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Chapter 1

Introduction

During the past years, physicists have achieved important results in the field
of phase transitions, statistical mechanics, nonlinear dynamics, and disordered
systems. Concepts like power law, scaling, random processes and unpredictable
time series are present in these fields, and they are used as interpretation of the
underlying physics. By other hand, financial markets exhibit several properties
that characterize complex systems. They are open systems in which many
subunits interact nonlinearly in the presence of feedback.

More than one hundred years ago, these concepts were applied successfully
in fields far from the natural sciences. Concepts like power law distributions
and random walk were first used in social sciences. Pareto [1] investigated the
statistical character of the wealth of individuals in a stable economy modeling
it through a power law of the type y ~ 71 (where y is the number of peo-
ple having income x or greater than z). In 1900, a Ph.D. student of Poincare
developed the first formalization of a random walk. In his thesis "Speculation
Theory" Bachelier [2] suggested a probabilistic description of price fluctuations
in the financial market and developed the mathematics of the Brownian motion
to model the time evolution of asset prices. He determined the probability of
price changes by writing down (what is now called) the Chapman-Kolmogorov
equation and recognizing that (what is now called) a Wiener process satisfies a
diffusion equation (rediscovered years latter by Einstein [3]). The first theoret-
ical description of a random walk was performed in 1905 by Einstein [3] and in
latter years its mathematics was made more rigorous by Wiener [4].

Bachelier work was not recognized by the scientific community at that time,
perhaps because of its application to financial markets. His theory was actually
forgotten until 1944 when Ito used it as motivation to introduce his calculus and
a variant of the Brownian motion which is the geometric Brownian motion [5, 6].
Since the 1950s mathematicians began to show interest in the modeling of stock
market prices. Bachelier original proposal that the price changes are Gaussian
distributed was replaced to a model in which stock prices are log-normal dis-
tributed (i.e. the differences of the logarithms of prices are Gaussian distributed)
[7]. In 1973, Black, Scholes and Merton [8, 9, 10] used the geometric Brownian



motion to construct a theory for determining the price of stock options. This
theory nowadays represents the milestone of mathematical finance although is
clear that the model needs correction in its application because provide only
a first approximation of what is observed in real data. For this reason several
alternative models have been proposed [7]. One of them is the Maldebrot’s
hypothesis [11] which states that prices changes are Levy stable distributed.

Apart from the modeling of stock market prices, concepts like turbulence
have been used in order to understand the behavior of financial markets. Man-
tegna and Stanley [12, 13] developed a parallel analysis of price dynamics and
fluid velocity. Specifically, they analyzed the time evolution of the S&P 500
index and the velocity of a turbulent fluid at high Reynolds number. By other
hand, Ghashghaie et al. [14] proposed a formal analogy between the velocity of
a turbulent fluid and the currency exchange rate in the foreign exchange mar-
ket. The results of these investigations are discussed in Appendix B: Financial
Markets and Turbulence.

Another field of interest is the simultaneous investigation of several stock-
price time series. The presence of correlations or anticorrelations between stocks
has been long known and they play an important role in the determination
of selecting the most efficient portfolio [15, 16]. Mantegna [17] studied how
important are these correlations to detect the amount of synchronization present
in the dynamics of a pair of stocks traded in a financial market. This approach
is discussed in Appendix C: Correlations and Anticorrelations between Stocks.

Measuring and controlling financial risks is a major concern in the economic
world. Several measures of risk have been introduced [10, 18] in order to reduce
losses and allow these risks even to be traded. However, the classical definitions
are considered "weak" to explain "rare events" where true financial risk resides.
In Appendix D: Risk Measures, we review some classical ideas on financial risk
to illustrate their weakness and then we will explore some theoretical ideas which
could explain these "rare events".

Some of the areas that are undergoing investigation by physicists consists
in the complete characterization of the stochastic process of price changes of
a financial asset. For example: the shape of the distribution of price changes
[18, 19, 20, 21], the temporal memory [12, 22, 23] and the higher order statistical
properties [24, 25, 26]. Also there is a big interest in the development of a
theoretical model that is able to encompass all the essential features of real
financial markets [27, 28, 29, 30, 31, 32, 33, 34]. Other areas of investigation
deals with rational pricing of a derivative product when some of the canonical
assumptions of the Black-Scholes model are relaxed [18, 35, 36] and with optimal
portfolio selection [37, 38, 39, 40].

In the present report we focus in the modeling of stock market prices. We
start with a review of the statistical properties of financial time series and
stochastic process, and finally, we discuss how this concepts have been used
in order to analyze and model the financial markets (Black-Scholes theory). For
an introduction in probability theory refer to Appendix A, and for a discussion
about turbulence, correlation and risk refer to appendixes B, C, and D.

This project was developed with Latex and Matlab.



Chapter 2

Statistics of Real Prices

Nowadays is quite easy to obtain access to financial databases containing thou-
sands of asset time series. This fact allow us to analyze their statistical features.
The goal in this chapter is to present a brief review of the statistical proper-
ties of financial time series. For our analysis, we used Matlab and the package
hist _stock data [41]. This package uses the Matlab function urlread to access
to the financial databases in Yahoo! Finance website and download and sort
historical stock data for a user-specified time period. For example, the code
bellow will provide us the price of the stock index S&P 500 (GSPC) during the
time period January 1992 (01011992) to January 2002 (01012002)

price = hist_stock data(’01011992',01012002'," "GSPC");
y = price.Close(end: —1:1);

The chosen stock index for our analysis is the Standard and Poor’s 500 (S&P
500) US stock index during the time period January 1992 to January 2002. In
this period the index rose from 392 to 1134 points.
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Figure 1: Standard and Poor’s 500 (S&P 500) US stock index from January 1992 to
January 2002. The data was extracted from the page finance.yahoo.com through the
Matlab function urlread.



2.1 Price Increments and Returns

The absolute price increment dz between two instants separated by a time in-
terval 7 is defined as

dxp =z —xr =2t +7) — 2(t) (2.1)

where z;, = z(t) is the price of a specific asset at time ¢ (¢ = k7). The price
return (or relative price increment) is defined as
517/41
N =—"—~R 10g Tk+1 — logxk (22)
Ty
The last equation holds for 7 sufficiently small so that the returns over that
time scale are small.
The peaks in a return chart gives us information of the moments of high
volatility of an asset price. The price returns for the studied asset are shown in
figure 2
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Figure 2: Price Returns for the S&P500 during the period analyzed. The peaks show
moments of high volatility.

In the whole modern literature it is postulated that the relevant variable of
study is the price return instead of the price increment [10]. As we will see,
this is related with the fact that the prices are log-normal distributed instead
of Gaussian distributed.

2.2 Autocorrelation

The correlations between price increments are measured by the temporal two-
point correlation function C7(k, 1) which is defined as

- < MMkl e
C7(k,l) = % (2.3)

where < ... >, is the empirical average over the whole time series. For uncorre-
lated increments, the correlation function should be equal (or around) zero for



k # 1 (with an empirical RMS equal to o = 1/\/N, where N is the number of
independent points used for the computation). The correlations between price
increments for the S&P 500 are shown in figure 3.
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Figure 3: Autocorrelation function for the S&P500 during the period analyzed.

2.3 Price Variogram

Another way to observe the presence or absence of linear correlations is to study
the variogram of log-change prices which is defined as

V(1) =< (log zx, —log zx11)? > (2.4)

A variogram measures how much in average the logarithm of price differs be-
tween two instant of times. If the returns 7, have zero mean and are uncorre-
lated, the variogram V' (I) grows linearly with the lag [, with a pre-factor equal
to the volatility (as can seen in figure 5).
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Figure 4: Variogram for the S&P500 index during the period analyzed.
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Figure 5: Variogram for the Dow Jones index for the period between the years
1950 and 2000. Except for the few last points the variogram shows no sign of
saturation.

2.4 Power Spectrum

Another alternative way of presenting the same results is through the power
spectrum which is defined as

1 W
S(w) = N Z < Mgy > €™ (2.5)
Kl

When the spectrum is flat is called "white noise", where all the frequencies are
represented with equal weights. This corresponds to uncorrelated increments.
The power spectrum for the S&P 500 is shown in figure 6.
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Figure 6: Power spectrum S(w) for the S&P500.



2.5 Price Correlogram

The correlation function (or correlogram) of the variables 7, (the return) is
defined as
Cl) =< mpymp > — <1 >* (2.6)

The correlogram for the returns of our case under analysis is shown in figure 7.
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Figure 7: Correlogram for the returns of the S&P 500.

