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In the field of synthetic biology, theoretical frameworks and software tools are now available that allow
control systems represented as chemical reaction networks to be translated directly into nucleic acid-
based chemistry, and hence implement embedded control circuitry for biomolecular processes. However,
the development of tools for analysing the robustness of such controllers is still in its infancy. An inter-
esting feature of such control circuits is that, although the transfer function of a linear system can be
easily implemented via a chemical network of catalysis, degradation and annihilation reactions, this
introduces additional nonlinear dynamics, due to the annihilation kinetics. We exemplify this problem
for a dynamical biomolecular feedback system, and demonstrate how the structured singular value (1)
analysis framework can be extended to rigorously analyse the robustness of this class of system. We show
that parametric uncertainty in the system affects the location of its equilibrium, and that this must be
taken into account in the analysis. We also show that the parameterisation of the system can be scaled
for experimental feasibility without affecting its robustness properties, and that a statistical analysis via
Monte Carlo simulation fails to uncover the worst-case uncertainty combination found by p-analysis.
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1. Introduction

With the recent increase in the scope and industrial poten-
tial of synthetic control systems for biochemical processes, it is
appealing to try to exploit the long-established tools and tech-
niques of linear control theory for the synthesis and analysis of
biomolecular controllers. This goal requires the development of
molecular circuits that are suitable for different biological con-
texts, and are capable of implementing analog computations [1]
or the frequency descriptions underlying [2] linear feedback. With
their extensive computational capabilities [3,4], chemical reaction
networks (CRNs) provide a convenient representation for imple-
menting elementary arithmetic operations [5] or the computation
of polynomials [6], using any chemical system with mass-action
kinetics. They also provide an appropriate level of abstraction for
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designing complex circuits [7], and integrating the different ele-
ments necessary to build linear feedback control systems [8].

One challenge in the representation of linear negative feedback
control in this context is the positivity of the CRNs, where the sub-
traction modules are usually one sided [5,9], and compute only the
positive control error. An alternative is the adoption of CRNs for
dual-rail computation [8,10], to extend the signals into the real
domain and enable negative control errors. Another challenge in
terms of implementation is retroactivity, where the CRNs must
preserve the modularity of the elementary CRNs when intercon-
nected, either through insulation devices [11] or by design [12]. The
methodology from [8] facilitates the implementation of embedded
synthetic controllers due to the fact that linear operations (e.g.,
integration, sum, gain, etc) can be implemented with networks
of elementary chemical reactions, i.e. catalysis, degradation and
annihilation. Also, each signal in the system is represented as the
difference between two species concentrations, employing dual-
rail computations that yield a two-sided subtraction. This approach
was exploited and extended in [13] to define configurable primi-
tives, which can then be combined to realise any transfer function.
The resulting CRNs can then be mapped into chemistry based on
deoxyribonucleic acid (DNA) strands, through programmable DNA
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strand displacement (DSD) reactions [14,15]. The sequence design
of DNA species provides a mechanism to tag species and program
the affinities in each reaction [16,17]. It preserves modularity and
can be scaled up to a very large number of chemical species [18].
The available mapping between transfer functions, CRNs and DSD
reactions makes straighforward the use of classical control the-
ory in the synthesis and implementation of biomolecular control
systems, [8,17,19,20].

A significant complicating factor with the above approach is
that even if the starting point is a prescribed linear system, the
corresponding CRN representation introduces annihilation reac-
tions whose dynamics are nonlinear [21]. These reactions typically
operate on much faster time-scales than the rest of the system,
and are used to keep the concentrations of the different chemical
species required to a minimum. The mass action kinetics of these
reactions introduce nonlinear dynamics, which are not observed
in the I/O linear system, but are essential in determining its inter-
nal stability and positive equilibrium. In this work, we consider the
impact of these issues on the analysis of the robust stability prop-
erties of a prototype biomolecular reference tracking controller
for a single-input/single-output (SISO) dynamical process. Using
its CRN representation, we express the dynamics of the system in
their positive natural coordinates - species concentrations - where
the nonlinear dynamics are observable. In the stability analysis, we
must account for inevitable uncertainty in the values of the reac-
tion rates actually implemented in the biochemical network [22].
Our approach is similar to [23], where the nonlinear dynamics in
the presence of real parameteric uncertainties are analysed locally,
and a stability margin is defined and numerically computed for the
linearisation around an equilibrium of the system. We show how a
rigorous analysis of the robust stability properties of the controller
can be carried out using the structured singular value (SSV or )
framework [24,25].

