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Sliding Windows model

Elements arrive In a stream:

e © © © ¢ © .« ¢

We are interested in last W elements

Design algorithm that use small memory
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General frameworks

Elements arrive In a stream:

e & © © ¢ © . «

Two main frameworks:

e exponential histograms [DGIMO1]

® smooth histograms [BOO7]
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General frameworks

Elements arrive In a stream:

e © © © © @ . ¢«

Two main frameworks:

e exponential histograms [DGIMO1]

“‘weakly additive” functions with composable sketches

® smooth histograms [BOO7]

(cr, B)-smooth functions
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Smooth histograms

(ar, B)-smooth functions
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(1-08)f(A)<f(B) = (1—-a)f(AUC) < f(BUC) for 0<p<a<l
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Smooth histograms

(ar, B)-smooth functions
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(1-/8)f(A)<f(B) = (1—-a)f(AUC) < f(BUC) for 0<p<ax<l

If there is a streaming algorithm using space g to estimate f than there is a s.w.

algorithm that computes an « approximation using space o0 (%(g—l—logn) logn>
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Smooth histograms

(ar, B)-smooth functions
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(1-/8)f(A)<f(B) = (1—-a)f(AUC) < f(BUC) for 0<p<ax<l

If there is a streaming algorithm using space g to estimate f than there is a s.w.

algorithm that computes an « approximation using space o0 (%(g—l—logn) logn>

It can also be extended to €-approximation if € < 1/4
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Smooth histograms

(ar, B)-smooth functions
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(1-/8)f(A)<f(B) = (1—-a)f(AUC) < f(BUC) for 0<p<ax<l

If there is a streaming algorithm using space g to estimate f tlhan there is a s.w.
algorithm that computes an « approximation using space o0 (E(g—l—logn) logn>
It can also be extended to €-approximation if € < 1/4

Algorithms for Lp—norms, frequency moments, geometric mean,...
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Limitations

Not all the functions have (1 + €)-approximation

Not all the functions are smooth
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Limitations

Not all the functions have (1 + €)-approximation

Submodular Optimization

Not all the functions are smooth
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Limitations

Not all the functions have (1 + €)-approximation

Submodular Optimization
Not all the functions are smooth

k-centers, diameter
k-median, k-means
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Limitations

Not all the functions have (1 + €)-approximation

Submodular Optimization [CNZ16,ELVZ17]
Not all the functions are smooth

k-centers, diameter [CSS16]
k-median, k-means [BLLM16]
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Limitations

Not all the functions have (1 + €)-approximation

Submodular Optimization [CNZ16,ELVZ17]
Not all the functions are smooth

k-centers, diameter [CSS16]
k-median, k-means [BLLM16]

Can we find a framework for optimization?
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A Framework for
Optimization
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Main idea

e © © © ¢ © .« ¢

Instead of characterize functions for which we have s.w. algorithms,
we focus on sketch properties
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Suffix composability

f be a monotone function and Z be
a sketch function. CemmmmmmEEmaa,

-
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Suffix composability

f be a monotone function and Z be

a sketch function.
c"' ‘1"""""";',':.’ PR T
Ky 2? *'s"c s‘
'\s o .s’o O ¢ O',:"l‘ B ’c
Y .."'- -"::' ""-... ,v"
We say that Z is («, 3)-suffix composable "*+=....ll772252%¢ -

if there exist a function h: Z X Z Xt — Z
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Suffix composability

f be a monotone function and Z be

a sketch function. ~eeeeeealLL
“¢¢ “'..-\"-'...!::’ PPL AL I8 .
.0 0 O @ s
., A At et B L
We say that Z is (v, §)-suffix composable **+ia..ilzz77z2223%%7  TTedher

if there exist a function h: Z X Z Xt — Z

VA, A*, B either

f(Z(A)) > BOPT(A' U B)

f(h(Z(A), Z(B),t)) > aOPT(A" U B)
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, 5)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min a,ﬂ approximation using space O | sz log %
1+« Z 1+e m

Proof

A€ {ym, (1 + e€)ym, (1 + €)?*ym, ...}
Z(Ax)
Z(B»)

e ¢ O 6 6 ¢ ¢ ¢ ¢
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz lo %
"1 1oc Z g1—|—€ rm
Proof
A e {ym, (14 €e)ym, (1 +€)*ym,...}
Z(Ax) < Z(0)

