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Motivation

® Many preconditioners for hierarchial
meshes : BPX, Hierarchial basis, Multigrid

® How many DOF’s can be done on a single
workstation !

® Has to fit into Matlab - framwork



Qutline

Few words on FEM :assembly - stencils
Hierarchial meshes : implicit
System matrix as an operator

As much as possible with Matrix
operations : someone else optimizes

Combine with multigrid : I00M DOFs with
8GB Desktop, 20M DOFs with 2GB Laptop



The problem

® Poisson problem with zero Dirichlet BC.

—Au=7Ff in
u=0 in 0f)

® Find v € H; such that

(Vu, Vo) = (f,v) ¥V veH,




Assembly

for 1i=1:Nelements

end




Integration

S@',j — / V@ . ngj dx
K




Integration

S@',j — / V@ . ngj dx
K

Az + b

/ (ATTV¢:) - (ATTV ;)| det A| di
K

6i(2) = ¢i(AZ + b)




Stencils - Eliminate inner
loops !

/ A (A"TV ;) - (A"TV ;)| det A| di
K

— / Vol A YA TV ¢ | det A| di
K

= / Vol BV, di
K

A AT det A| = B = o110 012
012 b2o




Stencils

/A V&?BV@ dx = ch,sz,z

K k.l

® |ntegration : only on reference element
® Piecewise constant materials

® Can be done for Piola transformations



...Assembly done...

Sr =0

® Direct solvers : requires matrix in the memory

® |terative solvers :requires only operator S(x)



Storage Requirements

® Solution vector

® Mesh : 3 x triangle index, nodal coords
( greater than 5 x solution vector)

® Matrix : index vectors, nonzero entries
(about 7 x solution vector)



Storage Requirements

® Solution vector
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Storage Requirements

® Solution vector

DET OOI"dS

-

® Mesh ;riangle index
( greater-tharm 5 x solutio
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Storage Requirements

® Solution vector : CAN BE 6 times larger !

DET OOI‘dS

-

® Mesh™ riangle index
( greater-tharm 5 x solutio
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Hierarchial mesh
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Fk

“Implicit mesh”
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Assembly on “Implicit
mesh”




Assembly on “Implicit
mesh”
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Loop over elements
S Elements in the coarse mesh

for 1i=1:Nelements

end

Now : Several basisfunctions supported on
the refined reference element



Stencils on “Implicit
mesh”

/ Vol Vo de =Y Ci;K;;
K

99 ’ Z,]
On ”Standard” mesh Ci1=Bi1+ Bis

K171 — /A 85319573(83?31@]' + 853295]‘) dz
Ko

/ Vi Vo do =Y C;;K;;
. . ToNK
On Hierarchial mesh

Ky = " Oz, 0i (03, P; + 03,95) d
2




Stencils on “Implicit
mesh”

® Compute FE matrix on refined reference
element = Stencil

® Same stencil can be used for each coarse
mesh element.



FE - Operator

® |n lterative methods only operation

r — Sx
Is needed

SCE — E S’]’QQK.T']'QQK
KeTg

STLAKTT,NK = E C (K jr1nK)




Summing up !

ST,NK = / Vo, - V; dx S = Z STNK
T2NK KeT,

N
N
N

Sum only over nodes on the edges of the coarse mesh



Orientation
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FE - Operator

® |n practice: X € RnOdeS in 7yxelemens in 7y

X(I,K) — TT5NK

|.Compute X =>» C;;(K;;X)

2.Sum over edge / node DOF’s
SX, SX(,K) — SZE’]’QK




Storage requirement !

4x27(Refinement levels)

|
!

X=>% Ci,j(Kz',j)f)

.

4xElements in7;

Number of total DOF’S




Multigrid algorithm

Coarse solve

Corr.

Smooth

Smoot

Corr.

N N

Transfer residual

Transfer residual



Interpolation

® |nterpolation between levels can be done
locally : interpolation operator required
only on reference element !

X7, =IPXr

P>




Smoother

® Solves the high frequency components

1
A

r=x4+ —(b— Ax)
® Does not solve low frequency components

® |n mesh refinement, new high freaq.
components are added !



Some Results

® On laptop with 2GB of memory

® A pure Matlab implementation




4 71697 0.432
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8 18227457 16.4238




Conclusions



