MARTINGALE APPROACH TO CONTROL FOR GENERAL JUMP
PROCESSES
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ABSTRACT. We provide verification theorems (at different levels of generality) for infinite hori-
zon stochastic control problems in continuous time for semimartingales. The control framework
is given as an abstract ”martingale formulation”, which encompasses a broad range of standard
control problems. Under appropriate conditions we show that the set of admissible controls
gives rise to a certain class of controlled special semimartingales. Our results generalise both
the standard controlled It6 - and Lévy -diffusion settings as we allow ourselves to locally control
not only the drift and diffusion coefficients, but also the jump intensity measure of the jumps.
As an illustration, we present a few examples with explicit solutions.

1. INTRODUCTION

As far as we know, to date the most general setting for controlled Markov processes in continuous
time is that in [20]. In this paper we provide sufficient conditions of optimality for the control
problem of minimising the cost functional

J(X, aX) = Ez[/owe%“f(xg*", af)dt], (1.1)

over all admissible state-control processes (Xo‘x, ax) e AL, where XOO‘x = x. We assume that
each control process a* = (0., ., u.) determines the volatility, the jump intensity and the drift
of the system X" . We stress that, unlike most of the literature including [20], the action space
allows us to choose the jump measure v in a position-dependent way and from an arbitrary
class. The local dynamics of the controlled process X" are described by nonlocal operators of
the form

(L29)() = (U+M)TV9(')+%Tr(UTHga)(%A;{n (9C+y)-9() -y vg())v(dy), (1.2)

where each a = (o, v, ) is an element in the (properly defined) set of available actions A. Here,
f is the given running cost function and 7;* denotes a discounting process depending on the
admissible pair (Xo‘x, ax).

The contribution of this paper to the subject of stochastic control is twofold: firstly, we set
up a general (and abstract) martingale formulation for multidimensional controlled semimartin-
gales whose differential characteristics are controlled continuously in time. Secondly, we explore
different characterisations of the value function at different levels of generality, including the
standard verification theorems which are based on the corresponding HJB type equation. We
also show the interplay between the different assumptions and the relationship with the classical
stochastic differential equation (SDE) setting (see, for example, [22], [19] and references therein).
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In particular, our control formulation encompasses the controlled It6 diffusion case and, further,
generalises the controlled jump diffusion case presented in [20].

The basic structure of a stochastic control problem involves the description of the system dy-
namics and the corresponding class of admissible controls. Most of the literature dealing with
verification theorems is set up via either a strong or a weak SDE formulation with a Markov-
ian structure. That is, the evolution of each controlled system is governed by an SDE whose
relevant coefficients are functions of the type h(t,x,u(t,x)), where u is the control policy. In
such a setting the definition of the “smallest” class of admissible controls relies then on well-
posedness results (existence and uniqueness of solutions) of the corresponding SDE’s. Along
these lines, the study of continuous time stochastic control of Markov processes, and more gen-
erally of Ito-diffusions, has been widely researched. For a quick overview of this formulation,
see the surveys [3] and |21]. For a more detailed study we refer to [8], [7], [33] and references
therein. Control settings allowing discontinuous processes include those of stochastic control
for Markovian jump systems (also known as Markov decision processes) as given, for example,
in [18], [31], [23]; and, more generally, controlled jump diffusions (also known as Lévy diffusions)
as in [20].

When compared to the controlled SDE approaches, either for (continuous) It6 diffusions or for
(discontinuous) Lévy diffusions, the amount of research outside these settings, such as the control
martingale approach, is less. Some works in this direction are |13|, [14], [15], [12], [9]. In this
paper we also consider a control setting outside the SDE formulation. The main features of our
model are the following:

i) Our control problem is based on a martingale approach similar to the one given in [9] (see
also [4], [15]), wherein the underlying local dynamics, i.e. each admissible pair (X, a*),
is characterised as a solution to a control martingale problem. This approach is also similar
to the one introduced by Stroock and Varadhan for SDE’s. This formulation allows very
general underlying dynamics for the controlled system where neither is the dynamics of
the system assumed to be Markovian nor is the class of admissible policies restricted to be
Markovian or state-feedback policies. We assume a multidimensional state space with no
state constraints. The general setting presented here encompasses typical stochastic control
problems for It6 difusions.

ii) The action set A is an open abstract space for which each action a € A is a triplet which
determines (locally) the diffusion coefficient, the jump intensity and the drift of the under-
lying process. We are thus outside the standard assumption of taken A ¢ R¥, k € N. The
local dynamics of the controlled system X" is described by means of the family of Lévy
operators {L? : a € A} as defined in ((1.2). The use of these operators allows us to study a
general class of controlled processes without any a prior: restriction to the Markovian class.

Our main results are the following:

i) Controlled semimartingale dynamics. We prove that our controlled processes are special
semimartingales whose differential semimartingale characteristics are related to the asso-
ciated control policy a* (Corollary . The generality of our setting imposes stronger
integrability conditions for the control a® so as to guarantee the finiteness of the pth mo-
ments of X" (Proposition , which are crucial when dealing with value functions of
polynomial growth. In the standard SDE approach, where polynomial growth is also a
natural assumption, the corresponding integrability conditions are usually granted by the
It6 conditions. This is discussed in Section 6.1

ii) Dynamic Programming Principle (DPP). In order to use the dynamic programming ap-
proach to study our control problem, our starting point is to prove that the DPP (also
known as Bellman’s principle of optimality) holds true in our abstract martingale setting
(Lemma and Lemma . Such a principle is well-known for continuous controlled
Markov processes. However, under more general frameworks, its validity is either assumed
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true because of its clear intuitive meaning or the reader is referred to references which, in
many cases, deal with slightly different models.

ii) Verification theorems. Under different assumptions on the initial control data (running cost
function) and considering different classes of admissible policies (including the Markovian
class), we provide different results to characterise the value function including the standard
verification theorems (Theorem . These results provide sufficient conditions to char-
acterise the optimal payoff function (or value function) as a solution to the corresponding
Hamilton-Jacobi-Bellman (HJB) equation and, at the same time, they allow us to deter-
mine optimal feedback controls via the pointwise optimisation of the HJB equation. The
proofs of these theorems rely on the probabilistic counterpart of the dynamic programming
principle. Essentially, one needs to show that the so-called Bellman process associated with
a control process (see definition in (B.10])) is a submartingale for any admissible policy, and
it is a martingale whenever the policy is optimal. In particular, we cover in detail the case
where the running cost function f has polynomial growth.

iii) Ezamples. As applications of our results, we provide a few examples with explicit solutions.
In one of them the optimal controlled process is a Brownian motion that is jumped to the
origin whenever it leaves a certain region. We also give the explicit solution for a control
problem with a quadratic running cost function. For this case we determine the value
function and exhibit an optimal policy whose associated optimal controlled process is an
Ornstein-Uhnlenbeck type process. There is a close connection between linear-quadratic
(LQ) optimal control problems and the quadratic case presented here. Indeed, although the
controlled system associated with each admissible control is not assumed to be linear, we
still obtain a linear, optimally controlled process. Furthermore, we get an optimal control
whose drift component is linear in the state variable and whose diffusion component and
jump intensity are related to the solution to an algebraic Riccati equation (see —
in Section 4).

Needless to say, we are aware of the limitations arising when considering verification results in
the context of classical (regular enough) solutions. It is well-known that (even for standard
controlled diffusions) the regularity of the value function cannot be guaranteed in general. Nev-
ertheless, even though our verification results are based on the assumption of a smooth solution
to the HJB equation, our control setting gives a promising starting point to handing very general
stochastic control problems in continuous time and with abstract control sets. The generalisa-
tion of our results to the context of viscosity solution is left as part of our future research. A brief
discussion of the finite horizon case and other possible extensions are given in Section [7]

The rest of the paper is organised as follows. Section [2] introduces some standard notation.
Section [3|describes the control setting of interest. In Section [ we study the underlying dynamics
of our controlled process. Here we show the semimartingale structure of our formulation. Then,
in Section [5| we define the cost structure of the problem and state the main results of the paper:
the dynamic programming principle and its (sub-)martingale formulation (Lemma , as well
as the characterisation results of the value function (Lemma Theorem and Theorem
. In Section |§| we consider different classes of admissible controls such as the Markovian case
and its connection with the standard SDE setting. The finite horizon case and other possible
generalisations are briefly discussed in Section [7] We provide some applications in Section
Finally, for the sake of clarity, the proofs of all our results are collected in the Appendices.

2. NOTATION

Let R™ be the n-dimensional Euclidean space where each point x is expressed by a column

vector X = (z1,...,2,)7. As usual, the superscript ”T” denotes the transpose of a vector (or a

matrix). The set of nonnegative real numbers is denoted by R,. For any two vectors x,y € R",
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the inner product and the Eucliden norm are denoted by x -y := Y1, z;y; and |x| := /x X,
respectively.

Notation M (R™), B(R™) and C(R"™) denote the spaces of real-valued measurable functions,
bounded measurable functions and continuous functions on R™, respectively. These spaces are
endowed with the sup-norm ||f|| = supy|f(x)]. We denote by C¥(R"), k € N, the space of
real-valued k-times continuously differentiable functions defined on R™.  An additional sub-
script ¢ will be used to denote the corresponding space of functions with compact support and
by C(R™) = N2, C¥(R™) we denote the space of infinitely often continuously differentiable
functions on R™ with compact support.

Given a metric space (E,d), B(E) denotes the Borel o—algebra compatible with the metric
d. Given the measure space (E,B(FE),p), LI(E,B(E),p) (in brief Li(p) if there is no risk
of confusion), 1 < g < oo, stands for the Banach space of all equivalence classes of mappings
[+ E - R" which agree a.e. with respect to p and for which || f||; < co, where the g-norm || -||,

. 1/
is given by [|flly := (fiz [f (2)I7dp) ™.
Let M, (R) be the set of real-valued n x n-matrices endowed with the Frobenius norm ||B|| :=

Tr(BBT)1/27 B = (Bij)i<ij<n € Mpxn(R), where Tr(C) := Yi; Cj denotes the trace of the
matrix C € M;,x,(R). The n x n identity matrix will be denoted by I.

Let RY := R™\{0} and fix a p > 2. Define

M, = { measures v on (Ry, B(Ry)) such that ,[R” ly[2 Vv |y[Pr(dy) < +oo}. (2.1)
0

Since 1 A |y|? < |y|? for all y € R”, it follows that each v e M, is a Lévy measure, i.e.

[Rn(l Aly[2)(dy) < +oo, (2.2)

0
and, further, v satisfies ng ly|?v(dy) < +oo. Here, we used the notation a A b := min{a,b} and

av b:=max{a,b}, for any a,b e R. The space M, is endowed with a suitable weak convergence
topology and its Borel o-algebra is denoted by B(M,).

For any o € My,,(R), the matrix o’ ¢ is symmetric positive semidefinite. By Theorem 8.1

in [28, Chapter 8, p. 37] and Theorem 7.10 in [28, Chapter 7, p. 35], given o € M, (R), pp € R”
and v € M, there exists a unique in law R"-valued process X* := (X})cr, , started at x € R",
having stationary independent increments and satisfying

Ey [ei“'(xi‘*@] P forall ue R, teR,,

where

1 ,
U(u):= h olou+iu-p+ jﬂ; (™Y -1-iu- y) v(dy), ueR"™ (2.3)
0
The infinitesimal generator of the n—dimensional process X* is the operator L, with domain

Dom(L), defined for any g € C?(R") by

1
(Lg)() = p' Vg() + 5 Te(o” Hgo)() + fRn (9¢-+y)—9() -y vg())v(dy), (2.4)
0
see [28, Theorem 31.5, p. 208]. Here, Vg and Hg denote the gradient and the Hessian in the vari-
able x with components 9;¢ := %g, 1<i<n,and 8%9 = ax‘?;mg, 1 <4, 5 <n, respectively.
1 T J

3. STOCHASTIC CONTROL SETTING

We are interested in studying a stochastic control problem in a continuous setting: continuous

time and continuous action and state space. We shall consider a martingale control formulation

to describe the dynamics of each controlled system, or rather its law, as determined by the
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martingale property of a certain class of processes. For each controlled system, the local dynamics
are described by a given family of operators defined on a certain class of test functions.

Notation. Given a metric space (E,d), P(E) denotes the set of probability measures on (E,B(E)).
The set of cadlag functions (right-continuous with left-limits) on Ry with values in E is denoted
by D(R; E) and is endowed with the Skorohod topology [6, Chapter 3, Section 5]. Given a sto-
chastic basis (2, F,F,P), all equalities and inequalities between random variables are understood
to hold P—almost surely, unless stated otherwise.

3.1. Control setting. A controlled system with state space R™ and distribution £ € P(R") at
an initial time r € R, is described by the following elements.

(i) Action set. It is given by an open subset A S My, (R) x M, x R" and denotes the set
of possible actions available at each instant time and it is endowed with the correspond-
ing product Borel o—algebra denoted by B(A) and derived from the Borel o-algebra on
Myxn(R) x M, x R™.

(ii) Instantaneous underlying dynamics. The local dynamics of the system are specified by a
family {(L?®, D?) : a € A} of operators L? : D® ¢ M(R"™) - M(R"), such that for each
a=(o,v,pn) e A and for a fixed vector u € R", the operator L? with domain D? is defined,
for each g € C?(R") c D?, by

(129)() = (ws w)'Vg() + 5 (0 Hgo) () + [ (o0 +3) = 90) ¥ g0 wldy).  (3.1)

(iii) Control policies. A control policy is an A-valued process a = ()0 determined by its
probability law Py, i.e. P4 is a probability measure on (D(R,;A)). The set of all such
control processes is denoted by U.

iv) Admissible control policies. The set of admissible policies A” . ¢ U with initial condition
3
(r,€) e Ry x P(R™) is defined as the class of control processes "¢ = (a:’g)br € U satisfying

the following:

(H1) There exists a filtered, complete probability spaceﬂ (2%, F*F* = (F),P*) which

supports both an F®-adapted cadlag copy of o™ (denoted again by a™¢) and an F*-
T, T, . T, -1

adapted R"-valued cadlag process X< = (X g)tzr with P%o (X? 5) =¢ forall 0<
s < r, such that the pair (Xo‘r’g,ar’g) is unique in law and, further, for each h € C2(R™),
/Tt (Lo‘g’éh (X?_TE)| ds < oo, for t > r P* — a.s., and the process Mhe" = (Mth’an&)
defined by

t>r

r, r, t T, T,
M = (X g)-f (Lo°h) (X2 )as, 2, (3.2)
is an (F*,P%)-local martingale (i.e. an F*-adapted local martingale under P%).