Z(Bx)<« Z(0)

=g SR
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

A e {ym, (14 €e)ym, (1 +€)*ym,...}
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

M

min | « ﬂ approximation using space O | sz log —
"1+€ 4 1€ Ym

Proof
A€ {ym, (1 + e€)ym, (1 + €)?*ym, ...}
if f(Z(ByU{z})) <A
Z(By) < Z(ByU{z}))
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof
A€ {ym, (1 + e€)ym, (1 + €)?*ym, ...}
if f(Z(ByU{z})) <A
Z(By) < Z(ByU{z}))

else

©e © ¢ @ : @
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

A e {ym, (14 €e)ym, (1 +€)*ym,...}

Z(A)\) Z(BA)
—— e, N
¢ O ¢ O ©
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, 5)-sufﬁx composable. Then there is a s.w. algorithm that computes a

M

min | «, ﬂ approximation using space O | sz log —
1+e€ 4 1€ Ym

Proof
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Let A* be the largest A\ for which Ay« C W

Z(Ax=) Z (B~ )
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Let A* be the largest A\ for which Ay« C W

v

OPT we are done
1+ €

If f(Z(Ax+)) =

Z(Ax=) Z (B~ )
——l e
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT

v

OPT we are done
1+ €

If f(Z(Ax+)) =

@ 6 6 ¢ ¢ ¢
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT

Z(Ax) Z(Bx)
T ——T—
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT

f(Z(Ax)) <N < BOPT = f(MZ(Ax),Z(Bx),t)) > aOPT

Z(Ax) Z(Bx)
T ——T—

@ 6 6 ¢ ¢ ¢
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT

Z(Ax) Z(By)
e e —
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT
f(Z(Bx)) = vOPT

Z(Ax) Z(By)
e e —
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT
YyOPT < f(Z(By)) < XN <~vBOPT

Z(Ax) Z(Bx)
— N —
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Maximization framework

Lemma
f be a monotone function and Z be a ~y-approximating sketch function, such that
Zis (a, B)-sufﬁx composable. Then there is a s.w. algorithm that computes a

min | o ﬂ approximation using space O | sz log %
= Iy Z 1+e€ m

Proof

Otherwise consider the next A , \' < vBOPT
YyOPT < f(Z(By)) < XN <~vBOPT contradiction

Z(Ax) Z(Bx)
— N —
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General framework

Maximization Minimization
f be a monotone function f be a d-monotone function
X'CX = f(X)> f(X) X' CX = 0f(X) > f(X')
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General framework

Maximization Minimization
f be a monotone function f be a d-monotone function
X'CX = f(X)> f(X) X' CX = 0f(X) > f(X')
Z is (a, B)-suffix composable Z is («, [3)-suffix composable
either: If:
f(Z(A)) > BOPT (A" U B) f(Z(A)) < (1+ B)SOPT(A* U B)
or: then:
F(M(Z(A), Z(B),t)) > «OPT(A' UB) | f(h(Z(A),Z(B),t)) < (1 + a)OPT(A" U B)
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General framework

Maximization Minimization
f be a monotone function f be a d-monotone function
X'CX = f(X)> f(X) X' CX = 0f(X) > f(X')
Z is (a, B)-suffix composable Z is («, [3)-suffix composable
either: If:
f(Z(A)) > BOPT (A" U B) f(Z(A)) < (1+ B)SOPT(A* U B)
or: then:
F(M(Z(A), Z(B),t)) > «OPT(A' UB) | f(h(Z(A),Z(B),t)) < (1 + a)OPT(A" U B)

We get sliding windows algorithms
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General framework

Problem Space Approx
Sub. Optimization O(k log n) 1/3 — €
Diversity max. O(k) v/5 — €
s 0w ow
k-center O(k) 24 + ¢
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General framework

Problem Space Approx

Sub. Optimization O(k log n) 1/3 — €
Diversity max. O(k) v/5 — €
rsdnl g ou)
k-center O(k) 24 + ¢
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Applications
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Submodular Optimization

Maximization

f be a monotone function

X'CX = f(X)> f(X')

Z is (a, B)-suffix composable

either:

f(Z(A)) > BOPT(A' U B)

or.
f(h(Z(A), Z(B),t)) > aOPT(A' U B)
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Submodular Optimization

