Network inference in a stochastic multi-population
neural mass model via ABC Algorithm Seminar 2023
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Can we infer the connectivity structures of brain regions
before and during epileptic seizure? Do they differ? Algorithm Seminz

Massimiliano Tamborrino, Dept. of Statistics, warwick.ac.uk/tamborrino
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EEG recordings of a 11 year old female patient.
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A few questions to answer

» Modelling: How to model this?

» Simulation/Numerics:
How to simulate EEG recordings from the
chosen model?

» Statistics:
How to infer such network structure?
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Model: 6-dim Jansen-and-Rit NMM (Hamiltonian-type SDE)

with fixed €,€ < ¢ and unknown parameters i, C,o.

1)
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What can a single sJR-NMM do?
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Different activities obtained by modifying the excitation-inhibition-ratio
A/B
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It succesfully fits single EEG recording®
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1Buckwar, Tamborrino, Tubikanec. Spectral density-based and measure-preserving
ABC for partially observed diffusion processes. An illustration on Hamiltonian SDEs.
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N populations of neural mass models = 6N-SDE
Each population k follows a sJR-NMM with

dXs(t) = [Aa(u+ Cosig(CL X1 (t))) —2aXs(t) — a2 Xa(t)] dt + odWs(t)
N .
= dX§ (1) = [Arar (i + Consie (CLaXt(6)) +) P X (1)) — 23k XE () — a2 XE (1) | dt + o dW (1
J=17#k
with
* pjk € {0,1} modelling the directed coupling from the jth to kth pop

* Kjk > 0 modelling the coupling strenght.

N-dimensional observed output

Y(t):=(YHt),..., YV T = (X3 (t) = X3(¢),...,. XN (t) - xN(t)", telo,T].

Now the excitation-inhibitiona ratio A/B, p; and Kj; play a crucial
role
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Example: Cascade network - 4 populations, 1 active

A. No connections

B. Cascade network, K = 300

C. Cascade network, K = 500
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Population 1: Setting D: Frequent spiking.

Left columns: py; = 0.

Center and Right columns: p1» = pa3 = p3s =1, Kjiy1 =300 (C) vs 500

(R).
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Each kth population can be written as

QK(t)\ _ VPHk(Qk ) 03 K
(Pk(t))_(—Von(Ok(tL PE(t)) - 2rkl:>k(t)+ck(@(t)))”’t+ (Z)dw“

with H, : RS —>R3’ given by
1 2 2
H@ P = ([P +ree|).

with:

- gradients VpH (QX(t), PX(t)) = PX(t) and VoHk(QX(t), PX(t)) =T2Qk(¢)
- 3 x 3-dimensional diagonal matrix ', = diag[a, ax, bx]. and G, : R3V — R3
given by

Ayagsig (X5 (1) — X3 (t ))

Gi(Q(1)) = | Awak 1k + Coyesie (CLeXE(D) + 2 Piki() |
J— JF
Biby Ca ksig( Ca k X{ (¢ ))
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Formulation as stochastic Hamiltonian-type system

Putting everything together

I (gg;) N <—F20(t)—2lrpl(°t()t)+ G(Q(t))) dt + (©§N> dw(t),

with

M= T o0

(QL,...,Q@")T = (Xt X3, X2,..., XN XN xM)T
(P, PMYT = (XL, X&, XL, XN XN xMT
diag[al’alvblw"7aNaaN7bN]7
diag[£1,61,81,...,8N,C)'N,8N]
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We can rewrite

d ((,3%3) - (r?@(t) 72II_DI(3t()t)+ G(Q(t))) dt + <@§"’) dW(t),

* dX(t) = (AX(t) + N(X(t)) dt + TodW(t),

with X(t) = (Q(t),P(t))" and

A= (% ) woxon=nier= (i) T (%)

We will use splitting schemes (2 leap-frog) to simulate from it
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Splitting integrators for the multi-population sJR-NMM

dX (t) [AX(t) + N(X(t))]dt + TodW(t)

= (O T+ () e () oweo

Step 1: Split the equation into explicitly solvable subequations.

