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Abstract

We study the semilinear parabolic equation
Uy = Uy — u> + A(t) 0o(2), reR, t€R,

driven by a source term A(t)do(x) at the origin. The intensity of the source is
considered to be either a periodic function, or a stationary, ergodic process. In
both cases the intensity is positive and bounded away from 0 and infinity, so
that the dynamics is well defined. The solution of this equation describes the
equilibrium state of a system, in which energy is supplied by the source, and is
diffused and dissipated by the Laplacian and the nonlinearity, respectively. Our
goal is to understand how the nonlinear dynamics transfer the perturbation from
the origin to infinity. In particular, we study the asymptotics of the equilibrium
state u(-, x), as = tends to infinity, and we prove that it is asymptotic to a steady
state solution of the same equation, corresponding to an averaged constant
intensity \.. We are also interested in studying the speed of the convergence,

as well as the fluctuations around the limit.
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Chapter 1

Introduction

We study the semilinear parabolic equation
Up = Ugy — u” + A(t) So(), reR, t R, (1.1)

driven by a source term A(t)dy(z) at the origin. The intensity of the source is
considered to be either a periodic function, or a stationary ergodic process. In
both cases the intensity is positive and bounded away from 0 and infinity, so

that the dynamics is well defined.

Our attitude differs from that of standard PDE’s in two respects: first, we
do not specify the initial data, and second, time is allowed to take both negative
and postive values. This is because we want to study the equilibrium state of

the process described by equation (1.1).

The system is expected to reach the equilibrium through the following mech-
anisms. The source provides energy to the system, which is then diffused by the
diffusion term, and dissipated by the nonlinearity —u?. After sufficient mixing
time the system loses its memory, i.e. the effect of the initial condition disap-

pears. More precisely, consider the equation (1.1) in a time interval ¢ > 7, for

1



some 7 € R, and denote the solution of this initial value problem by u(™ (¢, z).
Then, as 7 — —oo, u™(t,z) converges to a function u(t, ), which satisfies
(1.1). Furthermore, it can be proved that, for any given A(-), this equation has
a unique solution, and this will also guarantee that u(¢, x) is a periodic function,

or a stationary process, according to the choice of A(-).

We want to analyse the asymptotic behaviour of u(¢,z) as + — oo for
arbitrary fixed ¢t € R. The motivation of this question comes from work on sev-
eral stochastically driven nonlinear PDEs, such as the Navier-Stokes, Ginzburg-
Landau, etc. (see, for example, [EH|, [EMS]). These are examples of infinite di-
mensional dynamical systems, which, when randomly perturbed, exhibit unique

ergodicity. In other words, they posess a unique invariant measure.

After establishing unique ergodicity one would like to be able to characterize
the invariant measure, but unfortunatelly there are almost no rigorous results
in this direction. Apart from being an interesting question on its own, charac-
terizing the invariant measure may also provide a better understanding of the

nonlinear dynamics.

Assuming periodic boundary conditions, the solution of the models men-

tioned above can be written in terms of Fourier series as

u(t,x) = Zun(t)e“”.

Substituting this expansion into the PDEs, we find that the coefficients w,,(t)
satisfy an infinite system of ODEs of the form

du,,

E = —yn2un + Fn<u1,u2, . ..), n € N.

The first term on the right hand side is the Fourier representation of the Lapla-

cian , while the second one is the Fourier representation of the nonlinear terms.



A random perturbation in the form of a finite dimensional white noise is then
added to the right side of the above equations, so that, for appropriatelly chosen

cut off N and o,, > 0, the equations take the form

dun
dt

dB,(t
= —Vn2un + Fn(ul, U, . . . ) + a"1|"§N6d7t()’

The noise is chosen to be finite dimensional in order to ensure that the pertur-
bation does not overwhelm the natural dynamics of the nonlinear PDEs. An
interesting question would then be to investigate the way in which the energy is
transferred from low to high modes. In particular one would like to understand
the asymptotic statistical properties, as n tends to infinity, of w,(-), for the

system in equilibrium.

The analogy between these problems and the one we are concerned with can

be seen from the following correspondences: n <+ x, —vn?u, < Uy, {F.} &

dBn(t)
dt

—u? and o, 1j,<n < A(t)do(z). In other words, we are interested to know
how a perturbation at zero is transferred to infinity by the nonlinear dynamics.
Because of the diffusive character of our equation, we expect the dynamics
to have some sort of averaging property; however, the nonlinearity makes it
difficult to see this explicitly. Our main focus will be to recover this averaging
and show that as x tends to infinity the solution u(¢,x) is asymptotic to a
time independent solution of (1.1), corresponding to a source with a constant

intensity \.. We will also be interested in studying the speed of this convergence,

as well as the fluctuations around the limit.

Finally let us mention that, although the motivation of our work was to
give an example of a perturbed nonlinear equation for which the role of the
nonlinearity can be studied in detail, the example we have chosen to study is

related to an interacting particle system model. More specifically, the equation



U = Ugy — u? appears to be describing the continuous limit of the density of
particles that perform independent random walks on the lattice Z!, and are
annihilated upon meeting each other (see for example [S]). Our case has the
extra feature that particles are born at the origin at a rate determined by A(+)

and our goal is to study the tails of the equilibrium density.

1.1 Description of the results

It will be convenient in our analysis to interpret the source term A(-)dy(z) as
a boundary condition. If we assume that the solution wu(t,z) is symmetric

around the origin, we can see that the corresponding boundary condition is

uy(t,0) = —3A(t), for t € R. So (1.1) is equivalent to the boundary value
problem
U = Upy — U, x>0,teR, (1.2)
1
uz(t,0) = —5)\(1&) : teR. (1.3)

The general assumption we will put on A(+) is that it is bounded away from
0 and infinity. In other words, we assume that there exist positive constants

A1, A\g such that
0< A <At) <A< o0 for every t € R. (1.4)

The fact that, for every A(-) satisfying this condition, there is a unique

solution to (1.2), (1.3) is proved in Chapter 2.

Let us now assume that A(-) is equal to a constant A\g. Then by uniqueness,



the solution to (1.2), (1.3) will be independent of time, and will satisfy the ODE

Upy — u> =0, x>0,
1

+(0) = ——.

u,(0) =~

6

The only physically relevant solution to this equation is given by u(x) = [CImEE

where the constant aq is equal to (i)\o)l/s . This is a steady state solution.

In the time dependent case the solution cannot be written explicitly. Nev-
ertheless, by a standard comparison principle it can be seen that it satisfies the
inequality

6
<u(t,z) <

2 ©>0,teR,
(r+aq)? —

(x + ag)?’
where the left hand side corresponds to the solution in the case of the lowest

particle input, A, and the right hand side corresponds to the case of the highest

particle input, As. This means that we can still write the solution in the form

6

M= G et

(1.5)
So now, the study of the asymptotics of u(t, x), as x goes to infinity, is reduced
to the study of the asymptotics of a(t, z).

To guess what the behaviour should be, let us first consider the linear Dirich-

let problem

Uy = Ugpg, x>0,1teR, (1.6)

u(t,0) = wp(t), teR. (1.7)

The solution to this problem can be written explicitly using functional integra-

tion. In particular if W, denotes the Wiener measure on the Brownian paths



B(s) starting from position z > 0, and 79 = inf{s > 0: S(s) = 0} denotes the

first hitting time of 0, then
u(t,r) = EVrug(t — ) = /uo(t — 1) Wy(7;0) dr,

where W,(s;0) is the density of the hitting time. Notice that this formula
represents the solution to (1.6) as an average over the boundary values. If we
assume that wug is periodic or stationary, then it is not difficult to see that as x
goes to infinity, u(¢, x) converges to a constant. In other words the dynamics
average the boundary data in such a way that for large = the system feels an

averaged, constant perturbation.

The situation is similar in the nonlinear case, with the difference that the
nonlinearity makes it impossible to see the averaging explicitly. However, we
still expect the mechanism to be the same, so that for large x the solution should

look like 6/(z + a.)?, where a, is a constant corresponding to some averaged

value of A(-).

In Chapter 2 we study the case of a periodic intensity A(-) and we prove that

for every t € R, a(t, z) converges to a constant value v, exponentially fast.

The method we follow is to prove a Harnack type inequality for u(t, z) along
the lines {(¢,x): t € R}. To make this more clear let us consider equation (1.2)
in the domain x > x¢, t € R, for some arbitrary xy > 0. If the situation was such
that % = 1, then this would correspond to the time independent case
and so «a(t,x) would be a constant. So one might expect that, if the situation
is such that % =1+ 0(6™) for some 0 < § < 1, then «(t, x) would also

be, up to some exponentially small error, equal to a constant. We make this

idea rigorous by the use of comparison principle, combined with probabilistic



ideas from the theory of Markov processes. Let us mention that the periodicity
is crucial, for it provides the uniformity, which is essential for the exponential

convergence.

In Chapter 4 we study the case of a stationary, ergodic intensity A,(-). We
assume that w is an element of a probability space (€2, F,P) and we will denote

the expectation with respect to P by E.

The solution wu,(-, ) of (1.1) will now be a random process indexed by the
space variable x, and the uniqueness of solution implies that it is also stationary

and ergodic. Clearly o, (-, z) is also a stationary and ergodic process.

We prove that for any fixed t € R, a, (¢, x) converges as = goes to infinity to
a constant ay, P —a.s.. This constant is independent of the time ¢, as well as w.
The fact that this is a Law of Large Numbers (LLN) type of result will become
more clear once we recover some form of the averaging. In order to achieve this
we look at the equation describing the dynamics of a,(t,z), which is deduced

from equation (1.2):

6 o 302
Qe 2% S0 teR (1.8)
T+ « T+ «

Oy = Olgy —

In Appendix B we prove the estimate [~ 2Ea2 dz < co, which implies that we

can consider the above dynamics as a perturbation of the linear dynamics

Qp = Qg — — O, z>0,teR.

8

If we denote by (), the measure corresponding to the process with generator

2 . . . .
L = % — ga%, then we can write the solution of the linear equation as an

average in a similar fashion as we did for (1.6) in the form
ay(t, ) = B9 a,(t — 74y, 1) = /&w(t — T;0) ¢z(T, xo) dT, (1.9)

7



where ¢,(+;xy) denotes the density of the distribution of the first hitting time
of level xy for the process (),. Since a LLN is easy to deduce for &, we prove
that the actual solution of (1.8) does not differ much from &. In particular we
manage to write a,(t,z), up to some error, in the form [ &,(t — 7)q.(7;20),
where &,(+) is a stationary process, which, though, also depends in the values
of a,,. Much effort is devoted in showing that this error is of order 1/x. The
reason we do this is that we want to reduce the study of the fluctuations of
@, (t,z) around the limit, to the ones for [&,(t — 7)¢,(7;z0) dr, since if one
assumes that the process ,(-) decorrelates fast enough, then it is not difficult
to see that the variance of [ &,(t —7)q.(T; o) dr decays like 1/2? (which implies

that the correct scaling for the study of the fluctuations is x).

In section 4.2 we prove a Central Limit Theorem for a,(t,z). In other
words, we prove that as x goes to infinity x(ay(t,x) — Ea,(t,x)) converges in
distribution to a Gaussian random variable. The convergence holds for any fixed
t € R and by stationarity the distribution of the limiting random variable is the
same for every t. Besides the assumption on A(:) that we imposed so far, we
also ask that the process A(-) decorrelates fast enough. In fact, we will assume
that the values of A(-) become independent, when considered at times that are
separated enough. In particular, we will suppose that there exists a number L,

such that

P(AB)-P(A)P(B) =0,
for any A € Ff°, G € F° .

In the above expression, F,J denotes the o-algebra generated by {\(s): s €

(o,7)}.



In order to prove the CLT we use the approximation mentioned above, and
we prove a CLT for the average [, &.(t—7)q.(7;20) dr. For this we investigate
the decay in 7 of the quantity E[(&,(0) — E[£,(0)[F7.])?]. In other words, we
try to examine how well can the process &, () be approximated by a stationary

process with short range correlations.

In Appendix A we describe the properties of the process @), (which is a Bessel
process) that are necessary to our approach. We also define two more related
processes, the Bessel Bridge and the Entrance Law, which are used to obtain
the representation for £,. In Appendix B we collect all the PDE estimates that

are necessary to carry out the perturbation arguments.

Finally, let us make a few of comments on the notation. By C we will
denote a generic constant, the exact value of which is irrelevant, and does not
depend on any of parameters of the quantities involved. The value of C' might
also change from line to line. || - ||z~ will stand for the supremum norm, when
the supremum is considered over all the possible parameters, inclunding the
randomness w. Whenever we would like to consider the supremum taken over
only a few of the parameters, we will indicate it by an argument next to L.
Last, let us mention that in several cases, when we need to apply the functional
integration as in (1.9), for example, we will be forced, for technical reasons that
we will mention, to choose the level x( large enough. Therefore, we will keep
the convention that the level xy that appears in the rest of the paper, has been

chosen so that all those technical criteria are satisfied.



Chapter 2

Existence Of The Dynamics

In this section we prove that there exists a unique bounded solution of the prob-
lem (1.1), that decays to zero as x tends to infinity. As we already mentioned,
we want to think of the solution as the equilibrium state of the system start-

ing from an arbitrary initial state ug(z). In order to do this, we consider the

problem
Up = Ugy — U ) z>0,t>T,
ug(t,0) = —1/2 A(t) t>T, (2.1)
u(r,x) = up(x) x> 0.

Since the system is driven by the source term A(t) dp(z) we can assume,
without loss of generality, that ug(z) = 0. It is easy to check that in this
case the functions u(t,z) = 0 and w(t,z) = 6/(x + ag)?, with @y such that
12/a3 > $A(t), t > 7, are respectively sub- and super-solutions for the problem
(2.1). Standard results (see [L], chpt 14) will then guarantee that there is a
unique, C2((7, 00) x R, solution of (2.1), which we denote by u(™. Moreover,

we have that 0 < u(™(t,7) < 6/(z + a)?, for x > 0,¢t > 7. We will show that

10



as 7 — —o0, ul™) converges to a C»?(R x R,) function u(t, ), which satisfies
(1.1). Furthermore, this is the unique solution, and 0 < u(t,z) < 6/(x + as)?.

More precisely, we have

Theorem 1 Consider equation (1.1), corresponding to a source term A(-), that
satisfies the bounds 0 < A\; < A(+) < Ay < 00, for some A1, \o. Then there exists
a unique positive and bounded solution u(t,x) of this equation, that decays to
zero, uniformly in time, as x tends to infinity. Moreover, if u(7)(t,z) denotes
the solution to problem (2.1), then u™)(t,z) converges pointwise to u(t,z), as

T — —00.

Proof : Let us denote by ¢(¢,x;s,y) with ¢ > s and z,y > 0, the Green’s

. 2 . .. .
function for the generator —% + % with Neumann boundary conditions, i.e.

o 1 (z —y)? (z +y)*
g(t,z;s,y) = m <exp (—m) + exp (_4(75 — ) )) )

and by g.(t, z;s,y) = e =) g(t, 2; 5, y), the Green’s function for the generator
—% + aa—jg — ¢, also with Neumann boundary conditions. We will consider ¢ to
be positive.