(H2) If ot = (0, v, pts), 5 > 7, then for any t > r

t g g
[ Qe as < oo, where Q2 = +llolP+ [ Iy VIvPr(dy), PP -as. (33)
0

Hereafter, any pair (X"‘T’g,ar’ﬁ ) with o™ € .Af ¢ will be referred to as an admissible pair.

LAs usual, we will always assume that any probability space satisfies the usual conditions |25, Chapter I]:
(Ft)ter, is a filtration of sub-c—algebras of F such that Fo contains all the P-null sets in F, and (F)¢er, is right
continuous, i.e. Fy = Ngoy Fs = Fit-
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Notation. For any x € R", the initial conditions (r,0x) will be denoted by (r,x), and thus AP 5 =
AL and (X, P andx) = (X", a"*), whereas if 7 =0, then Al s, = Ax and (X2 q00x) =
(X, o).

Definition 3.1 (Control Martingale Problem). Let{ € P(R") andr € R,. The R"xA-valued
admissible pazr ( ’5) or, more precisely, the sextuplet (2%, F* ,F*, P, Xo‘r’g,ar’g), with

P* o (X;"T’ ) = &, is called a solution to the control martingale problem for ({L® : a €
A}, C2(R™), (r,€)), whenever (H1) holds. Here {L® : a € A} is the family of operators de-
fined in (3.1) and & is the distribution of X,‘f‘r’g

Remark 3.2. The set of admissible policies Af ¢ can then be thought of as the set of laws of
the pair (Xar’g,ar’é) viewed as a random element with values in D(R,; A) x D(R,;R"™).

Convention. In order to extend the martingale problem to R, and given the assumption
P o (X") 1 = ! (L"‘s h) (Xa“)‘ ds=0for t<r.

Remarks 3.3.

i) Since the stochastic basis (24, F< F* P) in (H1) fulfils the usual conditions, by [26,
Theorem 2.9, Chapter I, p. 65] any martingale defined on it admits a cadlag version which
will be the one we always work with.

ii) By (3.2) in (H1), the process h(X"‘T’g) is a special semimartingale for each h € CZ(R™).
Observe that no further restrictions, such as assuming the Markov property, are imposed
neither on the process X" nor on €.

iii) It is feasible to consider a larger set of test functions in (3.2)), for instance the space C?(R").
However, enlarging this set reduces the size of the set of admissible policies .Af ¢

iv) Using the standard definition of (Lévy) generating triplet with respect to the truncation
function h(y) = ylyy<1y (see [28, Definition 8.2, p. 38]), one can see that the operator
L? in (B.1)) is the infinitesimal generator of a Lévy process with triplet (o%o,7,v) w.r.t
h, where v := (u+p)? + /|y‘>1 ly|?v(dy) (for details, see also [28, Chapter 2, Section 7 and
Theorem 31.5, p. 208]).

3.2. Concatenation property and examples of admissible policies. Since any solution
to a martingale problem can only determine the law of its solution process and due to the

cadlag requirement for each admissible pair (X"‘T’g,ar’g), without loss of generality we may
(and we will) consider solutions to the control martingale problem in the corresponding canonical
space. More precisely, the sextuplet (2%, F* F* P* X"‘T’E ™€) takes the form: 29 := %! x
2%? where %! := D(R,;R™) and 02?2 : D(R+,A) are the space of cadlag functions on R+
with values in R™ and A, respectively, both of them endowed with the corresponding Skorohod
topology; F< := Fl @ F42 where F*' = B(£2%), i = 1,2. The solution process (X_"‘T’S,o[’f)
corresponds to the coordinate pair (X?T’E (w), a:’g(w)) = (wh(t),w?(t)), for each w = (wh,w?) €
2%, t>0. The filiration F* = (F{) is defined by F*' @ F?, where F! = (X" s < t) and
Fo0 2, =o(as né ;s < t) are the natural filtration generated by the coordinate processes X" and
a’t, respectlvely. Finally, the measure P% is a probability measure on (2% F%).

In the following result we prove a concatenation property for the admissible policies. This
property is fundamental for the validity of the dynamic programming principle as will be shown
in the next section.
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Lemma 3.4. Let (r,¢) € R, x P(R") and let o™ € Af’g. Denote by n;* the law of the r.v.

X?‘T’g, ie. N =P (X?‘T’g)‘1 € P(R™). Then, given any admissible policy B € Afn?, the

concatenation of o™ and B at time t > 7, denoted by o’ &; B* and defined by

"t @y By = o ()10 (8) + B (8) 11,000 (5)- (3.4)
belongs to the set of admissible controls Afg.

Remark 3.5. All the proofs of our results are given in the Appendices. See for the proof
of Lemma [3.4

Examples of admissible policies.

i) Since each measure v € M,, p > 2, has finite pth moments outside the unitary ball, for
cach constant policy the corresponding controlled process X% is a Lévy martingale with
drift component and, further, it also has finite pth moments (see |2, Theorem 3.3.3, p. 163;
p.133], |28, Theorem 31.5, p. 208; p. 39]). In this case, it is also known that there exists
a unique solution to the martingale problem for each initial condition Xy = x, and further,
such a solution is the unique strong solution to the corresponding SDE.

ii) Since constant policies are admissible, Lemma implies that (by pasting appropriately)
the set of step controls (or piecewise constant controls) AP also belongs to Ak. We say
that a control a* belongs to AT if there exists N € N and ay € A, k=1,..., N, such that
of = ap on [tg_1,t;) forall k=1,... N, where ty =0 and ¢ty = co.

iii) The set A% also contains Markov policies of the form of = (o(X¥), v(XF,-), w(X¥)),
x € R", with continuous functions p : R® - R", 0 : R® - M;x,(R) and v : R" - M,,
satisfying

sup (1uG +loGOIP + [ P v Pty ) < o

The associated controlled process X% is a Lévy -type process X* with bounded coefficients
(see 2, Chapter 3|, [30]) and whose infinitesimal generator L* is defined, on functions
g e C=(R™), by

(L 9)(x) 5= () Vg(x) 5 Tr(6” () Hg () o)+ [ (90c4y)-9(x) -y T, ).
(3.5)

4. FIRST RESULTS: UNDERLYING CONTROL DYNAMICS

We shall prove that, for each policy a* € A% the corresponding controlled process is an R"-valued
(special) semimartingale whose characteristics depend on o*.

Recall that, given a filtered probability space (2, F,F := (F;),P), an F-adapted cadlag process
X is said to be a classical (IF, P)-semimartingale if it admits a (not necessarily unique) decompo-
sition X = X+ M + A P-a.s., where X is finite-valued and Fy—measurable, M is an (F,P)-local
martingale with My = 0 = Ap, and A is an F-adapted cadlag processes with paths of (locally)
finite variation P-a.s. If additionally A is predictable, then X is called a special semimartin-
gale |10, Definition 4.21, I.4c, p. 43]. For special semimartingales its decomposition is unique
(up to indistinguishability) and is known as the canonical decomposition of X ( [10, Definition
4.22, 1.4c, p. 43]). An adapted stochastic process is said to be predictable (resp. optional) if
it is measurable with respect to the predictable o-algebra P (resp. optional o-algebra O), i.e.
the o-algebra on {2 x R, generated by all the left-continuous (resp. cédlag) adapted processes
Z considered as mappings (w,t) = Z;(w) on 2 xR,. A function W : 2 xR, x R™ - R is called
predictable (resp. optional) if it is measurable with respect to the o-algebra of predictable sets
(resp. optional sets) in 2 x Ry x R", given by P ® B(R"™) (resp. O ® B(R")).
7



Another explicit representation for semimartingales can be given in terms of the so-called semi-
martingale characteristics relative to a truncation function h. Such a decomposition is known as
the canonical representation relative to h. Let us briefly recall these concepts (see [10, Chapter
I1] for a detailed study). Let X = (X*)i<i<, be an n-dimensional semimartingale. Fix a trunca-
tion function h: R™ - R" (i.e., a bounded measurable function with compact support such that
h(x) =z in a neighbourhood of the origin [10, Definition 2.3]). Define

X (h). Yo [AX, + h(AX,)]
X(h). = X -X(h).,

then X (h) is an n-dimensional finite variation process and X (h) is a process with uniformly
bounded jumps (and thus is a special semimartingale) and differs from X by a finite variation
process.

Now, recall also that, for a given state space S, a random measure p on R, x S is a family
{(w) : we 2} of measures p(w) on (Ry xS, B(R,)®B(S)) satisfying pu(w; {0} x S) =0 for each
w € §2. For any random measure p and any optional function W on 2 x R, x S, we denote by
W % u the integral process

fo. fSW(W;t,y)u(w;dt,dy)- (4.1)

Given an adapted cadlag R™-valued process X, the measure associated to its jumps is defined
as the integer-valued random measure n”* on R* x R given by

0 (widt, dy) = Y 1 ax, ()01 0(s.ax. (w)) (At dY),

see 10, II.1b, Definition 1.13, Proposition 1.16, pp. 68-69]. Thus, for each path w, n* (w; [0,#] x
D) gives the number of jumps whose sizes fall in the measurable set D c R", during the time
interval [0,¢]. Since X is cadlag , the random measure 7™ (w;dt,dy) takes only finite values for
any Borel subset D of R" bounded away from zero. Moreover, by [10, Theorem 1.8, Chapter
II.1a, p. 66], there exists an unique (up to indistinguishability) predictable random measure 7
on R* x R™ for which, in particular, the integral process W = (nX — ) given by

W i) = [ W50 - )i ds, i)

is a local martingale for each predictable function W on £2xR, xR™ for which [W|* (nX —n)¢(w) is
finite. The random measure n(w;ds,dy) is called the predictable compensator, or dual predictable
projection of the jump measure n™.

Definition 4.1 (Semimartingale characteristics). The characteristics of the semimartin-
gale X w.r.t P and relative to h, are given by a triplet (B",C,n), where (i) B = (B")<, is the
R"—valued predictable process of finite variation in the canonical representation of the special
semimartingale X (h); (i) C = (C¥) 1< jcn, C7 = (X", X7¢) is the Myxn(R)-valued continu-
ous process with entries < X¢, X3¢ >, 1<1i,j <n, where X¢ denotes the continuous martingale
part of X (with components X¢); and (iii) n = n(w;dt,dy) is a random measure on R, x RY
and is the predictable compensator of the integer-valued random measure 0~ = 7 (w;dt,dz)
associated with the jumps of X.

Remark 4.2. Notice that the characteristics are unique up to indistinguishability. Furthermore,
as notation indicates, B” depends on the chosen truncation function h, whereas C and n are
independent of h.

Remark 4.3. To simplify notation we shall fix the initial state (0,0x) € R” x P(R™) and work
with the class of controls A%. Our results can easily be extended to the general case .Af ¢ with

(r,&) e Ry x P(R™).

We now state the relationship between each policy a* € A% and the semimartingale character-
istics of its corresponding process X .
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Proposition 4.4. Let h: R" — R" be the function h(y) = yljy<1y, y € R". For each admissible
policy o = (o,v,p) € A%, p > 2, the process X& is an (F,PY)-semimartingale with the
predictable semimartingale characteristics (relative to h) (B", C,n) given by

i) B" is the process B (t,w) = fot(u+ ps(w))ds+ fot ds ng (y - h(y))vs(w;dy), fort>0.

ii) C.=(Cij(-)isijn, where Cij(t,w) = [y ds(alas)(w), fort>0.
iii) n is the random measure on Ry x Ry given by n(w;ds,dy) = ds @ vs(w;dy), w e 2%

Remark 4.5. B" and C are the local drift coefficient and the local covariance matrix, respec-
tively. We also recall that the predictable characteristics do not characterise the law of the
process, however they provide useful information related to its jumps as we will see in Proposi-

tion .8
Remarks 4.6.

i) The process C takes values on the set of all positive semidefinite symmetric n x n-matrices.
By definition, C is the unique (up to null sets) adapted continuous process, starting at
Cy = 0, with paths t » C;;(t) having finite variation over compact intervals and such that

XZ’C th’c - Cj;(t) is a local martingale (see |27, IV.26]).

ii) By Proposition for each admissible a®, the process X is an Ité semimartingale,
in the sense that its characteristics are absolutely continuous with respect to the Lebesgue
measure |1, Definition 1.16, p. 45]. Hence, the control process a® determines the differential
semimartingale characteristics of X .

Remark 4.7. If X is a Lévy process with generating triplet (b,c, F'), then its characteristics in
the semimartingale sense are the not random functions:

By(w) = bt, Ci(w) :=ct, n(w,dt,dx) := dt ® F(dx). (4.2)

Proposition identifies ds ® vs(w,dy) as the compensator of the random measure associated
to the jumps of X®, hereafter denoted by n¥°®". This plays an important role in obtaining
estimates of the running maximum of [X®" |7 for ¢ > 2, which are fundamental to deal with value
functions of super-quadratic order. We now state conditions on the control process a* € A%
which guarantee the finite expectation of the running maximum of ‘Xax|q, for q > 2.

Notation. ES will denote the expectation with respect to the measure induced by the process X
started at x.

Proposition 4.8. For each admissible pair (X ,a*), o® € AL, p> 2, the following holds.

i) The semimartingale X admits the canonical representation

X3 =x+ X7 +f0 (u+,us)ds+f0 /Rny(nx’ -n) (ds,dy), (4.3)
0

X,a*

where X ¢ is the continuous martingale part of X, n is the jump measure associated

with X and n is its predictable compensator.

ii) If for each t > 0 the process fot llos||? ds € LY2(P™) for q € [2,p], then there exists a constant
C >0 such that

x t a/2
Es ( sup ‘X? ’c’q) < CEg ([0 l|os||? ds) <oo, t20. (4.4)
9
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iii) Let X4 be the discontinuous martingale part of the process X and let q € [2,p]. Suppose
that for each t >0

X t X X t X
G = [ds [ IyPri(dy) e L) and BT = [ds [yl (dy) e L)
0 R 0 ly|>1

(4.5)
Then, there exists a constant Cy > 0 such that
Eg(sup |Xg"=d|q) < C1E2 [(Gg*)q/z] + CLES(HS) < +00, 30, (4.6)
0<s<t

Remarks 4.9.

i) In general, the canonical representation of a (not necessarily special) semimartingale de-
pends on function h associated with its characteristics (see |10, II.2c, Theorem 2.34, p.84]).
However, for the special semimartingale X" its representation is independent of h.
This is because of the finite first moments of the measures v outside By, which allows one to
compensate the big jumps. In fact, the representation coincides with the canonical de-
composition of X (by [10, I1.2¢, Corollary 2.38, p. 85]). Indeed, X" is an (F®, P%)-special
R™-valued semimartingale with compensator

AX :=f0.(u+us)ds.

