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We develop a dynamic repeated election model in which citizen candidates are distinguished by
both their ideology and valence. Voters observe an incumbent’s valence and policy choices but only know
the challenger’s party. Our model provides a rich set of novel results. In contrast to existing predictions
from static models, we prove that dynamic considerations make higher-valence incumbents more likely to
compromise and win re-election, even though they compromise to more extreme policies. Consequently,
we find that the correlation between valence and extremist policies rises with office-holder seniority.
This result may help explain previous empirical findings. Despite this result, we establish that the whole
electorate gains from improvements in the distribution of valences. In contrast, fixing average valence,
the greater dispersion in valence associated with a high-valence political elite always benefits the median
voter but can harm a majority of voters when voters are sufficiently risk averse. We then consider interest
groups (IGs) or activists who search for candidates with better skills. We derive a complete theoretical
explanation for the intuitive conjectures that policies are more extreme when IGs and activists have more
extreme ideologies, and that such extremism reduces the welfare of all voters.
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1. INTRODUCTION

While much of the literature on voting models has studied how politician and voter ideologies
affect policy choice and electoral outcomes, politicians are also distinguished by fundamental
characteristics—competence, character, or organizational efficiency—that all voters value in-
dependently of their ideology. Sin&tokes(1963), several papers have explored this so-called
valencedimension. Most of these models consider a single election and assume that voters know
either the valences of all candidates or none. This paper develops a dynamic citizen candidate
repeated election model in which candidates are distinguished by both their ideology and their
valence, and in every period, the current incumbent runs election against a challenger drawn
from the opposite party. Our model incorporates the feature that the electorate knows more
about an incumbent than an untried opponent drawn from the opposing party. Having observed
the incumbent while in office, the electorate can assess his valence and can forecast his future
policy choices. The electorate is less well informed on the valence of the challenger and cannot
precisely forecast his future policies.
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Our analysis provides a rich set of results. In a general setting, we first provide conditions
for the existence of a unique symmetric stationary equilibrium, thereby extending the analyses
of Duggan(2000) andBernhardeet al. (2009) to allow for stochastic heterogeneity in candidate
valences. We then characterize how incentives to compromise vary with incumbent valence,
proving that higher-valence incumbents are more likely to compromise and win re-election,
even though they compromise to more extreme policies. We find that the correlation between
valence and extremist policies rises with office-holders seniority. In particular, our model can
generate a negative correlation between valence and extremism in newly elected officials, but
a positive correlation between valence and extremism in re-elected officials. Later, we explain
how these results contrast with previous findings in the literature and how they may reconcile
previous conflicting empirical findings.

We then study the welfare properties of valence. If the distribution of politician valences
improves, all voters directly benefit from the higher office-holders’ valence but could be harmed
because high-valence incumbents can win with more extreme policies. Further, one suspects that
because voters trade-off valence and expected policy differently depending on their ideology, a
unanimous ranking of valence will not exist. Despite these conflicting effects, we establish that
thewholeelectorate benefits from any first-order stochastic improvement in the distribution of
valences. We then consider changes in the degree of valence heterogeneity among politicians.
We find that fixing average valence, the median voter always benefits from the greater dispersion
in valence associated with a high-valence political elite. In sharp contrast, greater dispersion in
valence can harm a majority of voters—those with more extreme ideologies—when voters are
sufficiently risk averse. These results highlight important welfare implications of selection and
training of politicians via the actions of parties and interest groups (IGs).

To address this issue, we extend our model to allow for the endogenous determination of the
valence of challenging candidates. We suppose that IGs or activist groups may engage in costly
search to identify candidates with better skills. We find that IGs with more extreme ideolo-
gies care less about identifying high-skilled candidates, searching less than more moderate 1Gs,
thereby reducing the welfare of all voters. We then provide conditions under which more extreme
IGs lead to more extreme expected policy outcomes. Thus, we provide a complete theoretical
explanation for the idea that more extreme IGs give rise to more extreme policies and that such
extremism harms all voters. As we later explain, alternative explanations may be hard to derive.

The details of our model are as follows. The ideology and valence of citizen candidates are
independently distributed. Citizens are divided into two parties: a left-wing party comprised of
citizens with ideologies to the left of zero, and a right-wing party that consists of citizens with
ideologies to the right. Valence is initially private information, but an office-holder’s perfor-
mance reveals her valence to the electorate. Each period, the office holder chooses and im-
plements a policy that is observed by voters. Voters evaluate the implemented policy with a
symmetric and concave loss function that is maximized if the policy coincides with their ide-
ology. At the end of each period, the office holder retires with some exogenous probability;
otherwise she decides whether to run for re-election or not. When an incumbent runs for re-
election, the challenger is randomly drawn from the opposing party. Otherwise, two challengers,
one randomly drawn from each party, run for election. Citizens are forward-looking: they vote
for the candidate who provides the higher expected discounted utility if elected.

Our analysis focuses on symmetric stationary equilibria. We provide sufficient conditions
under which there exists a unique equilibrium. The median voter is decisive and the equilibrium
is completely summarized by thresholds that divide office holders in three groups: centrists who
adopt their preferred platforms and are able to win re-election, moderates who compromise to
be able to win re-election, and extremists who adopt their extreme platforms and then are not
able to win re-election—as iDuggan(2000). Here, howevethresholds vary with a politician’s
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valence. Specifically, (i) the decisive median voter is willing to trade-off valence for policy, so
that incumbents with higher valence can win re-election by adopting more extreme policies
than lower-valence incumbents and (ii) both the compromise set and probability of winning re-
election strictly increase in valence. Higher-valence politicians have greater incentives to com-
promise because they can win re-election with more extreme policies and, more importantly, they
incur higher costs from being replaced by an untried candidate. These higher costs reflect that
the ideology of the high-valence office holder who is indifferent to compromising is further from
the likely policy choices of the challenger, and the new office holder could have a lower valence.

Hence, we find opposing effects on the correlation between valence and policy extremism:
higher-valence incumbents can win re-election by adopting more extreme policies, inducing a
positivecorrelation; but they are also more willing to compromise, inducinggativecorrela-
tion. We derive conditions under which, in equilibrium, the second effect dominates for first-term
office holders: the expected degree of extremism in the policy choices of newly elected repre-
sentativesalls with valence. This negative correlation is driven by the extreme platform choices
taken by lemons—newly elected representatives with both low valence and extreme ideologies—
who adopt extreme losing positions that reflect their underlying ideological preferences.

In contrast, the first effect dominates for the stationary distribution of a large congress as long
as incumbents are likely to run for re-election. The comparison between newly elected and re-
elected office holders also delivers the empirical implication that the correlation between valence
and extremist policiemcreaseswith office-holders seniority, and indeed, the sign of the correla-
tion reverses for more senior incumbents. These results show how important it is to consider the
implications of incentives in a dynamic framework when investigating the correlation between
valence and extremisngtone and Simaf010) observe that there are inconsistent empirical
results in the literature examining the relationship between valence and policy. In the Qection
we suggest how empirical investigations could account for the dynamic considerations that we
identify.

Our results on the correlations between valence and probability of winning the election, and
between valence and extremism contrast with the simpler, albeit conflicting, predictions of exist-
ing static models. Models where voters know all candidate valedgeso{abehere and Snyder
2000;Groseclose2001;Aragones and Palfre002) predict anegativecorrelation between va-
lence and extremism andpasitivecorrelation between valence and the probability of winning
the election. The models where voters know no candidate’s val@adkagder and Wilkie2007;

Kartik and McAfee,2007) suppose aaxogenousost of compromising for candidates with
character/valence, while candidates without character can costlessly locate moderately; thereby
generating gositivecorrelation between character and extremism amegativecorrelation
between character and the probability of winning the election.

We then investigate how the distribution of candidate valences affects expected policy out-
comes and voter welfare. We first show that a first-order stochastic dominance improvement
in the distribution of valences raises expected pay-offallofoters from an untried candidate.

We then show that in the stationary distribution of office holders, a first-order stochastic dom-
inance improvement also increases the expected per-period pay-alffyafters—voters with
extreme ideologies still benefit even though higher-valence incumbents locate more extremely
than lower valence ones. This result precisely reflects that an untried challenger becomes more
attractive after a first-order stochastic dominance improvement, so that to win re-election, an in-
cumbent ofanygiven valence level must compromise by more, implementing a more moderate
policy, closer to the median voter.

We next explore the effects of second-order stochastic dominance shifts in the distribution
of valences when ideologies are uniformly distributed and voters hold quadratic loss functions
and hence trade off in the same way between valence and expected policies. We prove that
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greater valence heterogeneity leads to more extreme expected policy outcomes. Nonetheless, all
voters gain from such heterogeneity. Intuitively, all voters share the positive option value that
the median voter places on electing a challenger mighthave a high valence.

However, when loss functions are not quadratic, the decisive median voter trades off valence
and expected policies differently from voters with more extreme ideologies—reflecting that can-
didates can locate further away from a more extreme voter. Numerically, we find that when voters
are less risk averse, citizens with more extreme ideologies are more willing to forsake moderate
platforms for higher valence, and so they gain even more than the median voter from the option
of an untried challenger. Most obviously, with Euclidean preferences, the voter with the most
extreme ideology is risk neutral over ideological gambles from two untried candidates. In sharp
contrast, when voters are more risk averse, those with more extreme ideologies especially fear
the policy gamble associated with untried candidates and are less willing than the median voter
to forsake low-valence candidates with moderate platforms for the possibility of drawing a high-
valence candidate. As a result, a majority of voters (those with extreme ideologies) may prefer
an economy of “average” politicians whose unique valence corresponds to the average valence
in the economy with heterogeneity in valence.

Finally, we extend the model to allow IGs to search to identify candidates with higher valence
and explore how an IG’s ideology affects their search efforts and equilibrium expected valence
and policy. We find that IGs with more extreme ideologies spend less effort on search, decreasing
the expected utility ofll voters. In essence, this result reflects that extreme 1Gs are hurt less
by low-valence candidates who also have extreme ideologies, and who locate extremely as a
result. This reduced search causes the median voter to set slacker re-election standards, thereby
increasing expected extremism in the policies of re-elected officials; but it also induces more
incumbents to compromise, reducing extremism. We find simple conditions under which the
first effect dominates, so that less search effort by more extreme IGs endogenously gives rise to
policies that, on average, are more extreme.

Thus, we provide a complete theoretical explanation for the intuitive conjectures that politics
driven by more extreme IGs reduce the welfare of all voters and can give rise to more extreme
policy choices. Indeed, alternative theoretical explanations may be hard to find. Consider, for
instance, a standard model of elections in which the two candidates choose policy platforms
before the election and improve their chances of winning as contributions from their support
groups grow. As long as support groups have single-peaked utilities, they become more willing
to contribute to their candidate when the candidate supported by the opposing IG chooses more
extreme platforms. Provided utilities are concave, this incremental willingness to contribute ex-
ceeds the incremental willingness induced by the I1G’s candidate moving towards the group’s
bliss point. Thus, each candidate’s loss from moving away from the median platform exceeds
the gain, with the result that platforms converge to the median in equilibrium.

The paper is organized as follows. We next relate our paper to the literature. Sgction
presents the model. Sectighcharacterizes the equilibrium. Sectiéndetails how valence
affects policy choices. Sectidhderives how changes in the valence distribution affect welfare.
Section7 endogenizes valence via search by IGs. An appendix contains all proofs.

2. RELATED LITERATURE
2.1. Theory

Since Stokes(1963), a vast literature has examined the role of valence in politics, primarily
in single-election frameworks. The term valence is typically used to represent non-policy ad-
vantages of a politician,e. attributes that the electorate values independently of ideology and
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policy choices. Some valence characteristics can be observed by voters prior to an election
(looks, charisma, rhetorical skills, etc.), while others can only be learned by voters after seeing
the politician perform in office. Our paper focuses on the second group of valence character-
istics. We have in mind attributes such as honesty & politician is not corrupt), dedication,
efficient use of public resources, competence in providing service for constituents, and in man-
aging non-policy issues, such as cutting red tape for local businesses and constituents, and at-
tracting external resources to the district (both government-funded projects and new businesses
that provide local jobs).

In one class of models of valence, candidate valences are known before the election and cam-
paign policies are binding\nsolabehere and Snyd@000) consider a setting with purely office
motivated candidates where the median voter’s identity is public information. They show that if
the valence advantage is not too large, then in the pure-strategy Nash equilibrium, the valence-
advantaged candidate chooses a moderate policy and always wins the electigones and
Palfrey (2002) show that if, instead, the median voter position is unknown, then the valence-
advantaged candidate adopts a mixed strategy with a distribution of policies closer to the expected
median voter,and is more likely to win the electi@roseclos€2001) allows each candidate to
have a known policy preference, symmetric around the median voter, and finds an analogous
result: the valence-advantaged candidate chooses a pure-strategy policy that is closer to the
expected median voter and is more likely to win.

More recent papers maintain the single-election framework but find opposite results when a
candidate’s type is private information. Kartik and McAfee(2007), by definition, candidates
with “character” cannot compromise—their platform/policy is always their ideology—and such
“character” is also assumed to raise the utility of all voters. Candidates without character are
purely office motivated and can costlessly locate moderately. As a result, Kartik and McAfee
generate a positive correlation between character and extremism and find that candidates with-
out character are more likely to wiGallander and Wilki€2007) consider a more general model
in which campaign platforms are not binding and some candidates face a convex, but not infi-
nite, cost of making campaign promises further from their preferred policy, and generate similar
results. In their model, voters do not directly value character but rather derive endogenously
a preference for candidates with high lying costs due to the implications for subsequent pol-
icy choices. Callander and Wilkie observe that one can interpret this as a valence advantage.
Callander(2008) investigates a model where candidates have private information about their
motivation. Policy-motivated candidates have higher costs of compromising. In equilibrium,
office-motivated candidates locate closer to the median voter and are more likely to win.

In sum, there is no consensus about the theoretical correlation between valence and extrem-
ism in single-election models. When valence is known by the electorate, therpegative
correlation between valence and extremism. Higher-valence candidates exploit this advantage
by moving closer to the median voter to increase the probability of winning. When valence is
unknown, the assumegkogenougorrelation between valence and the cost of compromising
generates positivecorrelation between valence and extremism, and a consequent lower proba-
bility that high-valence candidates win the election.