In order to guarantee that the integrals below are convergent, we add and
subtract from the right hand side of (2.1) the quantity cu. We can now use the

variation of constants formula to write for ¢ > 7,
1 t
Wta) = 5 [ N altais0)ds
t
* / (=) + cu)(s,y) gelt, 3 5,y) dyds. (2.2)
T R+

Let us note that the mapping 7 — u(™) (¢, x) is nonincreasing, for any arbitrary
t,z. Indeed, consider the solutions u(™), u(™) for 7 > 7. In the domain z >

0, t > 71, ul™) satisfies (2.1) with initial condition u(x) = 0, while in the same

11



domain u(™) satisfies the same problem, but with initial condition ug(z) =
u™) (1, 2) > 0. Hence, by comparison, it follows that for any ¢t > 7 > 7,
and x > 0, u™)(¢t,z) > u(™)(t,x). From this it follows that, as 7 — —o0,
w7 (t,z) converges to a bounded function u(t,z). Passing now to the limit,
T — —00, in (2.2) we see, by dominated convergence, that u(t, x) also satisfies
(2.2). Standard arguments now (see [L]) imply that u(¢,z) is a C1?(R x R)
function and it satisfies the equation u; = g, — u?, for any t € R, € R, , as
well as the boundary condition u,(t,0) = —1/2 A(¢), for t € R.

Regarding the uniqueness, let us notice that we need to prove that (1.1)
satisfies a maximum principle in terms of the data A(-). In order to do this we
will use functional integration to give a representation of the solution in terms
of this data.

Let W, denote the Wiener measure on continuous paths {4(t) : ¢ > 0}
starting from position z € R, and E"* the expectation with respect to this
measure. We will abuse the notation and use W, as the Brownian motion
speeded up by a factor of 2. This fits better to our setting, since the generator
of this process is 9?/9z%. For any o < oo, we can use the Feynman-Kac formula

to write the solution to (1.1) as

u(t,z) = BV / At —5)60(B(s)) e” J5 ut=rB(r))dr g4
0

B [t — o, o r ]

We can drop the exponential in the second term on the right hand side, to
dominate it by EW=[u(t — o, 3(c))]. Since u(t,z) decays to zero, uniformly in

time, as x tends to infinity, it is easy to see that, as 0 — oo, the last term tends

12



to zero. Thus, we obtain the expression,
U(t, .I‘) = EWx / )\(t — 5) 50(/8(5)) e~ I3 u(t—=rB(r)) drds.
0

Suppose, now, that wu(t,z) is also a solution to (1.1), corresponding to a

source term A(-). Subtracting the two equations we have that
(u—0) = (U —0)ge — (u+0)(u—2v) + (A1) = Xt)) do(z), teER,z€eR.

A similar computation as before shows that the difference u(t,z) — v(¢, x) can

be written as

ut.a)=o(t.2) = B [ (\(t-)=A(t-5)) o((s)) e K00 ler o irgs
0

From this expression, it is now clear that if A > ), then, pointwise, u > v.

Finally, if A = ), then u = v, which implies the uniqueness.

Remark 1: A direct consequence of the uniqueness is that any symmetry
of the boundary data A(-) transfers to the solution w. In particular, if A(+) is
periodic, then, for any = > 0, u(+, ) is also periodic, and if A(-) is a stationary,

ergodic process, then so is u(-, x).

Remark 2: From the construction of the solution it follows that 0 <
u(t,x) < 6/(z+az)?. The lower bound can be improved. If \; is the lower bound
of A(+), then we can compare the solution u, with the one corresponding to the
Neumann condition —3 ;. The solution to the last problem is 6/(z 4 a;)?, with

oy such that 12/a$ = 2 ;. This comparison yields that u(t,z) > 6/(z + oq)2.

13



Chapter 3

The Periodic Case

In this section we will study the case where the source term is a periodic funtion.
Moreover, we will assume that there are positive constants A\;, A9, such that
0 <A <A() < Ay < oo. We will prove that as x — oo there is exponential

convergence to a steady state solution. Specifically we will prove

Theorem 2 Let A(t) be a periodic function and let A\, Aa, be constants such
that 0 < A1 < A() < Ay < oo. Then there exists a number 0 < § < 1, a

positive constant C and a positive constant o, such that if u is the solution of:

Up = Ugy — U° , >0 teR, (3.1)
1
uz(0,t) = —5)\(15) , teR, (3.2)
then
u(t,x) — 0 < Co°
) (x + (]{*)2 —= 9

for any z > 0.

As it will be seen, this Theorem reduces to

14



Theorem 3 Let a(t,x) be defined from the solution u(t,z) of (3.1), (3.2), by
the relation u(t,r) = 6/(z + a(t,z))?, and assume the assumptions of Theorem
1 regarding \(t). Then there ezist a constant o, a number 0 < § < 1, a positive
constant C and a postive function f(x) of at most polynomial growth, such that

for any x > 0
la(t,x) — a.| < C f(z) 6"

The method we are using to prove Theorem 2 is a combination of the parabolic
comparison principle along with probabilistic techniques. In the following dis-
cussion we show how the proof of Theorem 2 reduces to the proof of Theorem

3, and we also point out the key point of its proof.

To begin with, let us denote by u(x) = sup__ ;- u(t,x) , and by u(z) =
inf_ o <i<to0 u(x,t). Notice that in the periodic case the above supremum and
infimum need only to be taken over one period interval and let us assume that

the period is 1. The function «a(¢, ) is given in terms of u(t, z) by the formula:

a(z,t) = 6 _ x
()
Denote, also, by
a(x) = %—xandg(x) = ﬁ — .

It is clear that u(t,z) < u(z) = 6/(x +a(x))? for any z,t and this bound
is optimal, in the sense that, since the supremum is taken over a finite interval,

there will be a t, such that equality holds.

15



On the other hand, suppose that we fix an arbitrary xy > 0, and let w solve

the boundary problem

wt:wl‘l‘_w27 foEO,tGRa

w(t, xg) = u(xo), teR.

By the comparison principle it is clear that u(t,z) < w(t, x), for any x > o, t €
R. Since the equation for w corresponds to the time homogeneous case, it can
be solved explicitly and yields that w(t,z) = 6/(x + a(xg))? , x > xo,t € R.

If we consider the two previous bounds for u evaluated at x = xo+ 1, and recall
that the first is optimal we get that 6/(xo+1+a(zo+1))? < 6/(zo+1+a(x))?,
and consenquently @(xg) < @(xg + 1) . In the same way we can get that
arg+ 1) < afw).

Moreover, by the definition, a(zg) < a(t, z9) < a(xp) and , thus, we have proved

the following monotonicity property:

a(zg) <alzg+1) <alt,zo+1) < alze+1) < a(xg).

Since, zg is arbitrary, Theorem 2 boils down to proving that a(x) —a(x) decays

exponentially fast, i.e. it boils down to proving Theorem 3. Finally, since

alr) = V6 u(xr) —ulx
) = A+ )

and u(x),u(x) have inverse power lower bounds, Theorem 3 will be established

once we prove that the difference @(x) — u(x) decays exponentially fast.

Let us denote by p(x) = u(z) — u(x). In order to get the exponential decay
we are are going to show that there is a constant 0 < § < 1, such that, for any
x> 0,p(x+1) < dp(x). The proof of this fact will be the subject of the rest of

this section. The method we follow to get this bound is probabilistic.

16



The first lemma shows that p(x) is a nonincreasing in x.

Lemma 1 If p is defined as above, and xq > 0 is arbitrary, then for any x > xg,

p(x) < p(zo).

Proof: For arbitrary ¢;,t, € R define the function
v(t,z) = u(ty +t,x) —u(ty + t, z).

Then, using the fact that u(t;+t, z) satisfies (3.1), v(¢, x) will satisfy the equation

ou(t,x)  0*v(t,x)
o = T — (Wt a) b ults +t2)u(t ).

Solve this equation in the region x > zo,t € R (for arbitrary x) with Dirichlet
boundary condition v(-,zg), on & = zo. Notice that, since v(zg,t) < u(xy) —
u(wo) = p(xo) and

0 0?
(57~ 7 + (ot 40 4 a4 1)) ) 20,

then, by comparison, p(z) is an upper solution for the above problem i.e.
v(z,t) < p(xg). Since ty,ty are arbitrary, it follows that p(z) < p(zo) for

T > T.

In what follows, we develop the probabilistic framework in which we are
going to work. After this framework is set, we work towards the proof of the

contraction property for p, through a series of lemmas.

As in the previous sections, let W, denote the Wiener measure on continuous
paths {#(t) : t > 0} starting from position x € R, and speeded by a factor of
2, and EV* the expectation with respect to this measure. Let also 7, = inf{t >

0: 5(t) =y}, be the hitting time of a level y > 0.
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Since the solution is smooth we can use the Feynman-Kac formula to write

it implicitly in the following way:

u(t,z) = EW> {u(t _ 7y, y) exp (— /0 Y-, 5<r))dr)] L (33)

This formula is valid for any y > 0, but we will be choosing y to be less than
x. This formula is implicit, since we don’t know a priori the values appearing
in the right hand side of (3.3). Nevertheless, this expression provides the main
tool to establish the exponential decay. In order to make more clear the way to

proceed, let us rewrite the formula in the following way:

foule [u(t 7, y) exp (— /0 Yt =, 5(r))dr)]
. [EW”” {u(t 7y, y) exp (- /0 u(t —r, B(T))dr) I, = s”
_ /Ooo u(t = 5,)g(s: £)ds
_ / " (s 0ot — s 1)ds. (3.4)

—00

where the measure ! g(s;t) ds, that appears in the above formula is equal to

B [exp (— /0 Yt =, ﬁ(r))d’r) 7, = 5] W,(r, eds),  (3.5)

and

Wy(r, € ds) = %exp(—

is the hitting time density for Brownian motion. Let us finally write g;(s) =

|z — y|?
4s

)ds,

g(t—s;t), and then write the representation of u as u(t, x) = ffoo u(s,y)gi(s)ds.
Having this representation, the proof of the main estimate will follow the lines

of proof of the exponential convergence to equilibrium of an irreducible Markov

lwe have made explicit the dependence on ¢, but suppressed the one on u,x and y
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chain on a compact state space (see [V]). In our case there is some extra
complexity, because of the fact that the density g;(s) depends on u. Also, the
total mass, [*_ g/(s)ds = E"= [exp (— [;" u(t — s,8(s))ds)], is not constant
in time. Let us denote the difference in masses between different times by
m(ty, ty) = f g1, (s f g1, (s)ds. For the rest of the section the densities

g+(s) and the mass difference m(ty, t2) will correspond to y = = — 1.

Lemma 2 For arbitrary 0 < ti,t; < 1,z > 0 we have that

u(ty, @) = ulty, x) < (u(z — 1) — u(r - 1))/1 guex (s)ds +u(x — 1) m(ty, t2),

where

gt1t2(5) = gt1(3) - th(S)’
I—l— = {5 € (_Ooatl) :gt1t2(5) > O}

Proof: Without loss of generality suppose that ¢; < t5. By the representation
(3.4) we have that

u(ty, ) —u(ty,x) = /1 u(s,x —1)gy, (s)ds — / 2 u(s,x —1)g,(s)ds

—00 —00

- /tl w(s,  — 1) gy, (s)ds — /tQ u(s,r — 1)gp,(s)ds

—00 t1

= / u<87 T = 1>gt1t2 <S)d8 + / u(s,az - 1)gt1t2<8>d8
I
" (—o0d1) \ 14

- [ utsw - Danteras

t1

< A1) /ugtth(s)dsw(x—l) [ aunlois

(_Oovtl)\l+

- [t~ Doy

t1
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Let us denote by I = (—o0,t;) \ I, and notice that

t1 to
Gun(s)ds = / g0 (s)ds — / gua(5)ds

(—00t) \ I+ - -

to
+ / gua(s)ds — / Grana(3)ds.
t1 Iy

Substitution gives us

u(tr o) —ulta) < (a(e—1) (o= 1) [ gun(s)ds

Iy

tulz — 1) / : i, (8)ds — / § (s, — 1) g, (s)ds

t1 t1

+ u(z —1)m(ty, ta),
and the result now follows by noticing that u(s,x —1) > u(x — 1)

Lemma 3 There exists a 0 < § < 1 such that:

Supogtl,tgg/ Gy, (8)ds < 0.
Ly

Proof: First, by the definition of g; and since the solution u is positive, we see

that

Also recall that

/I+ Gt (5)ds = / :gtl(s)ds— /l ) i, (8)ds — /1+ G, (5)ds.

This can be bounded above by

1= [ s | (o) (3.6)

- 1— / EWI |:67 fofx_l u(ty—mr,B(r)) dr | To1 =1t — S} WJ;(tl — 5T — 1) ds
I_

—/ EWe [e_ Jo ™t ultz=rB(r)) dr | 7oy =t — s} We(te — s;x — 1) ds.
It
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where W, (s;z — 1) is the density of the measure W, (7,_1 € ds). So, it suffices
to bound from below the sum of the two integrals by a positive number.

By the comparison principle, we know that there is a positive constant as,
such that u(t,z) < 6/(z + a9)?, for any x > 0 and ¢t € R (see Chapter 2). In
particular, since the Brownian motion in (3.6) lies on the right of the level x —1,
we have that u(t; —r, 8(r)) < 6/(z — 1 + a»)?, and, thus, the first integral is
bounded below by

7%(25178)
/ e (z—1l+ag) Wx(tl — ST — ].)ds
I
6
> / e_(x—1+a2)2(t1_s)Wm(t1 — s;x — 1)ds.
I-n(-2,-1)

and similarly for the second one. It can be checked that for any ¢ > 0,
e “W,(s;z — 1) is decreasing for s > 1, and since t1,t, € [0,1], we see that
the last integrand is bounded below by e~ '8/(x=1+e2)*[)7 (3. 22 — 1) > ¢, for some
positive €. In the same way we can bound the second integral in (3.6) from

below, and hence estimate their sum by
ell-N(=2,-1)|+ellyN(=2,-1)| >e.
Thus, we see that we can choose d to be 1 — .

Remark: Let us point out that from the proof of this lemma it follows that
the number § that appears here, as well as in Theorems 2, 3, does not depend on
A(+). In other words the exponential decay rate depends only on the dynamics

of the system.

Lemma 4 For the mass difference m(ty,ty) between arbitrary times 0 < ty,ty <

1, the following bound holds:

T+ oq

ty,t9) < In(————
m(ty, t2) < (x4 o) n<x—1+a1

) @z —1) —u(z - 1)),
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where oy s the constant that appears in Remark 2 of Chapter 2.

