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An essential bibliography |

» Multi-point Finite Volume methods [Aavatsmark et al ],
[Edwards et al.]

» Mimetic Finite Difference methods [Brezzi, Lipnikov,
Shashkov, Simoncini, Beirdo da Vega, Boffi, Buffa, Cangiani,
Kuznetsov, Manzini, Russo et al.]

» Variational Finite Volume methods [Eymard, Gallouét, Herbin,
Agélas, DP, Droniou et al.]

» Cell centered Galerkin methods [DP, 2010]

» And, for inspiration, [Houston & Siili, 2001], [Burman &

Zunino, 2006], [DP, Ern & Guermond, 2008], [Buffa & Ortner,
2009], [DP & Ern, 2010], [Agélas, Droniou, & DP, 2010]
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Model

problem

Let Q be a poly{gonal,hedral} domain in R
Let k be a uniformly positive, piecewise constant tensor field
For f € L?, consider the problem

—V-(kVu) =f in Q,
u=0 on 0f2

Denote by 7p, a poly{gonal,hedral}, possibly nonconforming
mesh of Q with (hyper)planar faces



Cell centered Galerkin methods
> Fix the algebraic space of DOFs, in our case
def

v & R

v

Reconstruct a gradient (S, = Tp or submesh of 7p)

&y RT — [PY(Sk)]?

> Let|J,: R7" — PL(S,) | be s.t., for all v e R,

VS €Sh SCTs€Th  Tn(v)lr, (x) = vig+&4(v)| 7, -(x—x7)

v

Define the incomplete polynomial space

Vs & 3,(R7) € PL(S)

v

Use V}, as a trial /test space



The L-construction |

Tn general poly{gonal,hgdral} mesh
F set of faces, Fj, = Fj U FF
Fq facesof T € Ty,

Tr elements sharing F € Fp,

o AN



The L-construction Il

veR™ = & st &u(xr) = vr and &(x7) = vr, i € {1,2}

k1 V&l ng = k1, V&1, nR k1 V&7 g = k1, V&7, nR,
&lr(x)=&l7, (x) VxeF Glr () =&lr, (x) VxeF

XT def J7x/|T|, T star-shaped w.r.t xr



Gradient reconstruction
> Forall F € F, let xp & [, x/ |F|

> We can infer an injective trace reconstruction operator T

T :RT = R7h

R7 5 v (vip + Gro(v)-(xF — x72)) pe 7, € R7
» The gradient reconstruction operator &, is then defined as
Gy R = [PYUTHIY, RT3 v &y(v) € [PY(TH)]Y,

where, setting (ve)rer, = T(v),

1
VT €Ty, Qih(V)‘T:m E ‘F|(VF—VT)I’IF7T
FeFr




The discrete space |

» Define the injective operator
Iy R = PY(TH), R 3ves v, € PY(TH)
where, forall T € Tpand all x € T,
Val 7 (x) = vr + &p(v)| 1 -(x — xT)

» The discrete space is defined as

Vi = J4(R") C Py(Th)




SwlIP-ccG method

» Introduce the spaces

Vi S HNQ) N HA(TR),  VinE Vvt v

» Define on Vi, x V,

antow, ) = [ KT Townt 30 1 [ [l

FeFy,

_ Z /F[{RVhW}w-nF[[Vh]]—F[[W]]{ﬂvhvh}w.nl_.]

FeF,

> Average operators and stabilization term are tailored to have
coercivity/boundedness constants independent of the
heterogeity of k



Implementation

> All the integrals in a, can be evaluated using barycenters

> The general bilinear term ¥ can be recast into the form
T = xAs(u)Le(v), u,veRT,

where x is a real coefficient and

Az(u) = ag + Z aTuT, Lz(v) = Z ATVT

TETA TeT,

» The corresponding local contribution is

Mz = x [Arar]rer.. rery re = X (A10) rer,



Convergence to smooth solutions

Theorem (Error estimate for smooth exact solutions)
There holds

Cond\ .
o= anle < (14222 ot 1o .

Corollary (Convergence rate)
Assuming further regularity on u', there holds

llu = unll < Ch,

with C independent of h and of k.

!See [Agélas, DP & Droniou 2010]



Convergence to solutions in H ()

Theorem (Convergence to minimal regularity solutions)

Let (up)hen denote the sequence of discrete solutions on the
admissible mesh family (Th)he3. Then, there exists u € H}
solution of the continuous problem s.t.

up — u  strongly in L*(Q),
Vup — Vu  strongly in [L2(Q)]¢,
|Uh|_j’,,.i — 0.

Proof.
A fortiori from [DP & Ern,2010].



A first balance

» Local reconstruction handling heterogeneities

> Galerkin method on general meshes in arbitrary dimension
based on an incomplete polynomial space

» Easy to implement in existing dG codes (ongoing work on the
Life/Feel platform by C. Prud’homme)

» The procedure virtually extends to every problem for which a
dG method has been conceived

» Main drawback: large stencil



Support of SwIP-ccG basis functions

Minimal (blue) and maximal (blue—+red) support for o7 = Jx(er)

«O» «F»r « =

« =

DA



Reducing the stencil: The Sp-ccG method |

Sh=A{P1.F}1em, Fer, St = lateral pyramid faces in T



Reducing the stencil: The Sy-ccG method |l

» The L-construction naturally yields a gradient in each
face-based pyramid Pt

> We therefore consider the alternative gradient reconstruction
Gp R — PYSHIY, v By(v),
where, for all T € 7, and all F € Ft
Sh(W)lp, , = Grr,s

» No need for trace reconstructions this time!



