
Journal of Mathematical Neuroscience (0) 0
RESEARCH Open Access

Modelling Calcium Waves in Different
Dendritic Structures
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Abstract Calcium plays an important role in regulating a great variety of neuronal pro-
cesses. Here we propose an analytically tractable spatiotemporal model of dendritic calcium
concentration. We take into account two sources of Ca2+ : voltage-gated calcium channels
(VGCCs) on the dendritic membrane and ryanodine receptors (RyRs) on the surface mem-
brane of the endoplasmic reticulum. We investigate how the cell geometry and the distribu-
tion of VGCCs and RyRs affect the generation and propagation of Ca2+ waves. Mimicking
the nonlinear behaviour of the RyRs and the VGCCs using threshold processes, the model
results in a system of coupled piecewise partial differential equations which are solved in
terms of the appropriate Green’s function given the domain and the boundary conditions.
The model is considered in two simplified dendritic structures where we analyze the critical
conditions in the parameter space at which a calcium wave either propagates or does not
and at which a wave may or may not enter the soma. We analyze the situation in which
one VGCC is activated as initial condition. In this case, we show how the presence of soma
affects the Ca2+ dynamics. Furthermore, we find the existence of a critical diameter size of
the soma (a∗S) below which the calcium wave fails to initiate and above which, the calcium
wave initiates and reaches the soma. To obtain insight into a∗S, we analyze the behaviour of
the models for different diameters of the soma, and we determine how the critical diameter
size changes with respect to the distance from the initially activated VGCC to the soma.
Finally, we analyze the dependence of the calcium wave on the density of the RyRs.
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1 Introduction

Intracellular calcium (Ca2+) signals regulate numerous cellular processes: cell differentia-
tion, gene transcription, fertilization, cell proliferation and many others [3]. Changes in
[Ca2+] do not occur uniformly throughout the cell but are initiated at a specific site and
they spread in the form of intracellular waves [21]. Neurons present widespread Ca2+ signals
and spark events (spontaneously localized Ca2+ release events)[15]. The variety of neuronal
cell types and their complex branching structures lead to diverse calcium patterns which
have not yet been rigorously studied [15].

The most characterizing change in Ca2+ concentration in neurons is generated from the
opening of voltage-gated calcium channels (VGCCs) [15]. At resting membrane potential,
VGCCs are closed; when the neuron depolarizes the channels open and rush Ca2+ into the
cell [22]. Ca2+ signals triggered by internal stores are less well studied in neurons [15]. In the
past, this kind of signals were not studied since they were not directly associated with the
membrane potential and detecting them in the dendrites was very difficult. However, with
the existence of more sensitive Ca2+ indicators and pharmacological and immunochemical
evidence that calcium changes from internal stores are significant there is a renewed interest
in the study of these signals [15].

Internal calcium sources are located in the endoplasmic reticulum (ER) or its equivalent
in muscle cells, sarcoplasmic reticulum [3]. The ER extends continuosly through the den-
drites of piramidal neurons and Purkinje neurons [17, 11]. Influx from these internal stores is
controlled by various channels: the inositol (1,4,5)-trisphosphate receptors (IP3Rs) and the
ryanodine receptors (RyRs). In this work, we will focus only on the RyRs. The activation
of these receptors is through a process called Ca2+ - induced Ca2+ release (CICR). In this
mechanism elevated cytoplasmic Ca2+ induces the activation of the RyRs and a release of
further Ca2+ . The released Ca2+ acts on nearby RyRs to release more Ca2+ and this chain
continues if the density of Ca2+ channels and Ca2+ concentration are suitable.

Analyzing whether the calcium wave reaches the soma is relevant since it has been sug-
gested that Ca2+ waves carry information from a synapse in the dendrite to the nucleus
where the large concentration of Ca2+ could activate genes or transcription factors involved
in synaptic plasticity [14, 8]. Experimentally, it has been observed that some synaptic stim-
ulation in hippocampal slices generates Ca2+ waves confined to dendrites [14]. These waves
rarely reach the soma because there are few synaptic contacts in this region, however the
presence of enough RyRs (or IP3Rs) can allow waves to spread into the soma. When this
happens, an intense Ca2+ release is generated in the cell body and nucleus due to the high
concentration of IP3Rs and RyRs in the soma and nuclear membrane [14].