Our model integrates valence into a version of the repeated election framework introduced
by Duggan(2000). InDuggan(2000), voters observe an incumbent’s policy choice in office and
can forecast likely future actions but have less information about challengers; and this gives rise
to cut-off rules that characterize how the median voter selects between candidates, and the plat-
forms that incumbents with different ideologies adopt. Other papers have extended Duggan’s
repeated election frameworlBanks and Duggaf2008) consider a multidimensional policy
spaceBernhardt, Dubey and Hughs@2004) introduce term limits, arBernhardiet al. (2009)
consider untried candidates drawn from multiple parties rather than at large. By integrating
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valence, we show how the endogenous cost of compromising and the re-election standard varies
with valence levels and derive the consequences for voter welfare.

Meirowitz (2007) examines valence in a very different repeated election two-party model,
in which each period one party draws an independent and identically distributed net valence
advantage. Policy preferences and valence advantage are known before election. When in office,
a party has private information about the feasible set of policies. Meirowitz finds that a party
with a net valence advantage can select policies closer to its ideal point.

The seminal model of the role of IGs in electionsAilrich (1983), who studies a static
model. More recentlyAusten-Smith(1987) proposes a model that links IGs contributions with
campaign advertising; in contrast to our model, policy is fixed in his analysis (se8aisq,
1994).Grossman and Helpmad996) study a model of IG influence on policy in which (i)

IGs can credibly commit to transfers contingent on the policies chosen by candidates and (ii)
there exist naive voters whose vote depends only on the campaign expenditures that follow
from IG contributions. In contrast, in our model, voters are rational and forward-looking, and
IGs cannot sign contracts with candidatésossman and Helpmgt999) study a model of IG
endorsements, where some partisan voters who share the view of an IG use its endorsement as a
cue for voting choicefPrat(2002b) studies a model in which a single IG is privately informed
about candidate valences, and in equilibrium, the IG contributes to high-valence candidates in
exchange for favourable policieBrat(2002a) extends this analysis to multiple opposing IGs.
Unlike this paper, the analysis is set in a common agency framework in which lobbies can make
contributions contingent on policy choiceSryder and Ting(2008) study a different repeated
model of elections with IGs and find that re-election rates may be higher as IGs become more
extreme. Integrating over the different valence levels, we find that re-election rates may rise or
fall with the extremism of IGs; howeveconditionalon valence type, re-election rates in our
model always increase with extremism of IGs.

2.2. Empirics

In a recent articleStone and SimaR010) observe that the literature exploring the relationship
between valence and policy uncovers inconsistent empirical results. In part, this reflects that it is
a challenge to measure valence. The most often-used proxy for valence is a dummy identifying
whether a candidate held an elected office prior to the electionJ@asbson 1989): by con-
struction, incumbents have high valence, whereas challengers may or m&nsolabehere,
Snyder and Stewa(R001) use this proxy in a large study on 1996 House elections, finding that
after controlling for voters’ ideologies, incumbents are more moderate than open-seat candi-
dates, who, in turn, are more moderate than challeng&msseclosg2001) and others cite
Fiorina’s (1973) evidencagainstthe marginality hypothesisas consistent with the idea that
valence is negatively correlated to extremism. However, more recent reseafaisympehere,
Snyder and Stewar2001;Griffin, 2006) use different measures of the degree of electoral com-
petition and find evidence ifavourof the marginality hypothesis.

Our explicitly dynamic theoretical analysis highlights why these proxies for valence (incum-
bency and degree of electoral competition) may bias the estimation. Incumbents are endoge-
nously different from challengers in many ways: voters know more about the characteristics of
incumbents; incumbents who run for re-election are an endogenously-selected group (they were

1. Further afield Coate(2004) shows that contribution limits and matching public financing can be Pareto im-
proving, even if campaigns financed by IGs are informative, whehsasvorth (2006) studies a model where IGs are
not ideological and demand favours from endorsed elected officials.

2. According to the marginality hypothesis, electorally weak incumbents tend to moderate more than electorally
strong incumbents.
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previously elected by votemndthey chose to run for re-election); and incumbents implement
policiesbeforeknowing the attributes of future challengers. On average, re-elected incumbents
should have higher valence and more moderate policies than challengers. Therefore, using in-
cumbency as a proxy for valence can bias the estimation in non-trivial ways, as it is correlated
with valenceand the endogenous policy choices of incumbents. Similar problems arise when
one uses the degree of electoral competition and the marginality hypothesis to measure the im-
pact of valence on extremism (eigcumbent’s vote share is endogenous, and Presidential vote
share should be a proxy for voter’s ideology, not for the valence of local politicians).

Our analysis may provide a road map for future empirical analyses of the intricate relation
between valence, extremism, and re-election. We propose three hypotheses for validation: (i)
a positive correlation between policy extremism and valence for re-elected incumbents, (ii) a
negative correlation between policy extremism and valence for first timers, and (iii) a positive
overall correlation between policy extremism and valence in Congress. Our predictions relate
an incumbent’s own valengdo the incumbent’s choices when in offitedence,we contrast
incumbents of different valence levels, and not incumbents and challengers as in most of the
literature.

3. THE MODEL

There is an intervalfa, +a] of citizen candidates, each indexed by her private ideobogy
distributed across society according to the cumulative distribution function (d=d.fwjith an
associated single-peaked dendfitthat is differentiable and symmetric about the median voter’s
ideology,x = 0. Ideologies are private information to candidates. Each citizen candidate is also
characterized by a valenees V = [V, V4], where 0< V| < Vy; all qualitative results extend if

the valence set has a finite number of elements. Valence is uncorrelated with candidate ideology
and is distributed in the population according to the continuously differentiable Gadufith
supportV. Valence is initially private information of a candidate before she holds office but her
performance in office reveals her valence to the electorate.

At any datet, an office holder with ideologx and valence selects a policyp(x,v) = .

The time-tutility of a citizenx depends on the implemented poligyaccording taux(y,v) =
Lx(y)+v, whereLy(y) =1(|x —y|) is a symmetric, single-peaked loss function thatiswith

I” < 0 andl” < 0. We normalizel (0) = 0 without loss of generality. Note that satisfies the
single-crossing propertyduy /oy is increasing inx. Period utilities are discounted by factor

0 € (0,1). In addition to the period utilityuy(y, »), an office holder receives an ego rent of

p > 0 each period in office. Each period, after adopting her policy, with probahiléy0, 1),

an incumbent receives an exogenous shock and cannot run for re-election. One can interpret this
re-election shock as an unanticipated retirement for health or family i8sheicumbent who

did not receive this shock then decides whether to run for re-election or not.

Citizens are divided into two parties, a left-wing pattyand a right-wing partyrR. PartyL
consists of all citizen candidates with ideologies: 0, and partyR has all possible candidates
with ideologiesx > 0. At date 0, an office holder is randomly determined. In any subsequent
date-tmajority rule election, an incumbent who runs for re-election faces a challenger from the

3. Politicians’ valences should be measured with proxies that are exogenous to voters’ election decisions, such as
the judgments of independent expert informants, &t@me and Sima@010). However, we focus on incumbent’s own
valence, and not on the valence difference between incumbent and challenger used by Stone and Simas.

4. Policy extremism could be estimated using roll-call votes Pxe@e and Rosenthd997) and controlling for
district median voter ideology via surveys or vote shares in presidential elections.

5. All of our analysis holds fog = 0. We allow forg > 0 to capture the empirical fact that a small percentage of
senior incumbents do not run for re-election for reasons that are outside of our model.
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opposing party. The valence of an untested challenger is not known by voters but its distribution
G(v) is common knowledge. If the incumbent receives a re-election shock or decides not to run
for re-election, then both parties compete with untried candidates.

We assume that citizens adopt the weakly dominant strategy of voting for the candidate
whom they believe will provide them strictly higher discounted lifetime utility if elected—
citizens vote sincerely. We assume that a voter who is indifferent between an incumbent and
an untried challenger selects the incumbent. We will identify conditions under which the median
voter is decisive in equilibrium. Focusing on symmetric equilibria, we assume that in elections
between two untried candidates, the indifferent median voter randomizes, selecting each candi-
date with equal probabilit§.

In summary, the sequence of events at any pedried

1. An office holder with valence and ideologyx implements her policy choicg= p(x, v).
2. The incumbent realizes a re-election shock

(a) With probabilityq, the incumbent cannot run for re-election;
(b) With probability 1— g, the incumbent is able to run for re-election and optimally
chooses whether to run for re-election or not.

3. Opposing party draws an untried candidate.

4. Given the information about candidates (party affiliation for challengers; party affilia-
tion, valence, and past policy choices for incumbents), citizens vote for their preferred
candidate.

5. The winning politician assumes office.

4. EQUILIBRIUM

We focus on symmetric, stationary, and stage-undominated perfect Bayesian equilibrium (PBE).
We view symmetry and stage undomination as natural equilibrium requirements. Stationarity
permits a tractable representation of equilibrium that highlights the features of the trade off
between valence and ideology, and the equilibrium behaviour of incumbents of different valence
levels. A stationary policy strategyfor an office holder prescribes that at any timehe selects

a policy that depends only on her ideologwnd valence. The policy strategy is symmetric if

p(xs D) = p(_xv D)'

Under the three sufficient conditions of Theordnthat we state momentarily, there is a
unique symmetric, stage-undominated, stationary PBE. This equilibrium is completely summa-
rized by threshold functions,c: V — (0,a), where for eachh € V, 0 < w(v) < c(v) < afor
party R, and—a < —c(v) < —w(v) < 0 for partyL. Incumbents from partyr with valenceo
and centrist ideology € [0, w(v)] and extremist incumbentse (c(v), a] adopt their preferred
policy y = x when in office. Moderate politicians € (w(v), c(v)] do not adopt their preferred
policy, as they would then lose office. Instead, they compromise and adopt the most extreme pol-
icy that still allows them to win re-electiong. they locate ato(v). In the next election, centrist
and moderate incumbents are re-elected, while extremists choose not to run for re-election—they

6. In our working paper draft, we show that if a monotonicity condition on re-election cuegffsholds, then
all qualitative findings hold when the outcome of an election between two untried candidates is determined by the
actions of the departing incumbenng. an untried candidate from the exiting incumbent’s party wins if and only if the
incumbent would have won, had she run for re-election. Numerically, we establish that this monotonicity condition holds
in two valence settings for power loss functiong(y) = —|x — y|?, with z € [1, 4] and uniform or truncated normal
distributions for ideologies.
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Extremists

Moderates .
Centrists

—a —c(v) —w(v) 0 w(v)  c(v) a

FIGURE 1
Thresholds for office holders with valence

would lose for sure and would prefer that a new face represent their party. The characterization
is symmetric for partyL. Figure (1) depicts the thresholds for an office holder with valence

Before we present the theorem, we describe the roles that each of these sufficient conditions
serves. The first sufficient condition says that voters are not too risk averse. If this sufficient
condition is violated and voters are too risk averse, the compromise set might not be connected:
some incumbents with less extreme ideologies and some with very extreme ideologies might
compromise, while a group of incumbents with intermediate ideologies choose not to compro-
mise (see the discussion following Lemma Anbthe appendix for details). Analytically, our
sufficient condition holds for Euclidean and quadratic loss functions. Numerically, we solved
the model for two valences, uniform and truncated normal distributions for ideologies, and loss
function L« (y) = —|x — y|%. We find that the results are robust to higher levels of risk aversion,
e.g.withz=3 or 4.

To guarantee that equilibrium threshold functions are interiot, ©(v) < c(v) < a, we
also require that ego rents are not so high that a high-valence incumbent with the most extreme
ideologya would compromise to win re-election, and that valences are not so dispersed that
low-valence candidates cannot win re-election, even if they adopt the median voter’s preferred
policy, y = 0. These are natural requirements to avoid an uninteresting equilibrium in which
low-valence politicians always lose re-election and high-valence politicians always win.

To prove equilibrium existence, we establish a fixed point of a function that maps the set of
feasible median voter’s expected pay-off from an untried candidate back to itself. The key to
establishing existence and uniqueness of equilibrium (see Lemma A.11) is to provide conditions
under which the cut-off functions (v) andc(v) display appropriate monotonicity properties.
Lemma A.9 establishes that the functiomsé.) are always monotone in that increases in the
expected pay-off from an untried candidate cause the median voter to set a tighter standard
for eachw. It further provides sufficient conditions under which the compromise functions
display a common monotonicity property, so that a change(in that strictly increases some
c(v) does not cause some othep’) to decrease. This common monotonicity property always
holds when utility is quadratic, and, more generally, it holds for other utility functions whenever
valence heterogeneiyy — V|, is sufficiently small.

Theorem 1. Consider the class of symmetric, stationary, stage-undominated PBE. There exist
bounds M < 0,0 < M”,0 < p and0 < v such that if

C1. voters are not too risk averse,'M< |” < 0and || < M";
C2. the ego rent is not too high, < p;
C3. valence heterogeneity is not too largey ¥ V| <7,

then a unique equilibrium exists. The median voter is decisive and every equilibrium is com-
pletely summarized by threshold functiansc: V — (0,a), where for each e V,0 < w(v) <
c(v) < afor party R, and symmetric thresholdso(v) and —c(v) for party L.
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Numerically, we solve the model for Euclidean, quadratic, cubic, and quartic preferences,
with two valence types and ideologies distributed as uniform and truncated normal and verify
that conditionsC1-C3are not too restrictive. For the remainder of the paper, we focus on equi-
libria with the properties described in Theorénilo simplify presentation, we write, = w(v)
andc, =c(v).

4.1. Equilibrium characterization

The proof of Theorem. in the appendix characterizes the equilibrium behaviour of voters and
incumbents. Next, we briefly describe key features of the equilibrium.

