devi-
ation scale. Our analysis derives explicit bounds in critical regimes using
the Poisson nature of the random cycle distributions.
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1. Introduction

Since London’s proposal [19] that the super-fluid phase-transition in He* is
an example of Bose-Einstein condensation (BEC), it has been of interest to
know how, in theory, interaction potentials affect the condensation of bosons.
London himself conjectured that the momentum-space condensation of bosons
is enhanced by spatial repulsion between particles. To address this question,
Huang, Yang and Luttinger [17] introduced a model (HYL) of a bosons with a
hard-sphere repulsion which displays enhanced condensation. The Hamilton-
ian for that model is given in terms of the energy occupation counts (number
of particles occupying an eigenstate), and this version has been studied by
the Dublin group in the early 1990s [23,24]. In particular, they show that
the density of zero-momentum condensation (ground state energy) in momen-
tum space is a function of the interaction parameters, that is, the mean field
parameter and the parameter of the negative counter term in the Hamiltonian.
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In this paper, we study a corresponding model of spatial cycles with HYL-
type interaction, and we analyse the condensation of parts of the system into
‘infinitely long cycles’. The model is given by so-called bosonic cycle counts
Ar = (Ak)ken where |A|A; denotes the number of cycles of length & in finite
volume A € R?. Each cycle of length k is a closed continuous path with time
horizon [0, k] and describes k bosons. The bosonic cycle counts are random
numbers, and their probability weights are obtained from a spatial marked
Poisson point process, see [1,5]. For the spatial cycle version of the HYL model,
one needs only the cycle counts, and the detailed geometric structures of the
cycles do not enter the equation. The Hamiltonian of the spatial cycle HYL
model in A € R? with interaction parameter a > b > 0 and chemical potential
1 € R is defined as

2
Ha(Aa) = [A] (ua)ZkAH;(Zm) —g >OEAT] (1)

keN keN k>ma

. . ma
where (ma)pere is a sequence with my — oo and W ook € [0,00] as

A T R? and where A, is a sequence of positive numbers ensuring the expression
on the right-hand side is finite, e.g. terminating sequences or sequences with
finite particle density Zzozl kAg. Here, @ < 0 is the chemical potential of the
reference process which gives the bosonic cycle count weights for the ideal Bose
gas (no interaction), see Sect. 1.1. The Hamiltonian enhances the probability
that the particle density, >, .\ kAg, is concentrated on fewer cycle types.
The sequence mp pushes the counter terms to infinitely long cycles and the
parameter x governs how these infinitely long cycles are approached. The most
interesting case is when the mp is of order of the thermodynamic scale, the
volume A. Our results below are different for the three possible regimes where
either k = 0,5 € (0,00), or kK = co. The case k = 0 is special, see results
in Sect. 2 below. If one takes all possible counter terms in the Hamiltonian
(1.1), that is, if ma = 1 for all A € R?, then for a = b the ground state of the
Hamiltonian is degenerate as all particles would accumulate in cycles of a given
but arbitrary length. The analysis of this degeneracy is currently investigated
in [2] where all counter terms are considered. Choosing £ = 0 excludes this
degeneracy and allows cycles to emerge whose length grows slower than the
thermodynamic scale, see Sect. 2 for the regime when there are two minimisers
manifesting a first-order transition into condensation of ’infinitely long cycles’.

Our main results is a representation of the thermodynamic limit of the
pressure via a large deviation principle for the pair empirical particle den-
sity My = ( Zl:"fl kX, D sm, KAL), see Theorem 2.2. Both the rate func-
tion and the pressure depend on the parameter x € [0, 00] characterising the
scale on which the counter term cycle lengths grow to infinity. The pressure
is given as a variational problem (2.3) over R? equal to the representation
given in [23,24], where now the second entry refers to the density of particles
in ‘infinitely long cycles’. We obtain all the zeroes for the rate functions for
all parameter regimes and identify critical parameter with two distinct zeroes,
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see Theorem 2.5. We emphasise here that in statistical mechanics of interact-
ing particles BEC and particles in infinite cycles are independent notions, and
their conjectured equivalence is subject to a proof which until today exists
only for the ideal Bose gas and various mean-field models. We hope in future
work to address this equivalency.

This analysis provides the pressure representation along with the phase
transition (BEC) as well as the density of ‘infinitely long cycles’ in the phase
transition regime as a function of the chemical potential and the interaction
parameter a > b. The relevant parameters are the chemical potential y in the
Hamiltonian (1.1) and the net chemical potential is i + «, and we have some
control on the temperature () dependence in Theorem 2.7 leading to phase
diagrams in the (1 — 8)—plane, see Fig. 1. Finally, we compare the density of
‘infinitely long cycle’ given by the zeroes of the rate functions in Corollary 2.10
with density order parameter defined as the double limit, thermodynamic limit
for the density in cycles of length above a lower followed by taking the lower
bound to infinity, see Theorem 2.11. We find that the densities are equal as
long as k € [0, 00), whereas for k = 0o, the counter terms diverge too quickly
to infinity to lead to any non-vanishing density of ‘infinitely long cycles’, see
Remark 2.12.

In previous study of the momentum-space model, the relevant occupation
number is the lowest index opposite to our spatial cycle model; For example, in
[23], the authors need a technical constraint for the counter term up to an index
growing to infinity slower than the volume. This technical gap has been closed
in [24] where all the counter term indices are incorporated. However, in those
cases for the momentum-space model, the higher indices are not relevant for the
zero-momentum condensation, whereas for our model, the precise asymptotic
of counter terms towards ’infinitely long cycles’ plays a crucial role. A similar
model has been studied successfully in [12]. The interpretation of ‘infinitely
long cycles’ as the Bose-Einstein condensate goes back to Feynman [13] and
has been proved for mean-field models in [21]. The work of Feynman [13]
also leads to various work on random permutations, e.g. see [14,22]. More
recently, the work [6] shows that the ‘infinitely long cycles’ are distributed as a
random interlacement process, and we hope to apply our results and techniques
in this manuscript to show that the counter terms lead to an interlacement
distribution.

We define the probability weights for the bosonic cycle counts in Sect. 1.1,
and show in Sect. 1.2 and Appendix A how these weights are obtained from a
marked Poisson point process description of the ideal Bose gas with free and
Dirichlet boundary conditions. Both sections can be skipped by the reader at
first reading. In Sect. 2, we present all our results along with Fig.1 of the phase
diagram, and in Sect. 3, we present all our proofs.