Proof: By (3.5) we have that m(t,t3) is equal to
wa[ex _ /Tzl B B W, B Tz—1 B
p( u(ty —r,B(r)) dr) ] = E™* [ exp( u(ty —r, B(r)) dr)]
0 0

< B[ exp(— / T w(B)) dr)] — BV exp(~ / T B0 dr))

Denote by f(z;r — 1) and f(z;x — 1), respectively, the functions that appear
in the last difference. We can replace x — 1 with an arbitrary xy and note that

f(z;20) and f(x;x0) solve, respectively, the equations:

and

with boundary condition on zo: f(xo;20) = f(x0;20) = 1. Subtract the equa-

tions to get that
or

(f=Pez—u(f—F+@—u) f=0.

Since the difference on the boundary is 0, we get by Feynman-Kac formula that

(4= Dtasan) = 8% | [ (@@= 07) (306) xn( [ u(stransas|.

By Lemma 1, this is

< a2 | [ Tty au) vl [ wtsonans]

< oas" | [ Foe)szaas].

0
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In order to bound the last quantity let us first get a bound for f. Again we can
use the comparison principle to bound u below as in Remark 2 of Chapter 2 |

and get that

6

fla;zo) < B [exp(— /O o S

The right hand side of the above relation, which we denote by h(z;xg), solves

the equation: hg, — h =0, x > xy with boundary condition h(xg;zq) =

6
(z+a1)?
1. This equation can be solved and gives us h(x;x) = ((xo + a1)/(x + 1))

Thus,

" [ | T xo)dS] < B% [ |G

T+ oq
)
.To-'-Oél

= (20 + a1)*In(
where the last equality follows by solving the equation
Bog + ((m0 + 1) /(x 4+ a1))* = 0,
for x > xy and A(z) = 0. Setting now zy = = — 1 the result follows.
Proposition 1 For x large enough, there is a 0 < § < 1 such
p(z) <6 p(z—1).

Proof: The proof follows immediately by substitution of the estimates in
Lemma 3 and 4 into the estimate in Lemma 2, and noticing that w(z — 1) - (x +

a1)?In(((z + ag)/(z — 1 + az))?) goes to zero as x goes to infinity.
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Chapter 4

The Stationary Case

In this section we consider the case that the boundary data is a stationary
process {\,(t): t € R}. This means that there is a probability space (2, F,P),
such that A\, is a mapping from this space to the space of paths on R, and that
the time shift 6, acting on the space of paths as 0.\, (t) = Ag.,(t) = Au(—7+1)

preserves the distribution of A,,.

The solution of equation (1.1) will now be a random process u,(-, ) , indexed
by the space variable x. By the uniqueness of the solution, wu,(-,x) will be
stationary and ergodic under the time shift 6,.. Clearly, o (-, ) also inherits

the same properties.

We wish to study the asymptotics of u (-, x), or a,(-, z), as x — oo. In par-
ticular, we will prove the existence of an a.s. limit o* (LLN) for a, (-, x), which
by an easy Taylor expansion transfers to an almost sure asymptotic behaviour
for the original function w,/(-.x). These results are summarised in Theorems
4 and 5. The proof of Theorem 4 is essentially an application of the ergodic

theorem tailored for the nonlinear process a,(-, ). Though it provides no in-
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formation about the limit o*.

A different method provides an expression for the limit ( see Proposition 4).
This latter method is developed in order to study the fluctuations around the
limit point o*, which, after the appropriate scaling, are expected to be Gaussian.
In particular, this method reduces the study of the fluctuations of (-, z) to

those of another quantity that is easier to analyse.

In the second section we analyse the quantity that we mentioned above and
we prove that the Central Limit Theorem (CLT) is valid for a,(t,z). In other
words we prove that, as x tends to infinity, z(a, (¢, ) — Eay (¢, )) converges in

distribution to a Gaussian random variable, independent of ¢ € R.

4.1 Law of Large Numbers & Approximation

To begin with let us write the equation that a,(t,z) satisfies. Recalling the
relation u,(t, ) = 6/(x + a,(t, ))?, the equation is easily derived from the one

for v and is

6 o 302
O = Olyy — Qw _ ax, r>0,t€eR. (4.1)
T+ « T+ «

The exact boundary condition that a(t, z) satisfies on z = 0 will be irrelevant for
our purposes, but whenever it is necessary we will consider it to be Dirichlet. By
this we mean that we will consider «(t, z) to be equal to some function «(t,0),
on x = 0, which will also not be given explicitly, but on the other hand will

allow us to obtain represenations like the ones in the previous chapter.

Let us go one step further by adding and subtracting the term %aw in the
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last equation to bring it into the form

6 3a2 6 v,
O = Qg — — O + | — +
x alz+a) zxz+a

))a, z>0,teR. (4.2)

The reason we do this is that we want to think of the dynamics as a perturba-
tion of the linear dynamics oy = iz — g a,, since in this case the representation
EQ“aw(t — 70,0) for the solution, the Bessel process @, is defined in Section
A.1), in combination with the ergodic theorem provides the LLN. Furthermore
in this case, assuming that the correlations of the process «(+,0) decay fast

enough, Gaussian fluctuations are not difficult to obtain.

In the sequel we will try to obtain an expression for a,(f,z) in a similar
manner as in Chapter 2. In this section when using functional integration, we
will be dealing with several time dependent diffusions and it will be convenient
to consider them going forward in time instead of backwards. In order to achieve
this we define a,(t,x) to be equal to ay,(—t,x). It is easy to see that the new
function satisfies the equation

3a? 6 a,

r+a) z(z+a

6
at+am——ax+<— )azO, x>0,teR. (4.3)
x a( )

In the rest of the section we will study this equation. Let us point out that, be-
sides notational covenience, nothing really changes, since the results for a,(t, z)
directly transfer to ay (¢, x). Moreover the estimates of Appendix B, which are

the basis of our analysis, read exactly the same for a, (¢, x) as for a,(t, z).

Let us introduce the notation:

3a? 6 a,

a(z + a) +a:(:c+a)’

Culo,T) = /Tcw(s,:c(s))ds, (4.4)

c(t,z) = —
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As before we will use functional integration to linearize the equation. Because
of stationarity it will be enough and more convenient to consider the solution
evaluated at ¢ = 0. Let us now choose and fix xy > 0 appropriatelly large, and

use Feynman-Kac formula to write a, (0, z) as

00 0,2) = B [0y, 30)e&00)] (4.5)

The fact that the quantity in the left hand side is well defined, and thus the

representation is valid, is justified by the following proposition

Proposition 2 For any zo > 0 large enough and any y > xy, the following
bound holds

sup sup B9 [eC“(Ty’Tzo)} < 00. (4.6)

w x>y

Proof: By writing out the form of (,(7,,7,,) as this is given in (4.4) we

have that
i T 3a? 6a
EQI Cw(TvaI ) — EQI / 0 _ r d
e o] exp ( (IL‘+(Z)+I‘(ZE+(I)) 5
= B9 |exp —(a, — g)2 + __sa ds
(x + a) Yo % (x + a)

exp( / W)ds)]
o fo [ )]

where, as usual, the integrand is evaluated over the path (s, z(s)). By Khasmin-

skii’s lemma (see Lemma (13) the last expectation will be uniformly bounded,

as long as we have the uniform estimate

sup F9% [/OTZO = 3a(s,x(5()) s

Tr>x0




But by Proposition 18, since a is uniformly bounded away from zero and infinity;,

this is true as long as we choose and fix xy large enough.

We are now ready to give the proof of the LLN.

Theorem 4 Let \,(t) be a stationary, ergodic process defined on a probability
space (Q, F,P), satisfying the same bounds as in Theorem 2 . Let a(t,x)
be defined from the solution u,(t,z) of (3.1), (3.2) by the relation u(t,x) =

6/(x + au(t,x))% Then there exists a constant .. such that for each t € R

ay(t, r) — ay, Pa.s.asx — oc.

An immediate corollary of this Theorem is

Theorem 5 Let A\, (t) be a stationary, ergodic process defined on a probability
space (2, F,P), satisfying the same bounds as in Theorem 2. Then if u satisfies

(3.1), (3.2) there exists a positive constant .. such that for each t € R

6

(@ + o) (e, t) — CETAE

)| — 0, Pa.s., as x — oo.

Proof of Theorem 4 : It is enough to prove the result for a,(0,z). As
we mentioned the strategy we follow is to consider a,(0,z) as a perurbation
of E9ay(7,,, 7o), where x( is arbitrary, but such that Proposition 2 is valid.
Thus, we write the quantity a,(0,z) — E [a, (-, )] as :

(aw(O, x) — EQ”aw(Txo,xo)) + (EQIQW(TIO, z) — Eay (-, xo))

+ (Ea,(-,z9) — Ea,(-,z)). (4.7)

Now the steps towards the LLN are the following:
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Step 1: The perturbation e (70) turns out to be weak enough to guarantee
that

lim sup (aw((),x) - EQzaw<T$07 550)) = 0.

To— 00 T>x0

Step 2 Using the ergodic theorem we can prove that, as x — 0o, the second
term in the above expression converges to 0, P a.s..
Step 3 Using an energy estimate we can prove that, as * — oo, Ea,(-, x)

converges to a constant.

The LLN follows from these steps, if in the expression (4.7) we first take the

limit * — oo and then the limit zqg — oo.
Proof of Step 1: Using the representation of «,, as in (4.5), we have that

lay(0,z) — EQ”‘aw(Tm, xo)|

IN

E®* [ay(Ta, xo) e OT0) — 1]]

N

[ awllzee B [(e5O70) 1) [¢o(0, 72, ) ]
1/2

< laulz= E¥ [(ecw(O’TIO) + 1)2}

B [C2(0,7,)] 7
by Taylor’s expansion and the Cauchy-Schwarz inequality. The first expectation
is uniformly bounded by Proposition 2. Regarding the second term, we expand

(w(0,74,) as in (4.4) and then similar calculations as in Lemmas 5 and 6 will

show that lim,, .0 SUpP,+ (EQ“”HQJ(O, Tm0)|2])1/2 = 0.

Proof of Step 2: In this step we prove essentially an ergodic theorem for
the weighted average with weight equal the density ¢, (7;x9). More precisely,

we have

EQICLW(TmO,SL’O) = / (7, 20)q.(T; 20) dT
Ry

d T 1 T X9
= [ L] autraodr) Sa( 52y @
/d(/ au(r, 70) r)x2q1<x2 ) ar
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Integrating by parts, taking into account that a,(r,z) is bounded and that
¢(T;20) = O(172), as 7 — oo (see Appendix A), and making a change of

variables we get that the last quantity is equal to :

T ZB2’T
1 10T %o 1 . To
_F//CLW<T,J}O)CZT~Q1<?’;)CZT :_?//aw<rvx0)dr'Q1<7—,;)dT
Ry 0 £, 0

1'2’7'
]_ ’ Zo
=— /E/aw(r,xo)dr-qu(T;;)dT.
R, 0

By the ergodic theorem the inner average converges P — a.s. to Ea,(+, zo), as
x — 00, for every 7 > 0. The result now follows by the dominated convergence

theorem and the fact that — [;* 7 ¢{(7;0) dr = 1.

Proof of Step 3: Taking expectations with respect to w in equation (4.2)
and using the stationarity of a, we manage to eliminate the time dependence.

Thus, we see that Ea, (-, x) satisfies the equation

*Eay(,x)  60Ea,(, )

ox? T ox

+&(f)=0, T > Xg,

for any arbitrary xq > 0. On xg we can assign the natural boundary value

Ea, (-, xo). £(f) stands for Ef, with f(¢,x) = —i’ﬁ %. Proposition 18 in

Section A.1 allows us to write the solution of the last equation as

Bau() = [ (D) v (@A 9)7 = o) dy+ Balz0).

o

We will show that {Ea,(-, z)} is Cauchy. Indeed, for any 2’ > x > x

Tr>x0
we have that

’

Bauo) ~Ea()| < [ TN W) v @ A — (e A )| dy

IA
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IA

¥ T 3a2 6\aax\] 6
E T4 Yy Ay + (xAy)) dy
/x [y+a y(y+a) (@A) = nw))

¥ (3Ea2  6E|aa, _
g/( +3E ')-y6(<x’Ay>7+<xAy)7)dy

Y y?

x’ E
[ o)

z’ 1

Finally, Proposition 27 guarantees that the right hand side goes to 0, as

IA

IA

T —r OQ.

This finishes the proof of Theorem 4.

Theorem 4 does not give any information about the limit a*. Moreover,
the proof of it does not indicate a way to study the fluctuations around this
limit. In order to achieve this a more detailed analysis of the perturbation is
required. This will be the subject of the rest of the section. What we will try
to do is to write a,, as a sum of two terms, one of which is neglible in the limit,
after rescaling, and the other is an average over a stationary process. Thus, the
question of fluctuation reduces to the question of the decay of the correlations

for that process.

In order to proceed we need to modify the representation (4.5). First, let us

condition on the hitting time 7, to write (4.5) as
/ 0, 20) B9 [e640) g, (7 20) .
Ry

The Bessel Bridge Q7% is defined in Section A.2, as the Bessel process
starting at time O from position x and conditioned to hit level xy for the first
time at time 7. If the process starts from a time o different than 0, then we will

indicate it in the measure as Q7:7°.
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We would like to pin down the Bessel Bridge at a fixed point and let the point
( more precisely the time) that the process starts vary. We do this as follows:
First, notice that the uniqueness of the solution, implies that cy__,(—7+s,:) =
cu($,), for every s, once we have fixed an arbitrary 7. Recall that c,(s,-) is
defined in (4.4). The same holds for a,. Using this observation and shifting the

path z(-), 7 units down, we see that

T,T( 0,zq

EQ= [ecw(O,T)] — EQ_T,x[eCe,Tw(—T,O)]_ (4.8)

Finally, we obtain the following expression for a, (0, x)

0,zq

GJW(Oa l‘) = /R (lgiTw(O, "L‘O)EQ_T’x [ GCG_TW(iT,O)] Qx(T; l‘O) dr
+

- / ag, (0, 960)]5@2”2io [ore (T g, (=73 30) dr, (4.9)

where in the first line we also used the fact that a,(7,z0) = ag__,(0,20). The
second line follows from the first by the simple change of variables 7 := —7, and

we will prefer it since it is notationally more convenient.

Before proceeding we would like to explain the idea by giving a heuristic
argument.
Let us use the scaling property (A.4) in Section A.1 ; and make the change

of variables 7 := %7 in (4.9) so that
0,z
a,(0, ) = / a5 o0, 20) E%2r] 02270 g (7 —)dr. (4.10)

Disregard for the moment the shift 6,2., which will be taken care by the sta-

0,z0
27z

tionarity. In Section A.3 we see that, as ¢ — oo, @ = Q%™ for any
7 < 0, where the process Q%% ( defined also in section A.3) represents a

conditioned Bessel process starting from infinity . Moreover, by the energy
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estimate in Proposition 28 in Appendix B we expect that for any 7 < 0,
Co(227,0) ~ (,(—00,0), as * — oco. So we can expect that asymptotically,

as x — 00, (4.10) behaves like

/ 00,0,000,20) B [ 02,70 gy (7, 0

and by reversing the scaling and a change of variables, the last expression is
found to be equal to

0,
/ 0, w(0,00) B9 *[ Sore =00 g, (=7 20) dr. (4.11)

In this way we eliminate the dependence on x of the nonlinear term, and repre-
sent a, (0, x) as an average over the stationary process

agTw(O,xO)EQ&ZO[eCGTw(*OO’O)]. Moreover, as is also seen by Proposition 5 and
Proposition 6, the study of the fluctuation of a,(0,2) can be reduced to the

study of the decay of correlations of that process.

