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Problem formulation

Notation

Q) C R? - a polygonal domain; Q = U;K"; ﬂ‘

h > 0 — mesh parameter; p > 1 — polynomial degree;

u(x) = (u1(x), (x)), x=1(x1,x) € ; W

H (div,Q2) :=={u e H(Q2); divu e H" ()}, r > 0.
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h > 0 — mesh parameter; p > 1 — polynomial degree;

u(x) = (u1(x), (x)), x=1(x1,x) € ; W
H (div,Q2) :=={u e H(Q2); divu e H" ()}, r > 0.

The problem
Given u € H"(div, ©2) with r > 0, find v(x) = (v1(x), v»(x)) such that
— v1(Xx), wo(x) are piecewise polynomials of degree p,
— v e H(div, Q) = {v e L3(Q); divv € L?(Q)},
— u(x) ~v(x), i.e., [[u— VHH(diV’Q) —0 as h— 0 and/or p— .
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u(x) = (u1(x), (x)), x=1(x1,x) € ; W

H (div,Q2) :=={u e H(Q2); divu e H" ()}, r > 0.

The problem
Given u € H"(div, ©2) with r > 0, find v(x) = (v1(x), v»(x)) such that
— v1(Xx), wo(x) are piecewise polynomials of degree p,
— v e H(div, Q) = {v e L3(Q); divv € L?(Q)},
— u(x) ~v(x), i.e., [[u— VHH(diV’Q) —0 as h— 0 and/or p— .

Applications

x  Mixed finite element methods for elliptic problems

x FEM for Maxwell's equations in 2D (due to isomorphism of div and curl)
+ H(div)-conforming BEM for Maxwell’s equations in 3D
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Problem formulation
Reference element K: equilateral triangle T or unit square Q.
Polynomial space on K: the Raviart-Thomas space of order p > 1,
(Po—1(T)) 2 ®&xPp_y(T) if K=T,
P00 -

Pop-1(QR) X Pp_1,(Q) f K=Q.

The problem
Given u € H"(div, K) with r > 0, find u, € PET(K) and 6,(r) such that

1) u, is well-defined and stable (with respect to p) for any r > 0;

i) u, allows to construct H(div)-conforming approximations on a patch of
elements (e.g., u, interpolates normal components of u along 0K);

i) |ju— up||H(diV’ K) = 0p(r) ||“||Hr(div, K) and  6,(r) =0 as p— 0.

A. Bespalov * H(div)-conforming p-interpolation in two dimensions 3/14



Classical H(div)-conforming interpolation operator IM}'

Yu € H'(K) N H(div, K) the interpolant MX"u is defined by the conditions
(Pp—2(T))? f K=T,

Vve |
79;3—2,/3—1(62) X Pp—l,p—2(Q) If K=Q;

(u—=TRTu) - n,w)oe =0 VweP,_1(£) and V£ C OK.

(u—TRTu, v)gx =0

Error estimation for p-interpolation on the square @
[Suri '90], [Milner, Suri '92], [Stenberg, Suri '97], [Ainsworth, Pinchedez '02]

lu =5 ullyediv, @) = P~ Y2 ullyr v, @) © > 1/2
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lu =5 ullyediv, @) = P~ Y2 ullyr v, @) © > 1/2

Conclusions:
— lack of stability (with respect to p) for low-regular fields;
— optimal p-estimates can hardly be achieved;

— It 1s not clear how to deal with triangular elements.
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Projection-based H(div)-conforming interpolation operator M¢"

[Demkowicz, Babuska '03]

Vu € H"(K) N H(div, K) with r > 0, the interpolant M%Vu is defined as
MSYu =uy +ub +uf € P (K),

where

up = ». (fu : n) ¢, — the lowest order interpolant (¢, € PlRT(K)),
LCOK Ny

u5 — the sum of edge interpolants,

us — an interior interpolant (vector bubble function) satisfying
(div(u — (u; +u3 +uj)),divv)gx =0 Vv e PRO(K),

(u—(up +us+uf), curlp)ox =0 V¢ e PHK).
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Projection-based H(div)-conforming interpolation operator M¢"
[Demkowicz, Babuska '03]
Properties of the operator M9":

— 19" is well defined for any r > 0;

— It Is stable with respect to p for any r > O;

— it preserves polynomial vector fields from PET(K);

— 1t works equally well on both triangles and parallelograms;

— It can be easily generalised to allow variation of polynomial degrees;