Also observe that, under constant policies we recover the corresponding Lévy -1t6 decom-
position for Lévy processes.

ii) Proposition establishes a relationship between the existence of gth-moments of X"
and the finiteness of f|y‘>1 ly|9v(dy) < +oo for each measure v. In particular, by considering
constant policies we recover the well-known results for the existence of moments of Lévy
processes |28, Theorem 25.3]: a Lévy process with generating triplet (b, ¢, F') has finite gth-
moments whenever f‘y|>1 ly|?F (dy) < +oo. That is, the finiteness of the moments depends

on the tail behaviour of F' (the big jumps).

iii) Since X is a semimartingale, the Meyer-It6 formula ensures that, for any f € C%(R"),

f (Xar’g) is also a semimartingale whose decomposition can be given explicitly |25, Chapter
II, Theorem 33, p. 81]. In fact, convex functions are the most general functions that take
semimartingales into semimartingales [25, Chapter IV, Theorem 67, p. 215].

Remark 4.10. We can also prove that the predictable quadratic variation of X&' = (xh,..., xmT
is given by

o t
(X' X7, = —/0 dS((O'ZO's)ij + .[1;” yiyjys(dy)), i,je{l,...,n}; (4.7)
0
and, thus,

X xX t
n(xe x)= [as(loff e [ vPaan).
0

5. CONTROL PROBLEM AND VERIFICATION THEOREMS

Let us now describe the cost structure of the control problem we are interested in.
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5.1. Infinite horizon case. Consider the infinite horizon stochastic control problem with run-
ning cost (or instantaneous payoff) given by a measurable function f:R" x A - R*, and payoff
function J defined, for each admissible pair (X", o), by

J(XY, ) = Eg[fowev?"f(xg", af)dt], (5.1)

where the discount process v = (7&) is given by 7% := fotq(Xso‘x, aX)ds, for some given
bounded, measurable and nonnegative function ¢ : R" x A - R,.

The aim is to minimize (5.1]) over all admissible policies a* € A%. In order to solve this problem,
the dynamic programming approach focuses on studying the associated family of optimisation
problems indexed by the initial data x. The solution of the control problem consists then in
finding both

(a) the value function (or optimal payoff function) V :R™ - R*, given by
V(x):= inf J(X¥ aX), xeR", 5.2
() {(Xo% o) s e A%} ( ) (52)
(b) an optimal policy for each initial state x € R™ (whenever it exists); that is a family {&* €
AL :x € R"} such that the corresponding admissible pairs (X", &¥) satisfy
V(x)=J(X¥,&F), for each x e R™. (5.3)

Notation. For convenience we will write J*(r,x) = J(X&™, ") and J*(x) = J*(0,x). We
will also write (X, a) instead of (X", a”*) whenever these processes are inside the operator
EC...

Remark 5.1. For many applications the cost functional (5.1)) is considered a suitable model to
analyse the long-time behaviour of a controlled system. The corresponding finite horizon case
will be treated in Section [T.1]

It is well-known that in the previous form the infinite horizon formulation is time-invariant: it
does not vary over time as long as the initial state is the same. This is stated in the following
lemma.

Lemma 5.2. Define

Ja(r,x)::ng[f eSS aXE e dl g xe oy dsl (5.4)
,x):= inf  J%(r,x). 5.5
W)= int, () 55)

Then v(r,x) =v(0,x) = V(x), for all (r,x) e Ry x R".
We now prove the validity of the dynamic programming principle (DPP) for our control setting.
To do this, we will need the following definitions.

Definition 5.3 (e-optimal controls). Let ¢ > 0 and x € R". An admissible pair (X"‘x,ax)
with o € A% is said to be an e-optimal control if

JH(x) < V(x) +e. (5.6)

An admissible pair (Xag,ag) with af € A’g and & € P(R™) is said to be an e-optimal control if

fn J (XY 0¥ €(dx) < fRn V(x)£(dx) + €. (5.7)

Remark 5.4. Notice that, by definition of the value function V', the existence of e-optimal

controls is always guaranteed.
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Lemma 5.5. (DPP) Let V be a continuous function solving (5.2)-(5.3). Then, for each x € R,
the function V satisfies

t o o
V(x) = inipEg[fO evsf(xg,as)d“x/(x;’)e%]. (5.8)

We want to establish conditions which help us to determine if a given function ¢ : R” - R, is
the value function of the control problem (5.1)-(5.3)). The following lemma provides a necessary
condition satisfied by the optimal cost function V. This result is a consequence of the DPP.

Lemma 5.6. Let V : R"™ - R* be the value function of the control problem (5.1)-(5.3). For each
admissible policy o € A%, p> 2, such that J*(x) < +oo, the process SV defined by

x t ax xX ax X
sV ::f e FXET o) ds + e V(XET), 120 (5.9)
0

is a positive P*-submartingale. Furthermore, if o is optimal, then SV'* s a (true) P°-
martingale.

Remarks 5.7.

i) The process SV'*" is called the Bellman process. At each time t, it can be thought of as
the minimum expected total cost, given the evolution of the process up to time ¢t under the
policy o™ and then changing to an optimal control afterwards. The submartingale property
tells us then that by using an arbitrary control a® for a longer time, the expected cost keeps
on increasing and such an increase is zero whenever the policy is optimal.

ii) Lemma provides a first necessary (but not sufficient) condition to characterise the value
function. As in the standard diffusion case, some sufficient conditions can be given in terms
of the so-called transversality condition (see (5.10]) below).

iii) Notice that policies with infinite payoff were not excluded from the definition of admissible
policies. However, when solving the optimisation problem we will only focus on policies
with finite payoff, as otherwise it is clear that such a policy cannot be an optimal one.

Let us give some further assumptions for a given candidate value function ¢ € C?(R"):
(SC) For any admissible policy a* € AL with J*(x) < +oo, Sf 2 g a positive submartingale.
(MC) There exists a family of admissible pairs { (X%, &) : x e R" } such that, for each &%,
Sf’dx is a martingale.
(TC) Each admissible policy a* is such that either J%(x) = oo or
lim inf ES [ (XM)] =0, (5.10)

(nC) For each x € R", there exists a sequence {a},y c Ak such that J*(x) < ¢(x) + %

Remarks 5.8.

i) The submartingale and martingale conditions (SC)-(IMC) are the core feature in the stan-
dard martingale approach for stochastic control problems (see [4]). By Lemma (5.6)), these
conditions are only necessary conditions for optimality.

ii) The transversality condition (5.10) implicitly prescribes some kind of growth condition on
V. Essentially, it ensures that the value function V (x) does not growth too rapidly for large
|x|. This condition plays a similar role than a terminal condition does in the finite horizon
case.

Remark 5.9. If our control problem were a maximisation problem then the condition ” positive
submartingale” in (SC) would be replaced by " positive supermartingale”, whereas the inequal-

ities ((7.10)-(7.11)) would be reversed.
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Lemma 5.10 (Verification Result 1). Let p > 2 and let ¢ € C*(R™) be a nonnegative function
satisfying (SC) and (TC). Then the following holds.

i) For any admissible policy o € A%, ¢(x) < J¥(x), x € R".

ii) If condition (MC) holds, then ¢(x) = J*(x) and, thus, ¢ is the value function of the control
problem (5.1))-(5.3) and {&* : x e R"} is a family of optimal admissible policies.

iii If condition (nC) holds, then ¢ is the value function and, for each n, {a : x e R"} is a

family of e,-optimal admissible policies with €, = %

Remarks 5.11.

i) Under conditions (SC) and (TC), Lemma implies that the candidate value function
¢ is a lower bound for the value function V. However, to apply this lemma one needs to
verify both conditions for each policy o* € A%.

ii) The transversality condition (T'C) is not much of a problem in the maximisation case with
nonnegative running cost as such a condition becomes

limsupe ?E[¢ (XF)] 2 0.

t—o0

iii) Condition (SC) is usually dealt with via the corresponding HJB equation related to the
so-called verifications theorems.

Verification theorems provide sufficient conditions for optimality when the value function is
smooth enough. Such conditions are given in terms of the solution to an integro-differential
equation and require the concept of Markov policies.

Definition 5.12 (Markov controls). Let (X", a*) be an admissible pair with o € A%, p > 2.
The process a* = (o, v, 1) is called a Markov control if there exists an F*-adapted cadlag process
X* starting at x and there exist measurable mappings i : Ry x R™ > R, 6 : Ry x R" > M, (R)
and v : Ry xR"™ - M,, such that P* -a.s. pus = ji(s, XX), 05 =0(s, XY) and vs = v(s, XY), for all
s >0, and, furthermore, if & := (7,7, ) then (X&,aX) = (X*,a*(-, X*)) have the same law.
If all the mappings in & are independent of time, then the corresponding control is said to be a
stationary Markov control.

To state the verification theorem of our control problem, we introduce the following condi-
tions:

(HJB) ¢ satisfies the integro-differential equation
inﬁ{Laé(x) -q(x,a)o(x) + f(x,a)} =0, for all xe R". (5.11)
ae

(UI) For each x € R"™ and for each admissible policy a, the family {e‘”gt¢(X$‘:t)}TeT is
uniformly integrable (UI) for each ¢ > 0. Here 7 denotes the family of all stopping times.

(OC) There exists an admissible policy &* € A% with corresponding controlled process X%,
defined on a filtered probability space (2, F,F := (F;),P), such that

L% ¢(XY) - (XS, aX) o(XE) + f(XE,6X) =0, P-as. foralls>0, (5.12)

A few comments about the previous assumptions:

(i) Equations of the type (7.6]) are usually referred to as Hamilton-Jacobi-Bellman (HJB) equa-
tions (or the Dynamic Programming Equation) and they are the infinitesimal version of
the dynamic programming principle. By assuming sufficient regularity conditions for the

value function, this equation can be derived formally by a standard limiting procedure.
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ii) Assumption (UT) is important for the case when the Bellman process S is only a local
submartingale. This condition implies that the nonnegative local submartingale S*®" is of
class (DL) and thus it is a true submartingale.

iii) Assumption (OC) allows one to identify and construct an optimal (stationary) Markov
control policy via a pointwise minimisation of the associated HJB equation.

The main result of this paper is the following verification theorem. This theorem characterises
the value function V' as a solution to the integro-differential equation (7.6 and it also identifies
optimal Markov controls.

Theorem 5.13 (Verification Result 2). Let p > 2 and suppose that ¢ € C*(R™) is a nonneg-
ative function satisfying |p(x)| < C(|x|?7 + 1) for some C >0 and q € [2,p]. Under conditions
(HJB), (UI) and (TC), the following holds.

i) For any admissible policy o € A%, ¢(x) < J¥(x), x ¢ R".

ii) If, additionally, condition (OC) holds, then ¢(x) = J¥(x), the family {&* : x e R"} is a
family of optimal (stationary) Markov policies, and ¢(x) is the value function of the control

problem (5.1)-(53).

Remark 5.14.

i) The proof of Theorem is given in the appendix and follows a localised version of the
standard martingale approach for stochastic control problems. Therein we first show that
the Bellman process S»®” is a local submartingale for any arbitrary admissible policy and,
further, it is a local martingale whenever the policy is optimal. Then, thanks to condition
(UI) we conclude the proof by standard localising arguments.

ii) Since ¢ € C2, we are seeking smooth solutions to the HJB equation. This regularity also
justifies the use of the It6 -Meyer formula in the corresponding proof. However, by Theorem
71 in [25, Chapter IV, p. 221], the smoothness condition can be relaxed, at least for the
one-dimensional case, by considering ¢ € C'! with an absolutely continuous derivative f’.

iii) For a maximisation problem the infimum in (7.6 should be replaced by a supremum, so
that statement i) in Theorem would imply that ¢ is an upper bound for the value
function, that is ¢(x) > J%(x), for each admissible policy.

Remark 5.15. It is worth recalling the importance of (TC) at prescribing growth conditions
for the candidate value function ¢. In the diffusion setting, a standard example is the following
(see |7, Example 3.1, p. 130]): consider the equation %W’(a:) —qo(x) + f(x) =0, whose general
solution ¢ is given by

o(x) = 22 + 1+ ¢ exp(V22) + ¢ exp(—V/2z). (5.13)

It can be proved that the corresponding transversality condition lim;eo e @E,(¢(B¥)) = 0 is
satisfied only when ¢; = 0 = co. Here B” is a standard Brownian motion started at x. On the
other hand, the other solutions given by (5.13|) grow exponentially as x - co or x - —o0.

Remark 5.16. For any fixed a € A, let Y®% be an R"-valued Lévy process started at 2 whose
infinitesimal generator coincides with the operator L* on C2(R"). If ¢ € C?(R™) has polynomial
growth of degree p > 2 and, further, ¢ solves the integro-differential equation

L(z) - q(z,a)¢(x) + f(z,a) =0, xeR", (5.14)
lim E [e o aXraar p(xE a)] =0, weR™, (5.15)

then, by Theorem [5.13] such a solution admits the probabilistic representation:
(%) :E[fo oSS —aXEaar p (xo o) dt].
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In general, it can be difficult to verify the validity of conditions (UI) and (TC). However, if the
function ¢ is bounded, both conditions follow straightforwardly. In particular, if the running
cost function f is bounded, then the value function is also bounded and so is any candidate
value function ¢. We thus obtain the following result for the bounded case.

Corollary 5.17. (Bounded case) Suppose that f : R" x A - R, is a measurable bounded
function. Let ¢ € C2(R™) be a bounded nonnegative function satisfying condition (HJB), then
the conclusions of Theorem [5.15 are valid.

Thanks to the finiteness of the pth moment of each measure v outside the ball By, the growth
condition of ¢ in Theorem ensures that the non-local term in L?¢ (and so equation )
is well-defined. We are now interested in providing conditions on the running cost function f
that guarantee that the corresponding value function is of polynomial growth.

Lemma 5.18. Consider the control problem — with admissible policies A% for a fized
p > 2. If there exist a positive constant ¢ > 0, an action control ag € A and q € [2,p] such that
the running cost f:R"™ x A — R, satisfies |f(x,a9)| < c(1+|x|?) for all x € R™, then there exists
a positive constant C' >0 such that the value function V : R™ - R" satisfies V(x) < C(1+ |x|?),
for all x e R™.

Remarks 5.19.

i) The key fact in the proof of this lemma (see section is to show that for the constant
policy o = ag, with associated controlled process X? , the following holds

fo e B X1t < O(1 + [x]).

Observe that the latter inequality is valid as the process X2 is a Lévy martingale with drift
whose gth-moments estimates are well-known and satisfy the inequality above.

ii) In the It6 diffusion setting another standard condition for the running cost function f is the
(uniform) growth condition |f(x,a)| < C(1+|x9]). In our framework, such a case is covered
by Lemma which also implies that the value function V has polynomial growth of
degree at most q.

iii) It is not difficult to see that to allow a value function with exponential growth one needs, in
principle, an exponential moment for the measures v outside the unitary ball By. Appro-
priate assumptions on the control o are required to guarantee the finite expectation of the
exponential moments of X% . The latter will then ensure the validity of the corresponding
transversality condition.