In order to carry out this program rigorously let us first add and subtract in

(4.9) the quantity [, ag,.(0, xO)EQ&IO[GCQTUJ(_"O’O)] 4. (—7;x0) d7, to write it as

0u(00) = [ a0.u(0.00) B [0 g, (1) dr
+ / aGTw(nyO) (EQ(T)’,D;O[GC@W(T,O)] o EQ&}”O [egew(—oo,o)D qx(_7§ fEO) dr.
R_

The main focus of this section will be to prove that

Proposition 3 The quantity

zE

)

/ aaTw(O, $0) <EQ2’,§0 [eCeTw(T,O)] . EQ(;’OIO [egeTw(—oo,O)D qm(—T; l‘o)dT

converges to 0, as x tends to infinity.
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Once Proposition 3 is established, it is easy to deduce the expression for the

limit of (0, z), as described in the next proposition.

Proposition 4 Let «, be the solution of (4.1). For any xo large enough, so

that the representation (4.5) is valid, we have that

a,(0,z) — E [Ozw((), xO)EQ&JIO[eCW(’O"’O)] , P—a.s.,asx— o0

Proof: By Proposition 3 it follows that the limit of a,(0,x) is the same
as the limit of [, ag,.(0, 20) EQ%" [ e60re(=20)] ¢ (—73 29) dr. The last integral,
though, is an average over the stationary process agy._, (0, :EO)EQ&ZO[GCGT“J(*OO’O)],
and the ergodic theorem, as this is applied in Step 2 in the proof of the LLN,
can be now used to show the a.s. convergence of this integral to

E |, (0, xO)EQ&JIO[e@(*O"’O)]] . Since a,, (0, x) is equal to (0, z), this completes

the proof.

Also, from Porposition 3 it follows that the study of the fluctuations of

a,,(0, ) can be reduced to the study of the fluctuations of

/ aeTW(O’ xO)EQgézo [ eCeTw(*oo,O)]qm(_T; xo) dr.

The last quantity has the advantage that is given as an explicit average over
the stationary process &,(7) = agTw(O,xo)EQ&’zo[ec“’fw(*oo’o)] , and thus reduces
the question to the decay of correlations of the latter. This is summarised in

the next two propositions.

Proposition 5 Let &,(7) = ag (0, 29) E9%[e%r(-=0] and assume that as
z — 00, z [ (&o(T) —E[6u(T)]) ¢u(—T;20) dT converges in distribution to a
random variable N'. Then x(a,(0,z) — E[ay(0,z)]) converges in distribution to

the same random variable N .
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The next proposition explains why we insist on the scaling of order x.

Proposition 6 Denote by Re¢(7) the correlation function of the process &,(T) =

ag..,(0, xO)EQ&’ZO [eSore(=000)] 4 e,

Re(7) = E[£(7) £u(0)] — E [&u(T)] E [£,(0)],

and assume that [ |Re(7)|dr < 0o. Then the variance of [, &u.(T) qu(—T; 20) dT

has the property that

22 E

(/R (€(1) — E[fm(T)])qg:(—T;:co)dr) 2] — /RRg(T) dr /R ¢ (=7:0) dr

Proof: By writing the square as a double integral, using the scaling property

of the density ¢, (7; o), and also making a simple change of variables we see that

2| ([ e - E[@(rﬂ)qx(—nxo)dT)Q] -
2 [ Re) [ o)l T drar

The rest follows by dominated convergence.

Before giving the proof of Proposition 3 we would like to make a few remarks

that will help to make the method more clear.

By stationarity we can disregard the shift 8., and also take into account the

boundedness of a,,, so the expression to be controled is
zE / ]E@Qiff [ (0] — FR= [ele (=220 | g (71 zg)dr. (4.12)
R_

In order to estimate it we could neglect, due to the energy estimate of

Proposition 28 in Appendix B , the contribution of the Q% paths in the time
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interval (—oo,7,), where 7, = inf{s < 0 : x(s) = x}, and then try to control

the difference

0,z(

EQQZiO [eCW(T7O)] _ EQOO [eCw(sz)]
Though, by the definition of Q%% see (A.11), this difference is equal to

EQE’;O [ecw (7‘,0)] _ / qx(_7—7 .Z'O)EQQ:?CO [GCOJ (’T,O)] dT,

and this, clearly, cannot be made small. In other words, the fact that the
marginals of Q%2 and Q%™ at the level x are singular, implies that we should
consider a level ex, 0 < ¢ < 1, before which the contributions of the paths of

both the processes can be neglected and also the difference

EQ?—:S;O [egw(Tsxyo)] _ EQg’oxO [GCw (Tsac70)]

[ riea) = gt (s ) B e Oar,

could be made small. Notice that the smaller ¢ is, the smaller this difference
can be made, but on the other hand the contribution of the paths in the interval
(—00, T.z) becomes more significant. A calculation shows that trying to balance
this competition by considering only one level, ex, is not enough to control the
difference when this is multiplied by = as in (4.12). To achieve this, a more

detailed analysis, considering a sequence of levels, needs to be made.

Proof of Proposition 3: Let us define the sequence z; = 2y, i = 1,--- , N,
with N chosen to be the largest integer such that 2Vxy < ez, for some 0 < ¢ < 1
fixed. Also define the sequence of stopping times 7,, = inf{s € R: z(s) = z;}.

Now, we can write the expectations as

0

EQ7° (0] = FOm°[¢be(r0) _ clulray 0]
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b B [le(ran ) eCulrey_1.0))

b B (bl 0) (e O]

+ EQE’;O [GC"J (Tay 70)] ,

and similarly,

B [ebe(-200)] = B [¢6e(=200) _ ou(rey 0]

0,z

+ EQoo [ec“’(Tpr) _ ec“’(TxN—l’O)]

0,zq

+ EQoo [eCw(ng,O) _ eCw(szO)]

+ EQ&’xO [egw (Tay ,0)].

Thus, (4.12) can be estimated by

i\f:/ E‘EQ(T)Z?O €8 (T2ir0) gl (i 1.,0)] (4.13)
i=1 -
_EORT b0 Celmein O] | g (— 75 g) d
" / E [B9[o ) — 6ol O] g, (~7;20) dr
R_
+ / E ‘EQ&’ZO 6w (=000) _ eCuman 0| g (—7: 20 )dT. (4.14)
R_

Each term in the first row in (4.13) can be now written as

/ (=m0 E| | (@0 () — & (m ) -

_ R_
,Engﬂ?Z |:€<“’(Tzi’0) _ ecw('rxi_lvo)] dTZ‘ ‘

qz(Ti—T5%i) qu;(—Ti5%0)
4z (—T;50)

and ¢20(ri; ;) =

Taking into account that ¢ (7;; ;) = 0

T,

¢, (—Ti;x0) and also passing the absolute value inside the second integral, we
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get that this is less than or equal to

2\ T _T;xi T; _Ti;x
/dTCJx(—T;%)/ 4 Ve (=) )

(=73 %0)
0,zq

- [raicn [ [z

E B, [Iefwwwm -~ e@(”i*l’o)@ dr;.

QJJi(_Tia :L‘O) :

Using Fubini’s Theorem we can write this as

/ dTi Q$i(_7—i;x0) ' EEQ%%& |:|e<w(7xi 0 GCW(TIFPOH] ’

[ et = i) = (=) dr.
R_
Proposition 17 in Section A.1 provides the estimate

X Ti
[ 1aatss = 7i2) = (=)l < (2 + L,

for some positive constants c1, co. So what we need to estimate is
X 2 0,z
" (_z) / G (=75 70) - EEO%% “6@(%,0) _ ecw(rz¢7170)|] dr;
T R_
1 0,z
+ CQ?/ G, (—Ti3 30) |7s| - EERA [|€<“(Tx“0) - BC“(T”‘“O)Q dr;
R_

Cl(%

1
)2'1}'—1‘02;'11‘@'

(4.15)

We will estimate the quantities I;, I[; separately in what follows, but for the

moment we will assume Proposition 8 below, which combines these estimates

to provide an estimate for the first line of (4.13). For the two remainder

we will use Proposition 9.
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Summarising we have that

- / ‘ B [ (0] _ Q%[ pGu(-o00]
R_

o0 12 o - 1/2
< Ce </ zEa? dz) +_x(/ zEaidz)
xo TN TN

Let now z go to infinity. Since z/xy tends to a constant (it depends on ¢), the

Qe (—T; x0)dT

second term vanishes, which implies that

lim sup :L’E/ ’EQQ:ZE”O [eCW(T’O)] — EQ&’IO [GCW(im’O)]’ Gz (—T; xo)dT
R_

T—00
o0 1/2
<Ce (/ zEa? dz) .
zo

Since £ was arbitrary we see, by letting ¢ — 0, that the left hand side is equal

to 0, and this finishes the proof.

Estimate on I;.

First, notice that (,(7,,0) — (u(72,_,,0) = Cu(Tu;, Tu;_,)- Using Taylor’s
expansion we can estimate I; by

0,z
/ Go, (=7 20)E - B9 [|6C“(T”‘“O) + el 0| |Cw(7xi,7xi_1)|} dr;.

Using Cauchy-Scwharz on E?%% we can bound this by

x 1/2
/ qa&i(_Ti; l‘o)E ) EQ%’% |:|e<w(7xi 0) + GCW(TIFI,O)P} / ’

) 1/2
'EQT”% UCw(Txia Txi_1)|2] dTia
and using Cauchy-Schwarz again we can bound it by

1/2
(/ 4o, (—73; 20) - EE9 [‘6““@1”0’+e<w<wl’°)|2] dﬂ') '

0.z 1/2
: (/ Q$z(_7—’lﬂ 'IO) : EEQT”Q! [|§UJ(TLL‘1‘7 T$i_1)|2j| dTZ) .
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If we use the stationarity, and shift the path z(-) forward, in other words
opposite to what we did to obtain (4.8), we see that the last quantity is equal
to

1/2

1/2
(EE% [\ewzm@) +e<w<m_1,mo>\2]) (EE®= | . (4.16)

Ceo( Ty Tx¢71>|2])

The first term can be bounded uniformly as in the Proposition 2. In order to
control the second term in (4.16) we will use the energy estimate of Proposition

28 of Appendix B. In particular, writing out what (,(7,,, 72,_,) is, we have that
- 57\ 1/2

Tz, 2

21\ 1/2 Qu. -1 3ag
w(Tays Ts < | EE®" ——d
o 7e ) |

(5% |

- o7\ 1/2

+ |EE% /H%ds
 a+a)

We will estimate each of the above terms seperately in the following lemmas:

Lemma 5 There is a positive constant C' such that

1/2
Ta;_q 30[2 2
/ — T s
.. al@z+a)

EEQw

< (/ zEa? dz) :
Ti-1 Ti—1

Proof: By the positivity of a it will be enough to estimate

2 1/2
Tw,_q 2
[ et
- (s)

Now, as in the proof of Khasminskii’s lemma, we will write the square of the

EEQ«i

integral as a double integral i.e.

QEEQIZ /Tul /Tzil ai(sl,l‘()sl)) a§($2,$(32)) dSl dS2
0 (s1

x(s2)
Twi_1 Toi_1 2
— 2EEQ%/ d$1 (517 (Sl))Esz |:/ (I$(S2,.§U(S2)> d82|f81
0 z(s1) o (s2)
Tao;_q Te;_1 42
— QEEQzl/ dSlM EQz(sl)/ all?(Sl + 8273:(82)) dSQ.
0 (s1) 0 (s2)
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By Proposition 25 this is less or equal to

Tei_q 2 Tei_q
CEE / ds, 2280 251) po., / a 7
0 (s1) o (2(s2))

and by Proposition 18 this is equal to

Toi_q a’(s (s * dy _
CEE% / s, E 1)) / Sy ((a(s1) Ay)" = 2ly)
0 x

l‘(Sl) i1 Y
Tei_q 2
< c EEQ%/ ‘ ax<817x<81)) d$1
Ti-1 0 z(s1)
C © | 2¢(. C o0
_ / Eaz (-, 2) 278 (s A 2)7 — 1’17_1) dz < 2—/ zEa? dz.
Ti—1 Ti—1 z xi_l Ti—1

This completes the proof.

Lemma 6 There is a positive constant C such that

57\ 1/2
Tei_q 6 a,
EEQ= / 2% s
)

o 1/2
< ¢ (/ z Ea? dz) .
Li—1 i1

Proof: Once again we will write the square as a double integral

Tw;_q Tzj_q

Qs 6az(s1,z(s1)) _ 6a,(s2,z(s2)) o ds
2EFE O/ !x(81)( dsy ds,.

z(s1) +a(s1, 2(s1))) 2(s2)(@(s2) + alsz, x(s2)))
We can now pass the E inside the integral, use the positivity of @ to bound the
denominators below, the Cauchy-Schwarz inequality and the same conditioning

trick as in the previous lemma, to obtain the bound

C( wp FO- / E[a} (-, #(s))]"/* d)

r22i-1 (z(s))?

In terms of the Green’s function this reduces to

(Sup / TG A e (a7l dz)2

T>Ti—1 Ti_1 22
© W[a2(. 1/2 2
< ([ EECAE )
Ti—1 Z
1 & 9
< = z Ea;, dz,
xi—l Ti_q
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where in the last inequality we used the Cauchy-Schwarz inequality . The result

now follows.

Proposition 7 There is a constant C' such that

1 0 1/2
I; <C (/ z Ea? dz) .
Li-1 x5

Proof: This follows immediatelly from Lemmas (5) and (6).

Estimate on I];.

We first use Taylor’s expansion in the difference |e(7i:0) — ¢S«(Tsimt)| and

0,z
then Cauchy-Schwarz on E97% to get that

I 2 B[ gu(omian) fnl B [ 4 O ) d
R_
@ 1/2
< B[ qu(omim) [l B 00 4 o]
R_

0,z
'EQTN%[ Cw<7-l“¢7 T$¢71)|2]1/2 dTi .

Furthermore, using Holder’s inequality with exponents (p,q,7) = (3,6,2) we

can bound this by

% xT
(/ qxi(_Ti; 1‘0) Tig dTZ) (/ Q$i(_7—i; xO) EEQ%QZ[

1
2

Cw(TJ»‘i » Ty ) |2]d7_l)

x 6
. (/ Qmi(_Ti;xO) -EEQQQ’% [|e<“(”i’0) + ecw(”i—lvo)|6] dTi)
R_

The second and the third term can be estimated as for I;, and yield a bound of

- 1/2
¢ ( [ zEa? dz) . Regarding the second term, the scaling shows that it

Ti—1 Ti—1

is equal to

1 Ti X9 1/3 Zo 1/3
(/ a5 )T de‘) = (/ (ri; =7} dﬂ)
Ry T Ty X R, T



The tail decay of ¢ (7;; xo/x;) guarantees that the integral is uniformly bounded.