The distribution of the RyRs are vitally important for determining whether Ca2+ release
transforms into a propagating Ca2+ wave. Just taking into account the internal stores, the
waves will spread as far as RyR are available and in sufficient densities to support CICR.
Since the molecular configuration is distinctive for different regions of the cell and for par-
ticular neuronal cell types, distributions of receptors and channels vary in neurons [4] which
means that analyzing the calcium wave’s dependence on the distribution of the receptors is
relevant.
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The goal of this paper is to investigate how the cell geometry and the distribution of
VGCCs and RyRs affect the generation and propagation of Ca2+ waves. We will consider
a system of coupled partial differential equations to model the voltage and the calcium dy-
namics. In order to analyze the influence of the cell geometry, we will consider two different
dendritic structures: an infinite cable and a semi-infinite cable with a lumped soma. We
will analyze the effects of the presence and size of the soma by considering the two models
and varying the soma’s diameter. To analyze the distribution we will consider a uniform
distribution of VGCCs and consider a fixed amount of RyRs between them, varying this
amoun to see its impact on calcium dynamics.

The structure of the paper is as follows: in Section 2 we introduce the equations for the
infinite cable and semi-infinite cable with lumped soma and prove the existence of solutions.
In Section 3.1, we analyze the effect of soma’s presence. We also analyze the influence of its
size by varying the diameter and recording the spiking times and the voltage and calcium
profiles in different positions. In Section 3.2, we analyze the effects of different meshes in
the calcium dynamics. In Section 4, we describe other features that the model could take
into account and some limitations of the model. Finally, in this section, we give the main
conclusions from the research.

2 Model

We propose a model that integrates the voltage and the calcium dynamics in the dendrite.
We consider a passive dendrite cable with a distribution of VGCCs along its length L. The
dynamics of the membrane voltage in the cable (V = V (x, t)) are described by the well
known cable equation

πaCm
∂V

∂t
= −πaV

Rm

+
πa2

4Ra

∂2V

∂x2
+ ρ(x)I(t), (1)

where a is the diameter of the cable (measured in µm), Ra is the specific cytoplasmic resis-
tivity (in Ω·cm), Cm is the specific membrane capacity (in µF/cm2) and Rm is the resistance
across a unit area of a passive membrane (in Ω/cm2).

The VGCCs are located at discrete points xn determined by a distribution function
ρ(x) =

∑
n∈Γ δ(x − xn), where Γ is a discrete set that indexes the VGCCs. The VGCCs

generate current described by the profile function I(t) = ηV (t − TV (xn)), where TV (xn)
denotes a firing time for the VGCC in the location xn. The time TV (xn) is defined as
follows,

TV (xn) = inf

{
t | V (xn, t) > hVth ,

∂V (x, t)

∂t
> 0

}
.

By this definition, once V (xn, t) crosses a certain threshold value hVth , the VGCC fires. If
we only allow each VGCC to fire once, the behaviour mimics a long-lasting refractory state.

Equation (1) can be rewritten as

∂V

∂t
= − V

τV
+DV

∂2V

∂x2
+
∑
n

δ(x− xn)ηV (t− TV (xn)),
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where DV = a/4RaCm ( in µm2/ms) denotes the diffusion coefficient of the cable and
τV = CmRm (in ms) is the membrane time constant. This is the spike-diffuse-spike model,
one of the typical models for describing voltage dynamics[5].

For calcium dynamics we consider a similar model for CICR, the so called ”fire- diffuse-
fire model” introduced by Keizer [9]. In a similar fashion as the previous model, the RyRs
are located at discrete points yi. There is an instantaneous release of a fixed amount σC
of Ca2+ when C(x, t) exceeds a threshold value hCth

. After the release, the site becomes
refractory. In addition, the released calcium diffuses and may trigger another instantaneous
release (spark) at neighboring sites.