Step 2: Derive the explicit solutions of the subequations.

Step 3: Compose the derived explicit solutions.

e W
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dX(t)

[AX(t) + N(X(t))]dt + ZodW/(t)
= (O T+ () e () oweo

Step 1: Split the equation into explicitly solvable subequations.
dxU(t) = AXW(t)dt+TodW(t)
dxP(t) = N(X(t))dt

Step 2: Derive the explicit solutions of the subequations.

Step 3: Compose the derived explicit solutions.
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dX(t) [AX(t) + N(X(t))]dt +ZodW(t)

- (O B)xos(aGiy)) o (%) o
Step 1: Split the equation into explicitly solvable subequations.
dxU(t) = AXW(t)dt+TodW(t)
dxP(t) = N(X(t))dt

Step 2: Derive the explicit solutions of the subequations.

XU(ti) = o (XW(e)) = e xU(g) + & (A),
A
with &(A) ~ N(Ogn, C(A)),Cov(A) = OfeA(A*S)ZOZg (eA2-9)" ds and

Fa e’m (Hg[\[ =+ FA) eirAA . ‘l}(A) K‘(A)
¢ = ( “M2eTAA e TA(Iyy — FA)) = (ﬁ’(A) K’/(A)>
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dX(t) [AX(t) + N(X(t))]dt +ZodW(t)

= (O T+ () e () oweo

Step 1: Split the equation into explicitly solvable subequations.
dxU(t) = AXW(t)dt+TodW(t)

dxP(t) = N(X(t))dt
Step 2: Derive the explicit solutions of the subequations.
XU(ti) = o (XW(e)) = e xU(g) + & (A),
Cov(a) = (37 F (an + K(B)¥(8) ~9%(8)) 222K (B)
- 132k2(A) 122 (I + k(A) ¥ (A) — K2(A))

Statistics , o ,
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dX(t) [AX(t) + N(X(t))]dt +ZodW(t)

= (O T+ () e () oweo

Step 1: Split the equation into explicitly solvable subequations.
dxU(t) = AXW(t)dt+TodW(t)
dxP(t) = N(X(t))dt

Step 2: Derive the explicit solutions of the subequations.

XW(0) = of) (XU(5)) = A2 XU(t) + &(A),

XB(g,,) = (p[A?](x[?](t,-))=X[2](fi)+A(G(q())[32,]V(t,-)))'

Step 3: Compose the derived explicit solutions.
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dX(t) [AX(t) + N(X(t))]dt +ZodW(t)

= (O T+ () e () oweo

Step 1: Split the equation into explicitly solvable subequations.
dxU(t) = AXW(t)dt+TodW(t)
dxP(t) = N(X(t))dt

Step 2: Derive the explicit solutions of the subequations.
XU(ti) = o (xW(e)) = e xU(g) + &(A),
XA(t,) = o (xm(t-)) —xPy+a( % )

" A ' ' G(QP(t:))

Step 3: Compose the derived explicit solutions.

X3(t1) = (95,0 0810 0, ) (X5(1)) - (2)
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Splitting integrators for the multi-population sJR-NMM

Algorithm 1 Strang splitting scheme [or the N-population stochastic JR-NMM
Input: Initial value Xy, step size A, number of time steps m in [0, 7] and model parameters
Output: Approximated path of (X (1))icpo,r) at discrete times t; =4A, i =0,...,m, by, =T.

1: Set X8(1g) = Xy
2: fori=0:(m—1) do

= 0
3 Set X = X5(1,)+ 4 T
G(Q5(t))
1: Set X1 = FAXEI 4 £(A)
= 0.
5o Set X¥(t) = X4+ 2 w
G(QM)

6: end for
7: Return X5(1;), i =0,...,m.

. Statistics
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Properties of the derived splitting scheme
The derived splitting scheme

1. is mean-square convergent order 1 if N(X(t)) is globally
Lipschitz (similar results for one-sided globally Lipschitz with
polynomial growth?.