Hence, putting all the bounds together we get that

C 0 1/2
II; < 2 (/ 2Ea? dz) .
Ti-1 i1

The following Proposition brings together the estimates on I; and I1; to give a

bound of the first line in (4.13).

Proposition 8 The contribution of the summation in (4.13) is bounded by

C 0 1/2
~e ( / 2Ea? dz) .
T \Jao

Proof :Using the estimates on I; and I1; in (4.15), and also the fact that,
for any i > 1, [ 2Ea}d> < [ zEa}dz, , we can bound the sum in (4.13)
by

<
22

But N is chosen as the largest integer such that 2¥zy < ex, and this yields the

o 1/2 : :
[ 2Ea? dz) SV ;. The last sum is equal to S~ | 2'xg = (281 —2).
result.

The next proposition provides the estimate on the remainder terms in (4.13).

To prove it we need the two following lemmas.

Lemma 7 For any x > x,

IEEQ(;&’%0 [ecw(*‘x””)] < sup EE% [eCW(O’T’)]

y>w
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Proof: By Fatou’s lemma

IEEQ&’%0 [egw(_oo’”)] < liminf IEEQ&’DCO[GCW(T”’”)]

Yy—00

= liminf E/ Qy(_T; xO)EQE’,f/O [ecw(Tsz)] dr.
R_

Yy—00

As before, we shift the Bessel paths forward so that

—T,TQ

BT [eCe(mm)] = FQu[e80-—-«(™™)] " This fact, combined with stationarity,

shows that the last quantity is equal to

lim inf EE% [et=(07)]

Y—00

and the result follows.
Lemma 8 For any x > x, EEO=" € (=00, 7) |2 < SUp,~ EE®|(,(0,7,)|?

Proof: The proof is the same as for the previous lemma.

Proposition 9 The sum of the last two terms in (4.13) is bounded by

o0 1/2
< </ zEa? dz) .
N TN

Proof: The proof follows the same lines as in Fstimate I;, in combination
with Lemmas 7 and 8. Let us point out that the lemmas are only used to control

the second term of the remainder terms in (4.13).

4.2 Central Limit Theorem

In this section we study the fluctuations of the average [, &,(7) ¢u(—7;z0) dT,
as x goes to infinity, where £, is defined in Proposition 6. We prove that

z [u (1) = EE(T)) qu(—T;x0) d7, converges in distribution to a Gaussian
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random variable. By Proposition 5, this implies that x (o, (-, z) — Eay (-, z)),
also converges to the same Gaussian random variable; that is, the Central Limit
Theorem is valid.

We prove this result under the assumption that the values of the process
Aw(+) become independent, when considered at times that are far apart. More

specifically we suppose that there is a number L, such that

P(AB) — P(A)P(B) = 0,

for any A € Ff°, G € F°_. (A)

where F denotes the o-algebra generated by {A,(s): s € (o,7)}.
In order to prove the CLT, we write &,(7) in the form
&(r) = 3 (Bl&(n)IFI3 | — Eleu(n)|IF30 ) + Eleu(n)|1 74
k>1
Notice that, for any [ > 0, the CLT is valid for the first [ terms of the above

series. This is because

l

E[&(n)IF 3] =3 (BLeu(n)|F2 | - BLE(MIF 20 ) + Ele(n)IF ],

k=1
and the left hand side of the above formula is a stationary process with short
range correlations. One can refer to [HH], chapter 5, for the validity of the CLT

for such processes.

Let us denote by &, .(7) = E[& (T ) FTH2 ) — E[&,(7)|F7270 ). In order to

T—2k T—2k=1
show that the CLT is valid for the original process &,(+) , we need to check that

1
2

Z Gl (i) dr)*| =0 (4.17)

k>l

lim lim z E
=00 T—00

The next proposition gives a sufficient condition for the validity of (4.17).
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Proposition 10 (4.17) is valid if the integral [ T°E [(gw(o) — E[fw(())u:fT])z] dr

is finite, for some positive number J.

Proof: Using the triangle inequality, we can bound the expectation in rela-

tion (4.17) by

2

ZE[ ([ antr)tulriu) ] |

-2 (//EK“’“(T)&%(T/”qr(—ﬂﬂ?o) qg:<_7-/;x0>d7'd7—/>2

k>1

B Z(Q/E[fw,,{(ﬂ{wﬁ(o)] /Qr(_T—7";:60)qm(—T';xo)drdr’)é

k>l

= 23 (2 B 0n0)] [ -G~ ) —>d¢d7)%.

k>l

By assumption (A) we see that the last quantity is equal to

Z (2/0 E[fw,n(_T)gwﬁ(O)] /‘h( + 7'; %)Q1<7/;%)d7'd7'/> ,

k>1

NI

and by the stationarity of &, .(-), and the Cauchy-Schwarz inequality we can

bound the last quantity by

2k+14p
2 [ B, 0] e+ 1<T';@>d7da>
kzz;< /0 /q z T 1 T

< X (2 T 01

k>1

N

AN
Q
(]
NES
=
‘é\f‘r
ZN
to\»—A
Il
Q
[\]
ol
‘é\f‘r
B
[NTE ey
)
N~—
N~—
no
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NI

- oY 2o [(E[swmnﬂ;a—E[swm)lﬁ';?—ﬂ

k>l 2

cy 2 zi’% E [(gw(o) _ E[gw@)wzkll])z] :

k>l

IA

= C ) 2’“%1@{(swm)—E[@(@Vﬁ&]f]é

k>1—1
Since the quotient in the last summand forms a decreasing sequence, the last
series converges if and only if the series ), ﬁE [(fw (0) — E[gw(O)\]—“fk])?} 2 con-
verges, and, for the same reason, the series converges if the corresponding in-
tegral converges. Using the Cauchy-Schwarz inequality in the last integral, we
see that the convergence and, thus (4.17), are implied by the convergence of
the integral [7°E [(&,(O) — E[fw(O)\]:IT])Q} dr for some positive §, and this

completes the proof of the proposition.

In the first part of this section we investigate how well we can approximate
the solution of equation (1.1), by a solution of the same equation, but with data
A(-) , that agree with A\, (-) on some interval (—7,7) and otherwise is arbitrary,
but within the bounds A\;, Ay. We use some heat kernel estimates to control the

error of this approximation. This approximation is used in the second part, to

prove the validity of the condition in Propositon 10.
To begin with, let us denote by u(”) the solution of the problem

Uz(gT) — US—) _ (u(T))Q + (Aw@) 1|t\<'r + X(t) 1|t\>'r> 50(33), teR,zeR. (418)

€T

7 is considered to be positive. Notice that u(”) is measurable with respect to
the o-algebra generated by {A,(s): |s| < 7}, and this will suffice to transfer the

mixing assumptions on A, (-) to u(-, x), for finite x.
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To this end, subtract equation (4.18) from (1.1) to get the equation
(u=u) = (u—uT)e — (w+u) (u—u®) + (At) = A1) Lyjsr do(2).

Using the Feynman-Kac formula we have that, for any [t| < T,

[e.9]

ult, z) — (b, z) = BV / At —5) — At — ) 6o(B(s)) -

t+1
-exp{— / (u(t —r,z(r)) + u ) (t -7, x(r))) dr} ds.
0
By Remark 2 of Chapter 2 we have that u(t,z) + u7(t,x) > 12/(|z| + a1)?,

and this yields the bound

lu(t,2) —u@(t,2)| < JAC) = Al /H W [d0(B(s)) e W T ) ds,
(4.19)

moreover,

B [s(3(s)) € P (EIEY "] ds. (4.20)

To proceed further we need to estimate the decay in s of the above integrand.

To do so we will investigate the existence of moments of the heat kernel

p(s,z) = BV [50 ) exp{— / dr}}

52

of the process with generator 5= — V. V(r) equals ——, with a,b being

(\:BH )
positive constants, which in our case correspond to the values oy and 12 respec-

tively.

0" Momement.

Let us consider the equation

a2p(0)
or?

—Vpl® = —§y(2), z€R. (4.21)
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If the above equation admits a positive, bounded solution that decays at infinity,

then this would be equal to the 0""-moment, [ p(s,z)ds. It is easy to check that

©
the function p© (z) = (HCji)kb, satisfies these requirements, for k, = 7’1“2/@

. In the case that b = 12, it turns out that k;, = 3.

kb+1

and CIEO)

15* Moment.

Let us consider the equation

52p(
ox?

—VpW +p@ = —céy(x), xR, (4.22)

where c is a positive constant, that will be appropriatelly chosen. We will show
that if this equation admits a positive, bounded solution, that decays at infinity,
then this solution provides an upper bound for the first moment f sp(s,z)ds.

Indeed, such a solution will satisfy

P =B [ (35 e VI ds
0
+cEW””/ So(x(s)) e~ Jo VBN dr g
> / pO(B(s)) e~ fo VO dr g
0
— /OO ds /OO dr EWB(S 0(6(7,)) e~ Jo V(B()) dr’:| e Jo V(B(r")) dr!
0

0

- / / dr EV [50(5(7“ +s))e ISHSV(B(T/))WU%] e~ Jo VB dr'

0 0
r sz (B(r +s)) e~ Jo TVBEN }

/ ds/ d
= / ds / dr EWe 50(6(r))e—f5 V(ﬁ(r/))dr’}
0 s
/ r EWs [50(5(r))effo*vwr'))dr'] dr
0

= / rp(r,z)dr,
0

where in the third line we used the form of the 0 moment, as this was previously
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obtained, in the fourth line the Markov property and in the last Fubini’s theo-

,CIEO)

1 _ M . Q .
rem. We can now check that p™(z) = ———y, with O} = (I

(lz|+a)
positive, bounded solution of (4.22), as long as k, > 2 and (k,—2)(k,—1)—b < 0.

Both conditions are satisfied when b = 12.

Remark: The motivation to look at this equation comes from the fact that
the first moment, if it exists, will be the limit, as p — 0, of [ e *sp(s,z) ds.
The last integral is the derivative with respect to u of the Laplace transform of
p(s,x), and it can be easily checked that it satisfies the equation

32p(1)
0x?

—(u+V)p +p? =0.

The Dirac function on the right hand side of (4.22) appears because of the
(1)
singularity of the second derivative of (lefgw at 0, and the constant c is

chosen so that 82_(;)|$:0+ = —c/2.
Higher Moments

To establish existence of higher moments we look at the equation

0*p™
Ox?

where as before ¢, is an appropriatelly chosen constant. The existence of a
positive, bounded solution for this equation will guarantee that the n!” moment
of p(s,x) exists. The proof is by induction and follows exactly the same lines

as in the treatment of the first moment, and so we will skip it.

(n) _ A(n—1)
The function p™(z) = _ %" ith Cén) _ C,

= g = e satisfies

the above requirements as long as k, > 2n and (k, — 2n)(ky —2n+1) — b < 0.

The constant ¢,, is chosen so that 8’5—(;) 2=0 = —Cp/2. In the case that b = 12,

ki, = 3 the above conditions are satisfied for n < 3/2.
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In the proof of the main estimate of Proposition 10 we will need the fact
that the left hand side of (4.20) is integrable with respect to 7, and for this the

existence of the first moment is enough.

Proposition 11 Let u(7(t, ) be defined by (4.18), and o7 (t, x) be defined by

the formula o7 (t, z) = | /u(%(m) —x. Then for any x, the following estimates
hold true:

(1) / sup sup  |u,(t, x) — u"(t, z)| dr < oo,
R

T T
+ W —gst<g

(74) / sup sup |au(t,z) — a7 (t, z)| dr < co.
R

+ @ —gsisy
Proof : (i) follows from (4.20) (which is uniform in w) combined with the
existence of the first moment of the heat kernel, and (i¢) follows from (z) by
noting that
V6 (u(t, ) — u,(t, z))
Vot 2) et 2) (Vo (t 2) + /uD (¢, 7))

and that, for any fixed x, u(t,z) and u(7 (¢, ) are uniformly away from zero.

ay(t,x) — a(T)(t,x) =

We will now concentrate on proving the condition of Proposition 10. It is
not clear at first sight how we could estimate the decay of E[(&, — E[,|F™,])?]
via equation. (4.1). On the other hand we can use functional integration to
obtain L* estimates for the difference between two solutions of equation (4.1),
corresponding to two different Dirichlet boundary data a(-, z¢) and b(+, z), as in
Proposition 26, and then we could use Proposition 11 to measure the dependence
of &, on the o-algebra F7_. The connection between these two quantities is
established in Proposition 12, but in order to state it we need the following

construction:
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Let us consider on {(¢,0): ¢t € R} a stochastic process w, defined on a prob-
ability space (€, F,P), and let us denote the distribution of this process with
respect to P by p(dw). In our case w will correspond to the process A,(-)
and the measure p(dw) will be such that, for every measurable function F,
[ F(w)p(dw) = E[F(A\,())] (this is the reason why we use the same notation
for the probability space (€2, F,[P) as before). Finally we denote by FI the
o-algebra generated by {w(s): s € (0,7)}.

Let us now decompose w into two parts (w§,w]), where wi = {w(s): s €
(—27,27)} and w] = {w(s): s € (—27,27)°}, and consider the stochastic process

(wl,w],@7), the distribution p®? of which is defined by
W e, deoT, d5T) = ) pu( e ) (AT ).

In the above formula p(dwj) is the marginal distribution of wj with respect to
w, and p(dwi|wf) and p(do]| wl) are two copies of the conditional distribution
of w] given w.

Notice that, conditionally on wyj, the processes wi and @] are independent.
Moreover, the marginal distributions of (w],w]) and (w§,@]) are the same and

identical to p.

The importance of this construction in our case lies in the following Propo-

sition.

Proposition 12 Let E denote the expectation with respect to jp(dw) and E®? the
expectation with respect to p®*. Suppose that &(wy,w]) is a measurable function

with respect to F. Then

E| (¢~ EL¢lF7,)"] =

D2



Proof : The proof is given by a straightforward computation. More specif-
ically, by expanding the right hand side and using the preceding comments we

have that

E®? [(£(wg, w]) — £(wg. @]))°] = 2( / pldwg) / & (wg, w)p(dwi|dwp)
~ [t [ [ 605,00 €(u, ST AT du )l d] )
= 2( [ utdef) [ g D] lep)
— [ @) ([ et wDmtdaf)?)
— 2 [ taap) [(€.0D) - ([ ¢l wDuldef )
—  2E [(§(wh ) — EIEWR, «f)IFT )

and this completes the proof.