To include the effect of the VGCCs in the calcium dynamics, we take into account
the term

∑
n δ(x − xn)ηV (t − TV (xn)) from the voltage dynamics and multiply it by a

conversion factor γC to change calcium current to calcium concentration. The final model
is the following:

∂V
∂t

= − V
τV

+DV
∂2V
∂x2

+
∑
n

δ(x− xn)ηV (t− TV (xn)),

∂C
∂t

= − C
τC

+DC
∂2V
∂x2

+ γC
∑
n

δ(x− xn)ηV (t− TV (xn)) +
∑
i

δ(x− yi)ηC(t− TC(yi)),

(2)
where

TV (xn) = inf

{
t | V (xn, t) > hVth ,

∂V (xn, t)

∂t
> 0

}
,

TC(yi) = inf

{
t | C(yi, t) > hCth

,
∂C(yi, t)

∂t
> 0

}
,

and the profile functions are rectangular pulses

ηV (t) = σV θ(t)θ(τRV
− t) and ηC(t) = σCθ(t)θ(τRC

− t),

in which σV is the strength of the pulse and τRV
is its duration (similarly for σC and τRC

).

We now consider two domains for this model: an infinite cable and a semi-infinite cable
with lumped soma. In the next subsections we prove the existence of a solution to (2) in
these domains.

2.1 Infinite cable

Consider the real line as the space domain, zero initial conditions and the following boundary
conditions,

V (±∞, t) <∞ and C(±∞, t) <∞.
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We have the following result:

Theorem 1 (Existence of a solution for the infinite cable). For the PDE model (2) with
zero initial and the above boundary conditions, there exists a solution given by,

V (x, t) = σV
∑
n

HV (x, xn, t− TV (xn)) (3)

C(x, t) = γCσV
∑
n

HC(x, xn, t− TV (xn)) + σC
∑
i

HC(x, yi, t− TC(yi)), (4)

where
HN(x, x0, t) = A(x− x0, t−min(t, τRN

))− A(x− x0, t),

in which

A(x, t) =
1

4
√
εNDN

{
exp

(
−|x|

√
εN
DN

)
erfc

(
− |x|√

4DN t
+
√
εN t

)
+ exp

(
|x|
√

εN
DN

)
erfc

(
x

4DN t
+
√
εN t

)}
with εN = 1

τRN

and N = V or C for the VGCCs and RyRs respectively.

Proof. First we consider the following equation

∂H

∂t
= −H

τ
+D

∂2H

∂x2
+ η(t)δ(x− x0), (5)

where η(t) = σ0θ(t)θ(τR − t).

In order to solve (5), we consider the Fourier transform of this function with respect to
space (x→ κ), then (5) turns into

H̃t = −Dκ2H̃ − εH̃ + η(t)e−iκx0 .

This can be rewritten as
H̃t = −σ(κ)H̃ + η(t)e−iκx0 ,

where σ(κ) = Dκ2 + ε.

By solving this ODE, we get

H̃eσ(κ)t =

∫ t

0

η(s)e−iκx0eσ(κ)sds.

Recalling that η(t) = σ0θ(t)θ(τR − t), we have

H̃eσ(κ)t = σ0

∫ min(t,τR)

0

e−iκx0eσ(κ)sds,

where we get

H̃eσ(κ)t = σ0
e−iκx0eσ(κ)s

σ(κ)

∣∣∣∣min(t,τR)

0

= η0
e−iκx0eσ(κ) min(t,τR) − e−iκx0

σ(κ)
.
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Then we have

H̃(κ, t) = σ0
e−iκx0e−σ(κ)(t−min(t,τR))

σ(κ)
− σ0

e−iκx0e−σ(κ)t

σ(κ)
.

Taking the inverse Fourier transform, we introduce the function

A(x, t) =

∫ ∞
−∞

dκ

2π

e−σ(κ)teiκx

σ(κ)
. (6)

Then the solution is given by

H(x, x0, t) = σ0 [A(x− x0, t−min(t, τ))− A(x− x0, t)] .