We now state conditions on the running cost function f that imply (TC).

Lemma 5.20. Consider the control problem — with admissible policies A% for a fized
p22. Let f:R"x A— R, be the running cost function. If there exists a positive constant ¢ >0
such that |f(x,a)| > ¢(1 +|xP|) for all a € A, then the transversality condition holds for
any nonnegative function ¢ € C%(R™) with polynomial growth of degree p.

As a direct consequence of Lemma and Lemma we can now give conditions on the
running cost f under which the value function is of polynomial growth and, further, satisfies the
transversality condition.

Corollary 5.21. Consider the control problem — with admissible policies A% for a fized
p > 2. Suppose that there exist C > 0 and ag € A such that the running cost f : R" x A - R,
satisfies |f(x,a0)| < C(1+[x|P) for all x € R™ and, further, there exists ¢ >0 such that |f(x,a)| >
c(1+|xP|) for all a € A. Then the value function V is of polynomial growth of degree p and
satisfies (T'C).

Remark 5.22. In particular, this corollary is valid when f is of the same order than a polynomial
function of degree p > 2. Recall that the parameter p is related to the moments of each v outside

of the ball By (see (2.1])).
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6. DIFFERENT CLASSES OF ADMISSIBLE CONTROLS

Apart from the case where the running cost function is bounded, we have not explored yet
conditions that guarantee the validity of (UI). This assumption, as was pointed out before, is
not easy to verify in practical applications. To fill in this gap, we provide the following three
classes of admissible controls for which condition (UT) is no longer needed in the corresponding
verification theorems.

Case 1. Integrability conditions on the control processes o*.

Definition 6.1. An admissible policy o = (o,v, ) € A% is said to belong to the class A%(q),
q € [2,p], whenever it satisfies the additional condition:

(H3) For allteR,,
t 2 2 X xX 2 X X 1 X
fo \s| + |los|? ds € LY2 (P, G&™ e LI2(PYY), and HY ¢ L'(PY),  (6.1)

where G and H®™ are as defined in ([@.5).

Theorem 6.2 (Verification Result 3). Let p > 2 and q € [2,p]. If ¢ € C*(R™) is a nonnegative
function bounded by a polynomial function of order q for which both conditions (TC) and (HJB)
hold, then the conclusions of Theorem are also valid for the corresponding minimisation
problem over the set Ax(q).

Remark 6.3. Condition (H3) seems to be quite restrictive, however, we will see that due to
the generality of our set-up is fairly natural to impose integrability conditions of this type. We
will also see that in the standard SDE framework the corresponding integrability assumptions
are implied by the very-well known It6 conditions.

Remark 6.4. Thanks to the assumptions on the growth of the candidate function ¢, the proof
of Theorem 6.2} - follows easily by observing that (6.1] . guarantees the finiteness of the expectation
of the running maximum of ‘Xa |

Case 2. Growth conditions on the control processes o*.

Definition 6.5. An admissible policy o* = (o,v, 1) € A% is said to belong to the class AL
p > 2, if the following conditions hold:

(H4) There exist measurable functions
ﬂi:RnXQ%Rn, 1<i<n, &ij:RnxQ—)Man(R), 1Si,an,
:R" x 2> M,,
such that, for each ge{5,0,i}, § (Xto‘x, ) is Fi*-adapted and, further,

off = (6(XP (w),w), M(XP (w),w), AXP (w),w)), P -aus.

(GC) There ezist a deterministic positive constant K and a real-valued process k = (k)0 such
that for allt >0 and x e R"

la(x,w)P + ||6(x,w)|P + /IR 2] v |2 (x,w,dz) < |ki(w)P + K|x[P, P* - a.s. (6.2)

0
with [} |ks|P ds € LP/2(P9).

Remark 6.6. The previous definition of admissible controls can be thought of as a generalisation
of the It6 SDE setting as presented in [22]. In this reference, under an additional Lipschitz
condition, the process k; can be given explicitly in terms of the associated drift and diffusion
(stochastic) coefficients, see [22, Section 1.3, p. 23]).
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Theorem 6.7 (Verification Result 4). Let p > 2 and q € [2,p]. If ¢ € C*(R") is a non-
negative function bounded by a polynomial function of order q, for which both conditions (T'C)
and (HJB) hold, then the conclusions of Theorem are also valid for the corresponding
minimisation problem over the set of admissible controls AL

Remarks 6.8. The key fact in the proof of Theorem is to show that, for each admissible
policy a* € A%, B2 [supgese; |XE|P] < +00, for each t > 0. The latter follows directly from the
estimates given in Proposition Notice that, apart from the growth condition , the
assumption fot |ksP ds € LP/?(P*) is crucial. The rest of the proof follows the same arguments
used in the proof of Theorem so that we omit the details.

Case 3. Markov conditions on the control processes o*.

As a particular case of the class of admissible controls /l; given in Definition ﬁ we can now
restrict our attention to the class of stationary Markov controls, i.e. when o™ is of the form

o (w) = (6(X (W), (XS (), (XS (),
for some (deterministic) measurable functions ¢, 7 and ji (recall Definition [5.12]).

Definition 6.9. An admissible policy o = (o,v,u) € A% is said to belong to the class AMP
p > 2, if & is a stationary Markov control process and the following condition is satisfied:

(GM) If o* = (6(X¥ (w)), 1(XX (w)), (XX (w))), then there exists a deterministic positive
constant K such that for all t >0 and x € R™, the functions &, U and [ satisfy
|ﬂ(X)|”+|I5(X)Ilp+fRn 2 v [2l"0(x,dz) < K(1+|xP). (6.3)
0

Theorem 6.10 (Verification Result 5). Let p > 2 and q € [2,p]. If ¢ € C*(R") is a non-

negative function bounded by a polynomial function of order q, for which both conditions (T'C)

and (HJB) hold, then the conclusions of Theorem are also valid for the corresponding

minimisation problem over the set of admissible (stationary) Markov controls Ai/[’p.

Remark 6.11. Since this result is just a particular case of Theorem we omit its proof.

6.1. About the standard SDE settings. Most of the literature dealing with optimal con-
trol of Lévy -Ito diffusions share two important characteristics in the definition of admissible
policies:

a) The optimisation is usually done over the smaller class of Markov controls u. Hence, each
process X" is defined as a solution to a controlled SDE with a Markovian structure:

t t
XU =g+ fo b(XY, ) dr +f0 (X, uy) AW, +

t . t
+ [ f 'y(X:f_,z,ur)N(dr,dz)wa f (X, z,up )N (dr,dz), (6.4)
0 Jhy<1 0 Jhy>1

i.e., the drift and diffusion coefficients b and s, as well as the function v (which determines
the size of the jumps), are assumed to be functions of both the space and the control
variable. Here N (ds,dz) := N(ds,dz) —dsv(dz) is a compensated Poisson random measure
(independent of the Brownian motion W), whose mean measure v is fixed and satisfies that

ng LAY2(- 2, )v(dz) < co.

b) The drift and diffusion coefficients as well as ~ satisfy appropriate It6 -type conditions:
Lipschitz and linear growth conditions in the space variable and uniformly on the control
variable.

The importance of such conditions is that they guarantee both (i) the existence and uniqueness
of a strong solution to the corresponding SDE, and (ii) the square integrability of the associated
control process (see |8, Chapter 4], [22, Section 1.3, p.22] for the (continuous) It6 diffusion case,
or [20, Theorem 1.19, p. 10] for the (jump) Lévy diffusion case).
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Remarks 6.12.

i) Although in our setting condition (H3) seems to be quite strong when compared to the
It6 or Lévy diffusion cases, this assumption is crucial to guarantee the finiteness of the gth
moments of each process X® . Nevertheless, by Theorem the gth moments are also
finite whenever the growth condition holds.

ii) By imposing an additional Lipschitz condition we can also guarantee the existence of a
strong solution to the corresponding SDE. We then see that our framework encompasses
the controlled It6 SDE case.

iii) Using Definition we can recover the It6 diffusion case by setting v = 0 and by proceeding
as follows: given an admissible control of (w) := (7, )(+,w), where & : R" x 2 - M« (R)
and i : R" x 2 > R" satisfy (H4), define s(-,ay(w)) = 7(-,w) and b(-, o (w)) = (-, w) as
the corresponding diffusion and drift coefficients.

iv) In the Lévy diffusion , the jump intensity measure v is fixed and deterministic. Hence,
the control affects only the jump sizes determined by the function ~y(x,z,u). Since our
martingale approach allows us to control the jump intensity measure, our setting is more
general than the jump case in [20].

v) We can reformulate the controlled SDE in terms of our martingale approach as follows.
Define the action control set I'” as a subset of M, (R) xR"™ x F(R";R™), where F(R";R")
is the set of measurable functions on R™ with values on R". Fixed a jump intensity measure
v and replace the operator L? in by the operator

1
(1) ()= WTTh() + 5 Te(o " Hho) () + [ (h(+y) =h() -y Th()) dv 007 (y),  (65)
0
where each action a = (o, u,6) € I''. The set of admissible controls can now be defined
(with the appropriate changes) as was done in Section

7. FINITE HORIZON CASE AND OTHER EXTENSIONS

7.1. Finite Horizon Case. We will sketch briefly the formulation for the case when the plan-
ning horizon is a finite (deterministic) time interval [0,7"] c R,. We take the control setting of
Section [3.1] except for the fact that all processes are defined on the time interval [0,7"]. Keeping
this restriction in mind, we shall use the same notation for the class of admissible controls (recall
also Remark . Let p > 2 be fixed throughout this section. For each z € R™, define the cost
functional

z T az z z
T (XY a%) o E[fo (XY o) dE + g(X2 )], (7.1)

where f: [0,T] xR"” x A > R* and h : R” - R* are the running cost and the terminal cost
functions, respectively. As before, the discount process is given by 4@ := fo q(s,XS"‘Z, a?)ds
with ¢:[0,7] x R" x A — R, being a bounded measurable function.

The stochastic control problem on the interval [0,7'] consists in solving the optimisation prob-
lem:
inf J (X o) (7.2)
(X* az): aze A

for some initial state z € R™.

The solution to ([7.1)-(7.2)) consists then in finding the optimal value of J and an optimal policy
(whenever it exists). A policy &* € AL is called optimal if the corresponding admissible pair
(X4, &%) satisfies
J(X¥,6%) = inf J(X* a®). (7.3)
aze A
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Unlike the infinite horizon, the cost functional (and thus the value function) in the finite horizon
case does depend on both the initial state and the initial time of the system. Hence, in order
to solve — via the dynamic programming approach, we consider the associated family of
control problems indexed by the initial time-state points.

Given (t,x) € [0,T] x R™, for each admissible pair (Xat’x, a'X), we define
T {8
To(tx) =B [T f5.X2, a0 ds+ (X)) (7.4)
> Jt

where Ef'y stands for the mathematical expectation conditional to Xto‘t’x = x. As before, we have
omitted the superscripts ¢,x when appearing inside the operator Ef',. We have that J(¢,x) is

the expected cost of using the control policy a’* over the time interval [¢,7] given the initial
time-state point (¢,x). If t =0, we write J4(x) = J*(¢,x).

The optimal cost function V : [0,7] x R™ — R* is then defined by

V(t,x) = inf V(t,x). (7.5)
{(Xat,x7at,x) :atvxe.Af,x}

Hence, V (t,x) gives the minimum cost-to-go, starting at time ¢ from state x.

Following similar arguments than those used in Section [5] we can obtain the finite horizon
counterpart of our previous results. We thus omit the repetition and only present the following
verification theorem.

Theorem 7.1. Let f : R, xR" x A - R, and h : R® - R, be measurable functions. Let
¢ e C([0,T]xR™) nCY2([0,T) x R™) be a nonnegative function with polynomial growth in x of
degree p (uniformly in t), which solves

0ep(t,x) + inf {L7(t,x) — q(t,x,2)¢(t,x) + f(,x,2)} =0, for all (t.x) €[0,T) xR", (7.6)
with the boundary condition ¢(T,-) = h(-). Suppose that, for each a'* € Aﬁx, the family
{qﬁ (T AT, Xf‘;;)} - is uniformly mtegmble Then the following holds.

TE
(a) For any admissible policy o' € AL 5 o(t,x) < T(t,%), (t,x) € [0,T] xR™.

(b) If there exists an admissible policy &b € Aﬁx with corresponding controlled process th’x,
defined on a filtered probability space (12, F, (ﬁt),@), such that P-a.s. for all s >0
Ds(5, X&) + L (5, X&) = (5, X &%) p(5, X&) + f(5, X &) =0,  (7.7)

with the boundary condition ¢(T,-) = h(-). Then, ¢(t,x) = J(X*™, &), the family {&" :
(t,x) € [0, T] x R™} is a family of optimal policies, and ¢(t,x) is the value function of the

control problem ((7.1))-(7.2]).

Remark 7.2. The proof follows the same arguments used in the proof of Theorem [5.13] so the
details are omitted.

7.2. Possible extensions. Let us now comment on three possible generalisations.

7.2.1. Local dynamics and action set A. . We can generalise our framework by, for example,
replacing M,, by the set

M]'D = {measures v on R" such that '[R (1 A |y|2) viylPr(dy) < oo}, p>1. (7.8)

2As before, 7 denotes the family of all stopping times.
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Hence, to define the local dynamics of a control process, we can replace (3.1]) by the more general
Lévy operator
1
(L%9)() = ()" 9g() + 5 Te(@ Hg o))+ [ (9 +¥) ~90) - ¥ Va0 Ly ().
0
(7.9)

7.2.2. Running cost function f. Notice that we have assumed that f > 0. This condition can
be relaxed, for instance, by considering that f is bounded below, say f > m. In such a case,
the previous results can be applied to the modified running cost f := f —m. Indeed, under the
following assumptions:

(TCa) Each admissible policy o is such that either J%(x) = oo or
lim inf B [e7 ¢ (X)) <0, (7.10)

(TCb) Each admissible policy a* is such that
limsup ES [ ¢ (X{)] > 0. (7.11)
t—o0

Lemma [5.10 becomes:

Lemma 7.3 (Verification Result 1°). Let p > 2 and the running cost function f be bounded
below. Let ¢ € C*(R™) be a function bounded below and satisfying (SC). Then the following
holds.

i) If for every admissible policy o € A% conditions (SC) and (T Ca) hold, then ¢(x) < J*(x),
x e R"™,

ii) If (MC) and (TCb) hold, then $(x) > J*(x). The equality holds when, for every admissible
) If (MC) and (TCb) quality Y
policy with finite payoff,

lim E [e77 ¢ (XM)] =0. (7.12)

In the latter case, {&* : x € R"} is a family of admissible optimal policies and ¢ equals the
value function.