We are now heading towards the proof of the integrability of
T E[(&,(0) — £7(0))?], where we denote by

&o(s) =E [&(s)| FIEL] (4.24)

In order to achieve this, it will be necessary to obtain first an estimate of the
form

Eflaw(-;7) — Eay (-, 2)[] < —=, (4.25)

Sl

for some C' > 0. In fact, the L*™ estimates of Proposition 26 are marginally
insufficient to provide the required integrability, but on the other hand they are
enough to establish (4.25). Once this estimate is established we can combine it

with the L estimates to obtain the integrability.
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Proposition 13 Let £ denote the random variable £7(0) as this is defined in

(4.24), and suppose that there is a positive number 6, such that

d
[ B - ) i <o (4.26)

Then there is a positive constant C' such that

Eflay (- 7) = Bay (-, 2)|] <

50

Proof : By Proposition 3 we see that it suffices to show that

S

/fw 7) ¢u(—T; o) d7)?] %

where &,(7) denotes the centered random variable &, (1) — E&, (7). Following

the same steps as in Proposition 10 we have that
EK/ E.(7) qu(—T; 20) dr)?]2
=2 </ €] qac<—f’;scO>qgc<—T-Tf;agonwf)é
<2 (/ 7' qu(—7'; m0) - (/E[&L,H(T)g;ﬁ(o)]ZdT)% (/ qi(_T_T,;xO)dT)%)%

k

and by assumption (A) and the Cauchy-Schwarz inequality, this is bounded by

2

; ( / d7'qo(=7'320) - (2! + DE[ (&, 1(0))])? ( / ¢2(—7 — 7o) d¢>%)
< CYEIE 0 ([ tvat—ria) ([ 2tr — ) m?)
= R (farmrs D) (f r - Dyan?)

The result will be now implied as long as the last series converges. As in

N
[SIES

=

Proposition 10, we write the series in the form ), 2 23+/4 E[ (5;7,{(0))2]%, and
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we see that the convergence of this series is equivalent to the convergence of the

integral [ E[(&, — SL)Q]%%, and by the Cauchy-Schwarz inequality this will

T
w

be implied by the convergence of the integral [ E[(&, — ¢ )Q]T(ﬁif;w, for some

positive number ¢, and the result follows.

In the next lemma we use Proposition 12 and simple manipulations on &,

to bring the difference E[(, — £7)?] into a more neat form.

Lemma 9 Let a(-, ) = a(g wr)(-, @) and b(-, 1) = bz wr) (-, ) denote two solu-
tions of equation 4.3 corresponding to (possibly different) boundary data \,(-),
which we denote by w = (wj,w]), in accordance with the construction of Propo-
sition 12. Then there is a positive constant C, such that for r > 0 ( that will be

chosen to be small),

0,zq

E[(6 — €)% < CE®E

w

/0 la — b”Loo(BTI(S)(s,m(S))) s
o (z(s))?

+C E®2 [ ‘ a(O, .To) — b<07 .To) |2 ]

The set B,(t,x) is defined to be the set {(s,y) € R*: s € (t —r%t),y € (z —

r,x 471}
Proof : By Proposition 12 we have that E[(&, — £)%] = 1E®?[(£(wf, w])—
&(wy,@7))?]. Recall that &, = a(0, xO)Engo [e$«(=>0)], Then we have the bound
v 2
E[(&, - &)%) < E* [(| a(0, x0) = b(0, z0) | B9 [Sei=n | ) ]

+ES? [ (000, w0) B |JeSefen) — et \])2}
C E®? [\ a(0, ) — b(0, z0) |2}

* 2
+CE? {(EQ&O [lefiaen — efiien)| ) } |

IN
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where on the first term we used a similar estimate to that of Lemma 7 and
Proposition 2, and on the second term the boundedness of b(0, zy). Further, the

second term can be estimated by

0,20 T T T oT 2
E@Q [(EQ@ |:|€<(wo wi) —+ eC(wo wq)‘ . |<(w6,wi—) — C(wg,cbf)‘]) :|
0,20 .o - 0,z
S E®2 |:EQOO |:|6C(w0,w1) + GC(WO @71 ) |2] . EQOO [|C(w6,w1—) — g(wg,(bi—)|2j|i|

0,20
< CE®2 |:EQOO [‘C(w(’{,w{) - C(w(’;,&f)‘Q]} ; (427)

and after a simple manipulation

0 3a? 6a., 302 6b.
af

T ,,7) — T ST) — L - d
Cgwp) ~ S aD) /OO a+x) +x(:p+a) Jrb(b+ac) x(:p+b)] iy

- /;[(HS)Q&M) (H;bﬂ%‘%) (a=b)
3 (am+bm 2

_ — 2\ (ay = b,)ld
x+b b x)(% )]s,

where, as usual, the integrand is evaluated over the path (s,z(s)). Using the
estimates in Proposition 25 it is easy to see that the last quantity is bounded

by

0 ||a' - b|| o s.x(s
C/ L (Brzés)(7 ())) dS’
oo (z(s))

and the estimate we are after follows by inserting the previous quantity into

(4.27).
We will now use this Lemma to verify that condition (4.26) is valid.

Proposition 14 The estimate

d
[ B €0 i < o

holds true, for & sufficiently small.
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Proof : Inequality (4.20) implies that the integral corresponding to the
second term in Lemma 9 is finite.

Regarding the first term we multiply and divide the integrand with respect
to x by (1 + |s|)*, for some p > 1/2, and using the Cauchy-Schwarz inequality
we can bound it by

- 0|2
d 2 Qoo 0 2 ||a LOO<B1":C($)(57$(S)))
/R —0-0)/2 E°E /_OO(1+‘5D : @) ds | . (4.28)

By Fubini’s Theorem, we need to control [, - L la—0b|? ~( and

rz(s)(s7m(s)) )7
for this we will use the L estimate of Proposition 26.

First, following the notation of that Proposition, let us denote by 0(t,z) =
a(t,xz) — b(t,x), and let us introduce the level zf, = (1 — 2r)zo. Then, for any

7 > 0, coinciding with the one corresponding to the decomposition (wf,w]),

t € R, x> zgand ty, x1 € B,,(t,x), we have, by Proposition 26, that

=

10t 21) | < C (B9 [|0(ty + 70, 25) |])

=

< C (EQm U Oty + 7up, 20) |75 Ty € (—t1 — 7,11 + T)c] )

3=

+C (B9 (|0t + g, ) [P5 7ag € (—t1 — 7, —t1 + 7))

Cle (T$6 € (_tl —7T,—t + T)c) +C sSup |9(t,l‘6) |a

—7<t<71

IA

or,

10(t,21) > < CQ& (tag € (—t —7,—t1 +7)°) +C sup |6(t, zp) [*.

—7<t<T
The integral of the second term with respect to 7 can be controlled by inequality
(4.20) and Proposition 11. Regarding the integral of the first term, let us first

of all note that for any xi, t; € B, (t,x) we have that

Qa:l (Ta:{) > T — tl) < Q(1+r)m (Tx{) > T — tl) < Q(IJFT):B (T$6 > T — t) ’
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and

Quy (7'356 <—T — tl) < Qu-r) (Txg <—T — tl) < Qu-ry (—7'356 <—T —t+71? x2) .
In other words the supremum over z1,¢; € B, (, x) of each of the above two
quantities is achieved on a corner of the parabolic cube B, (t,z). Moreover,

the last inequality, when evaluated at x = x(, makes clear the reason why we
introduced the level xf.

We can now bound the integral fR+ a7z lla — I (Bras)(s,2(5) ) by
T o rz(s) $,T\s

C Q% ( > 7 — )L
ERED Tag = T 7= 5) 1=5)/2

2 dr
+C /R Qhials < T )

% T S dT
= ¢ R s <Tafi§> T )2 (56(8))2) T=0/

2
+0/ Q{’_T(ng p— i
R4

B TGEP )P ”2) o
= )™ [ ok (g > - o) 7o

+C (:c(s))1+5/ ; Tar < —7——" + 72 _dr
O U T Ge ) o

C(l‘(s))1+6/ Qr.. (7;2) > 7') dr
R4

1-0)/2

IN

S

R
re e [ ar

0

T < -7 — _° —+ r? 7d7—
e (x(s))? 7(1-9)/2
C (2(s))+ <1 -5 4 r2) ,

IN

2
where in the last line we used the fact that Q7. (7’ > 7') is integrable and
z(s)
2
that for (T;((E) < —7 — W

+ r2> < 1. Inserting this estimate into (4.28),
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we see that the latter is bounded by
QU0 (1+ |s])® s
CFE / 7(37( ol e e ))2 ds

> d
—C/ y/ (14 s])? (1——+T>qoo(s,y|0,xo)ds

The marginal density ¢oo(s,y |0, o) is computed in Proposition 22, and so the

last quantity is equal to

c / y5—g_/5 (y — 900)/ (1+ |S|)2“ <1 — ? + 7”2) qy(—s;;po) ds.

Now, using the scaling and a simple change of variable, we see that the last

quantity is controlled by

* d T
O [T Ay ) [ Ol Dy ds
€T y R+ y

0
This last integral is convergent, since p can be chosen to be arbitrarily close to

1/2 (but larger than 1/2), and q(s; %) = O(s~%?). This completes the proof.

Now, that we know that (4.25) is valid, we will use it to prove the main

estimate of Proposition 10. This is done in the following proposition.

Proposition 15 The estimate

/ T E[(&, — EE)? dr < oo,
R4
holds true, for ¢ sufficiently small.

Proof : Following the same steps as in the first part of the proof of Propo-

sition 14, it follows that what we need to control is the integral

0,7 la— b”2°°(3rz(s>(57x(s)))
/ JEa—— / 2 & ds| dr
[ _ =6)
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where p is chosen again to be an arbitrary number greater than 1/2. Further, we

estimate one power of ||a — b||ioo( ) by the L estimate of Proposition

Bmc(s)(svx(s)
26, and the other one using (4.25) so that

0,z
< /]R dr 70 B9 / sup Ha_bHLOO(Bm(S)(s,x(S)))'
+

R_ (w§,w],o1)
52

JE®2 [ |la — b||L°°(Brz(S)(s,m(s))) ] W ds. (4.29)

The term sup(z  rom) lla — b||Loo(Bm(S)(s’x(s))) can be controlled as in the
previous Proposition, using the L estimate of Proposition 26. To control the

term E®2 [ |la — bHLoo< ") ] , let us recall that a—b solves equation (B.4).

Bmc(s) (s7$(8

Standard parabolic PDE estimates (see for example [L], pg.120) guarantee that

C

) < m i |a(o,y) —b(o,y) | dody.  (4.30)
Fra\ 3

»(5:7)

||a - b”Loo(B'rz(s,lB

Recall, also, that under u®?, (wl,w]) and (wj,®7) have the same distribu-
tion, and thus E®?[a(s,z(s))] = E®?[b(s,2(s))] = E[a,(-,2(s))]. This, com-
bined with (4.25), implies that

E®2 [ |a(0ay) - b(O‘, y)” <2E Ha’w('ay) - an('aym <

S8

Since this is true for any o,y € Bs,,(s,x), (4.30) implies that

C
E® [lla = bllzoe(Bratsa)) ] < —=-

N7
for some positive constant C. Inserting this estimate into (4.29) we see that it

is bounded by

0,z |S|2'u
¢ /R_ i (w(s))13/2 /]R+ el ||L°°(Bm<s)(s7$(s>)) T

(wg wi @)
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and, as in Proposition 14, this is bounded by

]2 s

C B9 / ) B (1—W+r2) ds

R_
< dy s
= ¢ / Y O-15)/2 (y — 370)/R s <1 + 7 +'f’2) qy(s; T0) ds
o +

< d x
= C/ ﬁ(y—xo)y““/ s(1+5+17) qus; =) ds.
o y R+ y

The last integral is convergent, since p can be taken arbitrarily close to 1/2,

and ¢ sufficiently small.

We have now proved that the CLT is valid for oy, (-, ). In other words,

Theorem 6 Assume that the stationary, ergodic process A, (+) satisfies assump-
tion (A), and that there are constants A, Ao such that 0 < Ay < A(+) < Ag <
o0o. If ay(t,z) is defined from the solution of equation (1.1) by the relation
uy(t,z) = m, then for any fized t € R, z (a,(t,z) —Ea,(t,x)) con-
verges in distribution, as x tends to infinity, to a Gaussian random variable. By

stationarity, the distribution of the limiting random variable is independent of

t.

Remark : Let us mention that the cited proposition in [HH], regarding
the validity of the CLT for stationary processes with short range correlations ,
corresponds to standard averages of the form % fom (w(T) d7, while we are inter-
ested in averages of the form [ (,(7) ¢.(7)d7r ( {,() is a mean zero stationary
process and ¢, (7) a probability density). However, an inspection of the proof of
that proposition shows that the CLT is also valid when dealing with the latter
form of average. This is because the proof is based on constructing a martin-
gale approximation. That is, (,(7) is written in the form z(7) + n(7), where

2(7): 7 € R} is a martingale difference and, 7(7) is such that == [ n(7)dr is
n vz Jo
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negligible in the limit  — co. An inspection, now, of the CLT for martingales
shows that it is also valid for x [ z(7) ¢,(7) d7, as long as z* [ ¢2(7) dr converges
to a strictly positive number. On the other hand, an integration by parts, as in
the Step 2 of the proof of the LLN in section 4.1, shows that = [ n,(7) ¢.(7) dr

is negligible in the limit * — oo, if ﬁ Jy n(7)dr is so.
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Appendix A

Bessel Processes & Entrance

Laws.

A basic ingredient in our approach is the process with generator

P 60

= — > 0.
or? x0x’ v

We denote the measure corresponding to this process staring at time 0, from

position z > 0 by ),. This process is a particular case of a Bessel process, i.e.

process with generator

2 (w+1) 0
L_al’Q_'_ . %, x> 0.

Our case corresponds to v = —7/2. Bessel processes have been widely studied.
For an overview of their properties one can consult [BS]. This will also be our
main reference for this section. We will not give an extensive account of their
properties here, but rather concentrate on those in relation to our PDE. One
objective is to present the necessary background that will lead to the proof of

the estimate in Proposition 17. Furthermore, we will define and study the basic
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properties of two more processes that emerge from the Bessel process, and play
a central role in our approach. The first one is the Bessel process starting at
time o from position x and conditioned to first hit level xg at time 7. We will
slightly abuse the common terminology and call this process Bessel Bridge, and
we will denote it by Q73°. We will also suppress the index o whenever it is
equal to 0. The second one is the entrance law of a Bessel process starting at

infinity and conitioned to first hit xy at time 7. We will denote this process by

QT7‘TO
0o

A.1 Bessel Process

Starting with the Bessel process, let us first note the singular behaviour of it
regarding the boundary point 0, the nature of which depends on the parameter
v. In our case, v = —7/2, and in general for v < —1, 0 is an exit but a not
entrance boundary. This means that we can only start the diffusion at x > 0,
and run it until it hits 0, which happens with probability 1, and after that the

diffusion dies.

The transition density ¢ (t,z,y) of the Bessel process has been computed

and is

1 . % 4 92 TY\ o,
Cl/ E("L‘y) exp <_ At -[|V\ (E) 92 i 1xy>07 (A]-)

where I, are the modified Bessel functions of first order, and C,, is a constant.

For convenience we will drop the index v from the densities.

One thing that needs to be stressed is that Bessel processes possess the
same scaling properties as Brownian motion. This is immediatelly seen if v is

a positive integer, since then Bessel process is just the modulus of a (2v + 2)-
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dimensional Brownian motion. In the general case this can be also easily verified

via the generator.