A closed form for the integral is given explicitly in [7] by

A(x, t) =
1

4
√
εNDN

{
exp

(
−|x|

√
εN
DN

)
erfc

(
− |x|√

4DN t
+
√
εN t

)
+ exp

(
|x|
√

εN
DN

)
erfc

(
x

4DN t
+
√
εN t

)}
.

Following the previous approach for each of the terms in
∑

n δ(x− xn)ηV (t− TV (xn)) in
(2) and noticing that (2) is a system of piecewise linear PDEs, then the solution for V (x, t) is
given by a linear combination of the solutions defined by the terms δ(x−xn)ηV (t−TV (xn))
(with the previous approach) and therefore the solution for V (x, t) in (2) takes the form
of (3). We can perform analogous approach for the terms in

∑
i δ(x− yi)ηC(t− TV (yi)) to

prove that C(x, t) takes the form (4) as desired.

2.2 Semi-infinite cable with lumped soma

Consider equation (2) on the semi-infinite positive real line with a lumped soma at x = 0.
This situation gives the following somatic boundary conditions in the origin

|V (∞, t)| <∞ and gSV (0, t) + CS
∂V (0, t)

∂t
− 1

rm

∂V (x, t)

∂x

∣∣∣∣
x=0

= 0,

|C(∞, t)| <∞ and C(0, t) + τC
∂C(0, t)

∂t
−
(
DCτCa

a2
S

)
∂C(x, t)

∂x

∣∣∣∣
x=0

= 0,

where aS (in µm) is the diameter of the soma, gS = πa2
SRm and CS = πa2

SCm are the
conductance and capacitance of the soma respectively, rm = 4Ra/πa

2 (Ω/cm) is the axial
resistance along the dendrite. The form of the boundary condition for this structure is
explained in [20].
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We have the following result:

Theorem 2 (Existence of a solution for the semi-infinite cable with lumped soma ). Con-
sidering zero initial boundary conditions and the somatic boundary conditions above, then
(2) has a solution given by

V (x, t) = σV
∑
n,m

ĤC(x, xn, t− TmV (xn)) (7)

C(x, t) = γCσV
∑
n,m

ĤC(x, xn, t− TmV (xn)) + σC
∑
i,j

ĤC(x, yi, t− T jC(yi)), (8)

where
ĤV (x, x0, t) = B(x, x0, t)−B(x, x0, t− τRN

),

and

B(x, y, t) =
1

4

√
τN
DN

[
f−1(x− y, t)− f1(x− y, t) +

α− 1

α + 1
f−1(x− y, t)

. − α + 1

α− 1
f1(x+ y, t) +

4α

α2 − 1
fα(x+ y, t)

]
,

where α = a
a2S

√
τNDN and

fa(x, t) = exp

(
a|x|√
τNDN

+
(a2 − 1)t

τN

)
erfc

(
|x|√
4DN t

+ a

√
t

τN

)
,

and N = V and C for the VGCC and RyRs respectively.

Proof. In a similar way as for the infinite cable, we consider first the following PDE:

∂H

∂t
= −H

τV
+D

∂2H

∂x2
+ η(t)δ(x− x0), (9)

where ηV (t) = σV θ(t)θ(τRV
− t) and the boundary conditions

|H(∞, t)| <∞ and gSH(0, t) + CS
∂H(0, t)

∂t
− 1

rm

∂H(x, t)

∂x

∣∣∣∣
x=0

= 0.

In this case we consider the voltage parameters but an analogous result can be obtain for
the calcium parameters.

Since equation (9) is a linear PDE, the solution can be explicitly obtained by

H(x, t) =

∫ t

0

G(x, y, t− s)ηV (s)ds, (10)

where G is the Green’s function of the domain with the boundary conditions.

Applying a Laplace transform in time L(t→ ω) to (10) we get

L(H) = L(G)(x, y, ω) · L(η)(ω),

since it is the Laplace transform of a convolution [2].



Page 8 of 17 Ponce, Timofeeva

The Green function of the domain with the boundary conditions in the Laplace domain
is given in [19] and is the following

L(G)(x, y, s) = (2p(ω)− 1)
e−|x+y|γ(ω)

2DV γ(ω)
+
e−|x−y|γ(ω)

2DV γ(ω)
,

where p(ω) = γ(ω)
γ(ω)+rmγS(ω)

, γ2(ω) = (ω + 1/τV )/DV and γS(ω) = CS(ω) + gS.

