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Stochastic Processes

Problem sheet 1

1.1 Let A, B,C4,...,C, C Q be events in a probability spa€esuch thatC; N C; = 0 for all
1#£ ] andU C; = Q. Using the law of total probability, show that
=1
P(A|B) =Y P(A|BNC)P(Ci|B). [2]

i=1

1.2 A dice is rolled repeatedly. Which of the following are Markov chains?
For those that are, supply the state space and the transition matrix.
(a) The largest numbekX,, shown up to thexth roll.
(b) The numberV,, of sixes inn rolls.
(c) Attime n, the timeB,, since the most recent six. [3]
(d)* Attime n, the timeC,, until the next six.

1.3 Let Z = (Z,, : n € N) be a branching process, defined recursively by
Zo=1, Zy1=X{"+...+Xz foralln>0,

where theX € N are iidrv's denoting the offspring of individuuin generatiom.

(a) Consider a geometric offspring distributioff* ~ Geo(p), i.e.
pe=PXI=k)=(1-p)p*, pe(0,1).
Compute the probability generating functi6i(s) = >, prst as well asE(X!) and
Var(X!).
SketchG(s) for (at least) three (wisely chosen) valuespadind compute the probability
of extinction as a function gj.

(b) Consider a Poisson offspring distributioff* ~ Poi()\), i.e.
k

A
pk:P(Xi":k):ﬁe”\, A>0.
Repeat the same analysis as in (a). [5]
(c)* For geometric offspring witlp = 1/2, show thatG,,(s) = ”;f’f;llls and compute

P(Z, = 0). If T is the (random) time of extinction, what is its distribution and its
expected value?
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