2.6 Hurst Exponent

The Hurst exponent measures the average span of the fluctuations. We can
define the average distance between the high and low in a window of size t = IT
as

H(l) =< max(2g) k—nt 1m0 — MIN(ZE) ket 1l >n (2.7)

The Hurst exponent H is defined from H(I) o [¥. When the increments are
Gaussian H = 1/2. For TLD distribution, one finds H(I) oc AI*/* (for | < N)
and fl(l) o VD7l (for I > N) with 1 < u < 2. The exponent evolves from
H =1/u to H=1/2. For fractional Brownian motion H =1 — v/2.

2.7 Distribution of Returns over Different Time
Scales

The previous results are compatible with the simplest scenario where the price
returns are beyond a certain correlation time of a few tens of minutes on lig-
uid markets. A much finer test of this assumption consists in studying directly
the probability distributions of the log-price differences log(z/zo) = > n; on
different time scales N = T'/7. If the increments were iid, then the distribu-
tions on different time scales can be obtained from the one pertaining to the
elementary time scale 7. More precisely P(logz/zo, N) = [P,]", where Py is



the distribution of elementary returns.
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Figure 8: Pdf for S&P 500 and a Gaussian fit.

From the analysis of the distribution of the returns over different time scales
have been observed the next facts [7, 10]: The price returns are uncorrelated
beyond a time scale of a few tens of minutes in liquid markets. On shorter time
scales strong correlation effects are observed. For time scales of the order of days,
weak residual correlations can be detected in long time series of stocks and index
returns. Price returns have strongly non Gaussian distributions (as can be seen
in figure 8) but can be fitted by truncated Levy or student distribution. The
tails are much fatter than those of a Gaussian distribution and can be fitted by
a Pareto (power law) tail with and exponent p from 3 to 5 in liquid markets.
This exponent can be smaller in less mature markets (such as emerging country
markets) where pure Levy truncated can be observed.
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Chapter 3

Stochastic Processes

In the last chapter we studied how to access to the information available in the
web about some specific asset and how to analyze their statistical properties.
A widely accepted belief in financial theory is that these time series are unpre-
dictable. This constitutes the cornerstone of the description of price dynamics
as stochastic processes [7, 10]. Chaos theory has shown that these unpredictable
time series can arise from deterministic nonlinear systems [42]. The results in
physical and biological systems have motivated studies to determine if the time
evolution of asset prices in financial markets might be due to underlying nonlin-
ear deterministic dynamics of a number of variables [7]. In general, it is chosen
to work within a paradigm that asserts price dynamics are stochastic processes,
although it cannot be ruled out that financial markets follow chaotic dynamics
[6]. This is motivated by the observation that the time evolution of asset prices
depends on all the information affecting the investigated asset.

Since Bachelier our models for stock market prices have changed from the ini-
tial idea that price changes are Gaussian distributed, to log-normal distributed
and then to Levy distributed (as we mention in the introduction). Asserting
that price changes are Gaussian distributed is equivalent to say that prices are
performing a Brownian motion and log-normal distributed, a geometrical Brow-
nian motion. The last one is also the main assumption in the Black - Scholes
theory for option pricing. In the present chapter, we start to accomplish our
objective of modeling financial markets. In order to do that, we will introduce
the concepts of random walk, Brownian and geometric Brownian motion and
how these concepts have been used to model the stock market price changes.

3.1 Introduction

One fundamental characteristic of a stochastic (or random) process is the un-
certainty in its future evolution. In stochastic processes, probability can evolve
in time. Formally speaking, a stochastic process is a family (X;):e; of random
variables, where I can be discrete or continuos. The distribution function of X

11



at time ¢t is defined as
pat) = [ dla = Xilw)du(e) (3.1)

and the n-point distribution function is defined as

D (X1, 815 Ty, b)) = /Q(S(xl — X, (w))..0(xy — X, (w))dp(w) (3.2)

With help of equation (3.2), we can define the time dependent moments

(X(tl)...X(tn)):/ dxy..de,xy .. Topp(T1,t15 . Ty tn) (3.3)

and the covariance matrix for two stochastic processes
Cov [X;(t1), X;(t2)] = (Xi(t1)X;(t2)) — (Xi(t1)) (X;(£2)) (3.4)

The diagonal elements in equation (3.4) are called autocorrelation functions and
those off-diagonal are the cross-correlation functions.
A stochastic process is called stationary iff for all n

D1, 81 + Aty 2o, to + At oy Ty, by + AL) = D (@1, 815 Tay t2; oy Ty t) - (3.5)

3.1.1 Martingale Processes

In a "fair game" (whatever was the history of the game), the probability of the
outcomes is always the same (e.g. in a coin toss). A sequence (X, )nen is called
absolutely fair when for alln = 1, 2... we have F[X;] = 0 and E[X 41| X1, ..., Xn] =
0. If we define another sequence of random variables (Y,,)nen by Y, = E[Y1] +
Xl + ...+ Xn we have E[Yn+1|Y1, ceey Y;J = E[Y;H_1|X1, ---7Xn] = Yn

A sequence (Y, )nen is a martingale iff E[Y,,11|Y1,...,Y,] = Y, submartin-
gale iff E[Y,,11]Y1,...,Y,] > Y, and supermartingale E[Y,11|Y7,....Y,] < V.
This means that the conditional expected value of an observation at some time
n + 1 (given all the observations up to some earlier time n) is equal to the
observation at that earlier time n. In other words, the best estimator for the
next value given all the information obtained from the past values, is the actual
value. If the process is a martingale, the expectation value of the increments is
zero (its changes are a fair game).

3.1.2 Markov Processes

A Markov process is a random process whose future probabilities are determined
by its most recent values. Formally speaking, for all n and t; <ts < ... <t,

p(:rn, tn‘zn—ly b1,y X1, tl) = p(xnv tn|xn—1a tn—l) (36)

This means that, in order to know the probability of occurrence of (z,,t,), we
only need to know the actual state (x,—1,t,—1) of the system and not the whole
history.

12



Chapman-Kolmogorov, Master and Fokker-Planck equations

The consistency equation for the conditional probabilities of a Markov process
is know as the Chapman-Kolmogorov equation which is given by (for n = 3,
t3 >ty > t1)

o

p($37t3|9617t1)=/ p(xs, ts|za, ta)p(za, ta|x1, t1)dzs (3.7)

—00

The integro-differential version of the Chapman-Kolmogorov equation is the
master equation

% (x,t) = /p(a:',t)w(x|a:’)dm’ —/p(x,t)w(x'\x)dx’ (3.8)

which is a consistency equation for the transition probabilities of a stationary
Markov process. A truncation of second order of the Kramers-Moyal expansion
of the master equation [6] leads to the Fokker-Planck equation

Dp@t) = —alar@p(e, )] + 5 2oglar@p(e, 1) (39)
et t0) = —mlas(@)p(a oo, to)] + 5l (0)plas o, to)

where ap is the drift and a9 is the diffusion coefficients.

If we are modeling a diffusion process we can use either the Fokker-Planck
equation to describe the time evolution of its probability density or the Langevin
equation (eq. 3.10) approach [6] to describe the time evolution of its sample
paths.

& = v(x(t)) + b(x(t))n(t) (3.10)

3.2 Stochastic Processes and Stock Markets

Bachelier was the first who proposed that financial markets follow a "random
walk" and they can be simply modeled by standard probability calculus [6].
However, the first two approaches that were commonly adopted by market pro-
fessionals to predicting stock prices were the “chartist” (or “technical”) theories
and the theory of fundamental or intrinsic value analysis. Chartist techniques
attempt to use knowledge of the past behavior of a price series to predict the
probable future behavior of the series. The basic assumption in this approach
is that history tends to repeat itself, i.e. past patterns of price behavior will
tend to recur in the future (price changes are dependent). By other hand, the
assumption of the fundamental analysis approach is that at any point in time an
asset has an intrinsic value (an equilibrium price) which depends on the earning
potential of the asset. Through a careful study of the factors which can affect
the asset, the analyst should, in principle, be able to determine whether the
actual price is above or below its intrinsic value and "predict" its future value

13



[2, 47, 48]. Malkiel proved that following any of these methods will produce
inferior results over passive strategies [49].

