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Problem and FE space
problem : Find w:[0,7] — R? such that

u'(t) = F(t,u(t))
u(0) = wp
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Problem and FE space
problem : Find w:[0,7] — R? such that

u'(t) = F(tu(t))

u(0) = wuo
FE mesh :
N
I:= [O,T] = U Ina I, = [tnflytn]a Tp =ty — tn—1
n=1

C'* finite element time discretization



Problem and FE space
problem : Find w:[0,7] — R? such that

u'(t) = F(tu(t))

u(0) = wug
FE mesh :
N
I:= [O,T] = U Ina I, = [tnflytn]a Tp =ty — tn—1
n=1
C' FE space :

Xe={ur € C{I,LRY) : we|, €P5(In,RY) Vn=1,...,N}
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Problem and FE space
problem : Find w:[0,7] — R? such that

u'(t) = F(tu(t))

u(0) = wug
FE mesh :
N
I:= [O,T] = U Ina I, = [tnflatn]v Tp =ty — tn—1
n=1
C' FE space :

Xe={ur € C{I,LRY) : we|, €P5(In,RY) Vn=1,...,N}
reference transformation:  w,, : [-1,1] — I,

t=wn(t) =t,_1/2+ B, a(t) =ut) =
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Hermite basis functions

C! basis functions on [-1,1]
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Hermite basis functions

C! basis functions on [-1,1]
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thus, for w.|, € P(I,,R), it holds:

I

ur(t) = uc(tn) $1(t) + Fur(tn) d2(t) + uc(tn-1) ¢3(t) + Fur(tn-1) da(t)
—_—— NI ~—— N

Ut U2 U3 U4
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Computation of the coefficients U*, ..., U*

@ task: compute the 4 coefficients Ul of ue onanew I,
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Computation of the coefficients U*, ..., U*

@ task: compute the 4 coefficients Ul of ue onanew I,
@ by the C'-continuity it holds for n > 1:

Ur? = UT(tn—l):Urlz—l

%Ué = U’T(tn—l) = Th1

and for n=1:

Ul=uw.  EUE=u(to) = Flto,uo)

= U3 and U} are known !
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Computation of the coefficients U*, ..., U*

@ task: compute the 4 coefficients Ul of ue onanew I,
@ by the C'-continuity it holds for n > 1:

Ur? = UT(tn—l):Urlz—l

%Ué = U’fr(tn—l) = Tn271 U371
and for n=1:
Uf = Up, %U{L = u,(to) = F(to,Uo)
= U3 and U} are known !

@ U2 depends explicitly on U} :

207 = u(tn)=F(tn, Uy) collocation at t,
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nested iteration for !

@ conclusion :
we need only one more equation to determine U}

@ this is the variational test equation :

/u;(t)-ldt:/ T F (t, u(t)) - 1dt

I In
@ where A
T F (t, uc(t ZF nes U (tn i) ) Lig(2)
k=1
with
tok = Wi (tr), tr € [-1,1] 4 Gauss-Lobatto-points
and

Ly Py are Lagrange basis functions w.r.t.
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The final scheme
solve for U! by a quasi-Newton method :

Up—Us = qUp + g1 2 F(t,,U})
%,_/

=U2

4 4
+ Tn 92F<tn,27 ch,2U£> + g3F<tn,3yij,3U7jl)

Jj=1 Jj=1
S—— ——
with U} with U}
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Theoretical results

Theorem (Sch. '10)
Assume V :=R? and
@ ||F(t,ul) — F(t,u?)||v < L|jut —v?|ly Vul,u?eV
® L1 < ¢y sufficiently small (T := max, T,)
Then, for our method,
@ a unique solution wu; € X, exists
@ it holds the optimal error estimate

4y 4
llu — UTHC(In,V) <C 1T§ﬂ]?§XnTkHdt“HC(Ik,V)

where C = Ce?ltn—1,
Furthermore, the method is A-stable.

Remark: generalization to arbitrary order is possible
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Simple numerical example

@ problem : Find w: [0,1] — R?*2 such that

deu(t) = Au(t) Vite]|0,1],
u(0) = wo,

—05 0.1 2
A= < 10 —50)’ o= (1.6>

@ eigenvaluesof A: A\ =~ —0.48, A2 = —50 = relatively stiff
@ we use our method with 7, =t Vn
@ error norm :

Ju = el = max[u(ta) = el
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1

Plot of the components of the solution: T = 5

solution u(t) : Ntime = 10 emax= 1.17e-001
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1

Plot of the components of the solution: T = 55

solution u(t) : Ntime = 20 emax = 1.87e-002
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Error norms

o — il = s t) = ()]
new method dG(1)
T lu —urlloo | EOC | ||lu—urllss | EOC
1/10 | 1.170e-01 5.655e-02

1/20 | 1.875e-02 | 2.6413 | 8.233e-02 | -0.542
1/40 | 1.592e-03 | 3.5583 | 5.191e-02 | 0.666
1/80 | 9.301e-05 | 4.0968 | 1.829e-02 | 1.505
1/160 | 5.858e-06 | 3.9891 | 5.713e-03 | 1.679
1/320 | 3.645e-07 | 4.0063 | 1.594e-03 | 1.842
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