Applying a Laplace transform to ηV (t), we get

L(ηV )(ω) =
σV
ω

(1− e−ωτRV ).

After some algebraic manipulation, we have that

L(H)(x, y, ω) = L(G)(x, y, ω) · L(ηV )(ω) = σV
[
L(B)(x, y, ω)− e−ωτRV L(B)(x, y, ω)

]
,

where
L(B)(x, y, ω) = L(A)(x− y, ω)− L(A)(x+ y, ω) + L(P )(x+ y, ω),

L(A)(x, ω) =
2DV e

−|x|γ(ω)

ωγ(ω)
,

L(P )(x, ω) =
DV e

−|x|γ(ω)γ(ω)

ω(γ(ω) + rγS(ω))
.

From [6] we know that

A(x, t) = L−1L(A)(x, ω) =

√
τV

4
√
DV

{
exp

(
−|x|

√
εV
DV

)
erfc

(
− |x|√

4DV t
+
√
εV t

)
+ exp

(
|x|
√

εV
DV

)
erfc

(
x

4DV t
+
√
εV t

)}
.

Using ω = DV γ
2 − εV , εV = 1/τV and gS = CSεV , we have

L(P )(x, ω) = exp(−|x|γ)
εα

D2
V γ(γ2 − ε/DV )(γ + α

√
ε/DV )

, (11)

in which α = a
a2S

√
τVDV .

Using partial fractions, we have

L(P )(x, ω) =
α

2
√
ε(α2 − 1)

exp

(
−|x|

√
ω + ε

DV

)[
α− 1√

ω + ε−
√
ε

+
α + 1√

ω + ε+
√
ε

− 2

α

1√
ω + ε+ α

√
ε
− 1√

ω + ε

]
.
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Performing the inverse Laplace transform P (x, t) = L−1[L(P )(x, ω)] and using the in-
verse Laplace relationships (which can be found in [2]), we have

L−1[L(f)(ω + ε)] = e−εtL−1[L(f)(ω)],

and

L−1

[
e−|x|

√
ω

√
ω + a

]
=

1√
πt
e−

x2

4t − aea|x|ea2t erfc

(
a
√
t+
|x|

2
√
t

)
,

we get

P (x, t) =
τV
DV

[
α

2(α + 1)
f−1(x, t)− α

2(α− 1)
f1(x, t) +

α

α2 − 1
fα(x, t)

]
where

fa(x, t) = exp

(
a|x|√
τVDV

+
(a2 − 1)t

τV

)
erfc

(
|x|√
4DV t

+ a

√
t

τV

)

Following the previous approach for each of the terms in
∑

n δ(x− xn)ηV (t− TV (xn)) in
(2) and noticing that (2) is a system of piecewise linear PDEs, then the solution for V (x, t) is
given by a linear combination of the solutions defined by the terms δ(x−xn)ηV (t−TV (xn))
(with the previous approach) and therefore the solution for V (x, t) in (2) takes the form
of (7). We can perform analogous approach for the terms in

∑
i δ(x− yi)ηC(t− TV (yi)) to

prove that C(x, t) takes the form (8) as desired.

3 Results

3.1 Soma’s influence in the overall dynamics

To analyze the effect of the soma’s presence, we perform simulations considering the same
parameters for voltage and calcium in the infinite cable and the semi-infinite cable with a
lumped soma. The parameters are described in Appendix A. For both situations we consider
a dendrite of length 40 µm and an uniform density of VGCCs located at a fixed distance
and three RyR between each pair of VGCCs. For initial conditions we take both calcium
and voltage equal to zero and we consider that the last VGCC in our mesh is activated.
This can be thought of as an injection of current at that location.