Maximization

f be a monotone function Monotone by definition

X'CX = f(X)> f(X)

Z is (a, B)-suffix composable

either:

f(Z(A)) > BOPT(A' U B)

or.
f(h(Z(A), Z(B),t)) > aOPT(A' U B)
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Submodular Optimization

Maximization

f be a monotone function Monotone by definition

X'CX = f(X)> f(X)

Z is (a, B)-suffix composable Let h(Z(A),Z(B),t) = Z(B)

either:

f(Z(A)) > BOPT(A' U B)

or.
f(h(Z(A), Z(B),t)) > aOPT(A' U B)
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Submodular Optimization

Maximization

f be a monotone function Monotone by definition

X'CX = f(X)> f(X')

Z is (a, B)-suffix composable Let h(Z(A),Z(B),t) = Z(B)
either:
f(Z(A)) > BOPT(A"U B) f(Z(B)) =z yOPT(B)

f(h(Z(A), Z(B),t)) > aOPT(A' U B)
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Submodular Optimization

Maximization

f be a monotone function Monotone by definition

X'CX = f(X)> f(X')

Z is (a, B)-suffix composable Let h(Z(A),Z(B),t) = Z(B)
either:

f(Z(A)) > BOPT(A"U B) f(Z(B)) 2 vOPT(B)

or: > v(OPT(A"UB) — OPT(A"))

f(h(Z(A), Z(B),t)) > aOPT(A' U B)
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Submodular Optimization

Maximization

f be a monotone function Monotone by definition

X'CX = f(X)> f(X)

Z is (a, B)-suffix composable Let h(Z(A),Z(B),t) = Z(B)
either:

f(Z(A)) > BOPT(A"U B) f(Z(B)) 2 vOPT(B)

or: > v(OPT(A"UB) — OPT(A"))

f(M(Z(A), Z(B),t)) > «OPT(A" U B) > ~(OPT(A' U B) — OPT(A))
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k-median

Minimization
f be a d-monotone function

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable
If:
f(Z(A)) < (1+ B)OOPT(A' U B)

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
f be a d-monotone function J -monotone function

X' CX = 0f(X) > f(X") e,

Z is (a, 3)-suffix composable
If: .
f(Z(A)) < (14 B)SOPT(A' U B) O

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
f be a d-monotone function Meyerson sketch

X' CX = 0f(X) > f(X')

(¥ ©
Z is (a, 3)-suffix composable ¢ . ©
2 o
if: OO N
F(Z(A)) < (1+ B)SOPT(A' U B) ¢ © ¢
C © ¢
then: ¢

F(WZ(A), Z(B), 1)) < (1 + a)OPT(A* U B)
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k-median

Minimization
f be a d-monotone function Meyerson sketch

X' CX = 0f(X) > f(X')

(¥ ©
Z is (a, 3)-suffix composable ¢ . ©
2 o
if: 00 N
F(Z(A)) < (1+ B)SOPT(A' U B) ¢ © ¢
C © ¢
then: ¢

F(WZ(A), Z(B), 1)) < (1 + a)OPT(A* U B)

The O(k) points have 2 properties:

® mapping has cost O(OPT
e weighted instance has cost O(OPT)
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k-median

Minimization
f be a d-monotone function Meyerson sketch

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable y
1
f(Z(A4)) < (1+ B)SOPT(A" U B)

then:
F(M(Z(A), Z(B). 1)) < (1+ a)OPT(A' U B)

The O(k) points have 2 properties:

® mapping has cost O(OPT
e weighted instance has cost O(OPT)
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k-median

Minimization
f be a d-monotone function

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable
If:
f(Z(A)) < (1+ B)OOPT(A' U B)

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)

Meyerson sketch

w=3

The O(k) points have 2 properties:
® mapping has cost O(OPT
® weighted instance has cost

(OPT)
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k-median

Minimization
f be a d-monotone function Meyerson sketch

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable o
If: ...

f(Z(A)) < (14 B)SOPT(A" U B) e

then: w:5 w:4 .......

F(W(Z(A), Z(B),1)) < (1 + a)OPT(A* U B)

Now suppose Z(A)is a Meyerson sketch,
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k-median

Minimization
f be a d-monotone function Meyerson sketch

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable o
If: ...

f(Z(A)) < (14 B)SOPT(A" U B) e

then: w:5 w:4 .......