Bachelier ideas were considered some years latter in order to attempt predict
the stock prices changes from a more scientific approach. The random walk hy-
pothesis is a financial theory stating that stock market prices evolve according
to a random walk and thus the prices of the stock market cannot be predicted.
This is consistent with the efficient-market hypothesis [2, 47, 48] which states
that one cannot consistently achieve returns in excess of average market re-
turns on a risk-adjusted basis, given the information available at the time the
investment is made [43]. Often, random walks are assumed to be Markov chains
or Markov processes. Empirical studies have demonstrated that prices do not
completely follow random walks. Low correlations exist in the short term, and
slightly stronger correlations over the longer term [6, 7, 10].

A random walk is a mathematical formalisation of a trajectory which consists
of taking successive random steps of size +s. In figures 9 and 10 we show a
simulation of 10 random walks with step length equal to 1 and n = 100 and 500
steps, respectively.

30
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50 o0 150 200 2500 300 350 400 450 500

Figure 10: Simulation of 10 random walks with step length equal to 1 and n = 500.
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The first and second moments for this process are E{xz;} = 0, E{z?} = s?,
E{x(nAt)} =0, E{z?*(nAt)} = ns?.

As can be seen in figures 9 and 10, the variance of the process grows linearly
with the number of steps n. Predicting stock prices is generally accepted to be
a very difficult task. The stock prices behave very much like a random walk
at least when the hit rates generated by most prediction methods in use are
viewed. But this task is impossible if the time series to predict is an absolute
random walk [44]. In that case, any algorithm for the prediction of the sign
of a martingale of that process produces a 50% hit rate in a long run. When
the series have a "near" to random walk behavior results of 54% hit rate in the
predictions have been reported [45, 46].

Bachelier [2] suggested a probabilistic description of price fluctuations in
the financial market and developed the mathematics of the Brownian motion
to model the time evolution of asset prices. He determined the probability of
price changes by writing down (what is now called) the Chapman-Kolmogorov
equation (eq. 3.7) and recognizing that (what is now called) a Wiener process
satisfies a diffusion equation. The first theoretical description of the Brownian
motion was performed in 1905 by Einstein [3] and in latter years its mathematics
was made more rigorous by Wiener [4].

Brownian motion is the assumable random movement of particles suspended
in a fluid (a liquid or a gas). If p(z,t) is the density of Brownian particles at
point z at time ¢ then it will satisfy the diffusion equation defined as

dp 9%
o Paz

where D is the diffusion coefficient. Assuming all the particles were located at
the origin at the initial time ¢ = 0, the diffusion equation has as solution

(3.11)

1 2
_ —2% /4Dt
pz,t) = i t>1/26 e (3.12)

In figure 11 we show a simulation of 10% steps, two dimensional Brownian mo-
tion. In this case we took the diffusion constant equal to 1.

Figure 11: Simulation of 10* steps two dimensional Brownian motion. D = 1.
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The mathematics of the Brownian motion is described by the Wiener pro-
cess and it has several real-world applications. An often quoted example is stock
market fluctuations. A Wiener process can be constructed as the scaling limit
of a random walk, or other discrete-time stochastic processes with stationary in-
dependent increments. The continuous limit of a random walk may be achieved
by considering the limit n — oo and At — 0 such that ¢ = nAt is finite. Then
E{2?(t)} = ns® = ‘Z—zf. To have consistency in the limits with s> = DAt it
follows that E{x%(t)} = Dt. The linear dependence of the variance x2(t) on ¢
is characteristic of a diffusive process, and D is the diffusion constant. Usually
it is implicitly assumed that for n — oo and At — 0 the stochastic process z(t)
is a Gaussian.

0B 1 1 L L 1 1 1 L L
i} g1 02 03 04 05 0B 07 08 089 1

Figure 14: The continuous limit of a random walk, a "Gaussian walk".

It is important to note that Brownian motion is a diffusion process, a Gaus-
sian process, a Lévy process, a Markov process and a martingale. On the one
hand this makes it a very strong condition (and therefore the least realistic), on
the other hand it makes it a very important generic stochastic process and is
therefore used extensively for modeling financial markets.

Osborne [50] showed that the logarithms of common-stock prices, and the
value of money, can be regarded as an ensemble of decisions in statistical equilib-
rium, and that this ensemble of logarithms of prices, each varying with time, has
a close analogy with the ensemble of coordinates of a large number of molecules.
Using a probability distribution function and the prices of the same random
stock choice at random times, he was able to derive a steady state distribu-
tion function, which is precisely the probability distribution for a particle in
Brownian motion.

Geometric Brownian motion (GBM) is the most commonly used time series
for modeling in finance [6, 7, 10]. A stochastic process S; is said to follow a
GBM if it satisfies the following stochastic differential equation

dSt = [J,Stdt + O'Stth (313)

where W is a Wiener process (or Brownian motion) and u (drift) and o (volatil-
ity) are constants [5, 6]. A GBM is defined as a stochastic process in which the

16



logarithm of the randomly varying quantity follows a Brownian motion [43].
Modeling stock price changes through a GBM is equivalent to say that the log-
arithm of prices changes are Gaussian distributed or that they are performing a
Brownian motion. GBM is the main assumption to model stock prices in Black—
Scholes theory which is the cornerstone of mathematical finance. In the next
section we will analyze this theory in detail due to its importance and because
it constitutes a good example of how the behavior of the financial markets can
be modeled

17



Chapter 4

Modeling the Financial
Market

Bachelier work was forgotten until 1944 when Ito used it as motivation to intro-
duce his calculus and a variant of the Brownian motion which is the geometric
Brownian motion [5, 6]. Since the 1950s mathematicians began to show interest
in the modeling of stock market prices. Bachelier original proposal that the price
changes are Gaussian distributed was replaced to a model in which stock prices
are log-normal distributed [7]. In 1973, Black, Scholes and Merton [8, 9, 10]
used the geometric Brownian motion to construct a theory for determining the
price of stock options. This theory constitutes nowadays the cornerstone of
mathematical finance.

4.1 From Brownian to Geometric Brownian Mo-
tion

The efficient market hypothesis [51] suggests that the stochastic process be-
hind the price chances in the stock market is Markovian. A market is called
efficient if the participants quickly and comprehensively obtain all information
relevant to trading, if it is liquid and if there is low market friction. The effi-
cient market hypothesis states that a market with these properties "digests"
the new information so efficiently that all the current information about the
market development is at all times completely contained in the present prices.
That means that no advantage is gained by taking into account all or part of
the previous price evolution [6, 7, 47, 51] (Markov assumption). This was the
same conclusion that Bachelier made in his original work [2]. Specifically, he
suggested a model for S(¢) as a Wiener process. However, this model suffer from
the unrealistic property that it allows negative asset prices. This fact led to a
refined version of a random walk model (the geometric Brownian motion [5]).
Lets define a model for S(t). Lets suppose that at time ¢ = 0 we deposit

18



a sum S(0) in a bank. The bank will grant a risk-free interest rate r for the
deposit. If the interest is paid once at the end of time ¢, the initial sum has
growth by

S(t) = 5(0) +rtS(0) = S(0)(1 + rt) (4.1)
and for n payments in time ¢, we obtain
t.,
S(t) = S(0)(1+ E) (4.2)

which yields in the limit of continuously compounded interest

S() = S(0)(1 + %)ﬂnm — S(0) exp(rt) (4.3)

Lets consider the asset price similar to a bank deposit but perturbed by
stochastic fluctuations. Therefore, the price chance d.S in the small time interval
dt should consist of two contributions, a deterministic and a random one. In
comparison with eq. (4.3) a reasonable ansatz for the deterministic part is

dsS = pS(t)dt (4.4)

where p is called drift and measures the average growth rate of the asset price.
According to the efficient market hypothesis, the stochastic nature of the price
evolution should be Markovian and a possible choice for this contribution could
be of the form (symmetric to (4.4))

dS = o S(t)dW (t) (4.5)

where o is the volatility and measures the strength of the statistical price fluc-
tuations. Combining both contributions (equations (4.4) and (4.5)) we get

dS = pS(t)dt + oS(t)dW (1) (4.6)

This equation defines a variant of Brownian motion which is called the geometric
Brownian motion which a specific case of an Ito process defined by [5]

dS = a(S, t)dt + b(S, t)dW (t) (4.7)

GBM introduces the parameters p and o. The drift u describes the expected
gain. The volatility o quantifies the fluctuations around the average behavior,
if the fluctuations are large, the asset is very volatile and an investment is
considered risky.