1.1. Probability Weights

The ideal Bose gas at thermodynamic equilibrium with inverse temperature
(6 > 0 and chemical potential & < 0 defines the probability weights for the
bosonic cycle counts when there is no interaction. The cycle counts themselves
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are actually random functions of marked point configurations w € € as we
describe in more detail in Sect. 1.2, that is, Ap = Ap(w). For & = (zk)ken €
01(Ry) with |A|z, € Ny, we denote by Q the probability distribution of the
reference process, that is, the probability that the bosonic cycle counts are
equal to x is given by

(|A|qkeﬂak) [Alz

()
QA = (z = oAl : 1.2
(Ax = (zr)ken) Ig\{ (Aon)! (1.2)
where
1
—(ax) __ Bak 3 J—
7 = Z(Jke ,  with qr = W, k € N. (1.3)

keN
As shown in [1], the thermodynamic pressure of the ideal Bose gas is
given as

00
eﬁak

po(B,a) = Bar 5 TE Z T f*‘“). (1.4)

The spatial cycle HYL model is given by the Gibbs distribution P, in A defined
via its Radon—Nikodym density with respect to the reference process Q, in
A

)

dPp _ A

dQA o E [efﬁHA] '

A vital ingredient in our result is the free energy of the ideal Bose gas given
as the Legendre—Fenchel transform of the pressure,

fo(B,2) = sup{az — po(B, )},
acR

and, as the pressure po (0, a) is differentiable for ov < 0 and diverges for « > 0,
we obtain the version of the free energy derived in [3].

2. Reference Process

We define the underlying marked Poisson point reference process in the follow-
ing as background information, since our results depend solely on the measure
P defined above.
The reference process is a marked Poisson point process, see [1,5]. The
space of marks is defined as
E= U Ck:,A?

keN

where for k € N, we denote by Cj, A the set of continuous functions f: [0, k5] —
R? satisfying f(0) = f(kB3) € A, equipped with the topology of uniform con-
vergence. We call the marks cycles. By ¢: E — N, we denote the canonical map
defined by £(f) = k if f € Cy,n. We call £(f) the length of f € E. We consider
spatial configurations that consist of a locally finite set ¢ € R? of particles,
and to each particle x € &, we attach a mark f, € F satisfying f,(0) = =.
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Hence, a configuration is described by the counting measure w =) veg O(a,f2)

onR? x E.
Consider on Cj, o the canonical Brownian bridge measure
P.(B € A; Big € d
pi (A) = x (iy kB y), A C Cj,a measurable.
Here, B = (B;)ic[o,1) is @ Brownian motion in R? with generator A, starting
from z under P,. Then, ui"? is a regular Borel measure on Cy a with total
mass equal to the Gaussian density,

]Pm B Gdy _ N S PR
ey (Crn) = gp(e,y) = ( Iify ) (4rk )~/ 2 s lemvl,

Let wp = ergp d(«,B,) be a Poisson point process on R? x E with intensity
measure equal to v, whose projection onto R? x Ck,A is equal to

1
vi(dz, df) = - Leb(dz) @ P ul(df),  keN, a<o.

Alternatively, we can conceive wp as a marked Poisson point process on R?,
based on some Poisson point process &p on R, and a family (Bz)zecep of
i.i.d. marks, given &p. The intensity of &p is g (1.3). Q denotes the dis-
tribution of wp and E denotes the corresponding expectation. Note that our
reference process is a countable superposition of Poisson point processes and,
as long as ' < oo is finite, this reference process is a Poisson point process
as well. The bosonic cycle counts are averages of the random number of points
in A with mark length equal to k, i.e.

Ne(w) = #{zcnh: ((f.) =k}, keN,
and Ag(w) = N (w)/|Al.

1.3. Notations

Throughout the whole text when we write A T R?, we mean the limit for a
sequence of centred finite-volume boxes with unbounded volume. Furthermore,
JACY)

we write f(A) ~ g(\) whenever limy_, Tﬁ‘\) =1

2. Results

Our main results concern a complete large deviation analysis and pressure rep-
resentation of the spatial cycle HYL model. Recall that the partition function
Z (0, «) for any Hamiltonian, Hy, of marked point configurations can be writ-
ten as an expectation with respect to the reference process. This follows using
the Feynman—Kac formula for traces with symmetrised initial and terminal
conditions (see [4,8]).

Proposition 2.1 [1,5]. Let 8 € (0,00), < 0 and A € RY. Assume that
Ha: Q — R is measurable and bounded from below. Then,

ZA(ﬁaa) = elAW(a)E |:e_ﬂHA(w):| ’
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where the expectation is with respect to the reference Poisson process.

The Hamiltonian of the spatial cycle HYL model is given in (1.1) as a
function of the bosonic cycle counts A(w) € £1(R,).
The thermodynamic pressure for the spatial cycle HYL model is

P (B, o, p) = logE[ BHA},

(2.1)

and the ideal Bose gas pressure, pg (3, a), is given by (1.4), see [1]. The limit
on the right-hand side of (2.1) is obtained via a large deviation analysis for
the pair empirical particle density M, : Q — R2,

Mp(w) = (M, MP)  with M’ = Y~ kXpand MY = > kX,

E<ma—1 k>ma

log Zx (8, @) = po(B,a) + hm

5IA| “ BIA|

distributed under the measure p’ := PyoM Xl with P being the distribution
of the Gibbsian point process of the spatial cycle HYL model in A, i.e. 924 —

©dQp
e~ JE [e= ],

Theorem 2.2 (Large deviation principles and pressure representation). Let 8 >
0, a <0, u €R, anda >b > 0. Let (mp)rere be a sequence with mp — oo
and T — K € [0,00] as A T RY, and define K(k) := Ry x ({0} U [r,00)) C R2.

Then, the sequence of measures (U3 )acprae satisfies the large deviation
principle on R3 with rate B|A| and good rate function

fo(B,z) — p(z +y) + 4(z +y)?

I (z,y) = § =5y + p™ (B, o, ) for (z,y) € K(x), (2:2)
400 otherwise,
where
a b
P (B, o, p) = sup {u(w +ty) -5 @+ y)* + §y2 - fo(ﬂw)} (2.3)
(z,y)€K(k)

Remark 2.3. (a) Since RZ = K(0) D> K(k), we know p™(3,a,p) <
p@ (8, cr, ). This is due to the sequence of counter terms forcing the den-
sity in the second component of the pair empirical density to be either
zero or greater or equal to k.