Let Ux(y,v | w,c) denote the equilibrium continuation utility that a voter with ideology
X expects to derive from a dateeffice holder with valence who adopts platforny, if the
incumbent is able to be re-elected each time she runs for office. Défite, c) to be the
equilibrium continuation utility thax expects to derive from an untried representative from party
j =L, R, andletUx(w,c) = (UR(w,c)+UL (w,c))/2 represent the pay-off expects from an
untried challenger drawn from at large. Integrating over the possibility of an election shock, the
continuation pay-off that expects from an incumbent who is able to win re-election is

Ut (w, ) +UR(w, c)
2

Ux(Y,v | w,C) =ux(y,0)(1—0)+6 [q + (A —=q)Ux(y,v | w, C)}

=k uy(y,v)+Kk Ux(w,©), 1)

aq
(1-9)
wherek = 2. An incumbent who would not win re-election implements as policy her own
extreme deology and steps down from office. Hence, veotaerives an expected continuation
pay-off from an extremist politician dfL. — d)ux(y, v) + oUx (w, €).
For any citizen with ideology, the PBE continuation expected value from electing a chal-
lenger from partyL is

0 5a —
u;(w,c):/vlz/ [kux(y,o)+quéux(w,c)}dF(y)

— 1,

+2/_w" [kux( wo,0) +ks> q Uy (w. c)}dF(y)

o B
+2/ [(1—5)ux(y,v)+5ux(w,c)]dF(y)]dG(u). @)

—a

To understand this expression, recognize that for each challenger valende the chal-
lenger’s ideologyy will turn out to be either (a) centristy € [-w,,0]; (b) moderate)y e
[—c,, —w,); or (c) extremist,y € [—a,—C,). A centrist candidate adopts her own ideology
as policy and is re-elected every time she runs for office, which provides an expected contin-
uation pay-off ofUx(y,v | w,c) = kux(y,v) + k Ux(w,c) to a voter with ideologyx. A
moderate Candldate e compromises-o, andalso WInS re-election so thbk (—w,,v | w,c) =
Kuyx (—w,,v) + k _(5 Uy (w, c). Finally, an extremist candidate adopts her own ideology, steps
down from office, and is replaced by a new candidate. Hence, xalerives an expected con-
tinuation pay-off from an extremist politician ¢1 — d)ux(y, v) + oU x(w, ¢). We analogously
define the pay-inxR thatvoterx expects to derive from a challenger from paRy

If the datet incumbent from party. with valencev adopts platformy, then a voter with
ideology x votes for the incumbent if and only By (y, v | w,c) > UR(w, c). Similarly, voter
x selects an incumbent from parg if and only if Ux(y,v | w,¢) > U} (w,c). The median
voter is decisive whenever an incumbent is re-elected if and only if the median voter prefers
the incumbent to the challenger. That is, an incumbent from pamyth valencer who adopts
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policy y is re-elected if and only ilg(y, v | w,c) > UOR(w, ¢), and an incumbent from parfy
is re-elected if and only itlp(y, v | w,C) > U(l)'(w, ).
The equilibrium function$w, c} obey the following recursive equations. First, for anyV,

Uo(wy, v | w,¢) = UL (w,¢) = UR(w, c) = Up(w, c). €)

This recursive condition describes the voting rule for the decisive median voter. In particular,
an incumbent with valence who implements policyw, leaves the median voter indifferent
between the incumbent and a random challenger from the opposite party. In light of symmetry,
the median voter is indifferent between random challengers from either party.

From equation (1) for the median voter, re-electing an incumbent with valewt® adopts
policy w, resultsin an expected discounted lifetime pay-off of

oad —
Uo(wy, 0 | w,¢) = k(v + Lo(wn))+qu§U0(w,C)- 4)

From equilibrium conditiong), we haveJg(w,, v | v, ¢) = Ug(w, ), so simplifying equa-
tion (4) yields

Uo(wy,v | w,C) =v + Lo(wy),
= v+ Lo(w,) = U (w,0) = UR(w,¢) = Ug(w, c), Vv € V. (5)

The second recursive equation describes the compromise decision for the marginal incum-
bent with valence and ideologyc,. For anyv € V,

Ue, (wy,0 |w,C)+pk=(v—l—p)(l—é)—i—éUcU(w,C). (6)

An incumbent from partyR with valencen and ideologyc, is indifferent between (i) com-
promising to policyw, towin if she runs for re-election and (ii) adopting her own ideologgs
apolicy and stepping down from office since she would lose re-election to a challenger from the
opposing party. An analogous recursive equation describes alpantumbent with valence
and ideology-c, .

Conditions(5) and (6) together with the continuation pay-affictionU  (w, ¢) define equi-
librium cut-off functions(w, c).

5. POLICY CHOICES

In this section, we explore how valence affects policy choices, re-election, and expected
extremism.

Proposition 1. Take any equilibriunfw, ¢). For anyoy, v €V,

1. Higher-valence office holders can take more extreme policies and win re-election,
DH > VL = WH > WL,

2. The probability of re-election strictly increases in valence,
OH > v = CH > C,

3. The compromise set strictly increases in valence,

VH >0 =>CH—wH >CL—wL.

The first result reflects that the decisive median voter is prepared to trade-off valence for
policy—she values valence and hence is willing to tolerate more extreme policies from higher-
valence incumbents. The second result reflects that an office holder with higher valesioe
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ideologyc, is more willing to compromise than a lower valenge politician with the same
ideology. This is because (a) her higher valence generates a higher pay-off when in office, and
(b) it is less costly for her to compromise, as she can win with a more extreme paljcy,w .

Thethird result says that iby > v thency — ¢ > wy — w. To understand this stronger
result, consider a low-valence incumbent with ideolegyanda high-valence incumbent with
ideologyxy = ¢ + (wx — w). In terms of the distance between incumbent'’s ideology and re-
election standarab,, both incumbents face the same cost of compromising to win re-election.
However, incumbenty faces a higher cost than incumbentof not compromisingand then
being replaced by an untried challenger—incumbepis further from most untried challengers
thanc, including any untried challenger from the opposing party. Lemniashows that, as a
result,xy faces a higher cost of being replaced. Moreover, the higher valgngeneratesnore
utility than o whenincumbentxy is in office. Together, the higher benefit from compromising
plus the higher cost of not compromising makes the higher-valence office xgldeorewilling
to compromise, which results in a larger compromise set.

When we consider the group of re-elected incumbents or losing office holders, these results
imply that the expected policies of higher-valence representativemareextreme. That is,
on average, re-elected high-valence office holders adopt more extreme policies than re-elected
low-valence office holders; and losing office holders with high valence adopt more extreme
policies than losing office holders with low valence. The result for re-elected (senior) office
holders emerges because the median voter sets slacker re-election standards for higher-valence
candidates that allow them to adopt more extreme policies and be re-elected. Among losing can-
didates, the set of extremist incumbefts, a] is decreasing in valence because higher-valence
candidates are more willing to compromise, which implies that, on average, higher-valence can-
didates who lose locate more extremely.

However, these results do not imply that expected extremism increases with valence in the
population. This is because for any fixed valence level, on average, losing incumbents adopt
more extreme policies than re-elected officials; and since the number of extreme politicians falls
with valence, so does the ratio of losing—to—re-elected officials. The next proposition shows that
for politicians in their first term in office, the “lemons effect” dominates when the ideology dis-
tribution does not decline too sharply on the intermediate portion of its suppokt, jud(Vy)].”

Proposition 2 (Valence & Extremism: First Term). If the density function of ideologies
does not decrease too steeply, then the expected extremism of a first-term representative strictly
decreases with the politician’s valence. That is, there exists a lower béuad suc that if

f(c,) = f(w,) > f then?E2A g,

Proposition2 only addresses a subset of representatives—those in their first term in office.
Our model is intrinsically dynamic so that we must also account for the re-election of good
candidates and the replacement of bad ones—over time, the likelihood of having an extremist
in office falls because extremists are not re-elected. From a long-run perspective, the relevant
distribution is the stationary distribution of office holders or equivalently the cross-sectional
distribution of policies and valence in a large congréss.

7. In particular, the center or tails of the distribution could be steeply sloped. Numerically, the result holds for
truncated normal distributions.

8. AsinBernhardt, Dubey and Hughs2004), we ignore the issue of how aggregation of ideologies in Congress
affects policy outcomes. We simply assume that, at each election, voters behave as if only the ideology of their repre-
sentative determines policy outcomes.
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While Propositior? established that the expected extremism of first-term representatives falls
with valence, Propositio shows that this relationship is reversed in the steady-state distribution
of a large congress whenever the probabiijtthat an incumbent does not run for re-election
for exogenous reasons is below an upper boginghich is strictly bounded away from zero.
Empirically, less then 10% of incumbents in the U.S. Congress do not run for re-el&ction.

Proposition 3(Valence & Extremism: Large Congres3. Consider the long-run station-
ary distribution of office holders. There exists a turnover probability bognd 0 sud that if
g < g, then the expected policies of higher-valence representatives are more extreme.

Proposition3 shows that, in a large congress, higher-valence office holders are more likely
to implement more extreme policies, even though valence and ideologx argeuncorrelated
in the population, and we do not impose exogenous costs of compromising. Indeed, this result
emerges despite the fact that high-valence candidates compromise more (Progda3jtidihe
result is driven by the median voter’s willingness to re-elect high-valence office holders with
more extreme policies (Propositidnl).

Proposition® and3 show how important it is to consider the implications of incentives in a
dynamic framework, when investigating the correlation between valence and extremism. They
show that the sign of the correlatioariesacross incumbents with different seniority.

6. EX ANTEWELFARE

We consider two notions of voter welfare: (a) tle anteexpected discounted lifetime pay-off

from electing an untried challenger drawn from either party with equal probability to serve as a
first-term representative and (b) the expected period pay-off integrating over valences and policy
choices using the long-run stationary distribution of office holders. These notions arise from the
dynamic nature of our model and correspond to the frameworks used to analyse the correlation
between valence and extremism in Propositidrsd3. We focus on how exogenous changes

in the distribution of valences affect equilibrium strategies and voter welfare.

As a preliminary, we observe that a location shift of the valence distribution that raises the
valence of each candidate type by a constant amwhast no strategic impact: addiado utility
functionuy (y, v) results in a simple monotonic transformatioa a + L« (y), which represents
the same underlying preferences. That is, facing the better valence distriGftior o) =
G(v),Vov € V, a voter with ideology votes for an incumbent with valeneet a who locates
at y if and only if the voter would vote for the incumbentwho locates aty when facing
distributionG(v). In essence, from a strategic standpoint, the mean of the valence distribution
is a strategically irrelevant lump-sum transfer to all agents; what matters is the distribution of
valences around the mean. It follows that one can normalize the lowest valence g zer@,

More intriguing questions are how are voters’ pay-offs and politicians’ expected policy
choices affected by more complicated shifts in valence distribution? In particular, how is voter
welfare affected by first- and second-order stochastic improvements in the valence distribution,
and when do such stochastic changes lead to greater expected extremism in policy choices?
To address these questions, we first focus our analysis on the case where the loss function is

9. An extensive numerical investigation in the quadratic preference, uniform ideology, two valence framework
of Section 7 reveals that the upper boundgignificantlyexceeds 10% as long as the equilibrium cut-offs are not too
close to the boundariese. as long asv. andcy arenot too close to zero anal, respectively. Therefore, we believe
Proposition3 characterizes the empirically relevant scenario. If the conditions of Propositions 2 and 3 are violated, then
our model implies that for first-term representatives, the correlation between valence and extremism is more negative (or
less positive) then the correlation in a large congress.
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guadratic, ideologies are uniformly distributed, and there are no ego rents from holding office.
With quadratic preferences, all voters share the same ordering over changes in the mean and vari-
ance of the valence distribution. We then discuss how the qualitative results are affected when
voters have non-quadratic preferences over ideology so that they trade off differently between
valence and expected policy outcomes.

Our previous results revealed that incumbents with higher valences compromise to more
extreme policies, and in the stationary distribution of office holders, they adopt more extreme
policies. In fact, we show below that some first-order stochastic dominance (FOSD) improve-
ments in the valence distribution also increase the expected extremism of candidates. As a result,
one might conjecture that some (extreme) voters might be hurt by an increase in the probabil-
ity of high-valence candidates. Moreover, one might conjecture that increasing valence variance
decreases the expected voter welfare, as voters are risk averse. The next results show that these
conjectures are false.

Proposition 4. Consider a quadratic loss function, uniform ideology distribution, and
0. LetEPol() represent the absolute value of expected policy outcomes. The following results
hold for valence distributions @) and G (v):

1. If G/(v) first-order stochastically dominates(®), then
Ul (w',c) > Ux(w,c),Vx € [-a,al; @)
2. If G(v) second-order stochastically dominate§ &+ «) for somen > 0, then

U, (w',c¢) > Ux(w,0) +a,Vx € [-a,a], (8)
EP0IG') > EPOIG). (9)

Valence is valued and, for untried candidates, is negatively correlated with extremism. Hence,
an improvement in the valence distribution raises the pay-off that the median voter expects to
derive from an untried candidate. The untried candidate becomes more attractive, inducing the
decisive median voter to set tighter re-election standardalfaalence levels: re-election cut-
offs w, move closer to the median voter. However, there is an indirect offsetting effect—the
decline inw, is accompanied by a decline iy, making this proposition far from trivial to
establish. In particular, a politician with valene@nd ideologyc, has(a) a higher cost of com-
promising sincew, is now closer to the median voter and (b) a lower cost of being replaced by
a challenger, who now has a higher expected valence and faces tighter re-election standards. As
a result, more politicians choose to locate extremely and lose, and this hurts all voters. However,
we prove that the direct positive effect dominates—if not, the median voter would be worse
off and hence set looser re-election standards, which would increase the incentives of extremist
incumbents to compromise, raising median voter welfare, a contradicion.

10. In a working paper draft, we prove that even with non-quadratic utilities and non-uniform ideology distribu-
tions, the median voter always gains from a first-order stochastic improvement in valences as long as the cut-off function
c(-) exhibits a stronger monotonicity propertyin-) than that required to ensure existence (see Lemma A.9). Specif-
ically, changes in the economy that decrease(increase) the median voter’s expected pay-off from an untried candidate
do not raise(reduce) the expected pay-offs of officeholders with moderate ideologies by too much. By contradiction,
suppose the median voter is hurt by an FOSD improvement. Tieis shift out and thes(v)s do not shift in (by
the monotonicity property). Integrating over the possible ideologies of the challenger, the direct benefit of an FOSD
improvement plus any indirect benefits associated with outward shiét® jnexceed the negative welfare effect of an
outward shift inw (v)s, a contradiction. Note that the monotonicity condition holds for quadratic utility because shifts in
the valence distribution have the same effect on each voter’s expected pay-off.
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It is even more challenging to establish this welfare result for the stationary distribution of
office holders. Recall from Propositid@ithat when incumbents are likely to run for re-election
(g is small), valence is positively correlated with extremism in the stationary distribution of
office holders, and the increased measure of more extreme high-valence incumbents in a large
congress could hurt the voters. However, after a first-order stochastic improvement in valence
distribution, all re-elected officials who compromise locate closer to the median voter. When
incumbents are likely to run for re-election, enough representatives in the large congress are re-
turning centrist/compromising incumbents that the valence improvement and tighter re-election
standards benefits all voters.