2. is 1-step hypoelliptic.

3. satisfies a discrete Lyapunov condition = it is geometrically
ergodic.

2Buckwar et al. Appl. Num. Math. 2022
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Properties of the derived splitting scheme

The derived splitting scheme

1. is mean-square convergent order 1 if N(X(t)) is globally
Lipschitz (similar results for one-sided globally Lipschitz with
polynomial growth?.

2. is 1-step hypoelliptic.

3. satisfies a discrete Lyapunov condition = it is geometrically
ergodic.

(More to be discussed):

» It could be used for simulating Langevin dynamics in
HMC.

» Better than leap-frog/MALT.

2Buckwar et al. Appl. Num. Math. 2022
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What about inference?
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SMC-ABC

Algorithm 3 Sequential Monte Carlo ABC (SMC-ABC)
1: Set t:=
2 fori= l .N do
3: repeat
1 Sample 8 ~ ().

5: Generate z' ~ p(z]|0*) from the model.

6:

T

8

9.

Compute summary statistic s = S(z*).

until ||s' —s,|| < &

Set 01 := o

set w( D=1,
10: end for
11: Obtain d2 and update the scaling factors for the summary statistics.
12: fort=2,...,T do
13: fori=1,...,N do

14: repeat
15: Randomly pick (with replacement) 6* from the weighted set {\95"_]1,1.05"_)1},?\;1.
16: Sample 07 ~ q.(-|0").
1T if w(#"") = 0 go to step 16, otherwise continue.
18: Generate z* ~ p(z|6"") from the model.
19: Compute summary statistic s* = §(z2*).
20: until Hq —s|| <&
21: Set 6 =0
wt i = x(6")/ EJ - w‘i’lqttﬁf”wii’l).
end for
Normalise the weights: w]" = @{" / TV et w.

Decrease the current & and update the scalmg factors for the summary statistics.

i: end for
: Output: \/
. 1) (1 ) = (N
IR

: A set of weighted parameter vectors (6 Yoy (6‘9’, r.u,}m) ~ g (0]8y).




1: for i=1: M do
2 repeat
3: Randomly pick (with replacement) 6. from the weighted set {©¢¢—1,w;_1}
4: Perturb 6. to obtain 6} from gf(-|6c).

k ((Bk sk 1 ok
5 Sample 6, k=1,...,d,, from Bernoulli(p;), where g = V/):l 0, 1
6 Perturb 63 = (6},...,65") to obtain 6} from q¢(:|6y).
7: Conditioned on 6* = (6;,0), simulate a dataset yp- from the model.
8: Compute the summaries s(Jp+).
9: Calculate the distance D = d(s(y),s(7))-
10: until D < §;

11: Set 6Y) =05 and 61) = ;

=

12 set g = (o)) / ¥ w ot (0000 )

c,
13: end for
. - - ) _ D) o i
14: Normalise the weights w;’ =w;"’/ Y w;’, for j=1,....M
=1
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qg: Optimised Gaussian kernels as in Filippi et al. 2013
(alternatively: copula-based samplers, Picchini and Tamborrino, 2022).

Discrete kernel: a value G,f’,k =1,...,d,, sampled from a Bernoulli
distribution at iteration t is either kept with (fixed) probability gy or
perturbed to 1 — 67, i.e.

o))~ [Tt (64| o}

k=1

dp k(i) (')

)= f16) S -y

O

where L )
b0 ={1-quy, if 0L =0.
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Choice of Summary Statistics

Accept 0% if d(s(y),s(Ve*)) < 6.

Narwick
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Choice of Summary Statistics
Accept 0* if d(s(y),s(Ve+)) < 6.