(b) The case Kk = oo (i.e. mp > |A]) is different because this condition
essentially removes the counter terms in the spatial cycle HYL model.
For finite volumes |A[, the two smallest permitted values of the random
variable M 1(\2) are 0 and TT’T This case then forces all nonzero permitted
values of the cycle counts to diverge to infinity, and thus they are naturally
unlikely, and the ‘greater than my’ states are not allowed to support any
particle mass. Therefore, the spatial cycle HYL model in this case is

essentially equal to the particle mean field model studied for example in
[1,7].
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(¢) The empirical cycle counts (Ap)sere under the reference process satisty,
for any d > 1 and «a < 0, a large deviation principle with rate 3|A| and
rate function

S on(log 5 — 1) +po(Ba), fora el (Ry),
k

400, otherwise.

IO (37) =

see [1]. This large deviation analysis require to deal with the lack of
continuity of the particle density D(x) = ), .y kxy for € £1(R), see
similar problems in [5]. The splitting into the pair empirical density allows
to obtain the upper and lower bounds in our large deviation principles
separately with continuous Hamiltonian functions. The large deviation
principles in Theorem 2.2 provide more explicit representations of the
pressure allowing a more precise phase transition analysis in Theorem 2.5.

O

The pressure representations on the right-hand side of (2.3) and their
analysis are the key step in revealing the phase transition phenomenon also
known as Bose-Finstein condensation.

Corollary 2.4. The right-hand side of (2.3) can, for k =0, be written as
2

P (B, a, p) = sup {u:v IS I Gl fow,x)}

x>0 2 2(a — b)
. a (n—aD(N)%
= inf <{Io(A) — uD(N\) + =D(\)? — ——F

Aec}fl(nh){o() K ()+2 ) 2(a —b) ’
where Iy is the rate function for the ideal Bose gas and D(\) = ), oy kAg is
the density, see [1].

Proof. The first equality follows from optimising over y > 0, whereas the
second can be proved by conditioning on the value of D()). O

The analysis of the pressure is related to finding the zeroes of the rate
functions. In the following theorem, we identify thus a critical parameter
regime for the pressure in terms of the so-called chemical potential u € R.
This analysis is followed by showing that the critical parameter is the phase
transition point when positive particle density is carried by so-called ‘infinitely’
long cycles, see Theorem 2.11. Recall the critical density of the ideal Bose gas,
see [1,3],

00 1 d
= (S for d > 3,
oc(d) = kg = ¢ GO ()
et 400 ford=1,2,

where ¢ is the Riemann zeta function, C(%) =3, k=% . For the following
results, we define the function sg: (0,00) — R by

s (Z‘) o O fOI‘ X Z QC(d)a
PR unique solution to p((5,s) =« for 0 < x < g.(d).
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Here and thereafter, we let p((3,s) and f}(8,x) denote the s and = partial
derivatives, respectively. Note that fo(5,z) = sg(xz)x—po (3, sg(x)), fi(B,x) =
sg(z), and that sg is concave everywhere and strictly concave for z < p.(d).
Define

e (9= inf {ai(s.0) — 5 s >0 (2.4

along with

Z1: R — Ry, #1(p) unique solution to sg(x) = p — az,

To: [, 00) — Ry, Zo(p) minimal solution to sg(x) = o b(ﬂ —ax),

and finally the chemical potential for x € (0, 00),

wy (B, k) = inf{s > g Ta(s) < 2(5 — k(a — b))} and Zs(p) = Z1(pn — ak).

Denote

M@ (u) := { zeroes of I}  for k € [0,00], u € R.

Theorem 2.5 (Zeroes of the rate functions). Let 8> 0,a < 0,u € R, a > b >
0, and pc := aoc(d). Under the same assumptions on the sequence (mp)reza
as in Theorem 2.2, the following holds for k = 0, k € (0,00), and kK = oo,
respectively.

(i) k = 0: There exists a transition chemical potential p* = u§ € [pe, pc)

such that
{(21,0)} ) Jor p < p*,
MO () = { {(21,0), (T2, L242)}  for pp = p*,
{(@, 15952)) for > p*.
If u* = e, there is always a unique zero, namely (Z1,0) for p < p. with

F1(p*) = To(p*) and (T, 5=52) for p> pe.
(ii) K € (0,00): There ezists a transition chemical potential pf, namely pf =

p* for pe < pt with pt € [, pel, see (i), and pi; € (W*, p1e) when p > p*,

such that
{(21,0)} for p <k,
{(i’l,O),(fgﬂi)} ]807",114:,LL7:v
M (1) =
() {(#5,5)} for e (pis pl,
{(22, 5552)} for > .
(#ii) K = oco: Then M (u) = {(Z1,0)} for all p € R.

The zeroes in the previous theorem lead immediately to the following
pressure representations We define the sub-critical and the super-critical pres-
sure respectively as

Y
a8 = inf { P (s

s<0
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2 2
Ploupy (B 1) = Sup {%aa) - % +p0(ﬁ7u)} :

Corollary 2.6 (Pressure representation). For k = 0 we have

Prowny (B Jor pp < p*,
P (B pa) = 20,k e
p(sup)(ﬁ):u’) forluz IJ’ bl

and for k € (0,00),

Deeuny (35 1) for p < p,
_b *
PO (B 11 0) = Q Pl (B, 1) + pk — 5262 for p€ [uk, e,
Pieun (B, 18) for p > max{p,, u*},

and for x = 00, p™ (B, ct, 1) = P (B 1) for all € R.

We have some control over the transition potentials pf, k € [0,00), in
the following theorem. Denote

a b d =3
= ("7 (S >
Bi(a,b,d) ((47r)d/2a—bg(2 1)) ford>5
a2, _
and Oy := (4m) ¥ a—b ford > 1.
a b
Theorem 2.7 For d =2 and all 5 > 0,
a 1
we (B) = o ((14 Cs)log (1 + Cy) — Calog Cs) B

Otherwise, we describe the high- and low-temperature behaviours.
Low temperature:

d=5 = p(B) = pe (B) for = Py, and, as 3 — oo,

pe(B) (1 — ﬁme(—@ﬁ)) for d =4,
pe (B) ~ Nc(ﬂ)(l— 032(%)/%%> for d =3,

%“;bélogﬂ ford=1.

High temperature:
dya—1>1
> ~ (1= =) —=
d>3 = 1 (1 2) 5 ﬁlogﬂasﬂﬂo,

Furthermore, for k € (0,+00), we have
Hr (67’%) = (CL - b) K+ CLp/ (/87 7bl€) .