Influence of the soma’s presence

Considering a soma with diameter 25µm in the semi-infinite cable with lumped soma, a
calcium wave is formed. On the other hand, in the infinite cable there is no calcium wave.
In both models the activation of the last VGCC makes all the VGCCs to fire. In Figure 1,
space-time diagrams of calcium concentration is plotted for both models. For each time, the
concentration is plotted at each position along the dendrite. The small sparks close to the
x-axis are the influx from the VGCCs which are present in both models. In the semi-infinite
cable with lumped soma case the calcium wave is initiated from the second-to-last RyR and
the wave continues until it reaches the soma in between 2.5-3 s.
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Figure 1: Calcium concentration in the two models. The solution for the dendrite is
plotted for each time step. In the semi-infnite cable with lumped soma, there is a calcium
wave that propagates. This illustrates the influence of the soma’s presence. (Simulation
parameters are give in Appendix A and aS = 25µm)

Influence of the soma’s size

Varying the diameter of the soma, it is seen that there is a critical value for the diameter
a∗S ≈ 22.81. Below a∗S the wave fails to propagate and above it the calcium wave initiates
and reaches the soma. This can be seen in Figure 2, where we plot the reaching times for
the calcium wave to reach the soma for different diameter sizes.
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Figure 2: Reaching times for the
calcium wave to reach the soma for
different diameter size. The graph
shows the critical diameter size be-
low which the calcium waves fails to
exist and above which reaches the
soma.

First we analyze the different behaviours of the dynamics while varying the soma’s di-
ameter. One feature that is present in both models is the spiking of all VGCCs. We record
the spiking time for each VGCC for the infinite cable model and for the semi-infinite cable
with lumped soma model with diameter values aS = 20, 30 and 40 µm. As can be seen in
Figure 3 (A) as we increase the soma’s diameter, the spiking time of the VGCCs increase.
Also for aS = 30 and 40µm the closer the VGCC is to the soma, the greater influence the
soma’s size has on the spiking time.

Another feature that we analyzed is the voltage profiles. We consider the same models
as the ones for analyzing the spiking times of the VGCCs. We consider the voltage profiles
at the locations of 50, 188 and 380 µm away from the soma. This is because we would
like to investigate if the simulations of the diameters size for which the calcium wave did
not appear, present a similar behaviour. In Figure 3 (B)we see that for the infinite cable
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and the diameter values below the critical diameter value the voltage profiles reach a higher
maximum point.

InfiniteSCable

0 50 100 150 200 250
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

VGCCSdistanceSfromSsomaS9µ mT

S
pi

ki
ng

Sti
m

eS
9m

sT

9AT 9BT

a
S
=20 µ m

a
S
=30 µ m

a
S
=40 µ m

0 50 100 150
0

10

20

30

40

50

60

70

80

90

TimeS9SmsT

V
ol

ta
ge

S9
Sm

V
T

50µm

0 50 100 150
0

10

20

30

40

50

60

70

80

90

TimeS9SmsT

188µm

0 50 100 150
0

10

20

30

40

50

60

70

80

90

TimeS9SmsT

380µm

Figure 3: For the infinite cable and the semi-infinite cable model with diameters 20, 30
and 40µm, we consider (A)VGCCs’ Spiking times (B) Voltage profiles at the locations of
50, 188 and 380 µm away from the soma.

In this framework, the last feature that we analyzed is the behaviour of the RyRs, for
the diameter values in which the calcium wave exists. As with the VGCCs, we recorded the
firing times for the RyRs and the calcium profile in the first, middle and last RyR. We find
that even as we vary the diameter, the behaviour is essentially unchanged. The difference
between two firing times is of the order of .01ms. Given the last observations, we plot the
results for the infinite cable and the semi-infinite cable with lumped soma with diameter
aS = 30µm. In Figure 4 (A) we see that the firing times are arranged in groups of three
RyRs with brief delays in between. In Figure 4 (B) we see the different calcium profiles at
distinct positions. For aS = 30µm, the time lag the fire starts corresponds to the time that
the calcium wave reaches that position. For the infinite cable, we see there is an increase of
the calcium in the middle and the last RyR however it is not enough to pass the threshold
and make the RyR fire.
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Figure 4: For the infinite cable and for semi-infinite cable with lumped soma model with
diameter 30µm we have (A) RyR firing times (B) Calcium profiles for the 1st, middle and
last RyR