The dynamics are linearised around a fixed point, at the equilib-
rium of the system, to represent the uncertain system with a Linear
Fractional Transformation (LFT) [26]. The fixed point can change
with parameteric variation, and the movement of the equilibrium
[27] with the uncertainty is included in the LFT. In our case, we
do not have an analytical solution for this dependency, and the
equilibrium variation is approximated by a function which can be
represented as an LFT. The u framework can then be applied to the
LFT representation of the uncertain system, e.g., [28] applies the
SSV with the LFT description to assess how far the system is from
bifurcation, and to compute boundaries on the eigenvalues of the
uncertain system. In this work, we use the SSV to obtain a stabil-
ity margin, which tells us how much the uncertain parameters can
vary before losing closed-loop stability, and allows us to identify the
smallest level of uncertainty (and corresponding parameterisation)
which destabilises the controller.

The value of developing a rigorous theoretical framework
for this analysis is demonstrated by the failure of a standard
Monte Carlo simulation campaign to find the worst-case uncer-
tainty combination for our example system. Finally, we discuss
the applicability of our results to implementations using DSD
reactions. CRN-based representations of feedback systems can
be unfeasible when mapped into DNA chemistry, since large
species concentrations deplete auxiliary DNA fuel species, and
even assuming as in [13] that these are replenished, there are
physical limits on the rates and concentrations that are achiev-
able. This is addressed in [14] by scaling the magnitude of the
concentrations and the response time of the network to ensure
a feasible DNA implementation. We show here that robustness
results for our CRN representation also hold when the system
is subsequently scaled for implementation in nucleic acid-based
chemistry.

Fig. 1. Closed loop system with second order transfer function.

2. CRN representation of a linear system

A CRN is composed of a set of reactions of chemical species X;,
where the chemical reaction can be approximated by sets of Ordi-
nary Differential Equations (ODE) using mass action kinetics [29],
i.e.

a X1+ (12X2—y>bX3 = X3 = b)/x‘lllxgz @)

The variations in concentration x; of each species X; depend on
the product of the concentrations, the power of the stoichiometric
coefficients a; and b, and the rate y.

If we take as an example the second order plant with a zero
shown in Fig. 1

. kq S+ kg + ks
vo= o (Co ) ue 2)

the first step is to obtain a chemical reaction network with matching
dynamics. For this case, take the set of catalysis and degradation
reactions

K K

Pa=>D4 + D5 , Ps—30 (3)
k. k

P5—>D5 + D6  Pe— 1 (4)
¥ % Y,

P5—Ds + D7, P6—D6 + D7, P79 (5)

where ¢ represents degraded or inactive species. Using (1) and
applying the Laplace transform, we can write

Ps(s) = k(s + k)~ Pa(s) (6)
P(s) = ka(s + k)" Ps(s) (7)

Assuming timescale separation (as in the analysis of ¥ — oo in
[8]), the species p7 is considered to be at quasi-steady state

p7 =¥Ps +¥ps — ¥P7 ~ 0= p7 ¥ ps + pe (8)

The time scale separation of (5) sets P;(s) as the sum of the previous
transfer functions and

) pa= B o o)

Py(s)= (1 4
0= (1+ 5%
From the CRN we recover the SISO transfer function where the zero
depends on the reaction rates k3 and k4, and the poles result from
the two degradation reaction rates k, and ks.

2.1. Input-output linear system

The concentrations of species in the dynamics of the CRN
(3)-(5) are limited to nonnegative values, when in general we
need the state to be real with p; € R. For a feedback with a
Proportional-Integration controller as in Fig. 1, we need to rep-
resent negative and positive errors p;. This limitation is overcome
with the dual rail representation in [8] and the methodology in [13],
which can express any SISO transfer function as a CRN.