A second conclusion from our results above is the asymptotic limit for
the pair empirical particle density.
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tie (B) B

e (B)

(b) d=3,4

F1GURE 1. Plots of the 3-u phase space for d > 3. Conden-
sation occurs in region B, and does not in region A. The
transition chemical potential resides in the shaded area, and
the transition is discontinuous here. For d > 5 and 3 > [,
the transition is continuous at the boundary. For d = 1,2, we
have a lower bound for the transition like the one appearing
in d = 3,4, but no non-trivial upper bound. Like noted by
[18], there is a transition at finite p for all d > 1
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Corollary 2.8 (Thermodynamic limit of the pair particle density). For every
0 >0,

li M, € Bs(x, =1,

A, Q (M € Bs(z,y))
for each unique minimiser (x,y) in Theorem 2.5, that is, when either u # u*
in case k =0, p # u’ for k € (0,00), and for all p € R when K = co.

Remark 2.9 (a) For the mean field model, i.e. for b = 0, the paper [7] derived
similar results for a specific choice of the sequence my, namely my < L?
when |A| = L?. This corresponds to x = 0 in our general setting if we
have d > 3.

(b) Our analysis above shows that at the critical values of the chemical
potential, y = p* for K = 0 and p = p when k € (0,00), we do not
have a unique zero. Our large deviation analysis shows that for every
d-neighbourhood Us of M@ (p*) for £ = 0 of M™ () when x € (0, c0),
respectively,

li My ¢ Us5)=0.
lim, QM ¢ 1)

Denoting ({7, y{?), i = 1,2, the zeroes at these critical points, the con-
centration of measure problem ask whether there are \; € [0,1],7 = 1,2,
such that A\ + Ao = 1 and

li My € Bs(z0,y0) = N;, i=1,2.
Al Q (M € Bs(zc”,uc”) i

This requires finer asymptotic analysis going beyond the large deviation
analysis studied here. We devote future work to analyse the fluctuation
behaviour of our model, e.g. similar to the analysis in [9] for the ideal
Bose gas, as well as the concentration of measure problem at criticality.

O

A third observation from our results above is that the expected density
of particles in unbounded cycles is related to the expected density of M}
denoted

® (1) := lim E[M].
0" () Aleéld [MY]

Corollary 2.10 (Density in ‘infinitely long cycles’).
(i) k=0,

0 (p) = Ofai() form=<,
% forﬂ>ﬂ*7

and 0 (u) is not continuous at p = p* whenever u* < ., whereas 0 (1)
is continuous at p = p* with &1(u*) = T2(u*) whenever p* = p. which
is equivalent to py(5,0) < .
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(ii) k € (0,00),

0 Jor p < puy;,
0" (u) =14k Jor € (5, e,
p—ais(p)

b Jor pn > p s

and 0" () is continuous at p = p, and discontinuous at p = uk.
(#ii) K = oo, then () =0 for p € R.

The reader may be tempted to identify the expect density o (u) as the
density of particle in unbounded (‘infinitely long cycles’) cycles which may
corresponds to the density of the Bose—Einstein condensate. To answer this
conjecture, we first define the condensate density, a definition which goes back
o [15], and which is frequently used, e.g. in [18,23,24].

For any K € N define Dy as the random particle density of cycles with
length greater than K,

Di(w) =Y kX (w) .
k>K

Then, the particle density in infinitely long cycles is defined as

AP () = K]gnoo giTI]lIRld E[Dk].

Theorem 2.11 (Condensate Density).
(a) Let 6>0, <0, p€R, anda>b>0. For k =0 and k = oo,

Ay = o), A= (50 .
a +
For k € (0,00), there exists i}, € [k, pi], such that

(& —o0c), forp< i
0" (1) for > fiy;.

AW () = {

(b) Let b1 a with fivzed 5> 0, p € R, a >0, and k € [0,00), then A" () ~
©w

a—b/+
(c) Let i — oo, with fized 3 >0, p € R, a >b >0, and k € [0,00), then

A (:u) ~ alib .

Remark 2.12 Since my > K eventually, it follows that A® (u) > o™ (u).
However, if k > 0, we have parameter ranges in which this inequality is strict.
This indicates that a positive condensate density is held on cycles whose
lengths diverge slower than my,, and therefore not directly affected by the
counter-term. In the kK = 0o case, mp diverges too quickly to affect any posi-
tive density, see Remark 2.3, and we approach the mean field model. The case
Kk = oo is special in the sense that the density of ‘infinitely long cycles’ as
the zero of the rate function vanishes but the above order parameter does not
vanish when p > ag.. O
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3. Proofs

The proof of the main large deviation theorem is in Sect. 3.1, and all remaining
proofs about the zeroes of the rate function and the condensate density are in
Sect. 3.2.

3.1. Proof of the Large Deviation Principles, Theorem 2.2

To prove the large deviation principle in Theorem 2.2, we adapt and extend the
ideas in [23]. Our model is on spatial cycle structures, and thus our method is
different as the so-called condensate resides in cycles of unbounded length. For
the negative counter-term in the Hamiltonian, the long cycles are the relevant
ones, whereas in [23], the energy indices with low values are relevant. Though
technically slightly more challenging, our method allows us to investigate the
different ways the counter-term scales with the volume—in this way providing
insight how the cycle condensate is scaled with the volume. The standard
Varadhan Lemma approach for our model does not work directly as, due to
the counter term, lower semi-continuity is missing. The general idea is to find
lower and upper bounds for the Hamiltonian, and then prove large deviation
principles for the two bounds individually. The final step is then to identify
the two bounds. The proof for the upper bound is in Sect. 3.1.1 and the one
for the lower bound in Sect. 3.1.2.

3.1.1. Large Deviation Upper Bound. We split the proof in two parts. In the
first one, we derive the large deviation principle for pair empirical particle
density under the reference measure, i.e. with no interaction. In the second
step, we will apply Varadhan’s lemma to a lower bound of the Hamiltonian.

Stepl: Define the reference measure 1/5\2) =Qo MXl.

Lemma 3.1 For any k € [0,00] the limiting logarithmic moment generating
function for (V) aera is given by

A(s.1) po(B,a+3s) fors<—a andt < —a,
s,t) =
400 for s < —a ort>—a.

