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MODEL
• Finite lattice Λ = {1, . . . , L}

• State space ΩL = NΛ

• Configurations η = (η1, . . . , ηL) ∈ ΩL

• For f : NΛ → R the generator is

Lf(η) =
1

L− 1

∑
x,y

gx(ηx) (f(ηx,y)− f(η))

• (Conservative) Irreducible on ΩL,N := {η ∈ NΛ :
∑L
x=1 ηx = N}

• Zero range processes with slow defect sites (r < 1) [Evans, M.,2000]

gx(n) =


1 if x /∈ {d1, d2} and n ≥ 1

r if x ∈ {d1, d2} and n ≥ 1

0 otherwise

RELAXATION

• Unique stationary distribution on ΩL,N given by πL,N [η] = Z−1
L,N

∏L
x=1 wx(ηx)

• Stationary weights wx(n) =
∏n
k=1(gx(ηx))−1

• Heat kernel Ht(η, ξ) = Pη(Xt = ξ) and Htf(η) =
∑

ξHt(η, ξ)f(ξ)

• Relaxation time is the optimal constant satisfying

||Ht(f)− Eπ(f)||22 ≤ exp

{
−2

t

Trel

}
V arπ(f)

• Controls the asymptotic rate of decay of correlations

• Characterised by variational principle

1

Trel
= inf

{
Dπ(f)

V arπ(f)
: V arπ(f) 6= 0

}
where Dπ(f) := Eπ (f(−Lf)))

GRAND CANONICAL DISTRIBUTION AND CONDENSATION

Factorisable Pφ[η = n] =
∏L
x=1 Pφ[ηx = nx] where Pφ[ηx = n] =

{
φn(1− φ) for x /∈ {d1, d2}(
φ
r

)n (
1− φ

r

)
for x ∈ {d1, d2}

Density ρx(φ) :=

{
φ

1−φ if x /∈ {d1, d2}
φ
r−φ if x ∈ {d1, d2}

which implies limφ→r ρx(φ) =

{
r

1−r if x /∈ {d1, d2}
+∞ if x ∈ {d1, d2}

STATE SPACE DECOMPOSITION

• Decompose state space: ΩL,N =
⋃N
i=0 ΩiL,N =

⋃N
i=0{η : ηd1 = i}

• Restriction chain: A ZRP restricted to the partition ΩiL,N

• Projection chain: A process between partitions with transition rates

q̂(ΩiL,N ,Ω
j
L,N ) =

{
r if j = i− 1

ΦL,N (n) if j = i+ 1

• Birth-rate: ΦL,N (n) := EL−1,N−n(gx(·)) =
N − n

N + L− n− 2

THE PROJECTION CHAIN

RESULTS

One defect:


Restriction Chain: TRCrel (L, ρ) � (1 + ρ)2 [Morris, B.,2006]

Projection Chain: TPCrel (L, ρ) �


(√

r −
√

ρ
1+ρ

)−2

for ρ < ρc

(1 + ρc)
2L for ρ ≥ ρc

T 1
rel(L, ρ) �


(√

r −
√

ρ
1+ρ

)−2

for ρ < ρc

(1 + ρc)
2L for ρ ≥ ρc

Two defects:



Restriction Chain: TRCrel (L, ρ) � T 1
rel(L, ρ) One defect ZRP

Projection Chain: TPCrel (L, ρ) �


(√

r −
√

ρ
1+ρ

)−2

for ρ < ρc

(1 + ρc)
2L for ρ = ρc

(ρ− ρc)2L2 for ρ > ρc

T 2
rel(L, ρ) �


(√

r −
√

ρ
1+ρ

)−2

for ρ < ρc

(1 + ρc)
2L for ρ = ρc

(ρ− ρc)2L2 for ρ > ρc