F(W(Z(A), Z(B),1)) < (1 + a)OPT(A* U B)

Now suppose Z(A)is a Meyerson sketch,

a good sketch for A’ is Z(A) with
updated weights.
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k-median

Minimization

f be a d-monotone function Meyerson sketch

X' CX = 0f(X) > f(X')

w=3

Z is (a, 3)-suffix composable

12
f(Z(A)) < (1+ B)0OPT(A" U B) p i =
then: w:5 w:4 ........

F(W(Z(A), Z(B),1)) < (1 + a)OPT(A* U B)

Now suppose Z(A)is a Meyerson sketch,
a good sketch for A’ is Z(A) with
updated weights.

We can keep track using log;_ . W buckets
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k-median

Minimization
f be a d-monotone function J -monotone function

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable
If:
f(Z(A)) < (1+ B)OOPT(A' U B)

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
f be a d-monotone function J -monotone function

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable h(Z(A), Z(B),t) = Z(A") U Z(B)
If:
f(Z(A)) < (14 B)SOPT(A' U B)

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
f be a d-monotone function J -monotone function

X' CX = 0f(X) > f(X')

Z is («a, [)-suffix composable h(Z(A),Z(B),t) = Z(At) J Z(B)
if:
f(Z(A)) < (1+ B)SOPT(A*UB) | f(h(Z(A), Z(B),t)) = f(Z(A") U Z(B))

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
f be a 0-monotone function 0 -monotone function

X CX — O0f(X) > f(X’)
Z is (a, B)-suffix composable h(Z(A),Z(B),t) = Z(At) J Z(B)

if:
f(Z(A)) < (1+B)SOPT(A*UB) | f(h(Z(A),Z(B),t)) = f(Z(A") U Z(B))

then:
f(h(Z(A), Z(B),1)) < (1 +a)OPT(A' U B) < O(OPT) + O(f(Z(A))) + O(f(2(B)))
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Conclusions
and
future works
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Conclusions

» New framework for optimization

p Better results for maximization

p Better results for minimization
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Future works

p Can we recover k-center result?

» Can we apply the framework to other problems?

» Can we simplify the framework?
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k-median

Minimization
f be a d-monotone function e
® . ®
X'CX — 6f(X) > f(X') .

Z is (a, 3)-suffix composable
If:
f(Z(A)) < (1+ B)OOPT(A' U B)

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
f be a d-monotone function /! o

X' CX = 0f(X) > f(X')

Z is (a, 3)-suffix composable
If:
f(Z(A)) < (1+ B)OOPT(A' U B)

then:
f(h(Z(A),Z(B),t)) < (1+a)OPT(A*UB)
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k-median

Minimization
@
f be a d-monotone function /! /o
®
X' CX = 0f(X) > f(X')
{ ® .\.

Z is (a, 3)-suffix composable

if:

f(Z(A)) < (14 B)SOPT(A' U B)

then: <
F(MZ(A), Z(B),t)) < (1 +a)OPT(A* U B) .
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k-median

Minimization
®
J be a d-monotone function /! /o
@
X'CX = 6f(X) > f(X) \
{ . ® e
Z is («, [3)-suffix composable ‘ o
|f CTTTTITIT :’.‘o’.’:..«
f(Z(A)) < (1+B)SOPT(A* U B) ‘‘‘‘‘‘ .
then: , ““““
F(MZ(A), Z(B),t)) < (1 +a)OPT(A* U B) @
TTTTTTTTTTT < S Prrnnnannnnas <« + »r
S Pasesnnnannns A« |+ P <
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k-median

Minimization
®
f be a d-monotone function /! /o
@
X' CX = 0f(X) > f(X')
i [ .\.
®
Z is (a, 3)-suffix composable “4"
If Pranenannnn :’.‘.{.’:...4
f(Z(A)) < (1+ B)SOPT(A' U B) T
then: i‘,“ .......
F(h(Z(A), Z(B),t)) < (1 4+ a)OPT(A* U B) @
TTTTTTTTTTT < S Prrnnnannnnas <« + »r
S Pasesnnnannns A« |+ P <
S D prarans C + D penennnnnn, 4
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