The Legendre—Fenchel transform is

A (z,y) = sg}g {sx —po(B,s)} —alx+y)+po(B,a), (z,y)€ Ri )

Proof

1 RO (2)
— 1 @ (oAl (sMY +tMP)
A(s,t) = AlT%ld BIA] log vy (e A A )

= lim | D0 eI+ Y el ) = po(B, ).
T k<mnx k>mp

Given the properties of the weights g, we immediately see convergence of the
first term on the right-hand side for any value of k € [0, co] towards po(3, a+s)
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for (s,t) € (—o0, —a] X (—o00, —a]. Furthermore, for any v > 0,

lim gre’ > lim Gmp €’ = +oo.
ATR? ATRd
k>ma

This gives divergence for s > —a or t > —a.. The Legendre—Fenchel transform
is then

A(wy) = sup {sz+ty—Als 1)} = sup {sz2—po(fs+a)}
(s,t)eR? s<—a

+ sup {ty} +po(B, @)
t<—a
= sup {sz —po(B,5)} — alz+y) +po(B, ).
A has been defined for (z,y) € Ri as for negative values of the arguments
the function value is infinity. O
Now, we define
A (z,y) for (z,y) € K(k),
+00 otherwise.
and can easily obtain the large deviation upper bound.

Lemma 3.2 For any closed set C C R?,

lim su logv{’ (C) < — inf  Ju(z,y).
AT]de |A| : ©)< (z,y)eC (z,9)

Proof The upper bound for closed sets C' C R?,
limsup — logv{” (C) < — inf A*(z,y
ATRE ‘A| & ©) (z,y)eC (@y)

follows for example with the Gértner-Ellis theorem [10, Theorem 2.3.6]. Fur-
thermore, for any C' C (Ri)c, we have v’ (C) = 0. We improve this bound for
(z,y) € K (k) by noting that the image of M is {0, SINE mmrl, mmrz,... }.
Soif E C (0,k), then vy’ (M;? € E) =0 for all A sufficiently large. O

Step 2:
The crucial step is to bound the Hamiltonian in (1.1) from below. We
have Hy (w) > [A|H o M $ (w), where

H:R? - R, (2,9) = H(z,y) = —(p—a)(z +y) + g(w +y)? - gzﬁ-
(3.2)

Lemma 3.3 Let C C R? be closed, then

1
hmsup log / e P Q(dw) < — inf  {Je(z,y) + H(z,y)},
Atre BIA] M) (@.y)€C

and

p" (B, a,u) < sup {u(m+y)—a(m—i—y)Q-i—ng—fo(ﬁ,x)}.

(@)€K (x) 2
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Proof

/ e PHA@) Q(dw) < / e~ IMHEY) L@ 4z, dy).

MH(O) ¢

The function 3 in (3.2) is continuous and bounded below; thus, the statement
is simply a matter of applying Varadhan’s Lemma. Taking C = R? gives
the bound on the thermodynamic pressure by using the Legendre—Fenchel
transform for the pressure. O

In Sect. 3.1.2, we obtain the corresponding lower bound on the thermo-
dynamic pressure, i.e. confirming (2.3). Then, Lemma 3.3, in conjunction with
the pressure representation in (2.3), gives the large deviation upper bound

; 1 ) _ s (®) 2
hf\nmsgp BIA] log n')y’ (C) < (»lefl)fec {I"(x,y)}, C' C R” closed.
3.1.2. Large Deviation Lower Bound. The large deviation lower bound is more
delicate as we shall find an upper bound on the energy, that is, the counter
term cannot be replaced by the square of the sum of the single terms. In the
following steps, we derive a more detailed splitting of the empirical particle
density which is the novel step in this type of large deviation proofs. Our
splitting is based on properties derived for the pair empirical particle density
splitting in Sect. 3.1.1. The rate function .J,;, defined in (3.1), is a good rate
function which follows from the fact that the origin is in the interior of the
domain where the limiting logarithmic moment generating function is finite,
see [10, Lemma 2.2.20]. We combine this with the local nature of the large
deviation lower bound, that is, we will show that for any (z,y) € R?,

1

161{{)1 h[r\rTlﬂg}f m IOg/JXZ)(BS((‘T7 y)) > _Jn(xv y) - :}'C($7 y) ) (33)
where Bs((z,y)) is the open ball of radius 6 > 0 around (z,y). In the first
step, we define the detailed splitting which is local as it depends on (,y). In
the second step, we prove a large deviation lower bound under the reference
measure for the new splitting of the empirical particle into a quadruple, and,
using the derived upper bound on the energy, the lower bound for the quadru-
ple splitting follows with Varadhan’s Lemma. In a final step, we employ the
contraction principle to derive the lower bound in (3.3).

Step 1: Splitting. Since J, +J has compact level sets, there exists (Z,Z) € K(k)
such that
inf  {Ji(x,y) + H(z,9)} = Je(2,9) + H(Z, 7).
(z,y)€R?

Pick now (z,y) € K(k), that is, y € {0} U [k, 00) (for (z,y) ¢ K(k) we obtain
a trivial lower bound). The splitting depends on both (z,y) and (Z,g). Define
ra = |A|§V my, and then

— ([Alyvma) +1  ifra =|Aly VvV ma,
' [Aly vV ma if ro # |A]V my.
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Define the map
ﬂ-:Q‘)Ria w'_)ﬂ-(w):(ﬂl(w)a"'aﬂ-Al(w))a

where
ma—1

= Z EAp(w), ma(w) =rade, (W), m3(w)=s5aAs, (W),

mw) = Y kW),

k>mna,k#TA,SA

the reference measure 1/(4> := Qom *, and the rate function

fo(ﬁzx) - Ot(.’L' + Y1 + Y2 + Z) +p0(ﬂaa) for ($,y17y2,2) € K7
+o0 otherwise,

‘];4)($7y15y272) = {

where K:=R x gNy x yNg x ({0} U [k, 00)).

Step 2: LDP lower bound for the quadruple splitting under the reference
measure.

Lemma 3.4 For any open set O C R4,

lim inf —— log " (0) > — inf {JP (2 91,2, 2) } -

AR ﬂ|A| (z,y1,y2,2)EO

Proof Pick (z,y1,y2,%) € K (the other case gives trivial lower bound). The
four particle densities 7;,7 = 1,...,4, are independent, and we derive the
lower bound separately for each 1nd1v1dual entry. Denote v/ Z,z’ =1,...,4, the
marginals of 1/(4), and let A; be the limiting logarithmic moment generating
functions for I/A . whose domains are strictly bounded by —a and thus each
contain a nelghbourhood of the origin. The corresponding Legendre—Fenchel

transforms are

Al(x) = fo(B,x) —ax+po(B, ), A5(y1) = —ayr,  Az(y2) = —ays,
Aj(z) = —az.

