Lecture notes: Statistical Mechanics of Complex Systems Lecture 14

Flocking

In this lecture we will consider a model, which is a first stewédrds understanding the motion of groups
of animals: for example schools of fish, herds of quadrulesks of birds (of which flocks of starlings is
particularly impressive), as well as cooperative motiobacterial colonies.

The model consists of a collection of self-propelled péetdrepresenting e.g. the individual birds),
which move in continuous space with constant speed butnvgudirection. This arrangement is quite unlike
typical physical systems made of passive particles, as mameand energy is not conserved; but much
more typical in biological systems where the individuals arore advanced: active, having own energy
supply.

The particles move for timé¢ in a ballistic motion, then select a new direction for thestocity. For
simplicity we restrict the particles in two dimensions, \whthe direction is given by an angle The update
rules of theith particle’s position, velocity and direction is
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So at the end of eacht timestep each particle takes the average direction of dilces within radiusk,
and adds a noise of controlled amplitude.

What are the relevant parameters of this model? For any mazlshould take care to reduce the number
of parameters as much as possible (but no further!) in ordetonbe lost in a high dimensional parameter
space.

Without loss of generality we can sé&it = 1 and R = 1, i.e. these will be our units of time and
space. For the speedof the particles we already fixed the units, so need to condiglactual value. The
v — 0 limit would mean stationary objects (which would correspdon the XY model of magnets), while
v — oo limit would mean that each timestep a given particle meetsptetely new ones, corresponding
to complete mixing or mean-field models. For our flocking madehe relevant, intermediate range, say
0.003 < v < 0.3, the actual value ob turns out not to affect the behaviour. So as long as the vdlue o
v IS moderate, its value does not matter: it is not a relevardrpater either. There is one more symbol
above, the amplitude of the noise< 1 < 2m, which is indeed one of the relevant parameters. The second
relevant parameter is a bit hidden: it is the average dep$iparticles,p. Finally we have the system size:
either the number of particle¥ or the sidel of the 2D box (the two are related by= N/L?), which does
matter but we will strive to see everything in the thermodyi@imit N — oc.

(plots come here)

We see that for some values of the parameters the partigestiaé direction of their velocities globally,
creating an ordered phase, while for other values there ggal@al order either because each particle moves
randomly or there are small coherent groups but these am@nahated with each other. To quantify this
order, we define the order parameter as the average vela@tytlte whole system normalised byor to
follow our sources Vicsek et.al. we take the absolute value:
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As the parameters are varied, in the — oo limit & changes from nonzero to zero value. On the
ordered (nonzero) side we see power law scaling:
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This system is not an equilibrium system, the phase transisi purely due to kinetic effects; this is an
example of kinetic phase transitions.

It turns out that like for many other continuous phase ttanss, the order parameter, which is now
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function of two parameter®(n, p), can in fact be written as a scaling function of as singlealae:

= n ~ (1—-u)?, ifu<l1
Mmm_®<m@0’ mm~{0 ifu>1

With the help of the scaling function we can now look at thdisgaexponentss and 3’. For fixedn
and varyingp, we defineds’ as® ~ (p — pc(n))ﬁ'. Denotinge = p — p.(n):
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so we have shown that = ', despite the original different numerical estimates.

There is current ongoing research (as of 2010-2011) on thardics of flocks of starlings in Italy. The
current understanding is that while the above model is a gtarting point, real birds don’t really consider
a fixed radius neighborhood, but instead watch a fixed humbaeeighbors and keep them oriented by
trying to maintain relative angles between them fixed.
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