Equation (4.6) suggests that actually the return dS/S is the relevant variable
in our model and not the absolute change dS = S(¢t + dt) — S(t). Using Ito
formula we can rewrite equation (4.6) in terms of In S(¢). Ito formula is given
by [5, 6]

2
df(S,t) = (% + a(S, t)g—;’; + %b(& t)Q%)dt + b(S, t)g—gdW(t) (4.8)
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For f(S,t) =1In S, a(S,t) = uS and b(S,t) = oS we get
1
dlnS = (u— 502)dt + odW (t) (4.9)

Therefore is the logarithm of the asset price and not the price itself (as Bachelier
assumed) which performs a Wiener process with a constant drift. The variable
dIn S is normally distributed with mean and variance given by [5, 6]
L,
E[dnS] = (u-— Pl )dt
Var[dinS] = o?dt (4.10)

and the transition probability from (S,t) to (S’,¢') is given by [6]

' _ 1 (In(S"/S) = (n—o*/2)(t' = )]
PS80 = e aa g o 202(t' — 1)

)

(4.11)
The price S(t) has a log-normal distribution.
A good example of how financial markets have been modeled under the
assumptions above is the Black - Scholes Theory for option pricing [8] which we
analyze in the next section.

4.2 Option Pricing

An European option is a contract between two parties in which the seller of
the option (writer) grants the buyer (holder) the right to purchase (call option)
from the writer or to sell (put option) to him an underlying with current spot
price S(t) for a prescribed price K (strike price) at the expiry date T in the
future. The key property of an option is that only the writer has an obligation.
He must sell or buy the underlying asset for the strike price at time 7. On the
other hand, the holder has the possibility to exercise his option or not depending
if he gains a profit i.e. if S(T') > K for a call option, otherwise he can buy the
underlying for a cheaper price S(t) < K on the market. The question is: how
much an option should cost and the answer is given by the Black-Scholes theory.

4.2.1 The Black - Scholes Theory

The Black - Scholes model for option pricing is based on the following assump-
tions [8]:

1. There is no credit risk, only market risk. The price of the option only
depends on the markets fluctuations.

2. The market is maximally efficient, infinitely liquid and does not exhibit
any friction. All relevant information is instantaneously and comprehen-
sively available and at all times fully reflected by the current prices (Effi-
cient Market Hypothesis).
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3. Continuous trading is possible. The time interval At between successive
quotations of the price of the underlying tends to zero.

4. The time evolution of the asset price is stochastic and exhibits geometric
Brownian motion (equation (4.6)).

5. The risk-free interest rate r and the volatility o are constant. This as-
sumption can be relaxed if r and o are known functions of time. The
Black-Scholes valuation formulas for European call and put options re-
main valid with r and o replaced by [52]

L S
r— — r(t")dt (4.12)

0'2 — m ; O'Q(tl>dt/

6. The underlying pays no dividends.

7. The underlying is arbitrarily divisible, i.e. the amount of underlying in
the portfolio does not need to be an integer.

8. The market is arbitrage-free.

These assumptions can be used to derive the Black-Scholes pricing formulas.

The problem can be stated as follows: An European option confers to its
holder the right to buy from a writer (call option C') or to sell to him (put option
V') an asset for the strike price K at a future time 7. This right has a value, the
option price O, which must be a function of the current value S and the time ¢
and also depends on K and T. At the expiry time, C(S,T) = max(S(T)— K, 0)
and P(S,T) = max(K — S(T),0) [8]. Given these limiting values, the problem
consists in finding what are fair option prices when signing a contract at times
t<T.

The option price O(S,t) is a function of the stochastic variable S which
performs an lto process, so its change in the time interval dt is given by the
Ito’s formula (equation (4.8))

e 20 1 , 020 00
40 = (p +1St)gg + 3050 Fgz)dt + oSO FgdW (®)
00 1 ,0%0 90
10 = (G + 5050 Faz)dt + Fgas (419

in which equation (4.6) was inserted in order to obtain equation (4.13). Equa-
tion (4.13) represents the response of the option price O to the stochastic time
evolution of S and it takes into account our six first assumptions [8].

In order to incorporate the last two assumptions, we consider that when
signing the contract, the writer faces the risk that the odds are against him and
he has to sell the underlying at the expiry date below the market price to the
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holder. Certainly, it is advisable to own a fraction A(¢) (0 < A(¢) < 1) of the
underlying at any time ¢. This fraction should be adjusted depending on the
changes of the asset price S. Imagine that the writer has sold a call option.
If S rises, the option becomes more likely to be exercised, so A(t) should be
increased, and vice versa. For these adjustments he needs money. Thus, it
is also advisable to have a cash amount TI(¢) which he could in turn invest
to increase its value. Certainly, this investment should be risk-less to avoid
introducing further uncertainties. Taking advantage of both forms of advice,
the writer should possess "wealth" W (t) at time ¢, and we can define it as

W(t) = A(t)S(t) + I1(¢) (4.14)
The writer should therefore require [6, 7, 8]
O@t) =W(t) = A(t)S(t) + IL(¢) (4.15)
which must hold at any time, this means

dO = A(t)dS(t) + dlI
dO = A(t)dS(t) + rldt (4.16)

The first term of the right-hand side assumes that A(t) does not change in the
time interval. A heuristic argument to justify this assertion is that a change
of A should be interpreted as a reaction to a price fluctuation, so, the amount
of underlying can only be adjusted after a price variation has occurred. The
second term expresses the growth of the cash amount TI(¢). It reflects the
requirement that the market is arbitrage-free. In such a market, there is no
risk-less investment strategy which yields a better return than that granted by
the bank. By comparing equations (4.13) and (4.16)

00

Alt) = Er (4.17)
2
rll = % + %(05(75))2% (4.18)

If the writer continuously adjusts the amount of underlying according to equa-
tion (4.17) during the lifetime of the option (called delta-hedge), he can eliminate
the risk completely by calculating the option price from equation (4.18)

Inserting equations (4.15), (4.17) in equation (4.18) we obtain the Black-
Scholes equation for European options [8]

00 1 9?0 00

— 4+ =(09)?* = +rS=—= —r0 =0 4.19

ot T3 G5 troGg T (4.19)
This equation is independent of the drift parameter i and valid for any derivative
which satisfies the assumptions compiled above, and in particular for call and
put options.
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The boundary conditions for a call option are [6, 8]

t = T:C(57T)=max(S(T) — K,0)
S = 0:0(0,¢t)=0
S — o00:0(S,t)°S

and for a put option
t = T:P(S,T)=max(K —S(T),0)
S = 0:P(0,t)=Ke "IV
S — o0:P(S,t)70

4.2.2 Solution and Interpretation

(4.20)

(4.21)

Now we present the solution of equation (4.19) subject to the boundary condi-
tions (4.20) or (4.21) [8, 10, 52]. These solutions tell the writer which price he

should charge for an option at time ¢, at which the contract is signed.

Lets consider a call option. Its price C(S,t) is the solution of the Black-

Scholes equation

2
¢ + l(05)26—0 +rSa—C —rC =0

ot 2 952 aS
subject to
t = T:C(57T)=max(S(T) - K,0)
S = 0:C0(0,t)=0

S — o0:0(5,t)°S

By taking the following changes of variables

T

C=Kf(z,r), S=Ke", t:Tfa2—/2

we can rewrite equations (4.22) and (4.23) as

0 0? 0
8—£=8—£+(m—1)8—£—ﬁf

= 0: f(z,0) = max(e” — 1,0)

—o0: f(z,7) =0
+oo: f(z,7) ~€”

—
—

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

where k = 2r/o?. This shows that the Black-Scholes theory depends on one

single parameter k.
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Equation (4.25) would resemble to a diffusion equation if the last two terms
were absent. In order to do this we take the following change of variables

flz,7) = e g (x, ) (4.27)
in (4.25), so
2
%:% [2a+(n71)]%7[a2+(nfl)afnfb]g (4.28)

By choosing a and b equal to a = —1/2(k — 1) and b = —1/4(k + 1)? we obtain
the diffusion equation

2
7 1)
with the boundary conditions
7 = 0:g(z,0) = max(el"TVe/2 _ o(t1)z/2 )
= 9(,0)e " g = 0, @ >0
T > 0:9(2,7)||g|—o0 — elrtDe/2 _ (r+1)*7/4
= 9@, 1) |lgjmoe — 0, >0 (4.30)

where @ € RT. As can be seen, g is well-behaved for |z| — oo, and an unique
solution exists.

To find this solution, we use the Green’s function method [52]. The function
g(z,7) has a meaning only for 7 > 0. However, if we introduce the variable

g(z,7) =0O(1)g(x, T) (4.31)

the time variable can be extended to 7 < 0. ©(7) is the Heaviside function. This
definition of g(z,7) turns the diffusion equation (4.29) into an inhomogeneous
differential equation

2
(5~ 233l T) = 9l 7)6(7) = 5(ar, 0)6(r) (1.32)
which is solved by
) = [ a0 0pte.rly. 00y (433)

if the integral kernel (Green’s function) satisfies
e
or  Ox?

