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A sound-soft scattering problem

Au+ku = 0 inC\Q
u = 0 onodQ2

BUS—ikus — o(r1/?

or
u;: Incident Wave

us: Scattered Field
u = u; + us: Full Field




Domain decomposition

» EENEj=0forall i#j

> Ui Ei=Qe

> [N O consists of two straight lines whose origin is the
corner at p;

» The intersection [';; = [; N[} is a connected analytic curve



Basis functions in E;

A

0

Close to corner with angle 7/a:
o
0) = Yjdaj(kr)sinaj6,y; € C
j=1
In E; define local approximation space

N;
Vi:={g: g(r,0) = ch j(kr)sinajf, ¢ € C}
j=1

’In E; approximate full field u‘




Approximating the solution towards infinity
On T choose absorbing boundary conditions.

» Simple approximation: @ —iku=20

» Hankel function expansion: u(r,0) ~ ZJN o GiH; H )(r 6)eli?
» Boundary Integral Equations

Here, use fundamental solutions:
I';: Closed analytic Jordan curve in Q¢

() = /r HO(Kx = yDgy)dy, x € 7

Ansatz: g(y) = Z ¢io(y —yj)

={g: gx ZCJ J(klx = y), ¢ €C}

In QF approximate scattered field s




A least-squares formulation

Def.: v e Vif v|g € V; and V‘Qg— € Ve

Define
=3 [ IS+ K e
f o~ V()12 2015 4+ vI(x)I2
+§/rmre’[v(umc+ )]( )| + k ‘[ 5 aF ]( )| ds
with

N Uine(x) x € QF
i) 1= { 7o) X

Least-Squares FEM [Sto98, MW99]

vis = argmin J(v)
veVv



Formulating the numerical least-squares problem

Choose quadrature points £, j = 1,..., m and corresponding
weights w;.
Define (A)U = gbj(g,‘), W = diag(wl, 000 ,wm), bj = f(fj)

/!Z@ 6))2de ~ x"AFWAx — 2Re{x" A" Wb} + b Wb

= |WH3(Ax — b)|3

Solving least-squares problem ||W/2(Ax — b)||» directly
numerically more stable than solving A” WAx = AP Whb.



Convergence of J(v)

Estimate J(v) by

Jv) < G {IVes = Vvl + Kllus = iz, )

—+ k2C2 ZHV— u||%oo(El.) +Z||VV—VU||%°°(F,-,)
i i<j

» Estimate L°° convergence in interior elements

» Estimate L? convergence on Ie.



Estimates on interior elements

Theorem [Vekua]: Fix zp € Q. Then there exists a unique
function ® holomorphic in Q with ®(z) real such that for u with
Lu =0 and L elliptic operator with analytic coefficients

u = Re{V[®; z]}
For Au=0:
u(x,y) = Re{®(2)}
For —Au = kK2u:

u(x,y) = Re{®(z) —/ <D(t Jo (k\/(z — t)(z — zp))dt}

z0



Estimates on interior elements...

The fractional degree polynomial

N

pN(Z) = Z iéjzaj, 5J' e R.
j=0

is mapped to the particular solution

N
Re{V[pn;0]} = Z ajJoj(kr) sin ajf
j=1

We have

|u—Re{VIpn; }Hlloo gy < VL) 1P — Pl o)

’ For full convergence analysis see [Bet07] ‘




Estimates on interior elements...

Theorem: There exists p; > 1 such that for any 1 < 7 < p;

min [|u — v|| =) = O(r™M), N; = o0
vevV;

» Same exponential bounds for derivatives on element
boundaries

» Estimate asymptotic for N; — oo
» Constants depend on k



Fundamental solutions estimates

Assume e ={z€ C| |z| =Ry}, Ti={ze€C: |z] =R}

ve Voo vix) = gHV(kx = yl), yj = R’ T



Fundamental solutions estimates...

Define
(Ne) . -
e i lu = vl

R
Theorem: Let p := max | 0‘. For any € > 0 it holds that
I |Pi
—N,
R ¢ R 1
t(Ne)_ O((RO—G) >7 ﬁo<p2
o _ Ne R 1
O<(p_6) 2)7 ﬁ0>p2

» Estimates asymptotic for fixed k and Ne — oo

» Large radius Ry leads to faster exponential convergence of
MFES



Convergence for the square scatterer

== R=25
---074™
-~ optimal

r: radius of outer circle
w: Overall exponential rate of convergence
k =1, N Bessel fct. in E;, 2N fund. sol. in Q7.

40

50

60



From sound-soft to sound-hard scattering

N;
Z CjJo, (kr)sin aj — Z CjJo, (kr) cos ajf
j=1 j=0



A snowflake domain
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Scattered Field (Real Part) Full Field (Real Part)

50 70 [ 1980 [ 1071 | 3-10°° 8s
100 | 90 | 2460 | 1377 | 4-10~° | 15
200 | 130 | 3660 | 1989 | 5-107° | 44 s
500 | 260 | 8700 | 3978 | 2-10=7 | 7m



The structure of A
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» A numerically singular

» Use backward stable least-squares solver [BB10]



Rate of Convergence
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A cavity
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k=100: 14 seconds for setup and solution (t[vys] ~ 3-1078). 46
seconds for plotting on 6 - 10* grid points.



MPSPACK

Object-Oriented Matlab
Toolbox

Simple and fast solution of
many interior and exterior
Helmholtz and Laplace
problems

Extensive tutorial available

All examples in this talk
implemented in MPSPACK

Manual mesh generation (to
be changed in the future)



Multiply connected domains

Full Field (Real Part)

-1.5 -1 -0.5 0 0.5 1

k=100: Setup and solve around 7.5 min, t[v.s] ~ 4-10~7
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