
Physical applications

one-dimensional box of lengthL:
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Gaussian integral:1 =
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√
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thermal de Broglie wavelength:
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Ideal gas:
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(
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∂T
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5

2
− ln(ρλ3)
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Recall MaxEnt results whenf(X;α) depended on parameterα:

−∂ logZ

∂α
=

m∑

k=1

λk

〈
∂f(X;α)

∂α

〉

if we use

α = V,
∂f(X;α)

∂α
=

∂Ei

∂V
= −p

we get

−∂ lnZ

∂V
= −
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(

1
N !
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)N
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∂V
= −N

V
= −β〈p〉

or in a better recognised form: (equation of state)

NkBT = 〈p〉V

Harmonic oscillator:

ẍ+
k

m
︸︷︷︸

ω2

= 0 ⇒ x = A sin(ωt+ φ0)

its energy:
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1

2
mv2 +

1

2
kx2 =
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+

mω2

2
x2

so:
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√
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√
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~ωβ

where we introduced~ = h/(2π).
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〈E〉 = −∂ lnZ

∂β
= − ∂

∂β
ln

1

β
= kBT and CV =

∂〈E〉
∂T

= kB

equipartition: each harmonic half-degree of freedom contributeskBT/2 to the average energy.

Solids: many-body potential is quadratic far from melting;usingx = (x1, x2, . . . , x3N ):

V (x) = V0 +

3N∑

i=1

∂V

∂xi

(xi − x0
i ) +

1

2

3N∑

i,j=1

∂2V

∂xi∂xj

(xi − x0
i )(xj − x0

j ) + . . .

leading toC = 3NkB (Dulong-Petit), correct at highT .
Quantum harmonic oscillator: discrete energy levelsEi =

(
i+ 1

2

)
~ω

Z =
∞∑

i=0

e−β(i+ 1

2 )~ω = e−
1

2
β~ω 1

1− e−β~ω
=

1

2 sinh
(

β~ω
2

)

〈E〉 = −∂ lnZ

∂β
=

~ω

2
coth

~ω

2kBT

C =
∂〈E〉
∂T

= kB

(
~ω

2kBT

)2
1

sinh2 ~ω
2kBT

highT (low β): sinhx ∼ x, C → kB (classical)

low T (highβ): sinhx ∼ 1
2e

x, C → kB

(
~ω
kBT

)2

e
− ~ω

kBT (exponential suppression)

Einstein solid:C = 3NkB

(
~ω

2kBT

)2
1

sinh2 ~ω
2kBT

, still incorrect.

Correct: Debye (spectrum of frequencies)
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The grand canonical ensemble

The MaxEnt solution for two constraints:

〈f1(X)〉 = F1, 〈f2(X)〉 = F2

Z(λ1, λ2) =

n∑

i=1

e−λ1f1(xi)−λ2f2(xi)

pi =
1

Z
e−λ1f1(xi)−λ2f2(xi)

S(F1, F2) = logZ(λ1, λ2) + λ1F1 + λ2F2

grand canonical ensemble:f1(xi) = Ei, f2(xi) = Ni, F1 = 〈E〉, F2 = 〈N〉,
λ1 = β = 1/(kBT ), λ2 = −µβ = −µ/(kBT ), S = SGC/kB , Z = Ξ:

Ξ(β, µ) =
∑

i

e−β(Ei−µNi)

pi =
1

Ξ
e
− 1

kBT
(Ei−µNi)

SGC(〈E〉, 〈N〉) = kB ln Ξ +
〈E〉
T

− µ〈N〉
T

from MaxEnt results:

〈E〉 = − ∂ ln Ξ

∂β

∣
∣
∣
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∣
∣
∣
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µ

+
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∣
∣
∣
∣
β

µkBT

〈N〉 = − ∂ ln Ξ

∂ − µβ

∣
∣
∣
∣
β

= kBT
∂ ln Ξ

∂µ

∣
∣
∣
∣
β

1

T
=

∂SGC

∂〈E〉

∣
∣
∣
∣
〈N〉

− µ

T
=
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∂〈N〉

∣
∣
∣
∣
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fluctuations:

σ2
N = Var(N) =

∂2 ln Ξ

∂(−µβ)2

∣
∣
∣
∣
β

= kBT
∂〈N〉
∂µ

∣
∣
∣
∣
β

reciprocity relations:
∂〈E〉
∂ − µβ

∣
∣
∣
∣
β

=
∂〈N〉
∂β

∣
∣
∣
∣
µβ

or

−kBT
∂〈E〉
∂µ

∣
∣
∣
∣
β

=
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∂β

∣
∣
∣
∣
µ

− µkBT
∂〈N〉
∂µ

∣
∣
∣
∣
β

grand free energy:
Φ(T, µ) = −kBT ln Ξ = 〈E〉 − µ〈N〉 − TSGC

partial trace:

e−βΦ = Ξ =
∑

i

e−βEieβµNi =

∞∑

N=0

eβµN
∑

j

e−βEj,N =
∑

N

e−β
(
A(T ;N)−µN

)
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