We now investigate why all risk-averse voters prefer the “riskier” distribu@rover the
second-order stochastically dominant distribut®nWith more heterogeneity in valence, un-
tried candidates are more likely to have extreme valence values. Compared to candidates with
valence close to the mean, higher-valence candidates compromise to more extreme policies,
while low-valence candidates are more likely to adopt extreme policies. Why then do voters still
prefer the “gamble”™? The answer is that those losses are more than compensated by the gains
from the “competition” between good and bad candidates: (a) lower-valence candidates must
take more moderate positions to win re-election, (b) high-valence candidates are more willing
to compromise, and most importantly, (c) there is a positive option value associated with an
untried challenger whoould have a high valence—the decisive median voter has the option of
voting extremist, lower valence types out of office, in the hope of drawing a centrist/moderate
high-valence candidate. Since low-valence incumbents are more likely to be ousted from office,
in the long run, heterogeneity raises the expected valence in the cross section of office hold-
ers. The value of this future expected benefit exceeds the immediate costs associated with the
reduced willingness of low-valence candidates to compromise, so that all voters prefer to have
heterogeneity in valences.

The next result describes the consequences of Propoditioa two-type valence setting,
establishing how the probabilitg of drawing a high-valence candidate affects expected voter
pay-offs and expected policy changes.

Corollary 1. Consider a quadratic loss function, uniform ideology distribution, and 0. In
a two-valence economy where an untried candidate has valgneéath probability pe [0, 1]
and has valence, < vy with probability (1 — p),

1. The expected payfdf «(w, ¢ | p) of each voter x strictly increases in p, at rate greater
than (vy —oL) for any p< 1/2, and at rate less thawy — o) for any p> 1/2;
2. Expected polic¥Pol(p) is a single-peaked function of p, symmetric about p/2.

For p < 1/2, amarginal increase ipresults in both an FOSD improvement and an increase
in the variance of valence distribution. Combining these two effects results in an increase in
utility greater tharwy — o. For p > 1/2, the FOSD benefit of a marginal increasepris
mitigated by the decrease in variance, so that utility increases lessithan_ . Higher variance
induces higher expected extremism, therefore, the single-peaked/symmetric result go) EPol
follows from the single-peaked/symmetric change in variance arpuad. /2.

6.1. Non-quadratic preferences and voter welfare

When loss functions are quadratic, our welfare characterization holds for all voters since the
expected pay-off of each voter can be expressed as a function of the median voter’s expected
pay-off. Consequently, all voters share the median voter’s preferences over changes in the mean
and variance of the valence distribution.
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However, what happens when voter loss functions are not quadratic? How does the extent of
voter risk aversion interact with ideology to determine voter preferences over different valence
distributions? Who benefits and who loses?

To address these questions, we investigate outcomes numerically when ideologies are drawn
from uniform or truncated normal distribution, loss functions take the foggy) = —|x — y|?
for z € [1, 4] and there are two valences. We find th#itvoters benefit from a stochastic im-
provement in the valence distribution. What drives this finding is that higher-valence candidates
are more willing to compromise (Propositidn3). Moreover, the higher expected valence of
challengers induces the median voter to set more demanding re-election standards. Hence, in-
cumbents ofll valence levels must compromise to more moderate policies to win re-election
and this increases thex antewelfare of all voters.

We also find that the median voter is always better off when we increase variance by moving
from a one-valence economy to a two-valence economy, where the expected valence in the two
economies is the same. However, while the median voter always gains from increased dispersion
in valences, voters with different ideologies trade off differently between valence and expected
policy. The decisive median voter is more willing to accept a more extreme position from a high-
valence incumbent from parf thananyvoter in partylL: voters in partyL. are further from the
incumbent, and due to the concavity of the loss function, are less willing to trade off extremism
for valence.

We now retrieve the intuition that even though the median voter gains from heterogeneity
in candidate qualities because voters trade-off valence for policy differently, voters with more
extreme ideologies may be hurt. When we increase valence heterogeneity, it increases the long-
run expected valence, which benefits all voters by the same amount. However, the relative impact
of changes in equilibrium policies depends on the extent of voter risk aversion. To make this
point, we consider loss functions, (y) = —|x — y|* with z > 1.

6.1.1. Euclidean loss function,z=1. One can prove that when voters have Euclidean
loss function, changes that induce more extreme expected equilibrium policies hurt the median
voter (and voters close to her) by more than extreme voters clas€eltuis is because extreme
voters are “almost” risk neutral with respect to changes in the (symmetric) policy, and hence
almost indifferent to mean zero shifts in policy. The introduction of heterogeneity increases the
expected equilibrium valence, which benefits all voters by the same amount; and since greater-
valence heterogeneity also yields more extreme policies, it follows that voters with sufficiently
extreme ideologies gaimorethan the median voter (and voters close to the median).

__ 6.1.2. Quadratic loss function,z = 2. When voters have quadratic logsnctions,
Uyx(w,c) = Ug(w, c) — x2. Therefore, valence heterogeneity raises every voter's expested
antepay-off from an untried challenger by tlameamount as the median voter.

6.1.3. Cubic loss functionz=3. When voters are highly risk averse, with cubic loss
functions, we establish numerically that a shift from one-valence to a two-valence environment
hurts all voters with sufficiently extreme ideologies: there exasts > 0 such that a voter with
ideologyx is hurt if and only if|x| > X. For example, when ideologies are uniformly distributed
on [-10,10],06 =0.3,o. = 0,04 =1, p=1/2, p = q = 0, we findthatX = 3, i.e. even though
the median voter gains from valence heterogeneity, 70% of voters would prefer the economy of
“average” politicians to the one with heterogeneity in valences.
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7. VALENCE SEARCH

We conclude by extending the model to endogenize the probability an untried candidate has high
valence. To do this, we introduce two symmetric IGs with ideologieand+i. IG —i supports
partyL, while IGi supports partyR. The IGs have the same utility function as voters, +i}.
There are two possible valence levelg,> v > 0.In each election, an IG can undertake a costly
search to try to identify an untried challenger from its supported party who has high valence. To
identify with probability p € [0, 1] an untried candidate with high valence, the 1G incurs a cost
ac(p), wherea > 0 andc(p) is C?, ¢ > Ofor p > 0,c¢” > 0, with boundary conditions(0) =
c¢/(0)=0andc(1) > %L*az thatguarantee interior solutions. Incumbents keep their valences
for their entire political career, so that if an incumbent runs for re-election, her supporting 1G
does not search. While voters and the opposing IG do not see the realized search effort, in
equilibrium, they correctly forecast the probabiliy thatan untried candidate has high valence.
We focus on a setting where ideologies are uniformly distributed, the loss function is quadratic,
[(Ix]) = —|x|3, there are no ego rents & 0), and the IGs employ symmetric strategies.

In equilibrium, the opposing IG never searches when an incumbent with valeambepts a
centrist policyly| < w,: the challenger is sure to lose. The opposing IG is only willing to search
if the incumbent chose an extreme poligy > w, andwill not be re-elected. In this case, voters
and IGs must form consistent beliefs about the equilibrium re-election cut;dfiatleaves the
median voter indifferent between re-electing the incumbent and electing an untried candidate
who has high valence with probability. But the cut-offw, dependson equilibrium beliefs
aboutp—p can take any valu@ < [0, p*], wherep* is the optimal valence search level of IGs
when IGs expect that the incumbent will not be re-elected—it follows that there is a continuum
of equilibria indexed byp. We focus on the equilibrium where equilibrium seafchk p* is the
highest—this equilibrium yields the highest expected utility for all voters. Thydeaves the
median voter indifferent between re-electing an incumbent with valengbo adopts policy
w, andelecting an untried candidate from the opposing party who has high valgnadth
probability p*.

Our previous analysis can be used to characterize the equilibrium—all equilibrium equa-
tions remain the same—but now we must use the endogenous equilibrium probathilitdhen
an incumbent steps down and an untried candidate will be elected, the search effort of an I1G
supporting partyR is pinned down by the first-order condition

ac (p*) = %[uiR(uH | w,c) —UR@L | w,0)]. (10)

Equation (10) states that the marginal search cost equals its marginal expected benefit, which is
the expected pay-off difference from drawing a high-valence challenger rather than a low valence
oné'l. For an IG whose ideology is close to the median voter’s, there are three benefits from in-
creasing the probability of a high-valence candidate: (a) valence itself, (b) untried, high-valence
candidates are more likely to adopt policies closer to the median voter (Prop@&itiand (c)
reduced turnover (Propositidn2). An IG with a more extreme ideology receives the same di-
rect benefit from valence, but the other two factors move in opposite directions. An extreme
right-wing 1G prefers its supported candidate to adopt more extreme, right-wing policies—a
moderate high-valence candidate is less beneficial. However, turnover hurts more extreme IGs,
so they value the reduced turnover of high-valence candidates. The next proposition shows that

11. The marginal benefit is multiplied by/2 because the challenger from paRywins the election with proba-
bility 1 /2. See the detailed discussion about equilibrium search in the proof of Prop&sititine appendix.
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the preference for extreme policies dominates. Moreover, less $éargflies smallerp*, and
by Propositiord, this implies that untried candidates yield lower pay-offaltovoters.

Proposition 5 (Valence Search. More extreme IGs (i larger) search strictly less for
valence, thereby hurting all voters.

Next, we explore how the extremism of 1Gs affects equilibrium policies. As the ideologies
of IGs grow more extreme they reduce the search for high-valence candidates. As a result, the
decisive median becomes worse off and sets slacker re-election standards. Therefore,

Corollary 2. Conditional on valence type, extremism of re-elected officials is positively corre-
lated with extremism of IGs.

How does Corollar? extend unconditionally when we integrate over all possible ideology
and valence types? From Corollaty the (absolute value of the) expected policy of an un-
tried candidate is a single-peaked function of the equilibrium probalglitysymmetric about
p* = 1/2. Therefore, there is more extremism if and only if the equilibrium probabpityof
identifying a high-valence candidate is sufficiently high. That is,

Corollary 3. Extremism of untried candidatespssitivelycorrelated with extremism of IGs if

and only if the marginal cost of valence search is sufficiently low: there exists-a@ such that

more extreme IGs give rise to more polarized platforms if and only if the search cost parameter
a is less tharur.

Finally, the last step in the proof of Propositibimplies that a higher search cost parameter
o reduces valence search aptin equilibrium, hurting all voters. Consequently, for given IGs
with ideologies{—i,i}, a small increase in search cost parametavould give rise to more
polarized platforms if and only i is sufficiently low, so thap* > 1/2.

8. CONCLUSION

This paper develops a dynamic citizen candidate model of repeated elections, in which candi-
dates are distinguished by both their ideology and valence. From an incumbent’s performance in
office, voters can infer her valence and forecast her future policy choices. An incumbent is op-
posed by an untried challenger, about whom voters only know her party affiliation. Voters base
re-election choices on this information. We show how reputation/re-election concerns drive pol-
icy choices and serve to endogenize the costs of locating extremely. We prove that higher-valence
incumbents are more likely to compromise and win re-election, even though they compromise
to more extreme policies. However, this does not imply that valence is negatively correlated with
extremism: we find aegativecorrelation for first-term representatives, angasitivecorrela-
tion for re-elected officials. This novel result may help explain the conflicting empirical findings
regarding the correlation between valence and extremism.

We then determine how the distribution of candidate valences affects equilibrium policy
choices and voter welfare. We show that even though voters may trade off differently between
valence and expected policy, all voters benefit from a first-order stochastic improvement in the

12. Our result only states that more extreme IGs expend less searching for candidates with high valence, but we do
not make any claims about total expenditures. We do not model advertisements or campaign expenditures—areas where
empirical evidence suggests that more extreme IGs spend more money.
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distribution of valences because it raises the expected pay-off from an untried challenger, thereby
forcing incumbents of any given valence to compromise by more in order to win re-election. In
sharp contrast, while the median voter always benefits from greater dispersion in valences due
to the embedded option to elect an untried challenger, voters with more extreme ideologies
only benefit when they are not too risk averse. Lastly, we expand our model, endogenizing the
determination of the valence of challenging candidates by supposing that IGs or activist groups
may undertake costly searches to identify candidates with better skills. We derive a complete
theoretical explanation for the intuitive conjectures that activists with more extreme ideologies
lower voter welfare and can give rise to policies that, on average, are more extreme.

A maintained assumption of our model was that a politician’s valence did not vary with her
tenure. However, one might believe that valence may rise with tenure say due to greater pork
provision by more senior incumbents, asBiarnhardt, Dubey and Hughs¢2004), or because,
due to learning-by-doing, politicians become better at providing for their constituents. When
valence increases with tenure, it follows routinely that voters set slacker re-election standards
for more senior incumbents. As a result, following a given re-elected politician over time, a
researcher will uncover a positive correlation between extremism and tesamerity effect),
as more senior incumbents need not moderate by as much to win re-election. However, if one
compares the cohorts of first-term vs. senior representatives, there is an opposipgelec-
tion effectbecause extremist first-term representatives are ousted from office. Disentangling and
measuring these two effects, and their consequences for the relationship between extremism and
valence, is an important, albeit complicating, task for empirical researchers.

APPENDIX

Proof: [Theorem 1] To simplify presentation and to be consistent with our stationary equilibrium concept, we
focus on stationary out-of-equilibrium beliefs—whatever policy a representative implements today, voters believe that
she will continue to implement the same policy in the future. More generally, there is a broad set of out-of-equilibrium
beliefs that support our equilibrium path. In essence, all we need are beliefs that a candidate withovalendecates
more extremely than equilibrium re-election cut-off atsome daté will never locate more moderately than in the
future.

When an incumbent chooses not to run for re-election, both parties run with untried candidates, and the previous
policy choices of the exiting incumbent do not affect the new election’s outcome. Moreover, from concavity of the loss
function, an incumbent optimally chooses to run for re-election if and only if she expects to win. Therefore, in equi-
librium, we can divide incumbents into three groups. Derla C [—a, 0] as the partyL win set for candidates with
valencen. In equilibrium, an incumbent with ideologye W,!- andvalencenr implements her own ideology as policy; if
not affected by the re-election shock, she runs for re-election and wins. Bn%fi&‘e[— a, 0] as the party. compromise
set for candidates with valeneeIn equilibrium, an incumbent with ideologye C'— andvalencev does not adopt her
own ideology as policy—she compromises to polx, v) = argmin b ewt I(|x — w]), i.e. to the least costly policy that

allows her to win re-election. Define the compromise functibiix, v) = argmin LWt I(Ix — w]). From symmetry, for

x <0,c (x,u) = —cR(=x, v). DefmeE,) <; [—a, 0] as the partyL extremist set for candidates with valencdn equi-
librium, an incumbent with ideology e E andvalencen implements as policy her own ideology and does not run for
re-election. Analogously define the symmetric 3818, CR, andER for party R. Note thatw-, Cl-, andE\- partition
[—a, 0]. Define the complete win set &8 = {(x,v) e [-a,a] x V | x € WDL UWUR} anddefineC andE analogously.