We now derive for each marginal individual lower bounds.
Marginal Vj({l’)li The function A7 is strictly convex on [0, o). For x €
[0, 0.), we can proceed by standard Gértner-Ellis-type arguments by tilting
the measure. Let < 0 be the unique solution to nz — po(3,1) = sup,o{sz —
po(0, s)}, and define the tilted measure by
dz/[({i’n 1

dyxg’ (z) = exp (BIA[((n — @)z = pa(n) + pa(e)))

where pa(s) = 5 LS em, @re”*F. Taking the limits, we obtain

o)
%ﬁ}hﬂﬂgf B‘A| log v’y (Bs(z))

Z 7f0(ﬂa fﬂ) + ax 7p0(ﬂ7 ) + lim lim inf ———

o)
lim Tim in B\A| logl/Aml(B(;(x)). (3.4)
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Now, using the strict convexity and the Gartner-Ellis upper bound (see [10,
Theorem 2.3.6]), the last term on the right-hand side of (3.1.2) vanishes as
v, 1(Bs(x)) — 1 as A TR?, and

R 1
%1{{)1 h[r\r%ﬂgilf A log 1//(\4’)1 (Bs(z))

Z 7f0(ﬂax)+ax7p0(ﬂaa)v for z € [Oa QC) (35)

For z > g, the function A7 is no longer strictly convex, and thus the standard
argument fails to show that the last term on the right-hand side of (3.1.2)
vanishes. Our new method here is to directly use the Poisson nature of the
distribution of the bosonic cycle counts to obtain individual estimates leading
to the lower bound (3.5). Let © > o.. As we cannot exploit the strict convexity
of A}, we need to estimate the last term on the right-hand side of (3.1.2)
directly: pick 7 € N, then eventually my > r. Denote of = >, kqreBok,
0%, = D oker kgreP®® and recall that Q is the distribution of the reference
Poisson process which is a superposition of independent Poisson processes
with parameter |A|gre®?*, k € N. Then for = > 0¢ s

v (Bs(z)) > Q (Z kA € B5/2(Q?)>

k=1

Q (AN = [[Al/r(z = e2,)]) Q (ylﬁil Ap = 0) .

k=r+1

Now, the mean and variance of |A] Zk 1 kAg are equal to [A]gg ., so Cheby-
shev’s inequality implies that

r—1
402
li kXy € B o lim —2 =1.
AIT]%IdQ (kz_l y 5/2(0¢ >> AITRd |A|62

Independence of the Poisson variables implies that

ma—1 ma—1
_ N Bak __ Bak
P RLIET SRR B SPREEES ot

k=r41 k=r+1 k>r

For the remaining factor, we use Stirling’s formula to get

108 @ IAIN, = [JAl/r(z — 2,)]) = = T2 (1og o) _1ogg 1)

1
Folr—of,) = Gare’ + o).

Combing the individual estimates and taking r — oo gives

5|A|

li f— 1 B > — 0%) > — 0c) -
1/rerl]én ﬂ|A| OgVAl( 5(x)) > alr — o) > alr — o)

Note that for 2 > p. we have, using 1 — e** < —akf,

1 1 — ePak
_fo(ﬁax)_po(ﬂaa) = ﬁ(47rﬁ)d/2 (kz_l kd/2+1 > < —QpPc ,
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and thus we obtain (3.5) for all x > 0.
Marginal I/A Z,i =2,3: If y =0, then

log v (B5(0)) > 7 10g Q(IAIA,, = 0) = —gp "™ = o(1).

IAI IAI
If y > kK, then AT A — ¢. Choose n € Ny such that ys = ng. Then,

log v, (Bs(n7)) > —— log Q(IA|A,, = n) = an%

<6A| log'A'> (ﬁIAI log "“)

+O(gr,) = an + of1).

BIA\ h ﬂIAI

Precisely, the same argument applies for the case i = 3.
Marginal 1/1({1’)4: If 2 =0, let pp := min{k € N: k > mp,k # rp,sa}.
Then,

ﬂ\/\l IOgVA 1(B5(0)) > ﬂ\/\l log Q([A[Ap, = 0) = o(1).

If z > K, then let py := min{k € N: k > z|A|,k > ma,k # sa,ra}. In
particular, pA/\A| — 2. Then

log vy (Bs(2)) = 25 1og Q(IAIA,, =1) = az +o(1).

6IA| - 5|A|
We finally obtain for (z,y1, 92, 2) € K,

lim lim inf ——— log v’ (B > Jw :
i lim in 6\A| ogvy’ (Bs(z,y1,42,2)) 2 —J 02,91, 92, 2)

by combining our marginal estimates above. O

Step 3: Upper bound for the energy and LDP lower bound for the quadruple
splitting. Define

b
K(z,y1,92,2) = —(p—a)(@+y1 + y2 + 2) + %(:Hyl +y2+2)* — i(yf +93).
Then,
Ha(w) < Ko 7(w). (3.6)

Lemma 3.5 Let O C R* be open, then
liminf —— log / e AW Q(dw
ATR4 5\A| 71(0) (dw)

>—  inf  {JP(z,y1,92,2) + K(z,y1,92,2) }
(z,y1,y2,2)€0

and

p(x)(ﬁ7aa/~’/> 2p0(67a>+ sup {_Jl(i4)(x’y1)y27z) _j{(xaylvy%z)}'
(z,91,Y2,2) EK(k)
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Proof Using (3.6),
/ e~ BHA(w) Q(dw) > / e BIAK(z,y1,2,2) Vf{l)(dx,dyl,dyg,dz).
©=1(0) o

Then, noting that X is continuous, the statement is simply a matter of applying
Varadhan’s Lemma. O

Step 4: Contraction.

Lemma 3.6 For any open set O C R?,

liminf ——lo / e_ﬁHA(‘”)de > — inf {J.(z,y) + H(x,
m in ﬂIA\ ) . (dw) > = inf {Ju(@,y) + Hz, )}

and

P (B, a, 1) > po(B,a) — H)lf {Ju(z,y) + H(z,y)}.