It is important to mention that even when the graph of the firing times of the RyR seems
to follow a straight line, this is not the case. In Figure 5(A), we plot the differences of firing
times between each RyR and the previous one (∆). We notice there are two distinct kinds
of ∆ values: ∆1 are the differences that correspond to RyRs which are located inside the
group of three RyRs between two VGCCs and ∆2 are the differences that correspond to
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RyRs between which there is a VGCC (A distribution of channels showing the two types of
∆ is sketched in Figure 5 (B).
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Finally, we analyze one of the key factors that determine the critical diameter size. This
is the distance from the soma to the initially activated VGCC. Intuitively, the farther the
activation is the less effect the soma will have, so the bigger the soma will have to be in order
to have an effect on the dynamics. We consider a cable 420µm long with VGCC located
uniformly every 24µm and three RyRs between each pair of VGCC. For each VGCC position,
we activate it as initial condition and determine the critical diameter size for which there is
wave failure/wave propagation. In order to do this, we observed that for the calcium wave to
enter the soma, a necessary and sufficient condition is that at least one RyR is activated, we
also observed that in all the simulations the second-to-last RyR before the intially activated
VGCC always activates the first. Therefore, instead of running the complete simulation
to see if a calcium wave emerges, for each VGCC that we activate, we solve (for different
soma’s diameter sizes) the following implicit equation:

C(y∗, t)− hVth = 0

where y∗ is the second-to-last RyR before the initially activated VGCC. If this equation does
not have a solution then there is no calcium wave with the chosen soma’s diameter size. This
way, we determine the critical diameter size in a more computational efficent way. In Figure
6 we plot the critical diameter size against the distance from the initially activated VGCC to
the soma. As expected, the a∗S increases as the distance from the initially activated VGCC
to the soma increases. An interesting feature to notice is that if the initially activated VGCC
is located further away than 400µm, then there is no a∗S and therefore no calcium wave at
any diameter of the soma.
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(A)

(B)

(C)

Figure 7: Calcium dynamics for both models for three different densities of the RyRs
(A)2/24 (B) 3/24 and (C) 5/24. Simulation parameters are given in Appendix A with
aS = 25µm.

3.2 RyRs’ density influence on the calcium dynamics

In this section we analyze the dependence of the calcium dynamics on the densities of the
RyRs. We consider three different densities: 2/24, 3/24 and 5/24 which corresponds to 2,3
and 5 RyRs equidistantly placed between each pair of VGCCs which are located at 24µm
from each other. As can be seen in Figure 7, for a density of 2/24, it is not enough to
initiate and carry the wave even for the semi infinite cable with lumped soma. For a density
of 3/24, the calcium waves initiates in the semi-infinite cable with the lumped soma but not
in the infinite cable case. Lastly, for a density of 5/24, the density of the RyRs is sufficient
to provoke a strong activation of the RyRs in both models.
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4 Discussion and conclusion

In this paper, we have proposed a model to understand calcium dynamics in dendrites.
We have coupled the spike-diffuse-spike model for voltage dynamics and the fire-diffuse-fire
model for CICR. This model includes the effect of VGCCs in calcium dynamics and considers
a discrete distributions of receptors and channels. The model leads to analytical expressions
for the solution of voltage and calcium and therein lies its value. In this framework, we set
out to understand how the cell geometry and the distribution of VGCCs and RyRs affect
the generation and propagation of Ca2+ waves. Specifically, we focus on the effects of the
soma’s presence and size and on the effects of the RyRs’ density.

For analyzing the soma’s effects in calcium dynamics, we considered two models: the
infinite cable model and the semi-infinite cable with lumped soma model. Taking into ac-
count realistic parameter values, we implemented the analytical solution of both models
and compared their behaviour. We were particularly interested in deriving the conditions
in the parameter space at which a calcium wave either propagates or does not and at which
a wave may or may not enter the soma. We found that for particular values of the soma’s
diameter, the semi-infinite cable with lumped soma model exhibited a calcium wave whilst
the infinite cable model did not. Furthermore, our results showed that there is a critical
diameter value below which the calcium wave fails to exist and above which, the calcium
wave initiates and reaches the soma.