= Derive summaries based on the characterising model properties: map
the data into something fully characterised by 6.
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Choice of Summary Statistics

,,,,,

* f,: invariant density of YK,

* Spectral density S of Yk:

Sk(v):y{Rk}(v):/Rk(r)e’iz”V’ dr, ke{l,...,N},

—oo

where v denotes the frequency and Ry (7) = E[YX(t)Y*(t+1)], ke {l,...

* Cross-spectral density Sj of Y4 and Yk:
Si(v) = F{Ru}(v) = / Ry(r)e 2™* dr,

where Ry (t) =E[YI(t) Y (t+7)], j.ke{l,...,N}, j#k.
* Magnitude Square Coherence (MSC):

Jyke{l,...,N}, j#Kk,

where |-| denotes the magnitude.

Statistics
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We use the Integrate Absolute Error (IAE)3

IAE(g1,82) : /|g1 x)| dx € R,
to compute

. A 1 N L 5
D(S(}/)ys(}/(a Z Sk,Sk +Vzm Z IAE(ZJkaZJk)

N Jj=1,k>j
Y IAB(R Ry + ey YL AB(G
v IAE(Rj, Rix) + va— Y TAE(fy, f),

NIN=1), , &, s N &=

The weights vj >0, / =1,2,3,4, are chosen such that the different
summary functions have a comparable impact on the distance measure.

3Buckwar, Tamborrino, Tubikanec, Stat. Comput. 2020
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(N+2+ N(N —1))-dimensional parameter vector
0 =(A,....,An, L, c,vec(£?)),
6c 04

with

Ai: Average excitatory synaptic gains.

Z: directed connectivity parameters 85 = & = (pjk);j k=1,...N, With
pji ={0,1}.
(L, c) entering into the coupling parameters K as

Kik == cU_kl_lL,

- L > 0: coupling strength parameter
- 0 < ¢ < 1 determines how fast the the network coupling strength
decreases with distance.
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Partially connected network

ABC results A1 ABC results A2 ABC results A3
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Partially connected network

ABC results p12 ABC results p13 ABC results p14 ABC results p21 ABC results p23 ABC results p24

0.5+

0.0+

ABC results p31 ABC results p32 ABC results p34 ABC results p41 ABC results p42 ABC results p43

0.5+

0.0+
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K21 — K23 K24 L — cl C2 L
K31 K32 — K34 C2L cL — L
K41 K42 K43 — C3 L C2 L L —

* b and C chosen from pilot study, other quantities fixed according to
standard values.

Parameter of interest: (10412)-dimensional

6= (Al-A2.A3-A4. L‘C‘G/‘Gf',;u/-,ur-\’ec(,‘ﬂ))_
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ABC results A1 ABC results A2 ABC results A3 ABC results A4 ABC results L
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p12 p13 p14 p21 p23 p24 | p31 p32 p34 P41 pa2 p43
p12 p13 p14 p21 p23 p24 | p31 p32 p34 P41




ABC results A1 ABC results A2 ABC results A3 ABC results A4 ABC results L
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Before seizure: solid green (N = 4), dotted orange (N =2, LH), dotted brown
(N =2, RH).

During seizure: solid blue (N = 4), dashed grey (N =2, LH), dashed black
(N =2, RH).
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Fitted summaries

Density f1 Density f1 Spectrum S1 Spectrum S1
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Density f4 Density f4 Spectrum S4 Spectrum S4
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0.1 2 0.044 0342~ 24 = \
oot— S 000 b= 0ot | o
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Odd panels: before seizure.

Even panels: during seizure.

Solid black lines: Summaries derived from the EEG datasets.

Grey areas: Range of the summaries obtained from synthetic datasets

simulated using the kept posterior samples from the full model.

(11}
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Fitted summaries
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Ditlevsen, Tamborrino, Tubikanec.

Network inference in a stochastic multi-population neural mass model via
approximate Bayesian computation.

Preprint at arXiv:2306.15787, 2023.

Buckwar, Tamborrino, Tubikanec.

Spectral density-based and measure-preserving ABC for partially observed
diffusion processes. An illustration on Hamiltonian SDEs.