In a similar way, we can extend all our results for a lower bounded running cost. For more
general functions f, additional constraints are required to ensure that the payoff J*(x) is well-
defined.

7.2.3. Weak solutions to HJB equation. The assumption of having a C? solution to the HIB
equation guarantees that such a solution is regular enough for the integro-differential equation
to make sense. However, since the existence of C? solutions is difficult to guarantee, a natural
approach to deal with this issue is to introduce the concept of viscosity solutions, as has been
done in other settings. We leave the study of this issue to future research.

8. APPLICATIONS

8.1. Example 1. Let f: R - R, be a symmetric convex function with polynomial growth of
degree p > 2. Define

M = {v e M,, such that v(R) <1}. (8.1)
Let A” be the action control set given by
A" ::{CL:(U,V,,U,)‘O'Zl;VEMgl,M:ny(dy)}, (8.2)

and let A, be the set of A”-valued admissible control processes o = (af)ss0 (as defined in
Section (3.1) with p > 2 and uw =0 for the operator L%).
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We seek the optimal function

Viee inf E, [[ et F(X2) dt] . (8.3)
aTe A, 0
Let B be a standard Brownian motion started at zero and define
w:xHE[fO e_(q+1)f(x+Bt)dt]. (8.4)
Lemma 8.1. Suppose that
B:= sup f lyPr(dy) < oo. (8.5)
VEMgl |y|>1

Then the following holds:
i) 1 is symmetric and convex and its global minimum is attained at zero.
i1) The optimal payoff is given by

RO
q )

V=y+c, where c (8.6)

and { &% = (1,-X*,6_x=),: © € R} is a family of admissible optimal policies, where X% is
the Markov process, started at x, whose infinitesimal generator defined on C?(R™) is given
by

GH() = () + [ () =B D5 dy), (57)

with U(x;dy) == d_,(dy), the unit point mass at —x. Thus, the optimal control is to always
gump X to zero at maximal (i.e. unit) rate.

Remark 8.2. In this example, conditions (T'C) and (UI) are easily verified thanks to the
definition of the action control set and condition (8.5)).

8.2. Example 2. Let us consider the same control setting as in Example 1, but with a slightly
different running cost function. Let f : R — R, be a polynomial of degree p > 2. Suppose that
f is a symmetric, C?, convex function increasing on R,. Given x > 0, we seek

V:ze inf E, [fowe—qt [F(X27) +f£1/t(]R)]dt:|. (8.8)

oa%e Ay
The HJB equation for the control problem (8.8)) is now given by

aei[%,fl] {%g" —qg+ [ +ka+ f (9(x+y) - g(x)) V(dy)} = 0. (8.9)

Theorem 8.3. Given b >0, define ¢p: R - R, by
gt b,x
(bb(.%') =E, |;/(; e (f(Bt ) + K1|Bf’z|2b) dt] , (8.10)

with B%® being a controlled BM, started at x, which is jumped to the origin at rate 1 whenever
\Bb’m| > b and is otherwise uncontrolled. Then, the value function V defined in (8.8) is given by
¢ = ¢y, where b solves ¢;(b) — ¢;(0) = K, with corresponding optimal control.

Remark 8.4. Unlike Example 1 wherein condition (8.5) is key to guarantee the transversality
condition, in this second example such a condition is a consequence of Corollary and the
polynomial form of the running cost f.
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8.3. Example 3 (Quadratic Control). We now consider the case when the running cost
function f(x,(o,v,)) is a quadratic form as a function of x and pu. We will see that the
associated payoff function turns out to be a quadratic form as well and we obtain an explicit

solution to the stochastic problem (5.1))-(5.3).

Let A and © be positive definite symmetric matrices in M;,x,(R). Consider the running cost
function f : R® x A - R* defined as the quadratic form f(x,a) = x? Ax + u?Ou for each
a=(o,v,u) € A. Let B be a symmetric positive definite matrix solving the algebraic Riccati
equation

B0 'B+¢B-4 = 0. (8.11)
Let D be an open subset of My, (R) x My and set I' = D xR"™ as the action set A. Define
6:= inf (Tr(O'TB o)+ / yTByu(dy)) , (8.12)
(o,v)eD R

and suppose that the infimum in (8.12)) is attained at (&,7) € D.

Theorem 8.5. Consider the control problem — over the class of admissible controls
.,Zti (see Deﬁnition and with the quadratic running cost f given above. Define Q := OB
and v := —O7'Pu, where P := BA™'B, and u € R" is the drift term in . Let i : R™ - R"
be defined by i(x) := —Qx +v. Then the following holds:

(i) The family {&* :x € R"} defined by
& = (6,0, l(X7)) (8.13)

is a family of optimal policies, where the associated controlled process X?‘x = Xl’f s the
R™-valued process with infinitesimal generator L defined on functions f € C2(R™) by

(Lg)(-) = (U+ﬂ('))TV9(~)+%Tr(&THg(-)&HfRn(g(-w)—g(-)—yTVg(-))I?(dYL (8.14)

(i) The value function V is given by V(x) = xIBx +xTc+d for all x e R", where c € R™ and
deR are given by

c:=2PTu, d := é (2uTPTu +0— uTP@_lPTu) . (8.15)
Remark 8.6. The proof, given in Section follows again a verification approach: we first
show that &* as defined in is an admissible policy for each x € R" (see Lemma in
Section . We then prove that ¢(x) := x! Bx + x” ¢ + d satisfies the assumptions of Theorem
Here we verify that the pointwise minimisation of the corresponding HJB equation yields
the algebraic matrix equation .

Remarks 8.7.

i) Notice that the optimal family of policies defined in is a linear function of the state
x. This family depends on the solvability of the algebraic matrix Riccati equation .
Although the dynamics of the controlled system are not linear, this example can be thought
of as a generalisation of the standard linear quadratic regulator (LQR) problem, see, for
example, the finite horizon case in [8, Chapter VI, Section 5, p.165] .

ii) Various criteria to guarantee the existence and uniqueness of a positive definite solution to
the Riccati equation are very well-known in the literature (see, for example, [11,17,32],
and references therein). Furthermore, it is also known that such a solution can be expressed
in terms of the eigenvectors of the 2n x 2n-matrix

-41 e
= S

see |24, Theorem 1], [16, Theorem 1].
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Particular case. If the weight cost matrices for the control problem (5.1))-(5.3)) are the diagonal
matrices A := Al and © := 01, with A > 0 and 6 > 0, then the coefficients of the corresponding
value function V take the explicit values

4 8A [[u]|? 2 05(p-q)
B:=—(p-¢)I, c¢i=—-Fu, =————BA-(p-q)°) + ——,
2( ) O(p +q)? q9(p+q)2( (P=a)") 2q

where p = 1/q? + 4)/0.

APPENDIX A. PROOFS OF RESULTS IN SECTIONS [3] AND [4]

A.1. Proof of Lemma [3.4]

Proof. Define us®t := o™ @, 8. Consider the admissible pairs (XO‘T’g,a“E ) and (YA, 8%) de-
fined on the probability spaces (£2%, F<, (7}"),P¢) and (028, FP, (ff ), ng)> respectively. Notice
that in the notation IP"g and ng we have made explicit the initial distributions & and nf* of the
corresponding control processes X" and YA? , respectively. Define a new filtered probability
space (12, F,(F;),P) by setting 2 := 2% x 2% endowed with the product o-algebra F := F* @ F¥?
generated by the measurable rectangles. Define the probability measure P on (£2,F) as the
probability measure on (2% x 27, F* @ F?) given by

P(B) = fmIPgta(Bwl)dP?(wl), BeF e F (A1)

where, for each wy € 2%, By, = {w2 € [ (w1,w2) € B} denotes the wy-section of B. Note that
B, ¢ FB. We can now define the process 74 on (2, F,P) as follows

ué ¢

Zg  (w1,w2) =wi(8) 1 (s) +w2(s)lfre0)(8), s€Ry, w1 e woe 2°. (A.2)

By construction (Z“g’e;t,ug’@t) is an R" x A-valued, (Fs)-adapted cadlag process which agrees
in law with (X"‘T’g,ar’g) on [r,t) and with (YP78%) on [t,00).

Note now that the integrability of [’ |L“z§’®th (Z;‘g’et) dl < +oo, for s > and h e C?(R"), as well
as the validity of condition (3.3)), follow from the validity of such conditions for the admissible

pairs (X"‘T’g,of’5 )y and (YP7, 3%) associated with u®® and Z“£’$t, respectively. It thus remains
to prove that

t ,
Mth’u&@t o h(z;/lf,@t) _ / (Lug & h) (Z?f@t ) ds, t>r (A3)

is an (F;)-local martingale under P. Let us then prove that E (Mf’"€’$t ]—'k) = M,?’"E’eat for each

r <k <s. For this, we shall use that M and M"#7 are (F)- and (F)-local martingales,
respectively.

Case 1. If k < s <t, then IE(MSILu&@t
ﬂ;) = ]E(Mf’ﬁ?

Fi) =E (M}“"jf;j) = M Similarly, if ¢ < k < s,
}",f) = M:’ﬁ?, as required.

then E (Mf’ug’eat

Case 2. If k <t < s, then, by definition of (Z“g’% ,u®®) and by the law of iterated conditional
expectation, we obtain that

o t .
M B f Lo h (XY i (A.4)

r

E (M

Fi) =E[E (M7

)]s
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Therefore,

E (M| 7 ) :E(Mf"’? - f tL“lr’éh(Xf‘T'g)dl‘fk)

E (h (x¢) - f e (%) dz]fk)

E (M| Fp) = mpe, (A.6)

as desired. -

A.2. Preliminary results. Let us introduce some additional notation and give some prelimi-
nary technical results.

Given a function f e C?(R"), define a sequence {fx}x c C?(R") as follows. For each K > 1,
K €N, set

fi=fCk, where (g e CZ(R™), 1pgak) < Ck < 1p(03K)- (A7)
Note that fx — f pointwise as K — oo.

Given an admissible pair (X, *) with a* € A%, p > 2, we define, for each m < K, m € N, the
stopping times 7,,, := T), A Sy, Where

T, = inf {7“ eR,: |X$‘x‘ > m} Am, (A.8)
and

S = inf {r : '[Or QP ds > m}, m>1, (A.9)
with Q{Z’“x as given in (3.3]) and the usual convention inf @ = co. Note that 7,,, = co P* —a.s. as
m — oo (thanks to the cadlag property of X and the continuity of 7 fOT Q?’ax ds).

For each a = (o,v, ) € A, we will rewrite
(L) () = (A#D 1) () + (6 ) (). (A.10)

where
(A®D1) () = (e )V + S Te(o” Hf o)) (A1)
@NO = [ 9= 10 -y TFO)u). (A.12)

Lemma A.1. Let f € C?*(R™) be a function satisfying |f(x)| < C(|x|9+ 1) for some q € [1,p],
p > 2. Take m € N and let {fx}x>m be a sequence of functions approximating f defined via
(A7). Then, for any admissible pair (X, o), o € AL, there exists a positive constant
C(m, f) (independent of K ), such that, for each K >m,

(L% 1) (XD < C(m, )YQE, s < 7o (A.13)
In particular, the P* — a.s. convergence
tATm x x tATm x x
[ et ey as - [T et e as, (A14)

holds for allt e R, as K — oo.

Remark A.2. Recall that we will always omit the superscript x in X and o whenever they
appear inside the operator EY.

Proof. Take o* = (o,v,u) € A%, f and {fx}x as in the statement. Since fx € C2(R™), the
continuity of fx and the fact that fx = f on [-2K,2K] yields

(A6 fic) (XT)] = [(AW=2) ) (XED)| < colm, £) (ol +llerslP) (A.15)

where co(m, f) := max{ (u+1) supj, ., [V f(2)|, %sup‘z‘gm I|Hf (2)||}.
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As for the non-local part, observe that for each x € R™ the integral term (G"* fx)(x) can be
split into two regions: E:={y e R} :|y| <1} and E°:= {y e R} : |y| > 1}. For |x| < m, by Taylor’s
theorem, there exists 6 € (0,1) such that
1 n
[fr(x+y) = fr(x) -y - VIx(x)] = 5 > 05 fr (x+ 0y)yiy;| < er(m, flyl’, yeE, (A.16)
ij=1

where ¢y (m, f) := %|y|2 >t j=1 SUDjgl<m+1 ‘szf(z)‘ Note the use of inequality 2y;y; < y? +y]2 <lyl?,
as well as the fact that ¢; does not depend on K as (by construction) fx = f on [-2K,2K] c
[-m-1,m+1].

On the other hand, again using that |fx| < |f| and f has polynomial growth of degree ¢ € [1,p],
we can find a positive constant c)(m, f) > 0 such that |fx(x+y)| < ch(m, f)lylF, for all [x| <m
and y € £°. Thus

\fr(x+y) = fx(x) -y VIc(X)| <calm, Oy, yeE", (A.17)
where ca(m, f) = (ch(m, f) +supy, . {1/ (2)| + |V £ (2)}])).

Since fx = f on [-2K,2K] and ’X?_x‘ <m < K P*-a.s. for all s < 7, the estimates (A.16) -
(A.17) imply that

(G 1i) (XN < cm, f) [ IyP vIyPra(dy)va(dy), for all K >m, (A.18)

where c(m, f) := 2max{ci(m, f),ca(m, f)}. Estimates (A.15) and (A.18)), together with ([A.10))
yield

(L f1 ) (XE)| < colm, f) (sl + lloslP) + e(m, f) fRn v v [y Prs(dy)vs(dy).

Estimate (A.13) follows by setting C'(m, f) = max{co(m, f),c(m, f)} (recall definition of Q&*"
in (3.3)).

Now, to prove the convergence ({A.14]), thanks to (A.10]) and the equality in (A.15)), it is sufficient
to prove the P® — a.s. convergence, for all t e R,

[T @ o xeyas - [T @) (X ds s K oo (A.19)

Since (A.18) holds for fx and ng ly[2 Vv |yPrs(dy) < +oo (as vs € M,, recall definition (2.1))),
the DCT implies

(G" fr) (X)) = (G" ) (XT) as K — oo, (A.20)

Moreover, since fOtM’" ds /Rg ly|? v |y[Pvs(y) dy < m (by definition of S,, and because 7,,, < Sp),

DCT implies (A.19), as required. [ ]

Theorem A.3. Let p > 2 and take any admissible pair (X ,aX), o € A% defined on the

filtered probability space (2%, F*,F = (F&),P*). Then, for each bounded function f e C*(R%)
with polynomial growth of degree q € [1,p], the process Mo = (Mtf’ax)te]& defined by

X X t X x
MO = (XY - fo (L5 f) (X2)ds, teR,, (A.21)

is a local (F*,P*)-martingale.