(z,y)€

Proof Define 7t: R* — R? (x,y1,y2,2) — (z,y1 + 92 + 2), and note that 7 is
continuous and My = 7 o 7. Then,

. . a
$:X7y11}r1£2+zzy{(=7,(1 "+ K) (z,y1,y2,2)} > fo(B, X) — (X +Y) + §(X +Y)?

b
- §Y2 +p0(ﬂa a)

= J.(X,)Y)+H(X,)Y),

and, infga {JY 4+ K} > infge {J, + H} = (J, + H)(Z, 7). Using

Ju(@,§) + 3(Z,9) = J."(2,9,0,0) = imf {J + K},
we derive the lower bound for the pressure in Lemma 3.6, and, with the cor-
responding upper bound in Lemma 3.3, we obtain (2.3) in Theorem 2.2. To
obtain the large deviation lower bound, denoted the rate function per Con-

traction principle d,(z,y) = infz-1(, {J + K}. Then, for every open set
O C R?, using the lower in Lemma 3.5,

1
lim inf —— log / e M@ Q(dw) > — inf {J® + K} = —inf{d.},
ATRE BIA] “1o% -1(0) #-1(0) 6]

and, finally we derive (3.3),

(2)
lim hﬂlﬂégf BIAI log py” (Bs(z,y))

Z _35(-'157?]) Z _(J/(;L) + K)(%OM%O) = —Jn(l’,y) - :H:(x7y)7

where we use the particular quadruple splitting in the last step. O
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3.2. Variational Analysis

Proof of Theorem 2.5 In [23], a related variational principle has been studied.
We built on that and extend it to the whole range of the parameter k € [0, o0]
to obtain an improvement on the results in [23]. To obtain the zeroes of the
rate function functions 1™, it suffices to minimise

Fu(z,y) = {fo(ﬁ,w) —pz+y)+ %z +y)?—L2y? for (z,y) € K(k),

+00 otherwise.

For k = 400, we have restricted the y-component to y = 0. Therefore,
we want to optimise F' (x,0). We search for stationary points, and find that
they satisfy the equation sg(z) = p — az. Since sg is non-decreasing and
sg () = —ocasx | 0, and p—ax is decreasing, there exists a unique stationary
point—a minima—given by .

For k = 0, we first fix > 0 and find an optimal choice of y € R, denoted
g (x). This gives § (z) = 15 (u— az),, and the derivative of F), (z,7 (x)) is
zero precisely when

_ I3
I — ax formza

sg(z) =to(x) == {

—ﬁ(u—am) for0<az <k,

Now, x = &1 (u) is always a solution and gives a local minima for pu < p.,
whilst & = 5 () is a solution for g > p; and gives a local minima for p > py.
These are the only local minima.

Since Z; (p) > & and T3 (1) < &, and ;1 () is the unique local minimiser
for 4 = py and &1 (p) is the unique local minimiser for u = f.,

Fy (%1 (pe) ,0) < Fy (T2 (pe) 7 (T2 (1))
Fu (21 (pe),0) > F (22 (pe)  § (22 (1)) 5

and
;fu (Fu (@1 (), 0) = Fy (22 (1), 5 (22 (1)) = % (sg (Z1 (1) — s (22 (p))) > 0.

In taking the full p-derivative, we used the fact that #; (1) and Zo (u) are
stationary points. The inequality comes from sg being strictly increasing on
2 < pc. This tells us that there exists a p* € [ue, pe] such that & (u) is the
minima for p < p* and Zs (@) is the minima for p > p*—with simultaneous
minima at p = p*.

Now, suppose « € (0, 4+00). If 4 > p, or p < p*, then at least one global
Ri minimiser exists in K and we are done. For u € (u*, ), the quadratic form
of F'in y tells us that the K minimiser resides on y = 0 or y = x. Furthermore,
by rearranging terms, we find F), (z, %) = Fj,_ax (2,0) — kpu+ 957 b2 Therefore,
F, (z,rk) is minimised at @ = &1 (1 — ar) = Z3 (). Now becaube (1 (p* ),O)
is a global RZ minimiser at y = p* and (23 (i) , 5) = (T2 (1r) , &) is a global
Ri minimiser at pu = p,,

F(2(07),0) < F (23 (p"), k),  F(Z1(ur),0) > F (s (pr), k).
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Furthermore,

d _ - 1 - -

3 F @), 0) = F (@5 (), 1)) = 2 (5 (T2 (1) = 5 (Z1 (1 = ar))) 2 0,
since sg and Z; are non-decreasing. Therefore, there exists p, € (p*, p,) such
that (Z; (),0) is a minimiser over K (k) for p < p* and (Z3(u),x) is a
minimiser over K (k) for p € [uk, pir]. O

Proof of Corollary 2.6 These representations of the pressure follow from sub-
stituting the minimisers from Theorem 2.5 into the pressure expression (2.3)
in Theorem 2.2. 0

Proof of Theorem 2.7 We shall use the notation g (u,s) = > po, k™%e"*, see
(B.1). First note that py = pe if and only if the infimum (2.4) is attained at
s = 0, which happens precisely when apj) (4,0) < “T_b This condition happens
if and only if d > 5 and 3 > [;. In all other cases, there exists @ < 0 such
that

pe=ary(9.0) - T la= " g(pa 5) - T la.
(4m ) b

Since & is a stationary point, it is given as the unique solution to

g(ﬁ(y,g _ 1) _ tn? 6*‘1 Cup81 (3.7)

a

To deal with d = 2, note that from the infinite sum expression for g (u, s)
that for u < 0, we have g (u,0) = %=, and g (u,1) = —log (1 —e"). We use
these to solve for & and then p. For the remaining dimensions, we use (3.7)
to determine whether fa — 0 or f&@ — —oo. Using g (u, s) ~ e" as u — —0
for all real s, and the u 1 0 asymptotic behaviour of g (u, s) from Appendix B,
we get the asymptotic behaviour of p (3).

For u, (0,k), note that when restricted to (0,¢.), the function sg :
(0, 0c) — (—00,0) is a strictly increasing continuous bijection. Furthermore,

we can rewrite
Mr:inf{UZut:SB (2-2-v)=- ib [r-a(Z-2a-b)] - _zm}

From the definition of sg(z) for « € (0, o], we have
oK oK
- —= —b)>—b — — — —(a—b>py(B,—br) =
59 (2= 2a=b)) = bk = T = E(a—b2p(8.-br) = o
2

(a —b)k + ap, (8, —bk).
O

Proof of Corollary 2.8 If (x,y) is the unique minimiser of the large deviation
rate function 1), then for § > 0, we have inf {1 (u,v) : (u,v) & B° (z,y)} >
0. Since the complement of the open ball B? (z,y) is closed, the large deviation
principle tells us that Q (M AéE B5(x,y)) decays exponentially. Hence, the
required limit holds. O
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Proof of Corollary 2.10 This follows from applying Corollary 2.8 with the
unique minimisers found in Theorem 2.5. g

Proof of Theorem 2.11 Our strategy here is to use the large deviation tech-
niques described previously to find limaga E [Df |, and then use analytic tech-
niques to take the K-limit.