Stat. Comput., 30, 627-648, 2020.

Picchini, Tamborrino.

Guided sequential ABC for intractable Bayesian models.

Preprint at arXiv:2206.12235, 2022.

Buckwar, Samson, Tamborrino, Tubikanec.

A splitting method for SDEs with locally Lipschitz drift. An illustration on the
FitzHugh-Nagumo model.

App. Num. Math. 179, 191-220, 2022.

Some interesting ongoing/forthcoming activities

OneWorldABC (every last Thursday of the month)
www.warwick.ac.uk/oneworldabc

Biolnference2024, 5th-7th June 2024, Warwick.
https://bioinference.github.io/2024/
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Runtime

Acceptance Rate
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M=500.
T =20, Agm = 1074, Agps = 21073 = n = 10%.

01 obtained via a reference table acceptance-rejection ABC pilot run.
Under 7(0), we produce 10* distances and then choose

61 = median(Dy, ..., Dygs).

o = percentile(DY_l) ...,D,(Vt,_l)), with percentile = 50% if accept.

)

rate > 1%, 75% otherwise.

Stopping criterion: acceptance rate below 0.1%.

: Statistics



Table 1: Standard parameter values for the Jansen and Rit Neural Mass Model [, I8, 432].

Parameter | Meaning Standard value
A Average excitatory synaptic gain 3.25 mV

B Average inhibitory synaptic gain 22 mV

a Membrane time constant of excitatory postsynaptic potential | 100 s~*

b Membrane time constant of inhibitory postsynaptic potential | 50 s=*

C Average number of synapses between the subpopulations 135

Cy, Co Avg. no. of synaptic contacts in the excitatory feedback loop | C, 0.8 C'

Cs, Cy Avg. no. of synaptic contacts in the inhibitory feedback loop | 0.25 C, 0.25 C'
Vmax Maximum firing rate (Maximum of the sigmoid function) 55t

Vo Value for which 50% of the maximum firing rate is attained 6 mV

¥ Determines the slope of the sigmoid function at v 0.56 mV~*




Algorithm 2 Adjusted SMC-ABC for network inference (nSMC-ABC)
Input: Summaries s(y) of the observed data y, prior distributions 7¢ and
Ky and ICﬁ, number of kept samples per iteration M, initial threshold ¢
Output: Samples from the nSMC-ABC posterior

1: Set r=1

2: for j=1:M do

3: repeat
4: Sample 04 from 7% and 6, from 7°, and sct § = (6, 64)
5: Conditioned on 6, simulate a synthetic datasct 7 from the observed output Y
6: Compute the summaries s(Jg)
7
8:
9:

4 perturbation kernels

Calculate the distance D = d(s(y), s(j))
until D < §;
Set 0F) = 04 and 0] = 0.

.1
10: end for
11: Initialize the weights by setting each entry of w; = (u*gl). e ng)) to 1/M
12: repeat

13: Setr=r+1
14: Determine 4§, < 9,1
15: for j=1:M do

16: repeat
17 Sample 6. from the weighted set {O. 1, wy_1}
18: Perturb 6. to obtain 6 from K¢(-.)
M
19: Sample 6%, k=1,....d,, from choulli(ﬁ’,‘f), where p’: = % > 65'591
=1 B
20: Perturb 0, = (0}, ... ,H;}") to obtain 6 from K¢(-04)
21: Conditioned on #* = (0%, 6}), simulate a dataset §g- from the observed output ¥
22: Compute the summaries s(gg-)
23: Calculate the distance D = d(s(y), s(jje-))
24: until D < 4,
25: Set ()ff,) =0} and HEJT) =0
M
26: Set @) = 7 (957,)) /> wfvlll}Cﬁ (057,)’951171)
i=1 ’

27: end for
2 ; ; G _ 5@/ O for i
28: Normalise the weights w,”’ =@,/ " @’ for j=1,.... M
=1

29: until stopping criterion is reached




	Appendix
	Approximate Bayesian Computation (ABC)


