About the inverse Poisson problem Model problem A priori error analysis Numerical tests

Error analysis of the inverse Poisson problem

Antti Huhtala, Sven Bossuyt, Antti Hannukainen

Aalto University
Department of Mathematics and Systems Analysis

May 20th-21st, 2010

Conclusions



About the inverse Poisson problem Model problem A priori error analysis Numerical tests Conclusions

Outline

About the inverse Poisson problem

Model problem

A priori error analysis

Numerical tests

Conclusions



About the inverse Poisson problem Model problem A priori error analysis Numerical tests Conclusions

About the inverse Poisson problem

e Occures in indirect measurement problems, where the
underlying physics can be modeled using the Poisson equation

Finite number of direct measurements

lll-conditioned

e Some examples of applications are EEG, inverse ECG and
inverse heat flow problems




Model problem

The forward problem

The forward problem models how the measured quantities
depend on the quantity of interest

The physical model

-Au=Ff xe0Q
u=0 xe€90

The measurements are modeled as linear functionals on the
function u

The measurement vector

hl(u)

KIS P

m =

hntu)



Model problem

The inverse problem

e The problem: given a measurement m, find a reconstruction
of the loading function f.

e With suitable additional information of f in the form of
regularization and boundary conditions, the problem can be
reduced to a quadratic minimization problem

f = argmin |HK=1f — m|> + b(f — f,f — f)
feF

e A very common type of regularization is a smoothness prior,
for which it holds that

|b(f,g)l <~Iflillgllr  Vf,geF

and
b(f,f)>allfll] VfeF
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Variational form

e The minimization problem is written as a variational problem:
find f" € F such that

a(f",g)=1(g) VgeF,

where
a(f,g) = (HK™'f)T(HK 'g) + b(f, g)

and
I(g)=m"(HK 'g)+ b(f.g)



About the inverse Poisson problem Model problem A priori error analysis Numerical tests Conclusions

Properties of the bilinear form

e Continuity

|a(f,g)| < |(HK™'f)T(HK g)| + [b(f. )|
< CIHIZL K 2K gl + [ Fllallgll
< ClIHI2 ) fllollgllo +~IIfllxllglls
< CIHI2, [ fllllgll
e Coercivity
allfIlf < b(f,f) < a(f, f)

e Unfortunately a(f, g) and /(g) cannot be evaluated directly
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Modified problem

e Replace K~1f with the FE solution Kh_lf
e Modified problem: find " € F such that

~

a(fr,e)=1(g) VgeF,

where

a(f,g) = (HK, )T (HK, g) + b(f, g)

and B
I(g) = m" (HK, 'g) + b(f,g)



Model problem

Modified problem

The differences in the bilinear and linear forms are

a(f,g) = a(f,g) + Ei(f, g)

and
I(g) =1(g) + Ei(g),
where
E.(f,g) =(H(K™* — K, 1)) (HK, 1g)+
(HK, )T (H(K™ = Ky hg)+
(HK =K, D) T(HK™ = K, )
and
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Consistency error

e Using the definitions of f" and " and the operators E.(f,g)
and E/(g), one gets

a(fr —f",g) = Ei(g) — Es(f",g) VgeF

e Now
Ei(g)| < IIm|l|H(K™! = K; el
< Cllm|l[[Hljol|K ‘g — K; 'gllo
< Ch*(|m|[|[HllolI&]lo
and

|Ea(F", &)l < Ch?||HIGII7 llollgllo
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Consistency error

e The consistency error can now be estimated
alfT—Fr|? < a(fr —Fr fr —Fr)
< |E((fF —F7)| + |Ea(F, £ — F7)
< Ch*(IImllI Hllo + IHIBIF o)l " = F7lo
< ch?(IlmllIHllo + IIHIIBIF o)l F™ = 7711

e Thus

r Tr C Zr
[£7 = f"]l < 5/72(||m|||!f'/||ovL 151" ]lo)

Conclusions
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Discretization error

e The modified variational problem is solved in a finite
dimensional subspace: find f; € Fj such that

a(fr,g)=1(g) Vg€ F
e Standard estimate
n n C
fm— 11 < =h|f"
[ w1 < - 172
e Nitsche's trick

C

«

17"~ 7 o

IN

h2| 7712
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Total error

e Combining the estimates

7 =Byl = I =7+ 77—

<|F =Fla+ 1F =&
< g(hz(llmlHlHllo +[IHIBIIF Nlo) + Al F"l2)
< Sl
e For [2-norm
17 = Fllo < IF" = #7llx + 1" = & llo
< ghz(\lmHHHHo +IHIGI N0 + 177112)



Numerical tests

Test setting

o b(f.g) =?|f|1lgl:
e Original load as shown




Numerical tests

Reconstruction with av = 1073




Numerical tests

Reconstruction with ov = 1072
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Convergence in H'-norm

blue: A9 green: h0-9
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Convergence in L?-norm

blue: h'8% green: h?O1



Conclusions

Conclusions & future work

Regularized inverse Poisson problem is very similar to the
forward Poisson problem

Consistency error is at most the same order of magnitude as
the discretization error

Error is inversely proportional to the amount of regularization

How about problems with limited regularity?
e A posteriori error estimation?

What happens when measurement functionals are not in L2?
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