Let Ux(y,v | W, C) denote the equilibrium continuation utility that a voter with ideologgxpects to derive
from a datet office holder with valence who adopts platforny, if the incumbent is re-elected every time she runs
for office—i.e. if the incumbent belongs to the win set or compromise set. DefiieW, C) to be the equilibrium
continuation utility thatx expects to derive from selecting an untried representative from pagtyL , R}, andlet

Ux(W,0)=[U R(W C)+U I-(W C)]/2 represent the pay-off expects from an untried challenger drawn from at
large. Integrating over the possibility of a re-election shock, the continuation pay-off éxpiects from an incumbent is

UL w,C)+URw,C)
2

Ux(y,o | W,C) = ux(y,v)(1—6)+0 [q + 1 =@Ux(y,o W, C)}

= K ux(y, n)+kﬁ «(W,C), (A1)
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wherek = [%I' Note thatk € (0, 1]. An office holder with valence who adopts extremist platfornand does not

run for re-election yields to voter an equilibrium continuation utilityl — 5)ux (y, v) + U x (W, C).

For any voterx, integrating over the three possible sets, the expected pay-off from electing an untried candidate

from partyL is
ukw,c)y = /{2/ [kux(y,u)+k %9 Ty, C)]dF(y)
+2/ [kux(c (v, 0), o)+k—qu W, C)}dF(y)
CT)

+ 2/ | [(1—6)ux(y,v) + U x(W, C)[d F(y) }dG).

Definef(v) =5(1— q)2fE|_ dF (y), which isé(1— q) times the probability that a candidate from pakrtipelongs to the

extremist segiventhat the ‘candidate has valencéDefinef =d(1—q) fv 2fE|_ dF(y) dG(v), whichisé(1—q) times

the (unconditional) probablhty that a random candidate from plarelongs to the extremist set. Note tifat [0, 1).
Add and subtradt {2 qJUx(W o) Jy ZfEL dF (y)dG(v) toUL (W, C). Sinces —k q[; =kd(1—q), we can rewrite

UL W.C) =k TxW.C) +k pTx w0+ [ (2 [ kuty.ondFey

+ 2/(:'— k ux(ck(y, ), v)d F(y) +2/EL (A—-9d)ux(y,v)d F(y)]dG(u). (A.2)
Analogously,

URW,C) = k0T (W, C) +k AT (W, C)+/ [Z/WRkux(y,u)d F(y)

+2 /C o (@R (y.0).0)dF(Y) +2 /E L= Dx(y.0)d F(y)}dG(v)_

Exploiting symmetry, for any votex, the expected pay-off from electing an untried candidate drawn from atikarge

Ut (W, C)+URw,C) 5q
> _k—U x(W, C)+k BUx(W,C)

[ux(y,v) +ux(— y,v)]
2 k dF
+/V[ " > (y)

vl k[Ux(cL(y,v),v)+uX(cR(—y,v),v)]
Jck 2

[ux(y,v) +Uux(=y,v)]
+2/EL(1—5) 5

Ux(W,C) =

dF(y)

dF(y) ;dG(v).
Since 1— k— —kB =k(1-p), we have

" Jux (et (y,0),0) +ux (CR(=y, ), 0)]
+2 ot >

[ux(y,0) +ux(=y, v)]
+2/EUL(1-5(1-q)) >

dF(y)

dF(y) {dG(v). (A.3)

Substitute equation (A.3) into the tetpU x (W, C) in equation (A.2). After some algebra, one can solve for

ukw,c) = k%UX(W, )
k [ " [(2=B)ux(y,v) + Bux (=Y, v)]
tig [2/ 5 dF(y)
2 / L (2= (et 5.0) v; +ux(CR(=y.0). 0]

[(2=Pux(y,v) + Bux (=Y, v)]
2

+2[ a-sa-a) dF(y) [dGw). (A4)
Ey
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For each pair valence and ideologyy < 0, U>'<-(W, C) is a weighted average between the period pay-off derived from
an incumbent witmegativeideologyy and its symmetric positive counterpar/, where more weight is given to the
negative ideolog)Uf(W, C) is defined symmetrically, where most weight is given to positive ideologies. Equal weight
is given to both parties in equation (A.3), when a candidate is drawn at large.

In equilibrium, the expected per-period valence is

* o[1-p)]
E = _ .
0= [ e
Note thatV| < E*(v) < VH. Using this definition, rewrite equatiol\(4) as
UL (W,C) = KE*(0) + k%UX(W, )
k [2=AI(x=yD) +AL(x+YD]
— 2
T1p v[ /WDL 2
[2= A (x—ct(y,0)) + Bl (IX+c (y, )]
+ 2‘/C . ;
[2=AI(x=yD)+ Bl (x+yD]
+[1—6(1—q)]2/EL >

)

dF(y)

dFr(y)

dF(y) ldG(). (A.5)

A voter with ideologyx votes for an incumbent from party with valencev who adopts policyy if and only if
this incumbent yields a higher expected pay-off than an untried candidate fromLparhat is, voterx votes for the
incumbent fromR whenUx(y,v | W,C) > U)'(-(W,C). Defines)'? asthe retrospectivdR—set of voter with ideology
x: the set of {implemented policy, valence} pairs of an incumbent from pRrthat x would re-elect over a random
challenger from the opposite party (patty and defineSk analogously:

SR =1{(y,0) | Ux(y,v | W,C) = U (W, C) > 0},
S§ =1{(¥,0) | Ux(y.v | W,C) —UR(W,C) > 0}.
The next lemma proves that if the heterogeneity in valences is not too large then a majority of voters prefer to

re-elect even a low valence incumbent from pgrty {R, L} who adopts policyy = 0 over an untried candidate from
the opposing party—in particular, all voters from the incumbent’s ppktgte for re-election.

Lemma A.1 There exists an uppdroundv, O < 7, such that if \§ — V| < v, then for any valence € V a majority

of voters prefers to re-elect an incumbent who adopts polieyOyover an untried candidate from the opposing party.
In particular, all voters from the incumbent’s party vote fore re-election whenQy for all » € V, we have0,v) € 85,

vx €[0,a], and(0,v) € Sk, ¥x € [-a,0].

Proof. We first prove that a majority of voters prefers to re-elect an incumbémuim party R who adopts policy
y =0. Take any valencge V. We must show thatlx (0,5 | W, C) — U)'(- (W, C) > 0 for a majority of voters € [—a, a].
Using equations (A.1) and\(5),

Ux(0,5 | W,C) — UL (W,C) = k5+k%Ux(w,C)—kE*(u)—klé—qéUx(w,C)
= —

2 2- Bl (x— |
+|<|(|><|)_m/v[/wL [(@=pIaX =YD+ A1 AX+YDT 4 o

2
+/ [(2= A (x = (y, 0))) + Bl (Ix+ - (y, 0)])]
Jek 2

@2-plx—yDh+plIx+yD]
2

dF(y)

+[1—5(1—q)]/EL [ dF(y)]dG(u).

Rewriting

Ux (0,0 | W,C) — U)l(‘(W,C) = k[o — E*(v)] (A.6)

2k [R=pI(Ix=yD)+BI(Ix+ Y]]
* 10 oL e 100 2 Jaror

— _ct L
- |:|(|X|)—[(2 AN o)) +Alix+o (y’v)l)]:|dF(y)
C

[(2=PlIx=yD+B1(Xx+YD]
2

+-aa-al [ [10x0- |aFw face.
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Concaity of the loss function implies that the term inside the integrals is strictly positive for all vatetsficiently
close to the median voter= 0. Moreover, for any votex > 0 such that the term inside the integral is strictly negative,
symmetry implies that there exists a votér= —x such that the term is strictly positive. Hence, the policy-related
pay-off term in equationA.6) is strictly positive for a majority of voters. If the valence-related pay-off term is non-
negativey — E*(v) > 0, we are done—note that this condition always holds if there is a unique vaMpee,V, . If

o — E*(v) <0, then it suffices to show that

g« L [(2= 11— YD + A1 (X +YD]
E*()—d < ﬁ/\/[z/w,,t |:I(|x|)— > i|dF(y) (A7)
L L
vz, [mxn— 2=l —ct o)) + A (y,u>|>]}dp(y)
Cl)
' 2— Pl (Ix— I
N [mxn— (2= pIx=y+5 <|x+y|>1}dp(y)|d6(v)

for a majority of voters. The right-hand side (RHS) is strictly positive for a majority of voters. Sfi¢e) —o < Vq —
VL, there exists an uppéroundo > 0 such that equation (A.7) holds for a majority of voters under the gross sufficient
conditionVy — V| < v, establishing that forany e V, 0 e VV,)R. An analogous argument holds for an incumbent from
partyL: foranyv € V, 0e WL.

Thisresult implies that an incumbent with ideology< O will not adopt a policyp(y, v) > 0 because she can win
by locating at zero. Thereforg,< 0 impliesc'-(y, v) <0 andcR(—y,v) > 0. Since 2- 5 > B, more weight is given to
the negative policy in equatioi\(6). Hence, concavity of the loss function implies that the policy-related pay-off term
in equation A.6) is strictly positive for every partfR voterx € [0, a]. Following the argument above, we can show that
if the valence set is not too large théh v) € 85, VX € [0,a)]. An analogous argument holds for pattyconcluding the
proof. ||

Lemma A. 2 The more moderate is a citizen’s ideology, the higher is her expected utility from a challenger, whether
selected from the opposing party or from a random party.
In particular, for any pair X, x € [0, a] with x” > X,

Ux (W,C) > U5 (W, C), (A.8)
Ux(W,C) > Uy (W,C), (A.9)
U (W, C) = UL (W, C) > Ux(W,C) = U,/ (W, C). (A.10)

Proof. Considerx’, x € [0,a] with X’ > x. From equationA.3), using concavity of the loss function, it follows
thatUx (W, C) > U,/ (W, C). In particular, moderate citizer loses less than extreme citizehfor every candidate
draw from the opposing party, as the moderate is closer. Whitesesess for realizations of the same party that exceed
X/% becausé” < 0, for every gain (smaller loss) that getsfrom an extreme office holder from the same paxty,
gains at least as much from the symmetric extreme office holder from the other party.

This result and the same argument on equation (A.5) impl)M&a(tW, C)> U)'(-,(W, C).

To show that)r (W, C)—U L (W, C) > Ux (W, C) —U,/ (W, C), it suffices to show thaf (W, C) —U 5, (W, C) >
Uf(w, C)— UE(W, C) for x’ > x > 0. Again, this follows from the concavity d{-) and the fact that for any policy
y > (X' +x)/2 voterx’ losesless tharx. ||

The next lemmas characterize the win and compromise sets and prove that the median voter is decisive.
LemmaA. 3 Foreachy € V, the win set is connected, & WRUWL = [—w,, +w,].

Proof. Fix valencer € V. From Lemma AL, Oe W, . Suppose thag > 0 € W,,, which implies that the incumbent
is from partyR. We now show that all citizens who vote fgralso vote for any’ € [0, y]. For each citizerx <y’ who
votes fory, Ux(y,» | W,C) > UJ((W, C) andsinceUx(y',v | W,C) > Ux(y,v | W, C), she also votes foy’. Every
voterx >y alsovotes fory’ sinceUx(y’,v | W,C) > Ux(0,0|W,C) > U)'(-(W, C) wherethe last inequality follows
from Lemma Al. Thereforey’ receves at least as many votes asandy’ € W,.The same argument applies to any
y<0eW,. |

LemmaA. 4 The retrospective set of the median voter is contained in the win set:
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1. If (y,0) € SER, then ye WR;
2. If (y,v) € S§, then ye W

Proof. Let(y,v) e Sg‘ = Upg(y,» | W,C) > U(')-(W, C) andy > 0. Every voterx > y votes fory sinceUyx (Y, v |
W, C) > Ux (0,0 | W,C) > U)'(-(W, C) wherethe last inequality comes from LemmalA.Every voterx € [0, y] also
votes fory sinceUx(y,v | W,C) > Ug(y,v | W,C) > U(')-(W, C) > UJ;(W,C) wherethe last inequality comes from
Lemma A.2. Thereforex wins at least half of the votes and belongs to the win set. The same argument applies for
y<0. |

Fix av € V. From Lemma A3, an incumbent with valence and ideologyx € [0, w,] adopts her own policy
and is re-elected, and an incumbent with ideolagy w, who chooses to compromise adopt polioy becauseo, =
amg minyeWUR(|x —y|). Similarly, an incumbenx < —w, whocompromises adopts polieyw, . For an incumbent with
valencer and ideologyx > w,, the value of compromising to win if she runs for re-electiobjgw,,v | W, C) + kp,
while the value of adopting her own ideology (&— d)(v + p) + dUx (W, C). For an incumbent with valenae and
ideologyx > w,, define¥ (x,v | W, C) to be the net value of compromising:

W(x,0 | W,C) =d(1—q)k(w +p) +KI(X—wy) — (L —q)kUx (W, C). (A.11)

The incumbent compromises to, if and only if ¥(x,» | W,C) > 0. For incumbenk = w,, ¥(x,o | W,C) > 0.
Therefore, the necessary condition for the compromis@&to be connected is tha¥ (x,v | W, C) crosses zero at
most once fox € [w,, a]. A sufficient condition is tha® (x, » | W, C) is concave in the rangee [w,, a].

Lemma A. 5 There exists a bound #1 > 0 sud that if |I”/| < M”” then ¥(x,v | W, C) is concave. Hence, for
each valence € V, the compromise set consists of two symmetric, connected intervals around the win sé)tﬂ:e C
[—Cy, —wy] andCuR =[wy,C].

Proof. Fixao € V. Forx > w,, after some algebra, we can rewritgx, o | W, C) as

W(x,i | W,C)
— 51— QK[54+ p — E* )]
ko 0 IR [@—ﬁmx—w+ﬁux+wq
+ -4, V’Z/_w" [I(x wy)—0(1—Qq) 5 dF(y)
ro [, [ m-sa—q 2 e A g,
ct 2
+[1—5(1—q)]2/EL |:I(x—u>u)—§(1—q) [(Z_ﬁ)l(x_y2)+ﬂl(|x+yl)]}dF(y)]dG(n).