Proof. Let o = (o,v,u) € AL, X2 and f be as in the statement. Take m € N and consider
a sequence {fx}x>m defined via (A.7). Since fx € C?(R"), condition (H1) implies that the
process M/« = (Mth )teRr, , Where

X t X X
MJI% = fe(X2 )—fo (L fic) (X¥)ds, teR,, (A.22)

is a local (F®,P*)-martingale.
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Let 7, := T, ASy,, where T,,, and S,,, are defined via and , respectively. Note that the
stopped process MT&:™m = M fAﬁm is also a local (F*,P*)-martingale |26, Corollary 3.6, Chapter
II, p. 71]. Since (by construction) fx (ij\xm) - f(Xf‘A);m) as K — oo and, further, in
Lemma also holds, we obtain that Mtf M= MK S oo Mtf KoTm P _ g 5. for all t € R,, where
MFmm .= MJ;\Tm is the stopped version of the process in .

Let us now prove that, for each m, the process M/ ™ is a local (F*,P*)-martingalem. Take
s,teRy, s<tand BeF$. It is sufficient to show that ES [(Mtf’Tm - MSf’T’”)lB] = (. Since

(Mtfva _ Méf,Tm) 1B — (Mtfva _ Mth7Tm) 1B + (Mthmi _ MSnyTm) 1B + (MSvaTm _ Méfmi) 1B7
(A.23)
by taking expectations and using that, for each K and m, the second term vanishes because

MK s a true (F®,P*)-martingale, we only need to prove that, for each t, Mth’Tm - Mtf’T’"
in LY(P%) as K — co.

Using in Lemma [A.1, we get that, for fixed ¢ € R, and m € N, supy |Mth’T’" < |fl+
mtC(m, f) (because f is bdd, |fx| < |f| and by definition of 7,,). Therefore, for each ¢ € R,
and m € N, the family of r.v.’s 9 := {Mth’Tm K> m} is uniformly integrable (UI) (see, for
example, |25, Chapter 1, p.8]).

Therefore, there exists a process M™ such that P* —a.s. Mtf/l\(;'m — M/™ for all t e Ry, as K — oo.

It follows that M;" is integrable for each ¢t € R, and, further, MiE M™in L'(P*) as K — oo.

tATm

The previous implies then that the stopped process M/ is an (F*,P*)-adapted martingale.
Hence, by Theorem 50 in [25, Chapter I, p. 38], we conclude that M/ is an (F®,P*)-local
martingale, as required. [

A.3. Proof of Proposition 4.4

Proof. Let (X, a*) be an admissible pair. Observe first that B (resp. C) is predictable as,
by definition, it is a Lebesgue integral of the locally integrable processes g and v (resp. o). By

s
(H2), for each t > r, frt Q%™ " ds is the Lebesgue integral of a locally integrable process, hence
the dominated convergence theorem (DCT) implies that P* — a.s. the paths ¢ — f: Q%;’O‘T’g ds

. €
are continuous. Thus, the process jo QY " ds is predictable. As for the random measure 7,
by [10, Definition 1.6, Chapter II.1a, p. 66] we need to prove that, for any predictable function
W(w,s,x) on 2% xR, x Ry, the integral process W * 7 is also predictable, where

W s (w) := f W(w, s, x)n(w;ds, dx) (A.24)
(0,t]xRy

if /[o,t]ng W (w, s,x)n(w;ds,dx) is finite, and equal to +co otherwise. Since n(ds,dy) = ds ®

vs(dy), for each t and w, the integral W = n(w) is a Lebesgue integral of the product of two

predictable processes: W and o. Hence, W % 7 is predictable.

Therefore, by [10, Theorem II. 2.42 p. 86], we only need to show that, for each bounded function
f e C%2(R%), the process

o* a* a* t 3 a* 1 td o
N ) g0 - [T xeyant -5 [ 2 I XE) a0y ()

- /[0 t]xR? f(X(Sxfx +y) - f(X?ix) - h(y)- Vf(X?j)n(ds, dy)

0

is a local martingale. By the definition of L and 7, we have the equality

fax x x t x x
NPT = XY - F(XE) - [ (L) (XE) s, teR..
26



Therefore, the result follows from Theorem [ |

A.4. Proof of Proposition For the proof of this result, we will need the following auxiliary
lemma.

Lemma A.4. Theorem is also valid for any function f € C*(R™) satisfying the polynomial
growth | f(x)| < C(|x|?+ 1) for some C >0 and q € [2,p].

Proof. Let (X%, a*) be an admissible pair with o* ¢ A% and let f € C?(R™) be as in the
statement. Define

W(w,s,y) = f(XE +y) = F(XZ) =Y 0 f (X )yi, (w,s,y) € 2% xR, xR,
=1

Notice that all processes f(X +y), f(X®") and 8;f(X®") are left-continuous with right limits,
so they are locally bounded and predictable. The latter implies that, for each y, the process
W is also predictable. Since (by Theorem ?77) X" is a semimartingale, the generalised It6
formula [10, Theorem 4.57, Chapter L4e, p. 57] implies that f(X®") is also a semimartingale
satisfying

o™y _ = t . o* 7 1 t . [e% %, j,C % X
) =)+ ) A IED S 5 O (XE ) A(X X+ W ey
=f(X)+§;fojaif(Xsax)(UiJrui(S))dSJf %K%:gnfojaijf(xso‘x)(‘fzas)ij ds+W *ne + Ny
=f(X)+f0tL“§f(X?_x)+Nt (A.25)

where Ny := 37, f0t+ Dif (X&) AM} + W » (nX -n)¢ is a local martingale (recall that M? is the
local martingale in the decomposition of X* and 7 is the compensator of the random measure
7). Second equality follows from Theorem ?? and the third equality from the definition of L%
and the fact that W » n(w) = f[(),t]ng W(w,s,y)ds ® vs(w;dy) (see definition in (A.24)). Let
us observe that f having a polynomial growth of degree ¢ < p with p > 2 is a key assumption to
guarantee that W * 1, is well-defined. The latter holds because v, takes values in M, and thus
it is a measure with finite second moments inside the unitary ball By and finite pth-moments in
Bf. This concludes the proof. |

Proof. (of Proposition

(i) Equality (4.3) is the canonical representation (relative to h) for special semimartingales
(see [10, I1.2¢c, Theorem 2.34, p.84]) and follows from Proposition and [10, II.2¢c, Corollary
2.38, p.84].

(4i) Since |X§‘X’C Yo Yy |X§’C " and (by Corollary (&-4))) the equality ( X, X*¢), = [/ Y7, 02 (s)ds
holds, the Burkholder-Davis-Gundy inequality and the fact that Y}_; |a;[" < ¢ (X}, |ai])" for
r > 1 and some constant ¢ > 0, imply

n

« n t Q/2
E$ sup XS ’C‘q <CEZ|>] ( > / o2.(s) ds)
0O<s<t i=1 \k=170

n n t a2 t q/2
cong| (83 [ onas)|-cm( [ leras)”

i=1k=1

as required.

iii) To deal with the running maximum of the discontinuous martingale part of X we consider
the controlled process Y obtained by taking the policy 3 = (0,v,—u) € Ak, where v is the same
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process in the control a* = (o, v, o) and u is the vector corresponding to the operator L* defined
in (3.1). Therefore, the statement (i) proved above implies that

Y:=x+ f fn n) (ds,dy), (A.26)

where n¥°? is the integer-valued random measure associated with the jumps of Y and the random
measure 7) is its predictable compensator. Hence, Y is a local martingale and, by Corollary (4.4)),
n(w,ds,dy) = ds ® vs(w,dy). Thus, to obtain the estimate for the process X* ¢, we only need

to estimate |Yy|? for x = 0.
Define
F(w,s,y)=|Ys +y9=[Ys |-y V|Ys |7, (w,sy)e xR, xRE, (A.27)
and
G(w,s,y) =y V[Y.|? (w,s,y)e* xR, xRy (A.28)

Observe that the processes |[Y_|? and V|Y_|? are left-continuous with right limits. The previous
implies that, for each y, both processes F' and G are also predictable.

It6 ’s formula applied to h:y + |y|? implies that
Y9 =Gs (VP =)+ Fen) P =|x[7+Gx (VP =)+ Fx (P =)+ Fxny,  (A29)

where we have used that 7 is the compensator of n**?. Notation * stands for the stochastic
integral defined in ((A.24]).

Observe now that the process N defined by
Ne=(F+G)*(n" = n),

t V.3
= [ Yy = 1Y) 0 = )(ds, ),
0

is a local martingale. Without loss of generality, let us assume that N = |[F + G| * (n¥"? = n) is a
true martingale (otherwise one can proceed by considering an appropriate localising sequence).

Hence, since supg.,<; |Ns| < |F + G| * (n¥ — )¢, we obtain that Eg (supg<s<t |Ns|) = 0 and, thus,
the equality (A.29)) implies
ES ( sup |Ys|q) <ES ( sup F ns) . (A.30)
0<s<t 0<s<t

To estimate the right hand side above, we can now proceed as in the proof of the Kunita’s
inequalities for Lévy -type stochastic integrals given in 2| Theorem 4.4.23, p. 265]. Namely,
using the definition of F' and Taylor’s theorem one can find 6 € (0,1) such that

. n

Fxn = / ds fn (|Ys_ +y[ T+ YT+ > g Yo" Ys_yi) ()
i=1

f > 05 Yo+ 0yl lyiy;lvs(dy)

Rg 1<i,5<n

IA
= l\DI

\\k\kw&ﬁk\

(65 Yoo + 05|72 + q(q - 2)[ Yoo + 0yl Yoo + 0y;| [Yso ") y|*vs(dy)

J<n

afo 2
[|nuwﬂme
s [

I/\

(Y72 + [y|%) ly[Prs(dy)

C

IA

—

0

®A(WP“UWMWHf®[|WF2M”WM@ﬂ
28



Therefore, on taking expectations we get Eg (supgee; F *ms) < Hy + Ha, where

B 1 q_2 t 2
Hy:=CEj{sup — Y| ds Vyl*vs(dy) ¢
O<s<t Y 0 Ry

t
Hs = CEg {fo ds [R” |Y|2 vyl VS(dY)} )
0

for any v > 1. Using Holder ’s inequality with the conjugate values p’ = ¢/(¢—2) and ¢’ = q/2, it

follows that
C 1—2/(1 t Q/2
Hy<— {Eg Sup ’Ys—’q} Eg (/ ds[ 'Y‘YPVS(dY))
v O<s<t 0 R2

B q/2 t /2
la=2)C Q)CE*g(sup |Ys_|‘1) L2 Ej (fo dsz vlyl2vs(d>’))
q 0

2/q

vq 0<s<t
20")/q/2 5 t ) 4/2
<R / d f (d
e A RSVM vs(dy)

whenever ~ is chosen to satisfy (¢ —2)C < ~vq. Using the previous estimates into (A.30)) yields

t a/2 t 5
Eg sup |Y4|7| < Cy Eg / dsf ly[2vs (dy) +E§ f ds[ lyl“ v Iy|?vs(dy) | t,
O<s<t 0 Ry 0 Ry

for some positive constant C; > 0. Applying the previous result to X® ¢ and rearranging terms,
we obtain the inequality required in (4.6)). [ ]

APPENDIX B. PROOFS OF RESULTS IN SECTIONS [B] AND

B.1. Proof of Lemma [5.2.

Proof. Take o™ € AL, then a simple change of variables yields

Ja(T’7X) -k [Aw e*fou q(X%+r7am+7‘)d’rnf (Xgﬂuauﬂ”) dU|X? _ X]

:E[fomefo“Q(Y%dm)dmf(Yf},du)du‘Yg* =x] = JY(x), (B.1)

where (de,dx) = (X,O‘:T,a’_‘w). Using that a™* e AV, the definition of &* implies that
&* ¢ A% with corresponding controlled process Y® . Indeed, the construction of the pair
(de,&x) is obtained from the corresponding canonical process (Xax,ax) by shifting ap-
propriately. The validity of and follow straightforwardly from the corresponding
conditions on (Xo‘x,a"). Therefore, taking the infimum over o™ e APy in the first equal-

ity of (B.1) and then taking the infimum over & € A% in the second equality of (B.1]), yields
v(r,x) =v(0,x) = V(x), as required. ]

B.2. Proof of Lemma [5.5.

Proof. Denote by W (x) the right-hand side in . Let us first prove the inequality V < W.
Let (X®",a*) be an admissible pair and define nf* := P® o (Xtax)il. Take € > 0 and let Bf be
an e-optimal control in Af,n? with corresponding control process Y27 . Define u®® := a* @, B
as given in . Since, by Lemma u®® is also an admissible control in A%, there exists

(2%, F, (F*),P*) in which the corresponding admissible pair (Z""", u*®t) is defined.
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Set JU(-) := J(Z""®" ,u"®"). Then V(x) < J*(x) = A+ B, where

A= E,‘;[ fo Lo Joa(Z ) a f(Z;‘$t,uft)ds]7

B:=E" [ftm o5 a(Z ) at g (22 u®) ds]. (B.2)
Since the control process ZW%" satisfies that ZW°%" = X" on [0,t), we have

A=E2 [fote‘fosq(xf’“l)dlf(X?‘,as)ds], (B.3)
whereas the equality Zv% = YPY on [t,00) and properties of conditional expectation yield
=gy e fala i) [T o Aralm T i) (g0 o) ds

g el gy ([ A () )|

_[u —e—fotq(Z}‘@t7u?t)dl EB: ([OO e_fts Q(Yzﬁtavﬁ?(l))dlf (Y?ta”@ta(s)) ds|Xta):|
¢

= Eg[e” Jo a(Xfeu)dl 5 (Yﬁa,éa)] : (B.4)

where (Y,BQ,B.O‘) = (Yﬂtt,ﬁt( +t)) Similarly as we did in the proof of Lemma we
obtain that the process ﬁo‘ is admissible and belongs to .Aza. Moreover, it is not difficult to
t

see that 3% is an e-optimal policy as well. Hence, (B.3) and (B.4]),together with the equality
e = exp{- [y q (X§, o) i}, imply that

V(x) < A+E% [e%“x V(Xf‘)] +e=W(x)+e (B.5)

Letting € | 0 and then taking the infimum over all policies in A% yield the desired inequality
V<W.