This is just the partial differential equation for the diffusion (Gaussian) propa-
gator

)p(z, 7]y, 0) = é(x — y)d(T) (4.34)

1 —(z—y)?
p(x’ T|y7 O) = \/ﬁe 4Ty (435)
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Combining these results, the solution of equation (4.29) can be written as

1 > —(@—1)?
g(w77)=m/ g(y,0)e™ 3 —dy (4.36)

Inserting the boundary conditions for g(y,0) in (4.35) we find

oo == [

and by introducing the new integration variable z = (y—x)/(27)/? this becomes

wHDU/2 _ (n1)y/2) = (4.37)

(D) (VaTz4T) /2 _ 6(,471)(\/?#90)/2)6#(12

(2,7) =/

s T - T =

g V2T —z/\27

- L e(ﬁ+1)~’v/2+(ﬁ+1)27/4/00 e~ 3(z=V2r(s+1)/2)? 1,
—z/\V27

V2T
R S PR SN P S / T A eVEGR-D/2) g,
RV 2 —w/\/ﬂ

_ e(n+1)x/2+(n+1)27—/4N<d1) _ e(5+1)x/2+(5—1)27—/4N<d2) (438)

where
_ In(S/K) + (r+02/2)(T —t)
dy = VT (4.39)
d2 = dl — oV T—1t
and

N(z) = \/% /_ T et (4.40)

The function N(z) is the probability that the normally distributed variable z
adopts a value smaller than z. It is the cumulative probability distribution for
the Gaussian distribution.

Finally, lets express the call price using equations (4.24), (4.27) and a =
~1/2(k — 1), b= —1/4(k +1)? as

C = Ke_1/2(”_1)x_1/4(”+1)279(x,7') (4.41)
and using the original variables eq. (4.24) we get for a call option
C(S,t) = SN(dy) — Ke " T N(dy) (4.42)
and for a put option (using the put-call parity [8])
P(S,t) = —S(1 — N(d1)) — Ke " ™=D(1 — N(dy)) (4.43)

The Black-Scholes equations (4.42) and (4.43) tell the writer which price he
should charge for an (call or put) option at time ¢, at which the contract is
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signed. This price depends on the parameters K and T of the contract and on
the market characteristics r and o. The solutions do not depend on the drift
the drift u. This means that the option prices are identical for all assets evolving
with the same volatility, no matter what p is. The equations also provide the
necessary information on how to eliminate the risk. The writer’s portfolio only
stays risk-less if he continuously adjusts the amount of underlying A(¢) such
that

a@) = 2 N@) 0<N@) <y (4.44)
A = Fo(1-N@) ~1<1-N@) <0 (449)

Therefore, the first terms in the Black - Scholes equations can be interpreted as
the fraction of underlying which the writer should buy (call option) or sell (put
option) to maintain a risk-less position. Also the second terms can be identified
with the cash amount II(t)

C(S,t) = SN(dy) — Ke " T"YN(dy)
C(S,t) = SA(t)+TII(t) (4.46)
so that
(t) = —Ke "= N(dy) (4.47)

The factor —Ke (T~ is the strike price discounted to the present time, the
so-called present value. For a call option, II(¢) is given by the present value of
the payment, due when the call is exercised, multiplied by the probability N (dz)
that the call will be exercised. The minus sign indicates that this amount of
money must be borrowed.

Finally, we can measure the sensitivity of the option price under a slight
change of a single parameter while holding the other parameters fixed. These
are called the "Greeks". Formally, they are partial derivatives of the option
price with respect to the independent variables A = %, = ngg, V= %,
0=25% p=2 73]

Extensions of the Model and main Disadvantages

The valuation formula can obtained using a risk neutrality argument [10] (above
we used the method of arbitrage-free pricing). The method can also be extended
for variable (but deterministic) rates and volatilities [6].

The Black—Scholes model disagrees with reality in a number of ways. Some
of the disadvantages of the model are the underestimation of extreme moves,
the assumptions of instant, stationary process, and specially, the continuous
time and continuous trading which produce (liquidity, volatility) risk. However,
Black—Scholes pricing is widely used in practice because it is a useful approxi-
mation when analyzing the directionality of prices when crossing critical points
and also because the model can be adjusted to deal with some of its failures.
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Alternative Model

In 1963, Benoit Mandelbrot suggested a stable distribution with a characteristic
exponent, o < 2 for the asset prices [11, 32]. The main disadvantage of his
model is the fact that the variance of Levy distributions with « < 2 diverges,
whereas financial time series have a well-defined variance. However, a truncated
Levy flight could give a description of the whole distribution of prices. The
distribution of this process preserves the typical self-similar Levy scaling over
an extended range before the truncation becomes effective and imposes a finite
variance.
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Chapter 5

Discussion

The first two approaches that were commonly adopted by market professionals
to predicting stock prices were the “chartist” (or “technical”) theories and the
theory of fundamental or intrinsic value analysis. Chartist techniques attempt
to use knowledge of the past behavior of a price series to predict their future
probable behavior. The basic assumption in this approach is that price changes
are dependent and past patterns will tend to recur in the future. By other
hand, the fundamental analysis approach assumes that at any point in time an
asset has an intrinsic value (an equilibrium price) which depends on the earning
potential of the asset. Through a careful study of the factors that can affect
the asset, the analyst should, in principle, be able to determine whether the
actual price is above or below its intrinsic value and "predict" its future value
[2, 47, 48]. However, it has been proved [49] that following any of these methods
will produce inferior results over passive strategies.

Bachelier was the first who proposed that financial markets follow "random
walks" and can be modeled by standard probability calculus [6]. In his the-
sis "Speculation Theory" Bachelier [2] suggested a probabilistic description of
price fluctuations in the financial markets. He developed the mathematics of
the Brownian motion to model the time evolution of asset prices and also the
probability of price changes by writing down (what is now called) the Chapman-
Kolmogorov equation and recognizing that (what is now called) a Wiener pro-
cess satisfies a diffusion equation. However, Bachelier work was not recognized
by the scientific community at that time, perhaps because of its application to
financial markets and also because it suffers from the unrealistic property that
it allows negative asset prices. This fact led to a refined version of a random
walk model. In 1944 Ito used Bachelier theory as a motivation to introduce his
calculus and a variant of the Brownian motion, the geometric Brownian motion
[5, 6].

Geometric Brownian motion (GBM) is the most commonly used time series
for modeling in finance [6, 7, 10]. A GBM is defined as a stochastic process
in which the logarithm of the randomly varying quantity follows a Brownian
motion [43]. Modeling stock price changes through a GBM is equivalent to
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say that the logarithm of prices changes are Gaussian distributed or that they
are performing a Brownian motion. Bachelier original proposal that the price
changes are Gaussian distributed was replaced to a model in which stock prices
are log-normal distributed [7]. In 1973, Black, Scholes and Merton [8, 9, 10]
used the geometric Brownian motion to construct a theory for determining the
price of stock options. The Black-Scholes equations tell the writer which price
he should charge for an (call or put) option at time ¢, at which the contract
is signed. This theory constitutes nowadays the cornerstone of mathematical
finance.

The Black—Scholes model disagrees with reality in a number of ways. Some
of the disadvantages of the model are the underestimation of extreme moves,
the assumptions of instant, stationary process, and specially, the assumption
of continuous time and continuous trading, all of them producing some kind
(liquidity, volatility,etc.) of risk. Actually, prices do not follow a strict station-
ary log-normal process, nor is the risk-free interest actually known (and is not
constant over time) and also the variance has been observed to be non-constant
[6] leading to models such as GARCH to model volatility changes.

However, Black—Scholes pricing is widely used in practice [53] because it is
easy to calculate and explicitly models the relationship of all the variables. It
is also a useful approximation when analyzing the directionality of prices when
crossing critical points. It is used both as a quoting convention and a basis
for more refined models [10]. Although volatility is not constant, results from
the model are often useful in practice and helpful in setting up hedges in the
correct proportions to minimize risk. Even when the results are not completely
accurate, they serve as a first approximation to which adjustments can be made
[8, 10, 43].
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Chapter 6

Appendix A: Probability
Theory

6.1 Long-term Frequencies

Lets consider the simple experiment of flipping a coin. The sample space is
S = {0, 1}, which represents the physically observed outcomes S = {"Heads",
"Tails"}. Lets repeat this experiment many times in independent manner. The
i¢p, flip is denoted by X;. Just if the coin is "fair" then P(X; = 1) = P(X; =
0) = 1/2 but in general, (a coin can be biased). There is a number p, (0 < p < 1),
such that P(X; = 1) = p and, P(X; = 0) = 1 — p. Finding the exact value
of p is not possible in practice. However, we can estimate its value through a
procedure called the frequentist approach which is motivated by a fundamental
result in theory of probability (the Law of Large Numbers (LLN)) [54] .