The second derivative with respecttds
2

— W (X, | W,C)
oX

0 _ " _ "
:ﬁ/v[z/_ [I”(x—um)—é(l—q)[(z =N+ P +y)]]dF(y)

[(Z—ﬁ)l”(XJrw;)+ﬂ|”(x—wu)] ] dF(y)

g 2_ 17 (x — |

+2/ [Il/(x_ll)l))_é(l_Q)
ci

:|dF(y)]dG(u).

If 1’ = 0, thenl” is a constant” < 0 and %‘P(x, o | W,C) =kI"(1-5(1-q)) < 0. Therefore, there exists a bound
0 < M”" suchthat if |I”””| < M” then¥ (x,» | W, C) is concave.

In particular, these conditions are satisfied by both Euclidean and quadratic loss functions. The condition requires
that the risk aversion of citizens cannot grow too quickly (the second derivative cannot fall too fast), else compromise sets
may not be connected—some representatives may prefer to lose the election rather than compromise, while representa-
tives with more extreme ideologies may become so risk averse that they prefer to compromise. For example, suppose
voter’s loss function(|x — y|) is piecewise linear in policy distan¢e — y|, dropping off precipitously when someone
locates further thag from a voter’s bliss pointx — y| > §. Then because some untried challengers can choose policies
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furtherthany from extremists, the increasing disutility can induce office holders with extreme ideologies to compromise
but not those with more moderate ideologies|

LemmaA.6 IfUx(0,0|W,C)— Uf(w, C) doesnot increase in x for any % 0, then the win set is contained in the
retrospective set of the median voter,

1. Ifye WR, then(y,v) e S§;
2. Ify e WL, then(y,v) e S}

Proof. First note that iUy (0, v | W,C)—Uf(W,C) doesnot increase ix for anyx > 0, thenUx (y,v | W, C) —
UXR(W, C) alsodoes not increase for anyx > 0 andy < 0 sinceUx (y,v | W, C) decreases at least as fastig0, v |
W, C) from concavity. We will show that iff ¢ S, theny ¢ W\ Lety ¢ S5 = 0> Ug(y,v | W,C) —UR(W, C) and
y < 0. For every votex > 0, the assumption implies thdy(y,» | W, C) —UOR(W, C) > Ux(y,0 | W,C)— UXR(W, C),
which impIiesUXR(W, C) > Ux(y,v | W, C). All voters with ideologyx € [0, a] vote for the challenger and the incum-
bent will not be re-elected. Thereforg ¢ Wu'-. Analogously, we can show that apy¢ Sg andy > 0 does not belong
to the win set. ||

Lemma A. 7 There exists a lower bound 'M< 0 sud that if M” <1” < 0 thenUx (0,0 | W,C) — Uf(W, C) does
notincrease in x for any % 0.

Proof. Fixao e V. Forx > 0, after some algebra, one can solve for

Ux(0,5 | W,C)—UR(W,C)

k wp - (Ix— |
:k[ﬁ_E*(")}*ﬁ/v[z/o [I(X)_uz U )2/|)+ﬂ(X+y)]]dF(y)

12 "Co |:|(X)— [(Z_ﬂ)lﬂx_wlé|)+ﬂ|(x+wv)]i|d|:(y)
v a B _
+[1—5(1—q)]2/cv [I(x)—[(z AN Z|)+ﬁl(x+y)]:|dF(y)]dG(u).

The first derivative with respect tois

Z[Ux(0,5 | W,©) ~UR W, C)]
o

K wo [ 5 [(2=p) (X =YD+ B 5! (x+Y)]
=—— 112 —Il(x)— F
1—5/\/[ /o |:0X ) dF )

2

~Cyp 2— i| - 'f;I
) [?I(x)_ [(2-AH &I Ix-wD+5% (x+wv)1]dF(y)

wp X 2

a 22 I(x— 2
+[l—6(l—q)]2/ [fl(x)— [(2=A 2l (x =YD+ 57 OH_yH}dF(y)]dG(n).
Je, | OX 2
If I” = 0, this first derivative is indeed negative becali§g) < 0 and the absolute value %I (Ix —y]) is constant in

X, Y. Therefore, the term inside each integral is zemo # y andstrictly negativeif x < y. Therefore, there is a lower
boundM” < 0'such that ifM” < 1” < 0thenUx (0,5 | W, C) — UR(W, C) decreasei x.
The condition%[ux(o,ﬁ |W,C)— Uf(W, C)] < Ois satisfied by Euclidean and quadratic loss function§.

Therefore, combining Lemmas A.4-A.7, the median voter is decisive and her retrospective set is defined as follows.
From symmetryLJ('f(W, C)= Uc')- (W, C) = Up(W, C). An incumbent with valence € V belongs to the retrospective
set of the median voter if and only if she implements policsuch that
q

Kuo(y, ) + k1 -Uo(W, ©) ~ Up(W, C) 2 0. kui(y, ) ~KUg(W, C) 2 0
=0+ Lo(lyD = Uo(W. C). (a.12)

Define the threshold function: V — [0, a] as the most extreme poliay(v) taken by an incumbent with valengdérom
party R such that the median voter would vote to re-elect the incumbent. Thatdg,= || ~1(Ug(W, C) — )|, where
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I=1(.) denoteghe inverse function df(-). The retrospective set of the median vote®is={(y,v) |v e V, y € [-w(v),
w(v)]}. The following lemma guarantees that solutions are interior.

Lemma A. 8 There aistsv > 0 andp > 0 such that if \j — V| <o andp < p, then every equilibrium{w, ¢) is
interior, 0 < w, < ¢, < a, foreachv e V.

Proof. From Lemma Al, w, > 0 holds sinceJx(0,» | W, C) > U)'(-(W, C) for a strict majority of votersvheno
is sufficiently small.c, > w, follows from the result that the net value of compromisingd#gris ¥ (w,,v | W, C) > 0.
Bounding office benefity; < p, appropriately ensures that>- c,. ||

Using equation (A.12), the decisive median voter defines re-election &itdgf(W, C) = v + Lo(wy), Vv € V.
Moreover, from equation4.11), each compromise cut-off, € (w,,a) solves¥(c,,» | W,C) = 0. Hence, under
the conditions of the theoreneyeryequilibrium is fully characterized by functions, c: V — (0,a) that satisfy the
following equations for alb € V:

Uo(wo. v | W, C) =UF(W,C) =Ug (W,C) =Ug(W, C) = v +Lo(wy), (A.13)
Ko+ L¢, (wy)] + kl’s—_JU% (W,C)+pk = (0 +p)(1—3)+ U, (W,C). (A.14)
As an intermediate step to proving existence and uniqueness of equilibrium, we now prove Profosition
Proof. [Proposition 1] Let oy, v € V andoy > v . From equationA.13), o4 + Lo(wH) = v + Lo(wL), SO
thatLg(wy) — Lo(wn) = vy —oL > 0,i.e. Lo(wy) > Lo(wy), andl’ < 0implieswy > wy .
Fromour equilibrium characterizatiosy > wy. Thus, trivially if ¢, < wy thency > cL. It remains to show that

cH > ¢ holdswhenc| > wnH. Assumec| > wy. In equilibrium, an office holder with valenag andideologycy is
indifferent between compromising to poliey andadopting her own ideology. From the indifference equatidi4)

5q — _
K[oL + Le, (w0)] + klquUCL (w,0)+ pk = (oL + p)(1— ) +U¢_(w,0). (A.15)

The left-hand side (LHS) of equation (A.15) is the expected pay-off of compromising and the RHS is the expected pay-

off of adopting her own ideology. It suffices to show that an office holder with ideakogyc, andvalencevy strictly
preferscompromising to adopting her own ideologg.

oq — _
K[on + L (wr)] + quéUq_ (w,C)+ pk> (vH+p)(1—=0)+0U¢ (w,0). (A.16)
Subtracting equation(15) from (A.16), we must show that
K[oy —oL + L¢ (wH) = Lg (wL)] > (o4 —oL)(1—9),

& (o —oL) (K= 140) +K[Le, (wn) — Lo (w1)] > 0. (A.17)

The first term is strictly positive sinde > 1 — . Furthermoregc; > wy > wi impliesthat (c. — wn) < (¢ — wy).
Therefore ¢ (wH) > L (wr) andthe second term is also strictly positive. Thus, the inequalitied.ibd) and A.17)
hold, establishingy > c|_ .

To show thaty — wH > ¢ — w, subtract the indifference equatiof.(5) for a low-valence candidate from the
indifference condition for a high-valence office holder with ideology

oq — _
KoH + Loy (04)] + K500y (0,0 pk = (o1 + p) (L= ) + Uy, (0, 0) (A18)

to obtain

oq — —
Ko = oL + Lo (04) = Loy (w0)] +k3 =5 [Uoyy (,0) = Ugy (1,0 (A19)

= (vy—oL)(1—-09) +5[UCH (w, ) —UCL (w, C)].
Rewrite this as
K[Lcy (whH) — Le (wp)] = (1= —K)(oH — o) +kd(1 = [Ugy (w,0) —Ug (w,0)]. (A.20)

k > 0 implies thatcy — wy > ¢ —w if and only if the LHS of equationA(20) is strictly negative. Hence, we must
show that the RHS is strictly negative. The tefha-§ —K) (vq — o) is strictly negative an#d(1—q) > 0. So it remains
to showthatUcH (w,C) —Uc._ (w, ¢) < 0; but this follows from Lemma A& and the resulty > c_. ||
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LemmaA. 9 Fix the parameters of the model and take any equilibrium thresh@lds) and (w’, ¢’). Then

1. The change in the threshold function w is strictly monotone. That is, for every pair of valenoed/ ,
Wl > wy = w% > wg; (A.21)

2. There exists @ > 0 such that if \§ — V| <, then the change in the threshold function c is weakly monotone.
That is, for every pair of valencess € V,

C, > G = C; > ¢y (A.22)

Pr@f. Fix the parameters of the model and (et, c) and (w’,c’) be equilibrium thresholds. From equation
(A.13), Ug(w,c) = v+ Lg(wy). Hencep + Lo(wy) =6 + Lo(w;) andv + Lo(w)) = o + Lo(wg) for everyv,v € V.
Therefore,

Lo(w)) — Lo(wy) = Lo(w}) — Lo(wy),

for everyv, s € V. Sincel” < 0, if for any » € V, we have an increase from, to v}, > w, thenfor all other valences
¥ €V, we must have’, > wy.

Moreover, for Vi — V| sufficiently small, (i) thresholds,, arearbitrarily close to each other and (ii) threshotgs
arearbitrarily close to each other. Result (i) follows directly from the median voter’s indifference condition. Result (ii)
follows from result (i), and the fact that an incumbent’s expected utility from being replaced by an untried candidate is
a continuous function of her own ideology.

Since equation (A.21) holds, without loss of generalityuét> w, for all v € V. First suppose that, < c, for
somep € V. In equilibrium (w, ¢), the incumbent with valenaeand ideologyc, is indifferent between compromising
or not,

oq — —
K[o +Le, ()] +kg—=5Uc, (.0) + pk = (v 4 p) (L= 9) +Ug, (1.0). (A.23)
In equilibrium (w’, ¢’), incumbent;, is indifferent between compromising or not, which implies that incumignt c;,
strictly prefers to not compromise,
aq

Ko +Le, ()] +k7o=Uc, (0',¢) + pk < (0 +p)(L=0) +0Us, (', C). (A.24)

Subtract equations (A.23) from\(24). After some algebra, we have
Le, (w)) = L, (wy) < 61—)[Ug, (w',¢') = Ug, (w, 0)]. (A.25)

From continuity of the loss function, for any valengsufficiently close ta> and any ideology; sufficiently close to
c,, we have

Le, (5) — Ley (wg) < 30— )[Te; (w',¢) ~Ug; (w, ).

This implies that the incumbent with valené@nd ideologyc; also(weakly) prefers not to compromise in equilibrium
(w’,c). Therefore,c% < c; for everys e V if Vy —V is sufficiently small. An analogous argument holds for the case
C, > Cy.

Whenthe loss function is quadratic, equatich22) holds for anywy — V.. ||

LemmaA. 10 Take any ideology Xx| < a, and valence € V. There existdoundss > 0 and M” < 0 suc that if
VH—VL <dandM” <1” < 0,then equilibrium(w, c) imply

Lx(c) +Lx(=C»)

+ Lx (wy) + Lx(=wy) >

. > [1-3(1—q)] [v+

] +0(1—q)Ux(w,c). (A.26)

Proof. Define

Lx(wy)+ Lx(—wy)
2

Lx(cy) + Lx(—=Cp)

rxy=ov+ >

~i-a-gl o+ |-sa-atwo. @
Take any ideologyx, |x| < a. From symmetry, we can focus on> 0. For the median votel + Lg(w,) = v +

Lo(—wy) = Ug(w, ¢), thereforel’ (0) > 0.
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Considell” = 0 (Euclidean loss function). It is easy to show that for arw@,a), % € (—1,0). Therefore,
I'(x) increases ix € [0, w,] and decreases ke [w,,a) : o) _ —a‘(l—q)% > 0for x € [0, wy]; ax) _

0X 0X
—1—(5(1—q)%;“—’°) < 0forx € [wy,C]; andugxﬁ =-14+(1-4(1-q)) —5(1—q)6u>§3# <0forxe|cy,a).

Consequentlyit is sufficient to show that if"(-) crosses zero at soni&(x’) € [0,a), thenx’ > x. At X = a,
Ua(w,0)=E*(v)—a=T@=v—a—(1-61-—q)(v—a)—6(1—q)E*(v)—a]l =d(1—q)[v — E*®)]. If v —
E*(v) > 0 then we are done. Otherwise, for any giver a, we require the upper bound on valence to be sufficiently
small so that at the’ suchthatT"(x") = 0 we havex’ > X.

Thisimplies that there is a lower bourd” < 0 such thatifM” < |” < 0then equation4.26) holds. In particular,
equation A.26) holds for a quadratic loss function: if the loss function is quadratic, g — —2x = LX) g,
sothatI'(x) > O for all x.

Note that result 2 always holds with quadratic utility because changes in continuation values affect all voters in the
same way (see equation (A.34)).|

Lemma A. 11 If conditions C1-C3 of Theorethhold, then the system

Uo(wy, v | w,¢) = UR(w, ) = U§ (w,0) =Ug(w,c) = v + Lo(wy), (A.28)
Ue, (wy,v | w,€)+kp = (1=3)(v + p) +U¢, (w,c) (A.29)

Yo € V has a unique solutiofw, c).