A particularly important quantity for our problem, is the density of the
hitting time 7, of some level g, for the process starting at z, which we will
denote by ¢, (t; xg) (for convenience we will drop the sup-index = whenever it is
clear where the process starts from). Notice that for v < 0, the hitting time of

level zy < x is almost surely finite, and this is the case we will focus on.

The Laplace transform of this density can be easily computed and is

VK, (2v/\x)
25V I, (2v/ \xg)

(A.2)

where K, is the modified Bessel function of second order. On the other hand,
the inverse of this transform does not have a concrete expression in general.
An exception is the case when xg is 0. In this case the density can be written
explicitly and is

:L,2\1/| 2

xT
qx(t, O) = CVW exp (

—) t>0 (A.3)

where ¢, is a normalising constant.

The setting of our problem, though, requires some computations involving
q:(t; zo) for g # 0. In this case it will be first of all helpful to have in mind

that by scaling

wlti0) = 5 (55 ) (A1

22
This property reduces the estimates involving g¢.(t; x), with 0 < xy < z, to
estimates involving ¢ (t;zo), with 0 < o < 1. Moreover, we can express the

Fourier transform ¢, (k; o) of ¢1(¢; zo) in terms of the Fourier transform ¢, (x;0)

of ¢1(t;0) . To see this note that 75 = 7, + 75°. Then the strong Markov
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property implies that ¢;(k;0) = ¢1(k; z0) Gz, (k;0), and by scaling it is easy to
see that this is equal to ¢ (k; o) 41 (22 k; 0).

The distribution of 7§ is infinitely divisible. This is because , for any sequence

of levels 0 <y <--- <, <1, 7}, =7, +---+75". Since the Bessel process

€T
is not translation invariant, the random variables 7,7 =~ do not have the same
distribution but, nevertheless, they are independent, and this establishes the

infinite divisibility. The Lévy-Khintchine representation is

in0) = exp ([ ). (A5)

where the measure m(d\) is concentrated on the the interval (0, 00). The Lévy-

Khintchine representation has this special form, because the distribution ¢ (¢; 0)
is concentrated on the positive real numbers. Moreover the absence of the cen-
tering, ibk, in the expression is because inf{t: ¢;(¢;0) > 0} = 0. The positivity
of the density ¢;(¢;0) also guarantees that m(d\) assigns finite mass to finite
intervals (see [F], pg 570-572). What is more important to our approach is the
fact that the asymptotics of the tail of the measure m(d\) are related to the

asymptotics of the tail of the density ¢;(¢;0). More precisely,

Proposition 16 Let m(d\) be the Lévy measure of the Fourier transform of
¢1(t;0), as this is defined in (A.5). Then [ m(dX) is finite.

Proof: By (A.3) it is clear that E9! 7y is finite and it is equal to —i %L@:O
. But by inspection of formula (A.5) we see that —i th:o = ['m(d)), and

so the result follows.

Let us remark that, at first sight, this digression, regarding the Lévy-
Khintchine representation of ¢ (k;0), might seem redundant, since we have at

hand an explicit formula of it, as given in (A.2), up to replacing A with —iA. The
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reason we have chosen to do so, is that computations involving Bessel functions
are tedious, while the resource of the Lévy-Khintchine representation provides

a good simplification.

We now have the basic tools to prove the main estimate of Proposition 17.

First, we need the following two lemmas.

Lemma 10 Let x be any arbitrary number between 0 and 1/2. Moreover, let
¢1(t; ), q1(t;0) be defined as above, and ¢, (k;x), ¢1(k;0) denote their respective
Fourier transforms. Then there exists a positive constant C, such that

(5 2) — (5 0)|p <C ( %(@1(';@ —q1(550))[z2 + [qi(52) — @1('%0)|L2) :

Proof: Let us multiply and divide the difference by ¢ 4 1, and use Cauchy-
Schwarz inequality. The decay of the tails of the densities guarantees that the

right hand side of the following inequality is well defined:

i) m O = </ %)/ (/ (t 4+ 12101 2) — (80 dt)l/z

1/2
<o ([ Pl - aor o)
1/2
+0 ([ o) - aor? )
.. . . .
= Cllg(@2) = a0l + @l 2) = a5 0)e ),
where in the last step we used the fact that for a function f, |tf(t)| =
| (%f(/@)) “(t) |, in combination with Parseval’s identity.

Lemma 11 Following the notation of Lemma 10, there is a constant C' such

that for any 0 < x < 1/2



Proof: The identity ¢;(r;0) = ¢1(x; x) ¢1(2* k;0), and the triangle inequal-

ity imply that

o . . 0¢1(k;0) . _
&(91(/‘6;@—%(%%0)” < |laT(Q1($2k%0) 1)
X a . _
+ 1 a(s;0)5- (G1(2?K;0)71) |

By (A.5) it is easy to check that a%(cjl(/@; 0)! = =+i ([ e**m(dN)) ¢ (k;0)*.

This, along with the inequality

6@'12/@)\ -1 62‘:1:211)\ -1 . ) .
exp{i/—mw)} 1< /f m(dN)| |1+ du(aw: 0)],

A

yields the bound

/ m() dA / W#m(dm

2|k 0) 67 (@R 0) | / m(d\)

|1 (x;0) | |1+ ;' (27K;0)

< o m<dA>)2 (a(s50) |+ ]G5 ) )+ |G ) | [ mlan),

where in the last line we used again the identity ¢;(r;0) = ¢ (x; x) ¢1(2? &; 0).
Since m(dA\) is integrable, what we need in order to finish the proof is to check
that the L? norms of x| G(x;0) |, x| ¢1(k; ) | and | ¢1(k;z) | are finite. Parseval’s
identity takes care of the first quantity, since the L? norm of it equals the L?
norm of d¢(¢;0)/0t, and the result follows by (A.3). For the other two we will

use (A.2), where we replace A by —ik. Noting that

[7 (15 15 6
K7/2(Z) = ge (; + ; + ; -+ 1) ,

we have that

C(aye 1541524627 427
15 4+ 152z + 62222 + 23237

Gi(k;x) =€
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with 2 = v/2k (1 — ). Since 2 < 1/2, we see that |G (s;z)| has exponential
decay as k — oco. Also it is not hard to see that ¢;(x;z) has no pole of the
form 2k (1 — 4). In particular, if we denote by 2, 2, z3, the roots of the
polynomial 23 4 622 + 15z + 15, we see that no one of them lies on the contour
2z = /2K (1 — 1),k € R. The roots of the polynomial 2323 4 62%2% + 15xz + 15
will be of the form 2z} = z7'z;, for i = 1,2, 3, and this means that the distance of
the roots z; from the contour z = v/2k (1 — i), ks € R, increases as 2 — 0. Since
we are interested in the case that < 1/2 (and in particular in the case that
x — 0) we see that the denominator of ¢;(k;z), k € R, is uniformly bounded
away from 0.

This implies that x| §i(x;2) | and | ¢1(k; x) | have finite L? norms.

Lemma 12 Following the notation and the assumptions of Lemma 10, there is

a constant C' such that, for any x between 0 and 1/2
|G1(52) = Gu(+50)| 2 < Ca?,
Proof: The identity ¢i(x;0) = ¢1(k; ) ¢ (2% K;0) implies that
|G1(k; 2) = G1(5; 0)| = Ga(5; 0) | Gu(2w; 0)™F = 1],
The rest follows the steps of Lemma 11.

Proposition 17 For arbitrary 0 < 11 and 0 < zp < 1 < %x, there are con-

stants ¢y, co, such that

€ T
/ 0a(r = Ti31) = qu(mi2o)ldT < 4 (Z)7 + e ().

Proof: By the scaling property and a change of variables in the integral,

what we need to estimate is [ |q1(7 — 71 /2% 21/2) — qi (75 20/2)|dT. Further,
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add and subtract in the difference, the quantity ¢;(7;0), and use the triangle
inequality. Then the integral of the difference |q1(7;z0/x) — ¢1(7;0)] is directly
estimated by Lemmas (10), (11), and (12). For the integral of the difference
\qi (T —71/2%; 21 /2) — q1 (73 0)], the same method works after some small changes.
In particular, the only thing we need to note is that the Fourier transform of
(- — 7 /zz/x) is e TG (k;0) /G ((22k/2%; 0). The differentiation, as in

Lemma (11), of the exponential will give the extra term 7 /2.
We will finish this paragraph by computing the Green’s function for the
Bessel process —7/2 in a domain {(¢,x): x > zq > 0, t € R}.

Proposition 18 The Green’s funtion for the Bessel process —7/2, G(x,y; x¢) =
[ Qu(x(s) = y; Ty > ) ds, in a domain {(t,z): x > xo > 0, t € R} is equal to
y (@ AY)" = 20) Lysan)

Proof: Consider the boundary value problem
6
Uy — —Uy + f(x) =0, x> x0,t € R,
x
u(-, o) =0, t € R,

where f is an arbitrary bounded function. The solution of this problem has the

representation
w(lzx) = E% e x(s))ds
(@) | fate)
= [ 1) [Qulals) =yimy > 9 dsdy.

On the other hand the boundary value problem is an ODE which we can solve
and yields the solution ffo 2 [y f(y) dy.
The result now follows by using Fubini’s theorem in the last expression and

comparing with the first.
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A.2 Bessel Bridge

We will call Bessel Bridge Q73" the Bessel process starting at some time o at
some position z > 0 and conditioned to first hit o > 0 at time 7 > o.

The Bessel Bridge can be defined using Doob’s h-transform (see [BS]) , as
the Markov process in the time interval (o, 7) with marginal distribution at time

o, QU5 (z(o) € dy) = d,(dy) , and transition probabilities

o,x

Qy, (T — 123 20) (A.6)

g7 (T, Y te, y2) = Qyy (Tt — 1) = Yo; oy > ta — 1 ;
( )= Qu (alts — 1) = i ) e
where 0 < t; <ty < 7 and Qy, (x(t2 — t1) = Ya; 7wy > t2 — 1) is the transition

density for the Bessel process killed at .

82

The function (¢, ) — ¢.(t; zo) is harmonic for the generator —2 + 2

_639

z Oz’
in the domain = > xg,t € R, and twice the logarithmic derivative of it will give
the extra drift that needs to be added to the Bessel process, in order to produce

the Bessel Bridge. In summary, the generator of the Bessel Bridge is

0? 6 0 0
LT = — 4+ [ ——+4+2—10 T—1t19) | =, T >xg, 0<t<T.
Ox? < r Oz 84 0) Ox 0
(A.7)
Since ¢.(t;xo9) does not have a concrete expression, we cannot write a more
concrete formula for the generator, except when xy = 0, when the generator

takes the form:

0? 8 x—ux9)\ O
— - — — > <t<T. A8
8x2+(1’ T—t)&c’ ot ! (4.8)

We will denote by ¢7'7°(t1; 1) the density of the hitting time of the level x,
for the Bessel bridge. By the strong markov property it is easy to see that this

is equal to
Gx(t1 — 0521) oy (T — t1; 70)
(T — 0319)

(A.9)

71



A.3 Entrance Law

In the representation (4.11) of the limit of the solution to our PDE there appears
a functional with respect to a Bessel process starting at infinity and conditioned
to first hit level zq at time 0, which we denote by @%*. In the previous para-
graph we saw how to define a conditional process. The only ambiguity lies on
how to define the process starting at infinity. By this we mean that the process
starts at time —oo, and from position oo, too, in a way that will be made clear

in what follows.

In a situation like this, we cannot speak of initial distribution, but nev-
ertheless such a Markov process can be defined as long as we have at hand
marginal distributions p;(dz) and transition probabilities q(¢, z, y). If, for exam-
ple, we would like to write down the finite dimensional distributions Q(x(t;) €
Ay, - x(ty) € Ag) of such a process for times —oo < 1 < -+ <t < 0 these

would be

/ utl(d:pl)/ q(te — ty, x1,dxs) - - / q(ty — tp—1, Tp—1, dzy). (A.10)
Al A2 Ak

It is important, for the process to be well defined, that the marginals satisfy the
following consistency condition :

For every —oo < t; <ty <0

/,utl(dxl)/Aq(tQ—tl,xl,dxz) :/A,uh(dx).

This is easy to see by inspection of the form of the finite dimensional distribu-
tions in (A.10)
The family of marginals defined as above is called Entrance Law : we do not

know how the process starts, but the prescription of the marginals describes
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how it ’enters’. We will abuse the terminology again and call the whole process

Q%% entrance law.

In our case, the transition probabilities will be those of the Bessel process
conditioned to first hit zy at time 0, as defined in the previous paragraph.
For the marginals we will follow a slightly different approach than the one
described above. Instead of specifying how the process enters the horizontal
lines J; = {(t,x): x > x}, t <0, we will specify how it enters the vertical lines
T, = {(t,x): t < 0}, z > . In other words we think of the process starting
afresh at some random time 7., after it hits level z, instead of some random
position. This approach is more natural in our problem due to the geometry of
it, and leads to easier computations.

To be more specific, let us define the family of marginals {qe(¢; %)} poey =
{qe(—t;20) }asa, t < 0, where, as usual, ¢,(¢; o) is the density of the hitting
time of level zy for a Bessel process starting at x.For any 7 < 0, let G, denote
the o-algebra generated by {z(s): 7 < s < 0;2(0) = 2} and let us also denote
by G,> the o-algebra generated by U;<oGy~,, where as usual 7,,, = inf{s: z(s) =
zo}. Then for any set A, measurable with respect to G, >, we define

QQfO(A)E/ Goo (15 ) ?,’iO(A)dtZA @ (—t20) QU (A)dt.  (A.11)

The following proposition establishes the consistency of Q%%:

Proposition 19 For any levels x1, xo, such that xo > x1 > xo, and every set

A measurable with respect to gﬂ% the following s true:

/ Gon(—t: 70) QU0 (A) df = / 4o (—t: 20) Q20 (A) dt.
R_
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0,z0
t,xo

Proof: The strong Markov property of ();.° implies that we can write the

left hand side as

/ Gon(—t: 20) / L (t20) QU (A) dty dt.

Further, (A.9) and Fubini’s theorem imply that the above expression is equal

to

t1 —1; —11;
/ q$2(—t7l‘0)/ Q$2( 1 ;xl)qxl( 171‘0) 0,zo (A) dtl dt

Q$2(_tax0) o

— [ i) Q) [ gt~ b e
_ R_
= /qm(—t1§5€0) 0 (A)dty,
which is what we were after.

So far, we have introduced the entrance law in a formal, but unmotivated
manner. Next, we would like to explain how this emerges from the setting of
our problem.

Let ng’fo, t < 0, be a Bessel bridge. Our goal is to study what happens

0,z0

when x — oo. Because of the Brownian scaling, the particular case of Q5

, 0 < 0, should play a central role, and it might as well have a nice limit as
xr — oo. In fact, it turns out that the limit of this family of processes is the
process Q%7 that we described above. The following two propositions show

how to define the entrance laws through this procedure:

Proposition 20 For arbitrary o < 0 and xo < x1 < x, consider the family of

densities {q°5° (-;21) }asay, s defined in (A.9). Then, for everyt; <0,

20,2

. 0, . .
xh_{go me:fT(),x(t17 :L‘l) = Ql‘l(_th :L‘O)'
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Proof: By (A.9) and by the scaling property, we have

g0 (tii21) = ¢ (t1 — 2%0;21) Gy (—t1; 20)
sl 0 (20, )
a(% — 0 %) g, (—t1;20)

qi(—0o; ™)

Y

and the result now follows by continuity.