The law says the fraction of “tails” observed in the first n independent flips
converges to p as n tends to infinity, i.e.

= 1

as n — oo. Since ). ; X; is equal to the number of times “tails” is shown
in n flips we can interpret p as “long-term frequency” of “tails” in an infinite
sequence of flips. Practically, one cannot flip a coin infinitely many times. We
may expect that in practice X # p. The error is defined as

E=p-X (6.2)

and the relative error o
E, = |p—X|/p. (6.3)

In Figure 15 we show a simulation of flipping a coin. As can be seen, for
a relatively small number of flips (n < 100), the arithmetic mean (i.e. the
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fraction of “tails” observed in the first n independent flips) tends to p as n
tends to infinity.

Avithmetic Mean

. . n n . . n . .
[u] 100 200 300 400 500 600 700 B0O0 500 1000
Mumber of Flips

Relative Error
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a S Pt e L Pl bttt
[u] 100 200 300 400 500 BOO 700 800
Murmber of Flips
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900 1000

Figure 15: Simulation, tosses of a fair coin. Top: The arithmetic mean X = %(Xl +
Xo+-+X,,). Bottom: The relative error FE, = |[p— X|/p, both as function of the number
of flips. As can be seen, for a relatively small number of flips (n < 100), the arithmetic
mean (i.e. the fraction of “tails” observed in the first n independent flips) tends to p as
n tends to infinity, ( X = %(Xl + Xo+-+X,) — p, as n — o0). For this simulation,
the number of flips was taken equal to 1000.

6.2 Probability Distributions

An experiment is defined as an observation of a given phenomenon under speci-
fied conditions. The result of an experiment is called an outcome. An event is a
set of one or more possible outcomes. Probability is a measure of the likelihood
of the occurrence of an event. A random variable is a function that assigns a
numerical value to every possible outcome. A random variable is discrete if con-
tains at most a countable number of values and continuous if the distribution
function is continuous and differentiable everywhere with the possible exception
of a countable number of values.

In order to describe a random process X for which the result is a real number,
one uses a probability density P(z), such that the probability that X is within
a small interval of width dz around X = z is equal to P(x)dz. The probability
that X is between a and b is given by the integral of P(z) between a and b,

Pr(a <z <b) = /b P(z)dx (6.4)

P(z)dz is invariant upon any (monotonic) change of variable (i.e. z — y(z) =

~vx, P(x)dx = P(y)dy), non-negative (P(x) > 0 for all ) and must be normal-

ized ([, P(x)dz = 1). The cumulative distribution function cdf of a random

variable X is the probability that X is less than or equal to a given number x
__ - x

Po(2) = Py(w) = Pr(X < 2) = / P(')de’ (6.5)

—0o0
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The distribution function must satisfy the following requirements: 0 < ﬁ(ac) <1
for all z and P(z) must be non decreasing. P(z) is right-continuous lim,_, oo P(z) =
0 and lim,_..o P(z) = 1. Similarly, one defines Ps(z) = 1 — P-(z). The sur-
vival function (also called the decumulative distribution function) S(z) for a
random variable X is the probability that X is greater than a given number.
That is, Pr(X > z) = 1 — P(z) = S(z) and also 0 < S(z) < 1 for all  and
S(x) must be non increasing. S(x) is right-continuous lim,_,_., S(z) = 1 and
lim,_,o S(z) = 0. The probability density function is the first derivative (i.e.,
the slope) of the distribution function P(z) = P'(z) = —5'(z). The probability
function also called the probability mass function p(z) describes the probability
at a distinct point . The formal definition is p(z) = Pr(X = x). For discrete
random variables, the distribution and survival functions can be recovered as
P(z) =3, <, p(y). The hazard rate or failure rate hx(x) or h(z) is the ratio
of the probability density function to the survival function at all points where
the probability density function is defined that is h(xz) = P(z)/S(z).

6.2.1 Typical Values and Deviations

The typical values of X are: the most probable value z*, the median z,cq
and the mean m. The most probable value z* corresponds to the maximum of
the function P(z). The median Z,,.q is the value of x such that P (Zpmeq) =
P (2mea) = 1/2. The mean m or < x > is the average of all possible values of
X, weighted by their corresponding probability

m=<gz>= /xP(x)d:E (6.6)

If one process is repeated several times, one expects the results to be scat-
tered in a cloud of a certain "width" in the region of typical values of X. This
fluctuations of X can be described by the mean absolute deviation (MAD)
Eaws = [|z — TmealP(z)dz, by the roof mean square (RMS) (the variance)
0? =< (xz —m)? >= [(z —m)?P(z)dz or by the "full width at half maximum"
’lUl/Q .

6.2.2 Moments and Characteristic Function

One can define higher-order moments of the distribution P(z) as the average of
powers of X

my, =< a" >= /x"P(@dz (6.7)

The first moment of a distribution measures the expected rate of return. The
second moment measures the spread of a distribution. The spread or width
of a distribution measures the variability of a variable (the potential scenarios
of outcomes). The third moment measures a distribution’s skewness, that is,
how the distribution is pulled to one side or the other. The fourth moment, or
kurtosis, measures the peakedness of a distribution.
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The characteristic function of P(z) is defined as Fourier transform

Pl) = / €% P(3)dz (6.8)

also we have

1 o
P(z) = — T P(2)d 6.9
@) =55 [ =Pz (69)

The moments of P(z) can be obtained through successive derivatives of the
characteristic function at z = 0,

" -~
mn = (=0)" == P(2)]:=0 (6.10)

The cumulants ¢, of a distribution is a polynomial combination of the mo-
ments m,,. It can be obtained as the successive derivatives of the logarithm of
its characteristic function

d"” ~
cn = (=1)" o= log P(2)|:=0 (6.11)
The third and fourth normalized cumulants are called the skewness A3 = <(””;7;">3>

and kurtosis kK = Ay = <(m;—T)4> The kurtosis is often taken as a measure of
the distance from a Gaussian distribution. When x > 0 (leptokurtic distribu-
tions), the corresponding distribution density has a marked peak around the
mean, and rather "thick" tails. When s < 0, the distribution density has a flat
top and very thin tails.

6.2.3 Gaussian and Log-Normal Distributions
A Gaussian of mean m and root mean square o is defined as

1 _(z—m 2
Po(x) = We 20 (6.12)

The kurtosis of a Gaussian variable is zero. A Gaussian variable is peculiar
. . _@—m)®
because "large deviations" are extremely rare. The quantity e 22 decays so

fast for large = that deviations of a few times o are nearly impossible.
X is a log-normal random variable if log X is normal, or Gaussian. The
log-normal distribution density is defined as

1 _log?(z/2g)
P r) = ———e¢ 252 6.13
) = ot (619

Its use in finance comes from the assumption that the rate of returns, rather
than the absolute change of prices, are independent random variables. The
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increments of the logarithm of the price thus asymptotically sum to a Gaussian.
2_2

n<o

Its moments are equal to m,, = zge” 2

oo
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Lisghlormmal
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Figure 16: Comparison between a Gaussian (blue) and a log-normal (green)
ddf. The difference between the two curves shows up in the tails. In this case:
m=x9= 100, og = 15, or.n = 15% .

The Central Limit Theorem (CLT) states that a phenomenon resulting from
a large number of small independent causes is Gaussian. There exists however a
large number of cases where the distribution describing a complex phenomenon
is not Gaussian: for example, the amplitude of earthquakes, the velocity dif-
ferences in a turbulent fluid, the stresses in granular materials and the price
fluctuations of most financial assets.

6.2.4 Levy, Discrete Poisson, Hyperbolic and Student Dis-
tributions

The tails of Levy distributions are much "fatter" than those of Gaussians, and
are useful to describe multiscale phenomena. For large arguments these distri-
butions exhibit power-law behavior, often called Pareto tails

pAL
L,(z) ~ PE for z — +o00 (6.14)

Al are called tail amplitudes, or scale parameters, 0 < u < 2, gives the order
of magnitude of the large (positive or negative) fluctuations of z. There is no
a simple analytical expression for a symmetric Levy distribution but the full
asymptotic series reads

©  \n+1 a®
Lu(z) =Y ( 7r)n! xljwr(l + np) sin(mnp/2) (6.15)

n=1

An interesting generalization which accounts for its exponential cut-off is given
by the truncated Levy distributions.