Proof. Existence follows from a fixed point argument on the expected discounted utility of the median voter from
electing an untried candidate. Provided thgt— V| is sufficiently small, the median voter’s expected utility from an
untried challenger is contained in the intend = [VH + Lo(a), VL]. For everyug € Dg, equation A.28) defines a
unique vector of re-election cut-offs. This mappingo (ug) is continuous orug anddefines a compact, convex set of
cut-offs [wy (ug), wH(ug)]. Given the re-election cut-off vectas(ug) andany arbitrary compromising cut-off vector
ce D¢ =[WL(ug),a] x --- x [WH(ug), a), itis straightforward to compute expectetiities U x andUJg for each citizen
candidate. For each valence V, one can find the most extreme compromising ideoldgy [W, (up), a] such that

Ug (wp,0 | w0,0)+kp = (1=8) (v +p) +(>‘UC;) (w, ©). (A.30)

Let ¢’ bethe vector of allc); note that, for any fixed»(up), there exists a unique for eachc. We need to show that,
for any givenug € Dg, the mapping implied by condition’(30) has a fixed point’ = c. To see this, note that this
compromising condition defines a mapping from the compact convex set of feasible compromising thré&hetds,
[WL (ug),a] x --- x [WH(up), a], to itself. Moreover, from the perspective of a current incumbent, both the expected
utility from an untried candidate and the cost of compromising is continuous in the incumbent’s ideology/valence.
Hence, the compromising condition defines a continuous mapping Bgrimto a compact/connected subsetD§.
Thereforea fixed pointc(ug) exists. Moreover, one can follow the argument in the second part of LemfAlefine
the sufficient conditions under which this fixed point is unique and continuoug.ofogetherw (ug) andc(ug) define
aunique expected utility;, for the median voteng is continuous onw(ug) ande(up). For Viy — Vi sufficiently small,
then one can show thaB always belongs tdq. Therefore, we have a continuous function frddg into itself, and
there exists a fixed point in the discounted expected utility of the median voter from electing an untried candidate.

To prove uniqueness, by contradiction, supp@sec) and(w’, ¢) areboth equilibria,(w, ¢) # (w’, ¢’). Exploiting
Lemma A9, without loss of generality, let!, > w, . Furthermore, foiy — V|_ sufficiently small, the threshold function
c is weakly monotone. Hence, it suffices to consider the following two cases.

Case 1. Supposg > c, for everyo € V. w), > w, impliesthat the median voter is (weakly) worsé,df g(w’, ¢’) <
Ug(w, c). We show that if incumbents do not become more extreme by reducing the thresh ks the more extreme
positionsw;, do not decrease the expected utility of the median voter sufficiently, violating her equililbondition
Ug(w’, ) = v+ Lo(w)). By definition,

Tow',c) — Up(w,c) = /V [2 /0 v [k[O] +k%[U0(u/,c’) —Uo(u),c)]] dF(y)

w), s o
2 [k[l(y)_l(wu)]+qu§[uo(w/’c/)—UO(UJ,C)]]dF(Y)

Wy

"Cop 0 — —
+2 [ [ =1+ Ut o) ~Uotw. 01| dF(y)

wy
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< ’ oq v —

v [k[v+l(wv>l+kﬁuo<w &)= (A=) +I<y)]—6uO(w,c>}dF<y>
Co -
-a

+2 [ [a-op) +5[Uo<w’,c’>—Uo<w,c>]]dF<y>]dG(u>.

We now replace terms in the RHS by strictly smaller terms to show that the RHS is strictly positive, a contradiction
Ug(w’,¢")—Ug(w, c) < 0. For each e V, exploit concavity and replace the expression inside the first two integrals with
the smaller numbelk(l (w},) —1 (w, )] + k%[Uo(w/, ¢’y —Ug(w, 0)]], strictly smaller ifw}, > w,. From equilibrium,
I(w)) =1 (wp) = Ug(w’, ') —Ug(w,c) and sincek(1+ 1‘%) =1, the term inside each of the first three integrals
simplifiesto Ug(w’, ¢’) — Ug(w, ). In the fourth integral, replace the ter(1— )[v +1(y)] with the strictly smaller
number—(1—8)[v +1(w,)]. Exploiting the equiliorium condition, replage+ | (w),) with Ug(w’, ¢’) andreplacev +

I (wy) with Ug(w, €). Again, the expression simplifiégs Ug(w’, ¢') — Ug(w, ¢) and we hae

B B B B " a
To(w'.¢') ~ Uo(w,0) > [Uo(w/,C/)—Uo(w,C)]/V[Z/O dF(y>+2a/d dF(y)]dG(u).

/

Since [, {ZfOC” dF(y)+ Zéfca,‘ dF(y)}dG(v) < 1, it must be the casihatUg(w’, ¢') —Up(w, €) > 0, a contradiction
to w), > wy. ’

Case2. Suppos&’ﬁ < c; for at least one € V. From Lemma A.9, monotonicity implies, < ¢, for all v € V.
We show that if incumbents implement more extreme policies and re-election cut-offs are slacker, then more incumbent
types should compromise to avoid losing re-election, a contradiction.

Fix valences. Under equilibrium(w, ¢), incumbentc; is indifferent between compromising and not. Under equi-
librium (w’, ¢’), incumbente; strictly prefers not to compromise, sincé < c;. From inequality A.25),

L¢; (w5) = Le; (wy) < 6(L—q)[Ug; (w',¢") —=Ug; (w, 0)].
Sincec; > ¢ > wh > wy, Le; (wf) — Lg; (w;) > 0. Next, we showthatU; (w’, ¢') —Ug; (w, ©) < 0, acontradiction.
Ug; (', ¢y —Ug; (w,0)

I R
2 [ [k[0]+kl_(5[uc5(w,c> uc,;(w,cn}dF(y)

wy, ol — —
[ [, 00+ Loy (9= Loy )= Ly () k25 0, ') = Uy (.0 | ey

Wy

T 5q — _
+/ l k[LCg (”)1/))+LC5 (_U)z/))_ LC,; (wy) — LC,; (_11)1))]+kTC16[UC5 (w’, C/)_UC,; (“)’C)]j|d|:(y)
el —

/
0}

C [ —
+ / (1= 9)20+Le, (¥) + Le, (—y)] +200¢, (', )
~ K20 + Ly ) + Ly (=0)] =k 5 U (0.0 |4 F )
+ /a [(1—5)[0] +20[Ug, (', ¢) —Ucﬁ(m,c)]]d F(y)]dG(n).
Je,

Shifting comparable continuation pay-offs to the LHS yields

[Uc, (w'.¢) ~ U, (w,0)] [1—2/\/[/0% k%dF(y)—/aadF(y)]dG(n)]
- Cy

=2 /V [ /w K[Lc, (¥)+ Le, (=) — Le, (o) — Lo, (—wp)]dF (y)

<

2l
+ , k[LC,; (w,’)) + LC,; (_“)1/)) - LC,; (wy) — |—05 (—wy)]dF(y)

wy,
Cy —
+/, |:(1—5)[20+Lc,;(Y)+Lc,;(—Y)]+25Uc,;(w/,C/)
c
9

— Kk[20 + Lc; (wp) + L (—wp)] — ZKEU% (W', C’):|d F(y)}dG(v).
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0<[1 2/ [/ k—" dF(y) /5dF(y)]dG(v)}<1

Onthe LHS,

On the RHS, the first and second integrals are negative from the concavity of the loss function. To derive a contradiction,

it is sufficient to show that

c _
/ [ / |:(1—5)[ZU+Lc,;(Y)+Lc,;(—Y)]+25Uc,;(w/,C/)
vi/e

~ 20 + Ly ) + Ly ()]~ 2k U, (') |dF ) | ) < (A.31)

Sincec;, < ¢, for at least one valence, concavity of the loss function implies that the LHS of equAtigh) (s strictly
less than

Cy .
/\/ [ , [(1-0) |:21) + I—Cl; (C:}) + Lcl.) (—C;))] + 26U c; (u/, C/)
. c,

— K[20 + Lo, (1) + Lo; (—w)] — 2k%Ucﬁ W', c/)]d F(y)]dG(u).

Hence, it suffices to show
oq — —
K[20 + L¢; (wp) + L¢; (—wp)] + ZK%UCE w',c) > 1-99)[20 + Le; )+ Lc; (—c))]+20U c; (w',c)
for everyv € V. Divide both sides by R= 21 6+(>q > 0 and simplify the inequality to

+ LCﬁ (wv) + LCﬁ (_wl))
2

Le; (cy) + Ly (=)
2

> [1-5(1-q)] [ + ] +01-q)Uc, (W', ¢).

Sincew, <w) = L¢; (wp) +L¢; (—wy) > Lg; (w)+ Le; (—w)), it suffices to show

+ LCﬁ (w{)) + LCﬁ (—U,)l/))
2

Le; (c))+Le; (—¢p)
2

> 1-sa-afo+ |#o0-00 w.e)
Letx = c; < a, the result then follows from equation (A.26). This concludes the proof of Thearerm|

Proof. [Proposition 2] Define the expected policy (in absolute value) of an untried candidate with valence

Wy c a
EPom:z{ L vrondy+ [ wntonay+ | yf(y)dy}. (A32)
Jwy JCy
Taking derivatives with respect tq
Co
sz[%wu w0 1@ = 2y )+ [ 2 gy - Tre, 1(c)
Wy

ov ov ov

0 Co
_2[ qu/ f(y)dy—*)f(q))[cu _wv]]-
oo Juw, ov

We need to shov@%ﬁ'@ <0ie

Cy
D teles—wl > 22 [ tnay,
0 wy
or equivalently
oc, ow, [
T[f(cu)— f (wo)][cy — wv]+ f(wu)[cv wy] > / f(y)dy. (A.33)
) o Jw,

From Propositiort, aq) > 2% - 0. Moreover, f(-) > 0, ¢, — w, > 0. From symmetry and single peakednebgy)

weakly decreases Wltin > Og&ombmlng these observationS(w, )[c, — wy] > fw; f(y)dy and

ow Co
700 f (wn)[cn - 101)] > TDU/ f(y)dy

oo wy
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Inequality (A.33) then holds if ff (c,) — f (w,)] is not too negative,e. if the density f (y) does not decrease too fast
with y > 0. WhenF is uniform, f is a constant and the result holds. Hence, there exists a lower our@such that

it[f(c)— f(wy)] = f thenEEAW <0,

Proof. [Proposition 3] From Propositior, wH > w| andcy —wH > ¢ —wy for anyoy > v € V. Thisimplies
that the expected policy of an incumbaesttictly increaseswith valence in the subset of re-elected officialsq K= 0,
then in the stationary distribution all office holders are re-elected and the result holds. A small incieasarginally
increases the fraction of untried office holders in the stationary distribugopoliticians in their first term in office. If
g is sufficiently small, then the proportion of re-elected office holders in the stationary distribution is sufficiently large
and the result holds. ||

Proof. [Proposition 4] We first solve for the median voter’s equilibrium pay-off. When the loss function is
quadratic, one can write the expected pay-off of vatas the following function of the median voter’s expected pay-off,

Uy(w,c) = Ug(w,c) — x2. (A.34)

From equationsA.13), (A.14), and the definitionf U g(w, ), equilibrium (w, ¢) solves the following system of equa-
tions:

Uo(w,c):v—wg, Vo eV, (A.35)
31— q)o — (€ — wy)? = 3(1—q)Ux(w, ), Yo €V, (A.36)
To(w,c) = /V [2 /O o —ydF(y) + 2 /N : [ — w2dF(y) (A37)

a
+2 [ [(1-01-0)) @ —y?) +31-qUp(w,0)ldF(y) {dGw),

JCpy

provided that solutions are interior,<0w, < ¢, < a for all v € V; recall that solutions are interior whéfy — V_ is
sufiiciently small. Normalizesy = 0= Ug(w,c) < 0.
Rewritew, andc, asfunctionsof Uq(w, c). From equation (A.35),

wy =[v —Uo(w,c)]%, Yo eV. (A.38)
In equation A.36), substitutéJ x (w, ¢) = Ug(w, ¢) — ¢2 = v — w2 — c2 andrearrange terms to write
0= c2[1-6(1— )] - 2c, wp + w1 - 5(1—q)]. (A.39)
Solve the quadratic equation foy andselect the unique solution such tlegt> w,,
¢, = 0wy, YvelV. (A.40)
whered ElH—Vé(i:gziz_a‘;(l_q)). Noze that for anys € (0,1) andq € [0, 1), we haved > 1. Substitutew, = [o —
Ug(w,©)]2 andc, = [v —Ug(w, )] 2 into equation A.37).

o [0=Ug(w,0)] % 2
uo(w,c):/v[z/o [b =y ldF(y)

0 —Uo(w,C)]% _
2 / L o= -Uow, OlldF (y)
[

v—Ug(w,c)] 2
a —
+2/ _ 1[(1=61-q)® - y?) +0A - Uo(w, 0)]d F(y)}dG(U)- (A.41)
0[v—Ug(w,0)] 2
Exploiting the uniform distributionF (y) = %22,
a3y = 3ay [/ DdG(v)—UO(w,C):|+/ [U—Uo(w,c)] dG (), (A.42)
Jv Jv

__ (a-sa-g)
where) = o i—0a-) (330
distribution.

Note thatd > 1 = (9% —36) > —2; therefore,y > 0 and independent of valence
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Analogously the following must hold in equilibrium for valence distributi@f,

NIw

a3y =3ay [/ vdG’(v) —Ué)(w/,cl)] —i—/ |:v —Ué)(w’,c/)] dG'(v). (A.43)
\% \

This implies
_ _ 3
3ay |:/ vdG(v) —Ug(w, C)] +/ |:v —Uog(w, C)] dG(v) (A.44)
\% \
" — " — %
= 3ay |:/V 0dG'(v) —Up(w/, C’):| + /V |:D - Uo(w’,c/)] dG’ (v).

To prove equation?), by contradictionsuppos&lg(w’, ¢’) < Ug(w, ¢) = —Ug(w’,¢’) > —Ug(w, ¢) andG/ first-order
stochasticallydominatess. SinceG’ hasa strictly higher mean andd3 > 0,

3ay [/\/ 0dG’(v) —Ué)(u)/,c/)i| > 3ay [/\/ vdG(v) —Uo(u),c)]. (A.45)

Moreover, for eachv € V, v —U&(w’,c’) > v —Ug(w,c). Since G’ first-order stochastically dominate§ and
— 3
[v =Ug(w’,¢)] 2 strictly increases with,

/ [o —Ué(w/,c/)]%dG/(n) > / [o —Uo(w,c)]gdG(n). (A.46)
JV \%

Together equation#\(45) and (A.46) contradict equatioA.44).