— It makes de Rham diagram commute.
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Projection-based H(div)-conforming interpolation operator M¢"
[Demkowicz, Babuska '03]
Interpolation error estimation

If u e H (div, K) with 0 < r < 1, then there holds

||U — l_l([:jliquH(diV, K) S C(S) p—(r—g) ||uHHr(dIV, K)’ O<e<r.
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Projection-based H(div)-conforming interpolation operator M¢"
[Demkowicz, Babuska '03]
Interpolation error estimation

If u e H (div, K) with 0 < r < 1, then there holds

||U — l_l([:jliquH(diV, K) S C(E) p—(r—e) ||uHHr(dIV, K)’ O<e<r.

Orthogonal (Helmholtz) decomposition of u € H"(div, K):
u=ug + curl 1, (ug,curlp)ox =0 V¢ € HY(K).

Hence, one has limited regularity of ug and !
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Regular decompositions via Poincaré-type integral operators
[Costabel, Mclntosh '10]: regularized Poincaré integral operators
R: H 1K)~ H(K), r>0, div(RY) =19 VY € H (K);
A: H(K) = HTY(K), r>0, curl(Au) = u Yu € H'(div0, K).
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Regular decompositions via Poincaré-type integral operators

[Costabel, Mclntosh '10]: regularized Poincaré integral operators

R: H 1K)~ H(K), r>0, div(RY) =19 VY € H (K);

A: H(K) = HTY(K), r>0, curl(Au) = u Yu € H'(div0, K).
Lemma 1. Let u € H'(div, K), r > 0. Then there exist 9 € H"™(K) and

v € H1(K) such that u = curly + v. Moreover,

VIl iy = lldivallgroey and 19l gy 2 llullgrcy. (1)
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Regular decompositions via Poincaré-type integral operators
[Costabel, Mclntosh '10]: regularized Poincaré integral operators
R: HYK) = H(K), r>0, div(RY)=1v Yo e H(K):
A: H(K) = HTY(K), r>0, curl(Au) = u Yu € H'(div0, K).
Lemma 1. Let u € H'(div, K), r > 0. Then there exist 9 € H"™(K) and
v € H1(K) such that u = curly + v. Moreover,

Ml ey < ldvullrgey and 9l = Ml (D
Proof. 1) divue H'(K) = v := R(divu) € H"™(K) and

u=(u— R(divu)) + R(divu) = (u — R(divu)) + v.

2) u— R(divu) e H'(K), div(u— R(divu)) =divu—div(R(divu)) = 0.
3) ¥ = A(u— R(divu)) € H(K) and curlyy = u — R(divu). ]
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Optimal error estimation for H(div)-conforming p-interpolation

Theorem 1. Let u € H (div, K), r > 0. Then there holds

lu =¥ ullydiv, k) = P~ Ul (div, k)
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Optimal error estimation for H(div)-conforming p-interpolation

Theorem 1. Let u € H (div, K), r > 0. Then there holds
lu— 5" ullyaiv, k) = P ullgr v, k)

Immediate (and important) extensions

x Brezzi-Douglas-Marini space on the reference triangle
+ Optimal hp-estimates (by the Bramble-Hilbert argument and scaling)

lu — H(fj,'l\)/ u”H(diV, Q) = pmintr.py p~’ ||u||Hr(diV, Q)

+ H(curl)-conforming p-interpolation operator in 2D (due to isomorphism of
div and curl). Application: p- and hp-FEM for Maxwell's equations in 2D.
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Not so immediate (but also important) application: a priori error analysis
of the hp-BEM with quasi-uniform meshes for the EFIE

[ C R3 is a Lipschitz polyhedral surface,
u € X = H"(divr,T) solves the EFIE,
un, € Xpp is a discrete solution by Galerkin BEM (based on RT-elements).
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Not so immediate (but also important) application: a priori error analysis
of the hp-BEM with quasi-uniform meshes for the EFIE

[ C R3 is a Lipschitz polyhedral surface,
u € X = H"(divr,T) solves the EFIE,
un, € Xpp is a discrete solution by Galerkin BEM (based on RT-elements).
x The regularity of u is stated in terms of Sobolev spaces
!