0,20

We now want to show that for any o < 0, Q32 = Q%*, as x — oo, where

the double arrow signifies weak convergence.

First, we need to put the measures onto the same measurable space, which
will be the space of continuous paths S = {z(t): —oo <t <0; z(0) = x¢}.
To do this, we need to extend the set of continuous paths C, = {z(t): 2?0 <
t <0; z(0) = zp, x(z%0) = x} to be equal to z, for t < z%0. Let us call this

extension C,. The o-algebras in these spaces are considered to be generated by

0,z0

the coordinate mappings. We can now extend the measure Q5

xonSsoasto

be concentrated on C,, and we have the following statement

Proposition 21 Let the family of measures {Qo’xo besaos 0 < 0, and Q%™ be

20,z

defined on the set of paths S as in (A.11). Then as x — oo
Q0,2:B0 = QO,mO.

Proof: By the definition of the weak convergence we need to show that for
any bounded, continuous function F on S, EQZ’;:’I [F] — JoLi [F], as © — oo.
By standard arguments it is enough to show this for bounded , continuous
functions F' measurable with respect F_ >, for arbitrary y > zo.

This follows from the previous proposition, since by the strong Markov prop-

erty, for any = > y > x,
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0,z @
BYF) = [ qbim, ) B P at,
and by Proposition 20 and the bounded convergence theorem this converges to

Jo @(—t;y) EQt v*[F] dt, which is equal to E9="°[F].

We will close this section by computing the density of the marginal of the

law Q%% at time s < 0.

Proposition 22 Let g (s,y|0,x¢) denote the density of the marginal of the
law Q%™ at time s < 0, that is qoo(s,y |0, 20) = Q%% (x(s) = y), y > zo. Then

Goo(8,Y 10, 20) = ¢ (y — 20) qy(—5; 70), (A.12)

where q,(—s;xo) is the density of the hitting time of level xo for the Bessel

process Qy, and ¢ is a normalizing constant.

Proof: The marginal ¢ (s,y |0, zo) must solve Kolmogorov’s forward equa-

tion
0 94
Os

together with the boundary conditions ¢ (s,zo|0,2z9) = 0, for s < 0, and

+(£97) g = 0,

000 (0,9 |0, 29) = 04, (y). By (A.7), the equation reads as

Do Qoo O 6 0
. + 57 Oy ((_§+28 log g,(—s; o)) q )—O (A.13)

We will seek a solution of the form ¢(y) g,(—s;zo). Plugging this function into

(A.13) we see that the equation reads as

0gy ¢,  60g, 6 @ 609 _
¢<38 gy Tyay )T " -0

where we write for brevity ¢,(—s;x¢) as g,. Since g, satisfies the equation

_Ogy N d%q, _69qy _ 0
Jds 0y*> ydy
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we see that ¢ must satisfy the equation

26 690 6
oy yoy @00 S

¢ needs to satisfy a boundary condition on xy. To find this notice that, to obtain
a probability density, we need to have that the integral f;: &(y) qy(—s; x0) dy is
constant in time, so that we can normalize. Differentiating with respect to s we
have that
o0 0 o0 0%q, 60¢q
0= "ot grat-sieay = ~ [ ot (G- 25 ) ay
o 9s™ o Oy* y Oy
dq
= (b('r())a—y”y:m(r

Equation (A.14), along with the boundary condition ¢(zy) = 0, has the solutions
d(y) =y — mo and ¢(y) = 2,° — 5, and since there should be no singularity
as xo goes to 0, ¢(y) must equal y — xo.

The fact that ¢oo(s,y |0, z9) = ¢ (y —x0)qy(—s; z0), where ¢ is now a normal-
izing constant, satisfies the correct boundary conditions on y = xy, s < 0 and on
s =0,y > z follows from the fact that ¢,,(—s;x¢) = 0 if s < 0 (regarding the
first condition) and from the fact that cf;: &(y)qy(—s; xo) dy = 1, for any s < 0
and that g,(—s;z9) — 0 exponentially fast as s — 0, when y # z, (regarding

the second condition).

Remark: The reason we chose to try a solution of (A.13) of the form
#(y)qy(—s; xo) is because, in the case that zy = 0, we can use formulae (A.1)
and (A.6) to compute g (s,y]0,0) by letting the initial position and time, x
and o, go to infinity in such a way that © ~ ¢2. An easy computation shows

that ¢oo(s,y]0,0) = % exp (%), which has the above form.
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Appendix B

Estimates

In this section we collect the estimates related to the decay of a, that are
necessary in order to treat the dynamics of our model as a perturbation of the
linear dynamics. The L estimates are considered to be uniform with respect to
all possible boundary data A(-). The main L estimate is the one in Proposition
23, which also allows us to obtain exponential estimates, as well as Proposition

25. The main energy estimate is the one in Propostion 28.

Proposition 23 If a(t,x) is a solution of equation (4.1), then for any xo > 0,

/”0 ay(t — s, x(s))
o x(s) +als, x(s))

Proof : Using the variation of constants formula, we can write the solution

Mel7e

EQz
sup 2370

r>x0,t

ds < || = + (B.1)

of equation (4.1) using equation (4.2) in the form

302 6o,

Tz
at,z) = E9= [a(t — Tyg, o)) + EQ= / (— z
0

_'_
r+a z(r+a)

) (t+s,2(s)) ds.
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Using that m‘z;‘ig) < x+2 +

ng(ﬁa) we get the bound

o [ 02-sa() e oo
E /0 (s)+a(t—5,:c(s))d < Bt = e, 20) (t2)

0. (t —s,2(s)) .
+ & 0/2x2 s) + ot — s, x(s)))d

Using the positivity of @ and Proposition 18 we can bound the last quantity
by

900 g [0 _ds 93
Jollie+ 5 llalfi 29 [ 25 < i + 2

The following lemma is called Khasminskii’s Lemma and it will play a central
role in most of our uniform estimates. The proof of it is by Taylor expansion

combined with the Markov property, see, for example, [D].

Lemma 13 Let f(x) be a positive function in R?, d > 1, and E, denote the
expectation with respect to an arbitrary diffusion starting from position x. Let,

also, T denote the exit time from an arbitrary domain, D C R®. If

supE/f ))ds =k < 1,

zeD

sup B, exo( [ FGete)as)] < 2

Remark : In our case the dimension is d = 2, space and time, the diffusion is

then,

the one with generator _E + 55— >35> and 7 is the exit time 7,,, from the

domain x > x.

As a corollary of the previous proposition and lemma we have
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s -1
Corollary 1 If we choose i > 0 such that p < (”O{HLOO + M) for arbi-

2x0

trary xo > 0, then

1 sup E% /% 2t 5, 2(5) ds < 1
r>x0,t 0 l‘(8)+&(t—8,$(8)) ’

and thus,

o (v s )] <

Corollary 2 Denote by Py, the measure corresponding to the diffusion with

generator L = g—; + (—g — (jj‘:’;)) 8%. If xg > 0 is large enough, then the
measures Py, and Q) restricted to the o-algebra F, —are mutually absolutely

continuous, and their Radon-Nikodym derivative is

AP, | . / 305 ey / 92z .
= eX - — - *r
Q. 7 Py 2@t a) 0o Aatar” )

where dT(s) = dx(s) + % ds.

Proof : The statement will follow as soon as we verify that the Girsanov

transformation is legitimate. For this it suffices to have that

Tzq 90[2
9 / % _4) < oo
exXp ( ; 4(3;‘ T a)Q S) (0.9)

But this quantity is bounded by E% exp (% OT””O G ds) ,and is clear that we

e

can choose x( large enough so that Corollary 1 is applicable.
Next, we prove the first pointwise estimate on «,(t, x).

Proposition 24 Under the assumptions of Theorem 1, there is a positive, con-

stant C' such that a.s. |a.(t,z)] < C, for any x > 0,t € R.
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Proof: The proof uses the maximum principle. Define

12

m(lJrax(t,x)).

w(t,x) = u.(t,z) = —

Differentiating the equation (3.1) with respect to x, we get that w solves the

Dirichlet problem

Wy = Wyy — 2uw, x> 0,t€R, (B.2)

w(t,0) = —%)\(t). (B.3)

Recalling that u satisfies the bound 6/(z + a1)? < u(t,x) < 6/(x + az)?, we
can show that there is a negative constant Cy, such that the function w(z) =

Cy/(x + ap)? is an upper solution for the problem (B.2). Indeed,

Wy — Wy + 200 = —Wyy + 20T

> Wayp + 12 w=20
—Wgy T Lo w=VU,
- (r + an)?

and on the boundary w(t,0) = Cy/a3 > sup,w(t,0), if Cy is appropriatelly
chosen. In the same way we can prove that w(z) = Cy/(x + a1)? is a lower
solution for the same problem, when C] is an appropriatelly chosen, negative

constant. Hence, we have the bound

12 C
(:c+a(t,:c))3(1+%(t’x)) = (z+c)3

for some constants positive ¢, C. From this the boundedness of a, follows im-

mediately.

This bound can be improved a lot when we are refering to a stationary
solution of equation (4.1), and z is large. In fact the next Proposition shows

that for large z, o, decays like %
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Proposition 25 Let «o(t,x) a stationary solution of equation (4.1) and let
B,.(t,x) denote the set {(s,y) € R*: s € (t —r*t),y € (x —r,x +1r)}. Then,
for any r > 0, there is a positive constant C', that depends on r, such that for

anyt € R and z > 0

C

| e | oo (Bay (t,2)) < = | o[ Lo (Baar (t.2))

Proof : It is easy to check that, for any k, the function a® (¢, z) = %a(k:zt, kx)
is also a solution of equation (4.1). Standard PDE estimates (see for example

[L], chap.3 ) show that
|| Ozik) ||Loo(BT(t7x)) S || Oz(k) ||Loo(32r(t’x)) fOI‘ any t - R,l‘ > O,

or,
2 1 2
| (K%, k), [ Lo (B, (1)) < EH (k™ k) || Lo By, (t.2))
which can be also written as

1
| || oo (B (k21 k) < EH [ oo By, (K28, k) -

The result now follows by choosing x to be equal to 1 and using the stationarity

of a(-,z) to replace k*t by an arbitrary ¢t € R

The next Proposition establishes an estimate on the pointwise difference be-
tween two solutions of equation (4.3) corresponding to two different Dirichlet
boundary conditions, in terms of the difference between the boundary condi-

tions.

Proposition 26 Let a(t,z) and b(t, z) be two solutions of equation (4.3) corre-

sponding to Dirichlet boundary conditions a(-, xq) and b(-, zo), on x = xo. Let us
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denote the difference between these solutions by 0(t,x). Then there is a positive

constant C', such that for p > 1, that depends on the level x,
0(t,2) | < C (B9 [|0(t + 7uy, 20) []) 7 -
The larger xq is, the closer to 1 can p be chosen.

Proof : The equation that (¢, x) satisfies is easily deduced from equation

(4.3) and is
6
O + 0.0 + <_E + ha(t, az)) 0, + ho(z)0 =0, (B.4)
where
b b b2
hy(t,x) = 6o 3(a+b) and  ho(t,x) = 06: + 30, :
z(z+a) r+a (r+a)(x+0b)

By Khasminskii’s Lemma and a similar calculation to that of Corollary 2,
we can use the Girsanov transformation and the Feynman-Kac formula to write

the solution to the equation (B.4) as
O(t, x) = B9 [0(t + 7oy, x0) exp (H(0,7,,))] ,

where

1.7 = enl; [ i) die) — 7 [ i) s

+/0 ho(s, 2(s)) ds ),

and dz(s) = dx(s) + x?s) ds.

Now, using Holder’s inequality with % + % = 1 we have that

Q=

16(t,2)] < (B9 [16(t + 720, 20) [P])7 - (B9 [exp (¢ H(0,72))])

The second term on the right hand side can be uniformly bounded if ¢ is chosen,

in terms of xg, so that Khasminskii’s Lemma is applicable. The same calculation
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as in Corollary 2 shows that ¢ can be chosen as large as we wish if x is also
chosen large enough. Thus, the larger x is, the closer to 1 we can choose p to

be.

Remark : This Proposition provides a way to measure the dependence of
a solution of equation (4.3) (or equivalently equation (4.1) ) on the Dirichlet
boundary values, at a level x = xy. In particular, we use this estimate in
the proofs of Propositions 14 and 15. There, we assume that xy is such that

p can be chosen sufficiently close to 1 in order to ensure the integrability of

4
Q1. (7‘ o > 7') with respect to 7.
z(s)

We now prove the first energy estimate.

Proposition 27 Under the assumptions of Theorem 4, the following estimate
holds
E / adr < oo.
0

Proof: Multiplying both sides of equation (4.1) by « and taking expectations,

yields

6 x
Elao,,] = E [ Lk axoz} )
T+«

Integrating both sides between two arbitrary positive numbers x;, o, we get

that
E/Qaidx = E[O[Oé:v‘iﬂ —E/26+3a$amadaj
- o Tt
< [Efontz)| +E [ |7 |
1 +
w1 L [ wrae s L [ 680 s
< }E[OZ%|HH+2E/M OémderzE/xl T o a’dz.
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Hence,
2

1
o’dx.

1 " 2 x 2
§E/ ofdr < |E [oa, [22] | + §E /xl

x1

6 + 3a,
T+«

The result is implied by the boundedness of o and «,, and the fact that x, zo

are arbitrary.

The main energy estimate we are after is given in the next proposition:

Proposition 28 Under the assumptions of Theorem 4, the following estimate
holds:
E/ raidr < +oo (B.5)
0

Proof: Once more, multiplying the equation (4.1) by zc, taking expecta-
tions on both sides and integrating between two arbitrary positive numbers we

have that

r2 26 + 3ay,
E/ T, dT = E/ +oa oo dr

- - T+ «

and integrating by parts

2

Z2
E [zaa,[??] —E/ aod —E/ ra’de

1 1

T2 T2
:6E/ ra amd:c+3E/ Y 2dy
o THo T+«

1

T2 2 2 x2
:6E/ aozxda:—6E/ a amd:c+3E/ Y 2de,

L , Tt o THo

or,

2 o

T2 2 T2
+6E/ c axd:c—?)E/ Y 2dy.

L T+ « L x + «

xo 7
E/ zaidr = E[zac,|??] — < Ela®[2?]
Z1

Now, set ;1 = 0 and let x5 be arbitrary. Then by Proposition 25 the

first term on the right hand side is uniformly bounded. Moreover, using the
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Cauchy-Schwartz inequality to bound the third term on the right hand side

e 1 1/2 v 4 o \12 .
by 6 <E fxl mdx) (E fml Q@ ozxdx> , and controlling the last term by

Proposition 27, we obtain the desired result.
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