Consider a set of points randomly scattered on the real axis, with a certain
density w (e.g. the times when the price of an asset changes). The number
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of points n in an arbitrary interval of length [ is distributed according to the
discrete Poisson distribution
(Wb

n!

P(n) = e ! (6.16)
The hyperbolic distribution interpolates between a Gaussian body and ex-
ponential tails

1 2.2
P — = —(ay/z2+z]) 6.17
H(z) 2.’EOK1 (O[.’E()) € 0 ( )

where the normalization K;(axg) is a modified Bessel function of the second
kind.
The Student distribution is given by

O Tt/ e
Vi TW2) (@4t

Ps(z) = (6.18)

It also has power-law tails and coincides with the Cauchy distribution for p = 1.

6.2.5 Convolution

Lets consider X7, X5 independent random variables distributed according to
Py (z1) and Pa(z2) and also X = X; + X5. The probability that X = z within
dz is given

P(xz,N) = /Pl(:r/)Pg(:r —a')dx’ (6.19)

6.2.6 Correlations

If we assume that the correlation function C;; = x;x; — m? of X is non-zero
for i # j and the process is stationary,( i.e. that C; ; only depends on [i — j| :
C;,; = C(li—j]) , with C(c0) = 0). The variance of the sum of the independent
random variables can be expressed in terms of the matrix C' as

N N l
<a?>= Y Ciy=No?+2NY (1-)C() (6.20)

S N
i,,j=1 =1

where 02 = C(0). If C(l) decays faster than 1/I for large [, the sum over [ tends
to a constant for large IV, and thus the variance of the sum still grows as N, as
for the usual CLT.
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Chapter 7

Appendix B: Financial
Markets and Turbulence

On a qualitative level, turbulence and financial markets are similar. In turbu-
lence one injects energy at large scale and the energy is transferred successively
to smaller scales, as in financial markets with information. Also the price fluc-
tuations in finance qualitatively resemble velocity fluctuations in turbulence.

7.1 Turbulence

Lets consider a fluid of kinetic viscosity v moving with velocity V in a pipe of
diameter L. The complexity of the fluid is determined by the Reynolds number

LV
_U

R. (7.1)

when the Reynolds number reaches a threshold value the fluid becomes turbu-
lent. The Navier-Stokes equations describe the time evolution of an incompress-
ible fluid

%V(r, t)+ (V(r,t)-V)V(r,t) = —VP+oV3V(rt) (7.2)
V-V(rt) = 0

whose analytical solution has proved impossible and even the numerical are
impossible for very large values of R.. Kolmogorov showed that in the limit

of infinite R, the mean square velocity behaves approximately as <[AV(Z)]2>
~ 1?/3. He also provides the exact relation for the third order <[AV(1)]3> but

fails to describe higher moments., and also fails to describe the intermittent
behavior of velocity increments.
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7.2 Parallel Analysis between Price Dynamics
and Fluid Velocity

Mantegna and Stanley [12, 13] developed a parallel analysis between two sys-
tems, the S&P 500 index and the velocity of a turbulent fluid at high Reynolds
number. Specifically, they analyzed the S&P 500 high-frequency time series
during a six year period (1984-1989) and the wind velocity recorder in the
atmospheric surface layer above the wheat canopy in the Connecticut Agricul-
tural Research Station. By simple inspection, similarities and differences can
be observed. But with a more deep analysis of their statistical properties both
processes display intermittency and non-Gaussian features at short time inter-
val and both are non stationary on short time scales but are asymptotically
stationary.

Ghashghaie et all. [14] proposed a formal analogy between the velocity
of a turbulent fluid and the currency exchange rate in the foreign exchange
market. They supported their conclusion by observing that when measurements
are made at different time horizons the shapes of the pdf’s both change, both
display leptokurtic profiles at short time horizons. However, the time correlation
is completely different in the two systems and stochastic processes such as the
TLF and the GARCH(1,1) also describe a temporal evolution of the pdf of
the increments which evolves from a leptokurtic to a Gaussian shape, so such
behavior is not specific to the velocity fluctuations of a fully turbulent fluid. The
turbulence process becomes increasingly Gaussian as the time interval increases,
but any scaling regime is observed.

The parallel analysis of velocity fluctuations in turbulence and index changes
in financial markets shows that the same statistical methods can be used to in-
vestigate these systems. Both phenomena exhibit similarities like intermittency,
non-Gaussian pdf, and gradual convergence to a Gaussian attractor in proba-
bility, and differences like the pdf’s have different shapes in the two systems,
and the probability of return to the origin shows different behavior. Also, for
turbulence have not been observed a scaling regime whereas for index changes
we observe a scaling regime spanning a time interval of more than three orders
of magnitude. Moreover, velocity fluctuations are anticorrelated whereas index
fluctuations are essentially uncorrelated.
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Chapter 8

Appendix C: Correlations
and Anticorrelations
between Stocks

The presence of correlations or anticorrelations between stocks has been long
known and they play an important role in the determination of selecting the
most efficient portfolio [15, 16]. Mantegna [17] studied how important are these
correlations to detect the amount of synchronization present in the dynamics of
a pair of stocks traded in a financial market.

8.1 Simultaneous dynamics of Pairs of stocks
The log-changes in prices of stock i is defined as
Si=WnY;(t) —InY;(t —1) (8.1)

where Y; is the closure price of the stock ¢ (at time t). The correlation coefficient
coefficient the S; and S; of the stocks ¢ and j

(5i55) — (Si) (5;)

Pij =
(st t5) (55~ )

If p;; = 1 the changes in stock prices are completely correlated, p;; = —1
completely anticorrelated and p,;; = 0 uncorrelated. Evidently, this values of p;;
vary in time. One way of determining how long is the characteristic time scale
over which strongly correlated stocks maintain correlated is the deviation of p;;

(8.2)

0i5 = M (8.3)

g
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From the time evolution of the prices of the stocks of Coca Cola and Proc-
ter & Gamble in 1990 is evident that the prices of the stocks are remarkably
synchronized. By applying the approach was found a value of p,;; = 0.73 and
during a period of five years (1990-1994) §;; > 1.
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Chapter 9

Appendix D: Risk Measures

Measuring and controlling financial risks is a major concern in the economic
world. Several measures of risk have been introduced [10, 18] in order to reduce
losses and allow these risks even to be traded. However, the classical definitions
are considered "weak" to explain "rare events" where true financial risk resides.

Risks are categorized into five categories [55]: Credit, Market, Operational,
Liquidity and Legal risk. The Basel Committee has developed a framework
for the determination of minimum capital requirements for banks (Pillar I).
However, such minimum capital requirements will need to be supported by a
robust implementation related to the supervisory process and market conduct
(Pillar 1T and III).

Pillar I: Minimum Capital Requirements: Definition of regulatory
capital, risk-weighted assets, and the minimum ratio of capital to risk-weighted
assets.

Pillar II: Supervisory Review Process: Prudential supervision by reg-
ulatory authorities of banks’ capital adequacy as well as the banks’ internal risk
management systems.

Pillar ITI: Market Discipline: Market discipline by developing a set of
disclosure requirements that will allow market participants to assess key pieces of
information on the scope of application, capital, risk exposures, risk assessment
processes, and hence the capital adequacy of the institution. These are especially
useful when banks are given the authority to use bank-specific internal models
in assessing their own risk profiles.