We begin by introducing the triple empirical particle density M g : Q —

RS, Ma k() i= (M M M ) where M = YUC, ke, M =

Stk kAk and MY = 37,0 kA, distributed under the measure

,uX”K = Ppo Mle By repeating the arguments of Theorem 2.2, we can

show that (uf)K)A . satisfies the large deviation principle on Ri with rate
R

S

B|A| and good rate function

K (@) + £ () = plotye)
I;?)(‘Taywz): +§($+y+2) _§ +pli,K(ﬁva7/1‘) 1fZ¢(075)7
+00 if z € (0,k),

where p, g (B,,p) is the appropriate normalisation, f’ (z) =

SUPser {395 - % > i<k qJ’est} and f' (y) = SupP:<o {ty - % Yk Qjeﬁtj}-

Note that f5’ (z) is convex, strictly increasing on z > g. (and decreas-
ing slower than linearly for d = 1,2), and converges pointwise to fy (3, ).
Also, fi? (y) is convex, constant on y > >, . kg, and converges point-
wise to 0 (converges uniformly for d > 3). From these properties, and since
(x,y,2) —» —plxz+y+2)+ L@ +y+2)>— gzz is a constant plus a positive
definite quadratic form, we know that there are only finitely many global min-
imisers and that these are contained in some K-independent compact set. The
pointwise convergence translates into uniform convergence on this compact
set.

Suppose k = oo. Then I}? is finite only if z = 0, and therefore, the
question reduces to a mean field one. For d = 1,2, the minima are eventually
in a neighbourhood of the {y = z = 0} set, and so the condensate vanishes.
For d > 3, the pointwise limit has a single global minimiser, (Z;,0,0), for
1 < pe and uncountably many for p > p.. These minimisers are the convex
combinations of (%, 0, O) and (QC, % — 0Oc, 0). However, because we know that

) () is strictly increasing on z > g, for all K, we know that the minimisers
are eventually in any neighbourhood of (QC, £ — o, 0).

For finite k, we contract the y and z components to compare with

I™ (z,y). After contracting (z,y, z) — (z,y + z), we get the rate function

T @) = 0 @) —p(a+y) + 5 @+y)’ + {ron- bZQ}-

inf
Y+Z=y,Z¢(0,r)

This has the pointwise limit

TS (2,9) = fo (B,2) — p(x+y) + =

b
2 (LE + y)2 - §y2]l{y2rc}~
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Note I (z,y) > J& (x,y) > I (z,y), with equality precisely on K (k).
Therefore if 1 has a global minimiser in K (), then this is a global minimiser
of J{. This proves the k = 0 case, and the x € (0,00) case for u < p* or
= fhye

By fixing x and taking the y-partial derivatives of J{), we find that the
optimal choice of yis £ —x or  if 5% < K, and £—=5% otherwise. If p > pu,

(1, uy) we need to
compare minimisers along y = £ — 2 and y = x. This is a similar process to
the comparison of y = 0 and y = x we performed in the proof of Theorem 2.5.
Furthermore, because J (z, £ — ) < J{ (x,0), we know that the transition
occurs at a higher value of p.

The asymptotics follow from inspecting the behaviour of o (u) in the
respective limits. In particular, note that p, < u. eventually as b T a. O

then y =
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Appendix
A. Reference Process for Dirichlet Boundary Conditions

For Dirichlet boundary condition, one restricts the Brownian bridges to not

leaving the set A, that is, one replaces C o by the space C,(CDAI) of continuous

functions in A with time horizon [0, k3]. Consider the measure

P, (B € A; Byg € dy)
dy ’

which has total mass g;3” (x,y) = p{*”(C,”y’). For Dirichlet boundary con-

ditions, (1.3) is replaced by

—(Dir) _ (Dir) ith @ — d (Dlr)
q %qk ; with ¢} kIA/ zg5 (z,2).

pE 0 (4) =

o A C ¢y measurable,

Note that these weight depends on A, see [11]. We introduce the Poisson point
process wp = »_, ¢ 0(z,5,) on A X E®" with intensity measure v whose

projections on AxC°y with k < [A] are equal to v;”™ (dz, df) = ;Leby (dz)®
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pr " (df) and are zero on this set for k& > N. We do not label wp nor &p
with the boundary condition nor with N; {p is a Poisson process on A with
intensity measure g°™ times the restriction Leby of the Lebesgue measure to
A. By Q™™ and E®®™ we denote probability and expectation with respect to
this process. Conditionally on £p, the lengths of the cycles B, with = € &p
are independent and have distribution (q,iDm/q(Dir’)ke{L._, |A]}; this process has
only marks with lengths < |A]. A cycle B, of length k is distributed according
to

(be,kB) d
postoa) = Lo D),
Iip (z,2)

The above representations allows us to prove the our large deviation
principles as well as the variational analysis for Dirchlet boundary conditions.
For details, we refer to [5] where these arguments are presented in detail. The
independence of the thermodynamic limit of pressure in Theorem 2.2 follows
using either the arguments in [5] or in [8,20].

B. Bose Function

The Bose functions are poly-logarithmic functions defined by

1 00 tn—l
=Li,(e™®) = dt
g(n7 a) 1 (e ) F(n) /0 et+a o 1

= Z k~"e=k  for all n and o > 0, (B.1)
k=1
and also for « = 0 and n > 1. In the latter case,
g(n,0) = Z k=" = ((n), (B.2)
k=1

which is Riemann zeta function. The behaviour of the Bose functions about
a =0 is given by

D(1—n)am=! + 322 ((n — k) S22 forn #1,2,3,...,

gn,) =9 . _ PRV
ﬁ [—loga+212:11 i] +Zk;:§1 ((n— k)¢ k,)

for n € N.
(B.3)

At o = 0, g(n,«) diverges for n < 1, indeed for all n, there is some kind
of singularity at « = 0, such as a branch point. For further details, see [16].
The expansions (B.3) are in terms of ((n), which for n < 1 must be found
by analytically continuing (B.2). With the asymptotic properties of the zeta
function, it can be shown that the k series in (B.3) are convergent for |a| < 27.
Consequently (B.3) also represents an analytic continuation of g(n, a) for a <
0. When « > 1 the series (B.1) itself is rapidly convergent, and as a@ — oo,
g(n,a) ~ e~ for all n.
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