To prove the reverse inequality, take an e-optimal policy a* € AL. Again, properties of condi-
tional expectation yield

V(x)+e> JYx) (B.6)

- o (/ f )est(X as)ds]

- 2 fo e (X2, o) ds +IE°‘[ I e [ a(Xfen)dip xe as)ds|.7-'t°‘“
ST :
~E2[ [Tt rxe g ds|vmzetEg] [Tk waﬂdlf(X?,as)ds]x;*]]
X

=Eg —[Ote—%’f(xg,as)ds— +EZ [T (X, &)]

[ t (a2 T o
> B2 /0 e F (XS, ay) ds |+ ES [V (X&)] = W (x),

where (X_é‘,d.) = (X*,,B82(- +t)) is an admissible pair with & € A? ne ny being the law of
X", By letting € } 0, we get V > W, as required. [ |

B.3. Proof of Lemma [5.6l .

Proof. We need to prove that for any admissible a* € A%, the inequality ES [Stv N FS ] > gy«

holds for all ¢ > s> 0.
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t o= _x aX
Define 04(r,t) := e e a(X3" ) ds for 0 < r < t. Notice that 6,(0,t) = e . Now, fix some
arbitrary admissible control o, then

Eﬁ[([gs+fst)ea(o,s)f(Xf‘,ar)dr+9a(0,t)V(X?)]
/(;sea(o,r)f(X;’,aT)dr N

. 9a(0,s)E[/Stea(s,r)f(X,‘?‘,ar)dr+Qa(s,t)V(Xf‘) | 7]
fosea(o,r)f(Xf‘,ar)dr N

; Ga(O,s)E[fstea(s,r)f(Xff,ar)dr+9a(s,t)V(Xf‘) ‘X“] (B.7)

E2 [StV o

fg]

The last equality follows by conditioning on X,?‘x and then by using the law of iterated conditional

expectation. Let & be the restriction of a® on [s,00). Then, it is not difficult to see that & is
. . . . X —1 . . X
an admissible policy in A; ;o where ng = P%o (XS"‘ ) ,1.e. ng is the law of X$ . Hence, by the

DPP (Lemma [5.5) we obtain that
E[[stea(s,r)f(xg",a;‘)dr+9a(s,t)v(xg") | Xg"] >V (X7,
which plugged into yields
Br[sPeFe] = [T 0a(0.0)f (X2 00) dr+ 020, )V (XE7) = 5V, (B.8)

which in turn implies that SV is a P®-submartingale. On the other hand, if a* is an op-
timal policy, then (B.8) ensures an equality in (B.8]) which then yields E$ [Stv’a .7-"50‘] = gV,

Therefore, SV is a P®martingale for any optimal policy with finite payoff. [

B.4. Proof of Lemma [5.10.

Proof. i) Take an arbitrary policy o € AL. Assume that J*(x) < +oo as, otherwise, the
inequality ¢(z) < J*(x) follows immediately. Since S»*" is a submartingale by assumption,

6(x) < B3 [S{*]. Therefore,

(x) < EX [fot 1T F(XY o) ds] CE2 [ 6 (X)) (B.9)

Note that, as ¢ — oo, the first expectation in (B.14]) converges to J“(x) (by the MCT). Hence,

letting ¢ — oo in (B.14]) and using the transversality condition ([5.10]) imply that ¢(x) < J*(x).
We have used the fact that liminf(ay, + by, ) = liminf a, + lim inf b,, whenever one of the sequences
is convergent.

ii) Take &* be an optimal policy. By assumption (SC), ¢(x) = EZ [Sf"dj] and, thus, the same
arguments above yield ¢(x) = J¥(x), which in turn implies that V(x) = ¢(x), as required.

i7i) Using statement i) and the definition of V, as well as condition (nC), it follows that
P(x) < V(x) < J*(x) < ¢p(z) + %, for all n > 1. Hence, letting n — oo, we get ¢ =V, as
required. [

B.5. Proof of Theorem [5.13l

Proof. i) Take an arbitrary policy o € AL. Assume that J*(x) < +oo as, otherwise, the
inequality ¢(z) < J¥(x) follows immediately. Then there exists a complete, filtered probability
space (2%, F (F),P¥) and an (Ff)-adapted pair process (X, a*) defined on it such that
the process X = (X!,..., X™)T, started at x = (x1,...,2,), is cadlag .
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Let ¢ € C%(R™) be as in the statement and set

X t ax x ax x
5P ::fo e (XY ) ds +e (XY, (B.10)

Since ¢ has polynomial growth of degree ¢ < max{2,p}, Lemma guarantees that
X t X X
o(Xe) = [ LT o(XE ) ds + MY,
0

for some local martingale M® = (Mt¢)t€R+. Hence, the integration by parts formula [25, Corollary
2, p. 68] yields

e G (XXT) = p(x) + fo fee (Lo (XY = q (X, ) $(X2))ds + Ny, (B.11)

where N = (Ny)ser, is the local martingale given by Ny := [Ot e dM2. Tt is not difficult to
see that, for a € A, the mapping x — L?¢(x) is continuous (this follows from the fact that
¢ € C?(R") has polynomial growth of degree ¢ <p and each v € M, has finite second moments
in the unitary ball B; and pth-moments outside Bj). Thus, since the paths of X are cadlag
(so they have at most a countable number of discontinuities), the integral in is P* - a.s.
equal to the one but with s instead of s—.

Substituting (B.11]) into (B.10]) yields
* b o x % x o
ST =)+ [T (fad) + (EF0)() - g (naX)6()) (XF) s+ Ne. (B.12)
Thus the process S* is a local submartingale as the integral term in (B.12) is non-negative
thanks to assumption (HIB). Let {7}, }n>0 be a localising sequence for the local martingale

N. Then, for each m, the stopped process (Sﬁ%;)tem is a submartingale and thus ¢(x) <
ES [Sg%ﬂ] Hence,
o tATm & o al —-v& o
$(x) < E2 fo e F(XY, 0g) ds | + B [e 0 0m g (X2 )] (B.13)

The uniform integrability condition (UT) yields lim, o, ES [e‘%oXTm o (X&Tm)] = K2 [677? o (X,
whereas the MCT implies (by letting m — co) that

H(x) gEg[fOte‘W?f(Xg,as)ds] +EZ [ ¢ (XM)]. (B.14)

Hence, letting ¢ - oo in (B.14)), the MCT and the transversality condition (TC) yield ¢(x) <
J*(x), as required.

i1) Suppose now that, for every x € R™, there exists an admissible pair (X", &%) such that
the triplet (&,7, ) satisfies (5.12)). To prove the optimality of &*, it remains to prove that
d(x) = J¥(x). Similar calculations than above imply that the equality

A X t ax AX a* A X
5 =f0 e F(XE 6X)ds + e ¢ (XET), teR,, (B.15)
can be rewritten as
AX t _ & AX A X AX AX AX ~
SPT = o)+ [T [F(XET @) + LTH(XE) - g (XE7, 6%) G(XE)] s+ A,

where M? is some local martingale. The cadlag property of X‘Six and the fact that ¢ solves

ensure the equality Sf A o o(x) + Mf) , which then implies that Sf) % g a local martingale. By

repeating the same arguments as before (localising and taking the corresponding limits), we

obtain the equality ¢(x) = J¥(x), which implies both that &* is optimal and that ¢(x) is the

value function. [ ]
32



B.6. Proof of Lemma [5.18|.

Proof. Let C >0, a9 = (o,v,u) € A, p>2and f be as in the statement. Take the admissible pair
(Xdﬁ,dx ), where X% is the Lévy process, starting at x € R"™, corresponding to the constant
policy &f = ag for all t € R, (see Remark [3.2). The assumption |f(x,a0)| < C(1 +[x|?) for all
x € R™ and the definition of J¥(x), yield

J(x) < C (% v [T et mgx g dt) , (B.16)

where § > 0 is the lower bound of the function ¢ in the discount factor ’yf‘x. Since X< is a
Lévy process with jump intensity measure in M, (recall definition in ) Proposition (4
ensures that, for each t € R", ‘Xa ‘ < K(|x|? +t7), for some K >0 dependlng on the ﬁxed
constants 1, o and the measure v. Plugglng the previous expression into 6)) implies that
J%(x) < C(1 +]x|?) for some constant C' > 0. Therefore, taking the mﬁmum over all admissible
policies implies, by definition of the value function, that V(x) < C(1 + [x]9), as required. |

B.7. Proof of Lemma We first recall the following.

Lemma B.1. If b =liminf; f(t), then for all € > 0, there exists ty such that f(t) >b—e€ for
all t > 1.

Proof. By definition, b = iminf; o f(t) := limyeo A, where Ay := inf{f(s) : s > t}. Thus, by
definition of limit, for all € > 0, there exists ¢y such that |As, — b| < €, thus b—€ < Ay,. Since At
is an increasing sequence in ¢, then b—e < Ay < A; for all ¢t > tg. Also, by definition of A, it
follows that A; < f(t), which in turns implies b — e < f(t) for all t > ¢, as required. [ ]

Proof. (of Lemma D Define the mapping ¢"®" : t —» E& [e’”tﬁ h(Xf‘)] for any nonnegative
function h on R™. Take ¢ € C?(R™) and f as in the statement. Suppose that (5.10]) does not
hold. That is, J¥(x) < co and liminf;,e gf’o‘ =~ for some constant v > 0. Then

to (o] x
+ f ge dt),
to

where b > 0 is the upper bound of the function ¢ defining the discounting factor 'ytax. Notice the
use of the lower bound of |f(z,a)| as well as Tonelli’s theorem to interchange the integral and
the expectation in the right hand side above. Since ¢ is of polynomial growth of degree p > 2,

there exists C' > 0 such that [,>° g; S0 qt < C(6 +[t°° P e dt). Moreover, by Lemma [B.1}, for

€ = /2, there exists ty > 0 such that gt’ > ~y/2 for all t > ty, and this implies that ftoo St gt
is not finite, which in turn implies (by the inequalities above) that the payoff function J O‘(x) is
not finite. The latter yields a contradiction and we thus conclude that (5.10]) holds. |

o . -b
+oo > J¥(x) > EY [/ e f(Xf‘,at)dt]ZC(e
to

B.8. Proof of Theorem [6.2l

Proof. The proof follows the same lines as the one for Theorem [5.13] The only change is made
at justifying the limiting step in (B.13]) to obtain the inequality (B.14]), which now is ensured by
the DCT and the finiteness of the expectation of the running maximum of ‘Xax‘q. The latter

assertion holds true due to Proposition [ ]
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APPENDIX C. PROOFS OF RESULTS IN SECTION

C.1. Proof of Lemma [8.1l

Proof. i) The convexity of f yields
(@) + (1-0)(y) =E( [T 0w+ B+ (1-0)7(y + B dt)

2E(_[Owe‘(q”)tf(9x+(1—9)y+Bt)dt)
=(fz + (1-0)y),

establishing that 1 is convex. Symmetry follows from the symmetry of f and of the normal
distribution. Finally, convexity and symmetry show that ¢ (x) = %¢($) + %w(—x) > (0), estab-
lishing that zero gives the global minimum of .

i1) The polynomial growth of f ensures that ¢ () is finite for each z € R and, further, it implies
that 1 has the same polynomial growth. It is not difficult to see that v satisfies

S~ (g 1)+ f =0, (€)
We will now show that ¢ := 1 + ¢ solves the HJB equation:
]‘ 14
Jnt 0@+ [ (b y) - h@) v(dy) - ah(a) + f()} 0. (C.2)

Note that, for each z € R and v € M.,
50"(@)+ [ (6 +y) - 9() v(dy)-a0(x) + f(2)

2 %@b"(l‘) + (¥(0) = (2))v(R) - qip(2) - (0) + f(x)
1

> 5@&”(3:) +(1(0) =(x)) - qib(x) = ¥(0) + f(x)

= U@ = @)1+ ) + f(2) 20, (C3)

where we used that 1(z) > ¥(0) for all z € R (because of statement i) above), and c¢q = 9(0)
by definition. The last inequality in follows from . Hence, taking the infimum
over all v € M establishes that ¢ satisfies condition (HJB). Observe now that and
Proposition imply that E [|Xf‘m |p] < C(|zP + tP) for some positive constant C = C(f,p),
which then implies (TC). Furthermore, supg,; |X&" ‘p € L'(P“) which establishes condition
(UI). Moreover, since the infimum is attained at o = d_, for each z € R, Theorem
establishes the equality V = ¢, as required.

|
C.2. Proof of Theorem We will need the following result.
Theorem C.1. Define the operator Gih = %h" —qh. Then, ¢ satisfies
Gip+f=0, on (0,b), (C.4)
and
Giop+f+r-(p-d(0)=0, on (b oo), (C.5)

and ¢ is increasing on R,.
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Proof. (of Theorem|C.1)) We first prove that ¢ satisfies (C.4))-(C.5)). Let B* be a Brownian motion
started at z. Define the stopping times 7, := inf{t > 0 : [B¥| = b} and 7 := inf{t > 0 : B> = 0},
for each x € (=b,b). Observe that 7, = 79 in distribution.

Using the strong Markov property of the Brownian motion, ¢ in (8.10) can be rewritten as

o(x) =E, [/07-0 1 (f(Bf,x) + Ii].'Bf,z‘Z{)) dt] + ¢(0)E, [e71™],

o qt+ft1 @y, 48 b o
=E, [/0 e ( 0 1B TIzb) )(f(Bt )+/~;1|Bi,,z|2b) dt] +P(0)E, [e71]
Using that
—am0] = ” ~(at s 1{\3’;’””\217}‘18)
E, e ]—Ex[[o Lo © at|
it follows that
o _(gt+fl1 oy, 48 b
é(z) = E, [[0 Ao ey )(f(Bt )+(H+¢(0))1|Btb,zzb)dt], zeR
and

v |:f(]°o e—(qt+f0t 1{‘3’;’1\&}) (f(Bf"”) + ”1|Bf*”|zb) dt]
¢(0) =

oo T qt"‘f()tl b,a)
1-E, [/0 e ( {IBs b})l{Bﬁ’”|>b}:|

Therefore, the stationary Feynman-Kac formula implies that ¢ solves

50 () = (04 L)) + £(2) + (5 6(0)) Ly =,

that is,
{ 56/ () ~qo(@) + /(@) = 0 2 e (-b,b)
3¢"(@) = (¢+ 1)¢(z) + f(@) + £+ $(0) =0 2 € (-b,b)°

The existence of b can be justified as follows. Observe that E, f(B;) 1 o0 as x — oo, ¢p(x) - o0
for any b, and ¢,(b) > ¢, f(b—1) for some constant ¢,. Moreover,

(0 =B [ (B dt + Boe 6 (1 (©.6)

<E [ T F(Br)e dt + ey (b), (C.7)

where 0 < ¢ < 1. Thus, ¢p(b) —¢(0) > (1-cp)Pp(b) —d — oo as b — oo and, further, ¢p,(b) —dp(0)
is continuous as a function of b.