To understand how the VGCCs and the RyRs affect the dynamics, we recorded their
spiking and firing times and the calcium and voltage profiles for different soma diameters
respectively. We found that the bigger the soma’s diameter, the slower the voltage dynamics
(the longer it took for the VGCCs to activate), and the smaller the highest point in the
voltage profile. The behaviour below the critical diameter size and the infinite cable model
was similar as expected (since there was no calcium wave in those cases). For RyRs, we saw
that once we took soma’s diameters size above the critical value the firing times and the
calcium profiles were essentially the same.

To further understand the critical diameter size, we explored the relationship between
the distance from the soma to the initially activated VGCC, and the critical diameter size
a∗S. We saw that for the calcium to enter the soma a necessary and sufficient condition is
that at least one RyR is activated. This simplifies the determination of a∗S since instead of
running a simulation to see if a calcium wave emerges, we just solve an implicit equation
for the third-to-last RyR.

Our study raises a number of questions. Since the solutions are explicitly expressed, is
there an analytical framework that would allow us to determine the critical diameter size
without solving implicit equation? Is there a critical distance and density for the RyRs to
support a calcium wave? The spiking differences for the RyRs follow a distinct pattern, is
there an analytical function that could give us that pattern? Finally, why is the third RyR
the one who fires the first?

The analysis we developed in this paper provides a framework for the investigation of
calcium waves in dendrites. One natural extension of this work is to consider more realistic
dendritic structures. This has previously been considered for voltage in [19]. In our case, as
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we already mention, the PDE (2) can be defined in any network structure. To get a solu-
tion for this system of PDEs, one can consider the sum-over-trips approach that defines the
Green function of an arbitrary network structure [1]. It is important to notice that in our
case we were able to derive an analytical expression for the solution of the PDE. However in
most of the cases this is not possible and one needs to perform an inverse laplace transform
numerically.

A further extension would be to consider a simplified structure with a branching point.
Experimentally, Ca2+ waves preferentially initiate at branch points in the dendrites of pyra-
midal neurons, even when the stimulating electrode is not directly opposite to the branch
point [12]. Studying a branching structure can provide an insight for this experimentally
observed fact.

There are several features that one could include in our model to make it more realistic:
First, the fire-diffuse-fire lacks any notion of a recovery variable which makes it unsuit-
able for general application. There are also other sources of Ca2+ that we need to take
into account: IP3, action potentials and synaptic potentials [15]. Also, there is a feedback
dynamics in calcium dynamics that we are ignoring: cytoplasmic buffers and pumps that
return Ca2+ to resting levels. Moreover, there is a feedback dynamics relating calcium and
voltage given by the presence of Ca2+ activated K channels. However this is still a good
model to work with; in [18] the authors prove that the spike-diffuse-spike model provides
good results comparing to more realistic models. In addition, the model can be modified to
include a refractory term in the spiking and firing events and study multiple spiking times
from the same site.

In conclusion, our findings give an insight for the soma’s influence in calcium dynamics
when we take into account the voltage. Furthermore, the analysis for the different RyRs’
densities help us understand the role of the distribution of RyRs in calcium dynamics.
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A Appendix A: Simulation parameters

Neuron parameters Voltage parameters Calcium parameters

a=2 µ m DV = 5× 104µm2/ms DC = 0.023µm2/ms
µ m τV = 2ms τC = 100 ms

Cm = 1 µF/cm2 γ = 6−5 µ M / mV
Ra = 100 Ω m Distance between each VGCC=24 µ m RyR between VGCC=3

gm = 0.5× 10−3S/cm2 τV GCC = 1 ms τRyR = 8 ms
σV GCC = 2705.63403 m V µ m σRyR = 0.06 m V µm

hV GCC = 1 mV hryr = 0.0616525 nM
Total time=80 ms Total length=400 µ m, dtV =0.01, dt=dx=0.1, Initial vgcc active =3
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