Reducing the stencil: The Sp-ccG method Il

» Define the injective operator
Ip :RT 5 PL(SH), RT3 vis v, =Tu(v) € PL(Sh),
where, for all T € T, all F € Fr, and all x € P7 F,
Valp, o (X) = vr + B4p(V)lp,  (x — xT)

» As before, we set

Vs & 3,(R7%) © PL(S)




Reducing the stencil: The Sy-ccG method IV

Minimal (blue) and maximal (blue+red) support for o1 = Jx(er)
(left panel: Sp-ccG, right panel: SwiP-ccG)
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A second method with subgrid stabilization

» Based on the bilinear form

ah(w, Vh) d:ef/ Iivhw'vhvh

Q
k k
Jrz Z /thss[[wﬂ[[vh]]Jr Z /FnhFvah

TET, SeST Ferb

-2 /5(R{VhW}'ns[[Vh]]+H{Vth}‘”5[[W]])

TET, SEST

— Z /(ﬁVW-anh—Hinh‘nFW).
F

FeFp

» Similar theoretical results as for the SwIP-ccG method



Numerical examples |

card(7n) |lu— unlli2(@) order |lu—upllx order stencil
SwIP-ccG
3584 3.4013e-04 - 1.9112e-02 - 253
14336 8.5152e-05 2.00 9.5397e-03 1.00 25.72
57344 2.1298e-05 2.00 4.7656e-03 1.00 26.11
229376 5.3253¢-06  2.00 2.3821e-03 1.00 26.10
Sp-ccG
3584 9.5453e-04 - 2.4299e-02 - 15.02
14336 2.4312e-04 1.97 1.1908e-02 1.03 15.15
57344 6.1328e-05 1.99 5.8797e-03 1.02 15.22
229376 1.5420e-05  2.00 2.9466e-03 1.00 15.25

Homogeneous isotropic test case



Numerical examples Il

card(7Tn) |lu— uplliz@@) order |lu— usll order stencil
SwIP-ccG
3584 5.2227e-04 - 2.8501e-02 - 25.26
14336 1.2926e-04 2.01 1.4194e-02 1.01 25.73
57344 3.2545e-05 1.99 7.1126e-03 1.00 26.11
229376 7.9803e-06 2.03 3.5293e-03 1.01 26.10
Sp-ccG
3584  1.3027e-03 -  45746e-02 -  15.03
14336 3.1039%e-04 2.07 2.2608e-02 1.02 15.16
57344 8.6435e-05 1.84 1.1581e-02 0.97 15.22
229376 1.9971e-05 2.11 5.6241e-03 1.04 15.25

Heterogeneous test case (heterogeneity ratio = 1000)



Numerical examples Il

card(7Tn) |lu— uplliz@@) order |lu— usll order stencil
SwIP-ccG
806 4.0093e-03 - 4.8250e-02 - 25.33
3162 1.7803e-03 1.17  2.7231e-02 0.83 26.35
12632 4.9217e-04 1.85 1.3674e-02 0.99 26.85
50548 1.3945e-04 1.82 6.9776e-03 0.97 27.12
Sp-ccG

806 6.2131e-03 - 9.0381e-02 - 14.69
3162 1.7417e-03 1.83 4.5942e-02 0.98 15.25
12632 5.7562e-04 1.60 2.2897e-02 1.00 15.38
50548 1.4492e-04 1.99 1.1341e-02 1.01 15.52

Anisotropic test case (anisotropy ratio = 1000)



Application to the incompressible Navier-Stokes problem |

card(7n) [lu— unllj2@@e  ord  |lp— palliz@@  ord

224 1.5288e-01 - 2.5693e-01 -
896 4.1691e-02 1.87 1.0847e-01 1.24
3584 1.1115e-02 191 4.0251e-02 1.43

14336 2.9261e-03 1.93 1.7487e-02 1.20
57344 7.6622e-04 1.93  8.7005e-03  1.01

card(7n) (v —un,p = pp)llsto ord

224 4.5730e-01 -
896 2.1185e-01 1.11
3584 1.0319e-01 1.04
14336 5.1495e-02 1.00
57344 2.6540e-02 0.96

Kovasznay's problem, IP-ccG method inspired by [DP & Ern, 2010]



Application to the incompressible Navier-Stokes problem Il

.
)
J

Kovasznay's problem, velocity magnitude and pressure



Application to the incompressible Navier-Stokes problem Il|

Lid-driven cavity problem, Re=1000,7500, velocity magnitude




Application to the incompressible Navier-Stokes problem 1V

Erturk et al. 2005 (uy,) +
Vpy =mmeeeees Erturk et al. 2005, (v,) X
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Lid-driven cavity problem, Re=1000, comparison with [Erturk,
Corke, Gokgol, 2005]
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