9.1 Risk and Volatility

Financial risk has been traditionally associated with the statistical uncertainty
on the final outcome [10]. Its traditional measure is the RMS ( the volatility).
It is denoted by R(T') the logarithmic return on the time interval 7' defined by

R(T) = tog 2L (9.1)
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where z(T') is the price of the asset X at time T, knowing that it is equal to
xg today (t = 0). When |z(T) — x| << o, this definition is equivalent to
R(T) =x(T)/xo—1. If P(z,T|zo,0)dz is the conditional probability of finding
X (T') = z within dz, the volatility o of the investment is the standard deviation
of R(T') defined by [10]

7 = 71 [ Pla.Tlao. )R (T)de — ([ Pla.Tlao. 0 R@)al)? (02)
The volatility is still now chosen as an adequate measure of risk associated to
a given investment even if this definition includes in a symmetrical way both
abnormal gains and abnormal losses. The theoretical foundations behind this
particular definition of risk are numerous: First, operational; the computations
involving the variance are relatively simple and can be generalized easily to
multi-asset portfolios. Second. the Central Limit Theorem seems to provide a
general and solid justification: by decomposing the motion from xg to z(T) in
N =T/t increments, one can write

N-1
2(T) =29 Y (1+m) (9-3)
k=0

where 7, is by definition the instantaneous return. Therefore we have

N-1
R(T) = 3 logll + 1, (949
k=0

Classically, we assume that 7, are independent variables but from the CLT
we have that in the limit where N — oo, R(T") becomes a Gaussian random
variable centred on a given average return 1, with e =< log(1+mn;) > /7, and
whose standard deviation is given by ov/T. Therefore, in this limit, the entire
probability distribution of R(T) is parameterized by two quantities only 7 and
o: any reasonable measure of risk must therefore be based on o. However, this
is not true for finite N (which corresponds to the financial reality: there are
only roughly N ~ 320 half-hour intervals in a working month), especially in the
tails of the distribution corresponding precisely to the extreme risks.

One can give to o the following intuitive meaning: after a long enough time
T, the price of asset X is given by

2(T) = zge™ L +oVTE (9.5)

where £ is a Gaussian random variable with zero mean and unit variance. The
quantity o gives us the order of magnitude of the deviation from the expected
return. By comparing the two terms in the exponential, one finds that when 7" >
T = 0% /m? the expected return becomes more important than the fluctuations,
which means that the probability that x(7T') is smaller than zy becomes small.
The security horizon T increases with o. For a typical individual stock, one
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has M = 10% per year and o = 20% per year, which leads to a T as long as 4
years.

The quality of an investment is often measured by its Sharp ratio S that
is, the signal-to-noise ratio of the mean return m*7T to the fluctuations ov/T

m*T

g

S = (9.6)
where m* =M —r. The Sharpe ratio increases with the investment horizon and
is equal to 1 precisely when T' = T. The error in the sharpe radio reads

AS = ——=[VT + SV2 + & (9.7)

1
vN
A purely additive description is actually more adequate at short time, so

2(T) = 2oe™ +oVTE ~ g +mT + VDTE (9.8)

where m = mzo and D = o222, The non-Gaussian nature of the random

variable £ is the most important factor determining the probability for extreme
risks.

9.2 Value at Risk (VaR)

Behind the fact that generally financial risks are described through the volatility
is the idea that the distribution of price changes is Gaussian. This definition
have some disadvantages: The financial risk is based of losses and not in profits.
A Gaussian model for the price fluctuations is never justified for extreme events
which can lead to a very bad empirical determination of the variance. The
solution of this problem consisted in remove from the analysis the contribution
of this events. For a better control of the financial risk, another definition of
risk is needed. One of them is the probability of extreme losses or the value at
risk (VaR) which we will define bellow.

The probability to lose an amount —dx larger than a certain threshold A on
a given time horizon 7 is defined as [10]

—A
Plox < —A] = Po[—A] = / P, (5w)dse 9.9)
where P, (dx) is the probability density for a price change on the time scale 7.
Alternatively, we can define the risk as a level of loss (VaR) Ay, g corresponding
to a certain probability of loss Py, over the time interval 7

R

—Avar
/ P.(6z)dox = P,, (9.10)

— 00

This definition means that a loss greater than Ay ,g over a time interval 7 =1
day happens only every 100 days on average for P, , = 1%. Lets note that
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this definition does not take into account the fact that losses can accumulate on
consecutive time intervals 7, leading to an overall loss which might substantially
exceed Aygr. Also, this definition does not take into account the value of the
maximal loss inside the period 7. In other words, only the closing price over the
period [kT, (k4 1)7] is considered, and not the lowest point reached during this
time interval.

More precisely, one can discuss the probability distribution P(A, N) for the
worst daily loss A (we choose 7 = 1 day to be specific) on a temporal horizon
T=Nr.

P(A,N) = NP (=AY 1P (—A) (9.11)
For N large, this distribution takes a universal shape that only depends on
the asymptotic behavior of P,(dx) for & — —oo . In the important case for
practical applications where P (dx) decays faster than any power-law, one finds
that P(A, N) is given by Ze™* where z = e~ "7 which is represented in the
next figure

Pl N

A

Figure 17: Gumbel distribution. Ay, has a probability equal to 0.63 to be exceeded.

This distribution reaches a maximum precisely for A = A,,r. The intuitive
meaning of A,qg is thus the value of the most probable worst day over a time
interval T'. Note that the probability for A to be even worse is equal to 63%.
One could define A, g in such a way that this probability is smaller, by requiring
a higher confidence level, for example 95%. This would mean that on a given
horizon (for example 100 days), the probability that the worst day is found to be
beyond A,qr is equal to 5%. This A,.r then corresponds to the most probable
worst day on a time period equal to 100/0.05 = 2000 days.
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Chapter 10

Appendix E: Non Linear
Correlations and Volatility
Fluctuations

There is strong evidence supporting the conclusion that the volatility (of log
price changes) is a time-dependent stochastic process [6, 7, 10]. One approach
for describing stochastic processes characterized by a time dependent variance
(volatility), is the ARCH processes introduced by Engle in 1982. These ARCH
models have been applied to means and variances of inflation in the UK, stock
returns, interest rates, and foreign exchange and can also be very attractive for
describing physical systems. The difficulty in the determination of some coeffi-
cients in this approach led to the introduction of generalized ARCH processes
called GARCH by Bollerslev in 1986.

10.1 ARCH(p)

An ARCH(p) process is a stochastic process with non constant variances con-
ditional on the past (but constant unconditional variances) is defined by

ol =ag+ax? | + ...+ +ozpzf_p (10.1)

where «; are positive variables and z; is a random variable (with zero mean and

o2 variance) characterized by a conditional pdf usually taken to be a Gaussian.

The ARCH(1) process is defined by
o? =g+ o, (10.2)

and S(t) = Z: x;, The value of the variance for ARCH(1) with a Gaussian

conditional pdf is [7]
2 @0
_ 10.3
e (10.3)

48



and the kurtosis is < 4> )
T (%6

=——5=3 L 10.4

KR <m2>2 1— 304% ( )

which is finite if 0 < oy < 1/\/§ By varying ap and « it is possible to obtain
stochastic processes with the same unconditional variance but with different
values of the kurtosis.

10.2 GARCH(1,1)

In this model, the volatility evolves through a simple feedback mechanism given
by [7, 10]

2 2 2 2 2 2

o; = oytaloi,—o5)+9mi—oi 1)
where ¢; are iid Gaussian random numbers of zero mean and unit variance. o3
is the unconditional average variance, « measures the strength with which the
volatility reverts to its average value and g is a coupling parameter describing
how the difference n?_; — 02 ; feedback in the present value of volatility.

In this model < n; >= 0 and < n,n7; >= 0 for 7 # j and the unconditional
variance is given by < n? >= < 07 >= 03. Setting §; = n? — o7 and ¢; =
gn? + (o — g)o? + ao? transforms the system into

6 = (W40 (10.6)
b, a1+ gy + ‘73)51'

where &; = €2 — 1 is a zero mean non-Gaussian noise.
The volatilities are

29206

mali_jl (107)

<0jo; > — <o} ><0; >=

this holds for o < 1 and 2¢g® < 1 — o? (stationary model).
The square return correlation function is given by [7, 10]

208 (1—a’+g2) . .
aq( “+g)z:j

.o 1—a2—2g2
Coliyj) =< min; > — <nj >< 1] >= { A o (10.8)
’ Gt WY
and the unconditional kurtosis
64>
. A— 10.9
" 1—a2—2¢2 ( )

which is zero when there is no feedback i.e. g = 0.
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In Figure 18 we show a GARCH(1,1) process, consisting in a single path
of 1000 observations for return series, innovations, and conditional standard
deviation processes for the asset S&P500 (Figure 1). Innovations represents
a single path of a unvaried time series. The first element of this time series
contains the oldest observation, and the last element the most recent. Standard
deviation is the time series of conditional standard deviations.

Innovations

Innovation
o

L L L L L L L L L
o 100 200 300 400 500 60O 700 800 SO0 1000

Conditional Standard Deviations

Standard Deviation

i 1 L L i i i i
[a] 100 200 300 400 500 60O 700 800 SO0 TO00
Returns

Return

; ; ; ; ; ; ; ; ;
a 100 200 300 400 500 600 700 800 S00 1000

Figure 18: GARCH(1,1), single path of 1000 observations for return series, innovations,
and conditional standard deviation processes (S&P500).
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