Turning to the second-order stochastic dominance argument, first recall the neutrality result of a constant valence
transfer: a simple location shift by raises utility bya, leaving policy unaffected. We can without loss of generality
focus on a distributiors (v) that second-order stochastically domina®sv). Accordingly, to prove equation (8), by
contradiction, suppose th& second-order stochastically domina@'’s butUE,(w’, ¢) <Ug(w,c) = —Ué(w/, c) >
—Up(w, c). SinceG’ andG have the same mean and;8 > 0,

3ay [/\/ 0dG’ (v) —Uz)(w’,c/)] > 3ay [/V vdG(v) —Uo(w,c):| . (A.47)

_ _ _ 3
Moreover, for each € V, v —Ug(w’, ') > v —Ug(w, ¢). SinceG’ hashigher variance and [+ Ug(w’, ¢/)]2 is strictly
convex,

/[U—Ué(w/,cl)]%dG/(v)>/[U—Uo(w,c)]%dG(v). (A.48)
\Y \YJ

Together equationg\(47) and (A.48) contradict equatioA.44).
We now prove EP@lG’) > EPol(G). By definition,

., a
EPolG [ dF(y)+2 wdF(y)+2 dF( }dG(
)= / / ydF(y) / wydF (y) /Q)y ! dew)

v—Ug(w,c) 0,/v—Ug(w,c) —
= 2 dF(y)+2 [ v—Ug(w,C j|dF
/V[ A a0 +2 [ E ] o —Totw. 0 daF ()

dG(v). (A.49)

a
+2/ — dF( ]
H,/U—Uo(w,c)y y)

SinceF is uniform,

2 2 T
EPO(G) = /[ UO(’” 9 i —Uo(w,c)](g_l)Jra——e (”_UO(“”C))]dG(D)

2a 2a
_a_ [/ vdG (@) —Ug(w, c)]—[1+62 20). (A.50)
2 %
Similarly,

EPOKG') = g - [/V vdG’ (v) - Ug(w, c’)] 2—:;[1 +62 2. (A.51)
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Note that 1+ 62 — 26 > 0 and independent dB. Since [y, 0dG() = [\, vdG’(v), the result EP@IG’) > EPolG)
follows as we have established thaGfsecond-order stochastically domina(e’sthenUé(w’, c)>Ug(w,c). |

Proof. [Proposition 5] We first consider the search effort choice at tinoé an IG with ideologyi > 0 supporting
party R. IG i has equilibrium beliefs about future probabilitipg, 1 of drawing a high-valence candidate when a new
candidate is electéd, and must choose the optimal search effort at tirré.e. a probability p.

Given its equilibrium beliefs about; 1, the IG forms consistent beliefs about the equilibrium cut-off functions
{w,c}. If at timet — 1, the incumbent with valenaeimplemented policy < w,, the incumbent will be re-elected, so
the IG will not search. If, instead; > w,, the incumbent optimally steps down (otherwise she would lose re-election)
and both parties run untried candidates. In equilibrium, voters correctly predict the symmetric search effort, so each
untried candidate wins with equal probability.

In the following steps of the proof, we define the marginal benefit of valence searﬁ(MB) at periodt given
pt+1 andprove that: MEf(w,c) strictly decreases in; MBiR(w,C) strictly decreases i 1; MBiR(u),C) > 0 for
everyi € [0,a] and py41. These results together with the assumptions on the cost furatmi imply that for each
ideologyi there exists a unique solutiqrt = pr = py41, and p* strictly decreases with

Step 1. We first show thaMBiR(m, c) strictly decreases in i. For an IG with ideologyi 0, the expected pay-off
from a party R candidate with valenees {vy, v } is

UiR(v | w,c) = g[/owu [k[v —( -y +k % U; (w,C)]dy

(1-9)
Co X o —
+/wu [k[v—a —wu)z]—i-k(l_qa)ui(w,c)]dy
a —
+/ [(1—5)(0—0 —y)2)+o‘ui(w,c)]dy]. (A52)
cy

SinceU; (w, ¢) = Ug(w, c) —i2 andk + k(l‘s—f'()») = 1, rewrite

UiR(” | w,c) = g[/own [k[v —i242iy—y? +k(15_q§) [Up(w,c)— iZ]} dy
+/w(;” [k[v —i2 4 2wy — wg] + k(l(s—qé) [Ug(w,c)—i 2]] dy

a —
+/ [(1—5)(1)—i2+2iy—y2)+(s[uo<w,c)—iz]}dy]

Wy
= 1[ —i2a+2ki[/ ydy+
a Jo

+/w" [k[u—y2]+k % Uo(w,c)}dy
0

. .
/ wydy + / (1—5(1—q>)ydy]
JCy

J Wy

1-9)
"Co 0 _
a —
+/ [(1—5)(1)—y2)+6U0(w,c)]dy]. (A53)
Cv
Note that
1 wy S5 .
Ul w0 = 5I/O [k[v —y2]+k(17_qé)uo(w,c)]dy
Co 0 —
+/wu |:k[v—wg]-i-k(l_qa)uo(w,c)]dy
a —
+f [(1—a>(u—y2>+5uO<w,c>1dy] (A54)
Cy

13. Since we focus on stationary equilibria, equilibrium beliefs must be suclpthat= pt4o =---.
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and

wy

Cy a
ydy+/ wde+/ (1-s5(1-q)yydy
wy Co

w?2 (1-d(1-q))

:7D+wv(cv—wu)+ > @ —c?)
—_ —_ 2— —_ 2
_(a-sa q))a2 o(1 q)wu’ (A.55)

whete in the last equality, we used equati@n39) to substitutedo, ¢, = (1—6(1—q)) (w2 +c2),/2. Substitute equations
(A.54)and (A.55)into (A.53),

kd(1—q)w2
—.

UR@ I w,0) = =2+ U8 | w,0) +ik(1-d(1—q)a—i (A.56)
For an IG with ideology i> 0, the marginal benefit from valence search is
MBR(w,¢) = UR(oy | w,0) —UR L | w,0)
=UR@H |w.0)—~UR@L | w,c)—iw
= U wH | w,0) —UR@L | w,0)—i W, (A.57)

whete the last equality follows from equilibrium condition — u)ﬁ =0 - u)E. Sincevy > v andkdé(1—q) € (0,1),

aMBR(w, ¢) __ko-—a)n—o) _

0. A58
oi a ( )

Step2. We now prove théﬁ/IBiR(w, c) strictly decreases withip 1. Usev — wf =Ug(w, C) to rewrite equation
(A.54),

UR L Tk -y 4k -2 T dy+ [ Tow.od
0(”'“”0)_5[/0 [[v—y]+ a0 o(w,C)} y+/wv o(w,c)dy

a
-‘r/ [(1—5)(1)—y2)+5Uo(lu,C)]dy].
Co
Subtract W} (L | w, ¢) from UR(wp | v, 0),
R 1 w wH 5 2 CH
MBg'(w,c) = 5{/0 k[oH —DL]dy+/ ko —y~—oL +w|_]dy+/ [O]dy

w wH

C a
+ / " (1= 0)To(w. 0)— oy +yD)dy + / (1—0)(vH —mdy].
JCpL JCH

Substitutey — o = wd —w? andUg(w, ¢) = (o, — wd),

R K weo, 2 wH o, 2
MBg (w,c) = a[/o [wH—wL]dy-‘r/ [wf —yldy

wL

"CH .a
+ [ a-sa-aneu +yay+ [ (1—5(1—q>>(wﬁ—wf>dy}.
JCL CH

Substitute g = fw, andtake the integrals,

3

k w3 —w
MBg(w,c) =3 [[w&| - wE]wL +w|%|(wH —wL) —(H3L)

3_,3
+(1-5(1—q)) [—wfe(wH —w) +03<“’H3“’L)}

+(1-6(1—q)(wh - wE)(a—ewH)}. (A.59)
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Simplify
51— 3_
MB&(w,¢) = k(L —3(1—a))[wd — w?] +k(wd — ) 2+@2-4a 3aq))(‘9 309)
=k(1-5(1—q))| oy —oL + —=—2L | > 0, (A.60)
3ay

Notethatw, > 0= wg’ = (w§)3/2, andUg(w,c) =0 — wg = wg’ =(@w-Ug(w, C))3/2. Substitute KL — (1 —Qq)) =
(1-9),

(A61)

_U, 3/2 _(p —U, 3/2
MBg(w,C)=(l—5)[vH—uL . on=Uow, )32~ (o ~Uo(w,0) }

3ay

Rewrite equation(A.57) as MBiR(w,C) = MBg(w,c) —i %. Taking the derivative with respect to
probability p41.

oMBR(w,c)  aMBE(w,c)

OPt+1 OPt+1
0 _O 12_ ¢ _T 1/2
_ _Uo(w,0) §(1—6) (vh —Up(w, ©)) (v =Up(w, ) -0 (A.62)
opty1 2 3ay
whete the inequality follows from Propositiahl, %ﬂi’ic) > 0.

Step 3. We now prove thaMB; (w,c) > 0 for every p41 € [0,1] andi € [0,a]. From the previous steps,
MB; (w, ¢) strictly decreases in bothé [0,a] and g 1. Therefore,MB; (w,c) > O for every ie [0,a] and g1 if
andonly ifMBa(w, ¢) > Owhen g1 = 1. Combining equationfA.57) and (A.61), we need to show that fog _p; =1,

U. 3/2 U, 3/2
1) [vH oy + on=Uo(w.0) /3;y(uL—u0(w,c)) / } — K= Q) (op — L) > O,

<vH—Uo<w,c>)3/§—m—Uo(w,c>>3/2 o(1-q)

= oy —0vL + = > To5(=q) (o —oL). (A.63)

Sincevy —o > 0, for anyd(1—q) < 1/2 condition(A.63) holds trivially, concluding this step of the proof.

We now prove equatiof.63) also holds ford(1—q) > 1/2. We exploit the result on the irrelevance of a valence
shift and the fact that we are only considering the cage;p= 1 to write Ug(w, ¢) = vy + U o(@, T), where U (@, T)
is the median voter’s expected pay-off in an economy with a sirdéaces = 0: U o(w, T) is independent o — oy .
Rewrite equation(A.63),

(=Uo(@,0)%2 — (o —vL) —Up@,0)%? _ s(1—q)
3ay 1-0(1-q)

oH—vL + (o —oL). (A.64)

Whenpty1 =1, —u)a =-—wl= Up(w,T). Thereforepy —w2= oL — wE = U)E =—(vy — DLL_ Up(w,T). Cut-off

w| hasan interior solutionw| > 0 if and only if the valence set is not too largeq — v ) < —Uq(w, ). Hence, we
only consider valence sets such tit@y — v ) € (0, —U o(w, T))—noticethat U o(w, T) < 0 for anys(1—q) € (0,1).

The LHS of equatio(A.64)is strictly increasing and strictly concave {ny — oy ) € (0, —Ug(w, T)), while the RHS
is strictly increasing and linear. At the lower limiby — o) = 0, we have LHS = RHS. Therefore, if at the upper limit
(v —vL) =—Uq(w,T) wehave LHS> RHS, the strict concavity of the LHS implies that equagi®64) holds for every
(vH —oL ) insidethe bounds. Rewriting equati@A.64), we need to show that at the upper liit — o ) = —U o(, ),
wehave

(-Uo@,0)%2- (02 s1-q)

—-Uo(w,0) + 3ay > 1_5(1_q)Uo(ITJ,f)
_ _ o(1— _
= —3ayUg(w,0) + (-Uq(w,t))%2 > —3ay #ﬁ)q)uo@,é). (A.65)

Sincev = 0 with probability one, equilibrium conditiofA.42) becomes

a®y = —3ayUo(@.0) + (-Uo(@. )%, (A.66)
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sowe substitute-3ay Ug(w, T) = a3y — (~Ug(w, T))*/2 into (A.65),

sl-q) — _ _  1-61-q) -Uo@.0)
Tot-q 0@0= 350 = a2

a% > —3ay (A.67)

_ 3
Notethat in the worst case scenario where incumbents always adopt their own dgiesild o(w, C) = —%. Since for

anys(1—q) € (0,1) some incumbents compromis;_qu‘(z@ < 1/3.Therefore, ab(1—q) = 1/2, the LHS of equation
(A.67) s strictly greater than the RHS. Since both sides are continuous functiaiis efg), the LHS will be less than

the RHS for somé(1—q) € (1/2,1) if and onéy if there exist som&1—q) € (1/2,1) such that LHS = RHS. If such
0(1—q) exists then substitutingUg(i, €) = %(_lq_)q)) into equation(A.66), we must have

2 2 3/2
o . a21-s0-q)  (a2d-i1-q)
TR T +( 301-a) ) |
_ (1-61-q) | ((1-51-q))%?
=0=r a0y +( 30—q) ) 7 (A.68)

Recallthat y is only a function ob(1—q), therefore(A.682 is only a function off = 6(1 — q) and continuous. At
6 =1/2, the RHS of equatiofi\.68) is strictly positive,(%)g'/ > 0.In the limit, asd — 1the RHS goes to zero. We use
Mathematica to verify that the RHS of equati@n68) is strictly decreasing and strictly convex foe (1/2,1). Hence,

it follows that(A.68) holds as a strict inequality fab € (1/2,1), completing this step of the proof.

Step 4. Finally, we show that a unique equilibriunt g (0, 1) exists, and it strictly decreases ini. Fix ideology i.
Given any py € [0, 1], the IG optimally chooses & & [0, 1] thatmaximizes expected pay-o%»,MBi (w,c)—ac(pt).
We muItipIyMBiR(w, ¢) by 1/2 since the untried candidate from party R is elected with probatilig:

Existence of a unique equilibrium* e (0, 1) followsfrom a fixed point argument or jand pt1. Search cost is
a continuous, increasing function of g [0, 1], while the search benefit is a continuous, strictly decreasing function of
pt+1 € [0,1]. When py1 = 0, marginal benefitVB; (w, ) > 0 is greater than marginal cost of;p= 0 sincec’(0) =
0. When p;1 = 1, marginal cost ¢&(1) is greater than the maximum possible marginal benefit. Therefore, a unique
equilibrium g = pr = pr41 exists, and itis interior, p € (0,1).

In equilibrium, I1G i > 0 optimally chooses Hsothat marginal benefit equals marginal cost,

ac (p*) = %MBiR(w,c). (A.69)

SinceMBiR(w, c) strictly decreases in i for every; p1, p* strictly decreases ini. Il
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