_ di
lu—uppllx = flu—Papullx = 2 p~ Y2 [Ju = NG5 ullycgive, )

< h1/2—|—min{r,p} p—(r—|—1/2) ||“HHf_(divr, I_)' r>0,

where Py, : X — Xy, 1S the orthogonal projection w.r.t. the norm in X.
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Not so immediate (but also important) application: a priori error analysis
of the hp-BEM with quasi-uniform meshes for the EFIE

[ C R3 is a Lipschitz polyhedral surface,
u € X = H"(divr,T) solves the EFIE,
un, € Xpp is a discrete solution by Galerkin BEM (based on RT-elements).
x The regularity of u is stated in terms of Sobolev spaces
!

_ di
lu—uppllx = flu—Papullx = 2 p~ Y2 [Ju = NG5 ullycgive, )

< h1/2—|—min{r,p} p—(r—|—1/2) ||“HHf_(divr, I_)' r>0,

where Py, : X — Xy, 1S the orthogonal projection w.r.t. the norm in X.

x Singular behaviour of u is explicitly specified

B
Ju—unpllx = h*p>* (1+10g ),

where a corresponds to the strongest singularity, 5 € Ng, p Is large enough.
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Three-dimensional case

[Demkowicz, Buffa '05]:
H1-, H(curl)-, and H(div)-conforming p-interpolation operators in 3D

Main properties of these operators:

— well defined and stable with respect to p;

— make de Rham diagram commute;

— satisfy interpolation error estimates which are e- (or, log p-) suboptimal.
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[Demkowicz, Buffa '05]:
H1-, H(curl)-, and H(div)-conforming p-interpolation operators in 3D

Main properties of these operators:

— well defined and stable with respect to p;
— make de Rham diagram commute;
— satisfy interpolation error estimates which are e- (or, log p-) suboptimal.

Main difficulty: polynomial extensions from an edge £ to triangular face T
Given f € PQ(¢), find F € P,(T) such that:
) F=fon{ F =0o0n0dT\{

i) ||F||/_“/1/2(7—1 AT \£) < C(p) ||f||L2(£)'
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Three-dimensional case

[Demkowicz, Buffa '05]:
H1-, H(curl)-, and H(div)-conforming p-interpolation operators in 3D

Main properties of these operators:

— well defined and stable with respect to p;
— make de Rham diagram commute;
— satisfy interpolation error estimates which are e- (or, log p-) suboptimal.

Main difficulty: polynomial extensions from an edge £ to triangular face T

Given f € PQ(¢), find F € P,(T) such that:
) F=fon{ F =0o0n0dT\{

i) ||F||/_“/1/2(7—1 AT \£) < C(p) ||f||L2(£)'
[Heuer, Leydecker '08]:
C(p) =0 (Iogl/2 p) is the best available result to date, but it is not optimal!
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Proof of Theorem 1

Theorem 1. Let u € H (div, K), r > 0. Then there holds

lu =¥ ullydiv, k) = P~ Ul (div, K-
Proof. 1) Lemma 1: u=curly +v, 9 € H(K), ve HT{(K).
2) Hgi" u= I‘I‘gi"(curlw) — I_Igi"v = curI(I_I},w) - I_If',i"v.
3) u—Nu=curl(y) — M)+ (v — N9 v).
4) |lcurl(y — H}ﬂP)HH(div, K) = lleurl(y) — H};"P)HQ(K) =Y — |_|,13¢|/_/1(K)
=P bl g ey = P llullgr iy
5) v = M5 viiH(div, k)

<inf,, (||V —VollH(div, k) + 175 (v = vp) I (aiv, K))

e€(0,1) . _ .
= infy, (v = Vallpe iy + IV = Vo) 24y ) = info, IV = Vollige )
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Proof of Theorem 1

Theorem 1. Let u € H (div, K), r > 0. Then there holds

lu =¥ ullydiv, k) = P~ Ul (div, K-
Proof. 1) Lemma 1: u=curly +v, 9 € H(K), ve HT{(K).
2) Hgi" u= I‘I‘gi"(curlw) + I_Igi"v = curI(I_I},w) + I_If',i"v.
3) u—Nu=curl(y) — M)+ (v — N9 v).
4) |lcurl(y — H}ﬂP)HH(div, K) = lleurl(y) — M "P)HB(K) [ — T ¢|H1(K)
=P Wl g g0y = P lullrgcy-
5) ||V — |_|d| v||H(dIV K) Inf ||V Vp”Hl(K)
j ,D_r ||VHH1—|—r(K) o ,D_r Hle UHHr(K)
6) Combine 4) and 5), then use 3). ]
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Thank you for attention!
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