Now, to prove that ¢ is increasing, we proceed in six stages:
1) Show that ¢ € C%(R).

2) Show that ¢(z) — ex - oo as x — oo for some € > 0.

4) Show that liminf, . ¢'(x) > 0.

(
(2)
(3) Show that ¢ has no negative minimum on the domain (0,b) or on the domain (b, o).
(4)
(5) Deduce that either ¢’ >0 on R, or

a) ¢’ attains its unique negative minimum on [0, B] at b and

~

b) ¢ attains its unique negative minimum on [b, o] at b.

(6) Deduce a contradiction from (C.4)) and (C.5]).
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Proof of:

(1) Since ¢ is clearly positive and satisfies on (O,I;)7 it follows that ¢ is C? on (0,(3).
Similarly, since ¢ satisfies on (b, ), it follows that ¢ is C2 on (b, ). A standard
martingale argument based on the It6 -Tanaka formula shows that ¢ is C! on R. It then
follows from the characterization of b that ¢" does not have a discontinuity at b.

(2) A simple argument show that, for z > 1,

o(z) > e TVE, [fol F(B) dt] > e~ (@p, (Oisrgl By >x - 1) >cqf(z-1), (C.8)

for some ¢, > 0. Since f is convex, increasing on R, it is of at least linear growth on
R,, and so the result follows.

(3) Denote ¢’ by 9. It follows from differentiating (C.4)) and - that
§¢" —q+f'=0, on (0,b), (C.9)

and .
51/;"—(q+1)¢+f':o, on (b, ). (C.10)

Since f’ > 0 on R, the result follows from the strong minimum principle applied sepa-
rately on each domain.

(4) On (b, ), 39" = (q+1)¢ = - f' <0. It follows from the strong minimum principle that

1 has no negative minimum on (I;, o). Consequently, if m := liminft < 0, then once
1) becomes negative it must decrease monotonically to m. But then lim = —co which
contradicts the positivity of ¢.

(5) Note that ¥(0) = 0 by symmetry of ¢. So if 1 has a negative minimum on [0, b] it follows
from (3) that it must be attained at b. Similarly for the negative minimum on [b, c0).

(6) Suppose that ¥ goes below 0. Then from (5) we must have 0 <1 <b <1 < oo such that
{z:9(x) <0} =(l,7)
and 9 is decreasing on [, b] and increasing on [b,r]. It follows that ¢ = ' is negative on
(1, I;) and zero at b. Now define h = g¢ — f and notice that h(0) >0 since f is minimised
at 0, while h(b) = %¢"(5) = 0. Note that G%h = -3 f" < 0 (since f is convex) on (0,b)
so by the weak minimum principle the (negative) minimum of  on [0,b] is attained at

the boundary. But the boundary values are non-negative (since h = 3¢"" on [0, b]) so we
deduce a contradiction.

Proof. (of Theorem Observe that ¢ satisfies the HJB equation because ¢ solves —%
and ¢ is increasing on R, (by Theorem |C.1)). Condition (TC) is satisfied by Corollary |5.21
The validity of (UTI) follows by Proposition as each v € Mc1. Therefore, the existence of the
process BY® satisfying and Theorem imply the result. [

C.3. Proof of Theorem (8.5 For this proof, we need the following preliminary result.

Lemma C.2. The process 6* = (62)er, as defined in ([8.13) is an admissible policy in AZ2.
Furthermore, J*(x) < oo, for each x € R™.

Proof. First notice that (H2) holds directly as & = (6,7, i(XX)) for all s, and, further, i €
M. To prove (H1), it is enough to guarantee the existence of a filtered probability space
(2, F, (F)s0,P) supporting the process X*, x € R”. This is, however, just a direct consequence

of [29, Theorem 3.1]. Furthermore, Proposition 1.7 in [6, Chapter 4] guarantees that, for every
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function A in the domain of the (infinitesimal) generator L (and hence for every h € C2(R™)), the

process M" defined by M := h(X¥) - [Ot(Lh)(X’s‘) ds is an (F)¢-martingale. Thus, the equality
(Lh)(XZ) = (L h)(XY), P-a.s., (C.11)

implies (3.2). Therefore, &* € Ax and its associated controlled process X% is given by XX,

For the second part, let us recall that |Gx| < ||GJ||x| for any matrix G € M,x,(R), x € R",
whereas [x7 Gx| < A\,|x| for any positive definite matrix G with eigenvalues 0 < A; < ... < \,.
Hence, due to the quadratic form of the payoff function and the fact that ji is linear in x, to

prove (|5.10)) it is enough to show the inequality
EY[[XFP] < C(Ix]* +1), teR,, xeR", (C.12)
for some positive constant C' independent of both ¢ and x.

By Theorem 2.12 in [5], X* is a R"-valued semimartingale satisfying the stochastic differential
equation

dX¥ = -QXXdt+ (u+v)dt +6dW, +dZ,,  X¥-=x, (C.13)
where W = (Wy)r, is a standard n-dimensional Brownian motion and Z = (Z¢)igr, is a
R™-valued pure-jump Lévy martingale with quadratic variation [Z] taking values in M, (R),
where the quadratic covariation entries [Z;, Z;], 1 <4,j < d, are given by

[Zi’Zj]tztfRn yiyv(dy), teR,.
0

Using It6 ’s formula [25, Theorem 33, Chapter 7, p. 81] one can verify that the solution X* to

(C.13) is given by
R t
XX = e QUx + f e QU= (w+v)ds+ U, + Vy, (C.14)
0

where

t t
U, := /0 e A AW (s)  and V= /0 e~ Q=3 q7Z(s).

Since both W and Z are martingales and, further,
EAIUL) < =50

it follows that U and V are also true martingales. Moreover, by Theorem 29 in [25, p. 75]
and the generalised Ito isometry, it follows that E¢{U?} = EX{[U];} and E¢{V?2} = E¢{[V];}.

Set C := max {4, [u+v[*/||Q|+nd*/||Q|} and §* := ||&]* + /Rg ly|?2(dy). Then, (C.14) and
the above estimates imply (C.12), which in turn implies that (H3) holds and, hence, &* € AZ2.
Finally, note that estimate (C.12) also ensures J(X*,&*) < oo, as required. |

Proof. (of Theorem [8.5))
By Theorem we need to prove that the admissible pair (X*, &*) satisfies ((5.12) with ¢(x) :=
xI'Bx +xTc+d, i.e. ¢ solves the HIB equation

( inf e {L2¢(x) - qo(x) + (xT Ax + [LTQLL)} =0. (C.15)
a=(o,v,u)e

We will see then that, for each x € R", the triplet (&, 7, i(x)) is a minimiser of (C.15)).
Since Vo(x) = 2Bx + ¢ and Ho(x) = 2B, it follows that

L26(x) = (u+ p) " (2Bx +¢) + Tr(c B o) + fR y'By v(dy). (C.16)
n
Thus, the minimal infinitesimal variance § in (8.12)) yields

u/(2Bx+c¢)+6-q(x’Bx+xTc+d)+x  Ax + irﬁ{ {uT(2Bx +c)+ HT@[L} =0. (C.17)
peR™
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Let g(p) == p? (2Bx + ¢) + p7Op. Then
p(x) = - %@_1(2Bx +c) (C.18)

minimises g for every x € R” and, further, g(u*(x)) = —(2Bx +¢)T©71(2Bx +¢)/4, which (after
rearranging terms and substituting into equation (C.17))) yields

T o-1
x! (/1 -gB - BT@_lB) X+ (2uTB —qct - cT@_lB) X+ (uTc +d-qd- C?TC) =0. (C.19)

Observe that ©7! exists as © is a positive definite matrix. Since equation (C.19) should hold
for every x € R", we can now verify that B, ¢ and d as defined in ({8.15)) solve the corresponding
system of equations. Moreover, using the definitions of ¢ and v, we can see that u*(x) coincides
with fi(x) = -Qx + v, as required.

Let us also observe that the previous calculations imply that the function ¢ satisfies
Lo(x) = qi(x) +xT Ax + pTOu =0, for each x € R, (C.20)

where L is the operator defined in (8.14]). Since, by Lemma the transversality condition
(5.10)) holds, Theorem implies the optimality of the family of admissible policies { &* : x €
R™}, as desired. |

REFERENCES

[1] Y. Ait-Sahalia and J. Jacod. High-Frequency Financial Econometrics., volume 816 of Lect. Notes in Math.
Princeton: Princeton University Press., 2014.

[2] D. Applebaum. Lévy Processes and Stochastic Calculus. Cambridge Studies in Advanced Mathematics. Cam-
bridge University Press, 2 edition, 2009.

[3] V. S. Borkar. Controlled diffusion processes. Probability Surveys, 2:213-244, 2005.

[4] M. H. A. Davis. Martingale methods in stochastic control. Stochastic Control Theory and Stochastic Differ-
ential Systems, pages 85-117, 1979.

[5] D. Duffie, D. Filipovi, and W. Schachermayer. Affine processes and applications in finance. Ann. Appl.
Probab., 13(3):984-1053, 08 2003.

[6] S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathematical Statistics:
Probability and Mathematical Statistics. John Wiley & Sons, Inc., New York, 1986. Characterization and
convergence.

[7] W. H. Fleming and Soner H. M. Controlled Markov Processes and Viscosity Solutions. Springer-Verlag, Berlin,
1993.

[8] W. H. Fleming and Rishel R. W. Deterministic and Stochastic Optimal Control, volume 1 of Applications of
Mathematics. Springer-Verlag, Berlin Heidelberg New York, 1975.

[9] S. D. Jacka and A.4 Mijatovic. On the policy improvement algorithm in continuous time. Stochastics,
89(1):348-359, 2017.

[10] J. Jacod and A. N. Shiryaev. Limits theorems for stochastic processes, volume 288 of Grundlehren der Math-
ematischen Wissenschaften [A Series of Comprehensive Studies in Mathematics]. Springer-Verlag, Berlin,
1987.

[11] Kalman. When is a linear control system optimal? J. Basic Eng., 86:51-60, 1967.

[12] I. Karatzas and I.M. Zamfirescu. Martingale approach to stochastic control with discretionary stopping. Appl.
Math. Optim., 53:163—-184, 2006.

[13] N. Karoui. Les aspects probabilistes du contrél stochastique, volume 816 of Lect. Notes in Math. Springer-
Verlag, 1981.

[14] Nguyen D. Karoui N. and M. Jeanblanc-Picqué. Compactification methods in the control of degenerate
diffusions: existence of an optimal control. Stochastics, 20(3):169-219, 1987.

[15] T. G. Kurtz. Martingale problems for controlled processes. In: Germani A. (eds) Stochastic Modelling and
Filtering. Lecture Notes in Control and Information Sciences, 91:75-90, 1987.

[16] K. Martensson. On the matrix riccati equation. Information Sciences, 3:17-49, 1971.

[17] K. Martensson. New approaches of the numerical solution of optimal control problems. Department of Auto-
matic Control, Lund Institute of Technology (LTH), 1972.

[18] B. L. Miller. Finite state continuous time markov decision processes with a finite planning horizon. SIAM J.
Control, 6:266-280, 1968.

[19] B. Oksendal. Stochastic Differential Fquations. Springer, Berlin Heidelberg New York, 6th edition, 2003.

[20] B. Oksendal and A. Sulem. Applied Stochastic Control of Jump Diffusions. Springer-Verlag, Berlin Heidelberg,
second edition, 2007.

38



21]

H. Pham. On some recent aspects of stochastic control and their applications. Probability Surveys, 2:506-549,
2005.

H. Pham. Continuous-time Stochastic Control and Optimization with Financial Applications. Stochastic Mod-
elling and Applied Probability. Springer, 2009.

S. R. Pliska. Controlled jump processes. Stochastic Processes and their Applications, 3:259-282, 1975.

J. E. Protter. Matrix quadratic solutions. J. SIAM Appl. Math., 14(3):496-501, 1966.

P. E. Protter. Stochastic integration and differential equations, volume 21 of Stochastic Modelling and Applied
Probability. Springer-Verlag, Berlin, 2005. Second edition. Version 2.1, Corrected third printing.

D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, third
edition, 1999.

L.C.G. Rogers and D. Williams. Diffusions, Markov processes and martingales, volume 2. Cambridge Uni-
versity Press, 2 edition, 2000.

K. Sato. Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced Mathematics.
Cambridge University Press, 1 edition, 1999.

K. Sato and M. Yamazato. Operator-selfdecomposable distributions as limit distributions of processes of
ornstein-uhlenbeck type. Stoch. Proc. Appl., 17:73-100, 1984.

L. R. Schilling and A. Schnurr. The symbol associated with the solution of a stochastic differential equation.
Electronic Journal of Probability, 15:1369-1393, 2010.

L. D. Stone. Necessary and sufficient conditions for optimal control of semi-markov jump processes. STAM
J. Control, 11:187-201, 1973.

Wonham. On matrix quadratic equations and matrix riccati equations. Technical Report 67-5, Division of
Applied Mathematics, Brown University, Providence, R. I.

J. Yong and X. Y. Zhou. Stochastic Controls: Hamiltonian Systems and HJB equations, volume 43 of Ap-
plications of Mathematics. Stochastic Modelling and Applied Probability. Springer-Verlag New York, Inc.,
1999.

L2:3DEPARTMENT OF STATISTICS, UNIVERSITY OF WARWICK, COVENTRY CV4 7AL UK

39



	1. Introduction
	2. Notation
	3. Stochastic control setting
	3.1. Control setting
	3.2. Concatenation property and examples of admissible policies
	Examples of admissible policies.

	4. First results: underlying control dynamics
	5. Control problem and Verification theorems
	5.1. Infinite horizon case

	6. Different classes of admissible controls
	6.1. About the standard SDE settings

	7. Finite horizon case and other extensions
	7.1. Finite Horizon Case
	7.2. Possible extensions

	8. Applications
	8.1. Example 1.
	8.2. Example 2.
	8.3. Example 3 (Quadratic Control).

	Appendix A. Proofs of Results in Sections 3 and 4
	A.1. Proof of Lemma 3.4
	A.2. Preliminary results
	A.3. Proof of Proposition 4.4
	A.4. Proof of Proposition 4.8

	Appendix B. Proofs of Results in Sections 5 and 6
	B.1. Proof of Lemma 5.2
	B.2. Proof of Lemma 5.5
	B.3. Proof of Lemma 5.6
	B.4. Proof of Lemma 5.10
	B.5. Proof of Theorem 5.13
	B.6. Proof of Lemma 5.18
	B.7. Proof of Lemma 5.20
	B.8. Proof of Theorem 6.2 

	Appendix C. Proofs of Results in Section 8
	C.1. Proof of Lemma 8.1
	C.2. Proof of Theorem 8.3.
	C.3. Proof of Theorem 8.5

	References