In the dual rail decomposition [8], each signal is split into

two contributions pj :x]fr —x]?, where xj+ and xjf are chemical
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species concentrations. The CRN for x* is then used to define an
Input-Output (I/O) linear system G(s) such that for Fig. 1 we have

=y ) =Gs)(r* =) (10)
For our plant CRN (3)-(5), we define the dual sets of reactions as

ki 4 ko

XF =Xy + X5, XE30 (11)
tkg o o 1k3 12
X5 —>Xz +x6,x6—>VJ (12)
+ ¥ 4+ + ¥t + 7

Xz =Xz + X3, Xg =>Xe + X7, X7 >0 (13)
x5 +x0 e, xt +x22g, xF x5 00 (14)
5 5 v A6 6 v A7 7

With the superscript notation x*, we simultaneously represent
reactions for both x* and x~ where

xtExt oyt K
o xESxE 4yt (15)
K

X7—€>X_ -‘ry_

The parameters y and 7 are the rates for the auxiliary reactions of
catalysis, degradation, and annihilation as defined in [8].

The remaining linear operations in the feedback loop can be
found in literature (see e.g., [8,17,30]). The CRN for the two-sided
subtraction in signal py =r—y=r—py is

rEL +x7, x?—]ix; +x7 (16)
Y _
X0, X7 +x; >0 (17)

The CRN for the gain p, = kpp1 is:

aVKkp ot 4 +Y, + -1
X=X X, X550, X3 X, —>0 (18)

For the integration p3 = k;p; we have
Xt x Xt +x; 50 (19)
17% 3 3 T3

and finally the summation p4 =p; +ps3 is set with:

v v

X5 X5 +X3, X3>X3 + X5 (20)
Y o

Xf—)@, X1+X4—>Q) (21)

Using (1), the complete set of ODEs is

=yt kg (22)
X5 = ykpxy — x5 — XXy (23)
x5 =kixy — X33 (24)
X =vo+ys—vG S, (25)
xT = kixg — koxi —XIXg (26)
X5 = kaxz — k3x3 —xExg (27)
M=V VG -G X (28)

Finally, applying the transformations p; = xj+ X andr=r"—r-,

we get the I/O linear dynamics p; = 5(j+ - )kj‘

p=App +Bpr (29)

withp:[m p7]TeR7X1.reR,and
-y 0 0 0 0 0 —y]
ykp —y 0 O 0 0 0
k 0 0 0 O 0 O
A=| 0 y y -y 0o 0o o], B,FL)V]
0 0 0 ki -k, 0 0 o1
0 0 0 0 k4 —k3 0
L0 0 0 O y Yy 7]

This linear state space represents the I/O linear response from r
to the outputs p;, and it contains additional dynamics besides the
controller and the plant, introduced by the CRN representations of
the algebraic operations.

However, the approximation to the feedback loop transfer func-
tion improves with the assumption of timescale separation of the
dynamics for the linear operators, i.e., if the auxiliary reaction rates
y — oo [8], some of the signals are at quasi-steady state

p1 &~ T —Dp7, P2 ~ kpp1, P4 ~ P2 + P3, P7 ~ P5 + D6 (30)

and the remaining dynamics correspond to the initial SISO system

p3 ~ kipq (31)
Ps ~ ki1pg — kaps (32)
Pe ~ kaps — k3pg (33)

3. Nonlinear model of the CRN

The linear system in (29) represents only the dynamics between
the input signal r and the signals p;, and the contribution from
the nonlinear terms are removed when we compute p; = x;’ - kj‘.
Hence, the impact of the bimolecular annihilation reactions in the
dynamics is not observable in the /O linear system.

To analyse the complete dynamics of the concentrations in the
CRN, we define instead the input vector r = [rT r*]T and the state
vector X > 0 such that

.
xy] = * (34)

_ [yt
x=[x] .

.
XN X

We can use the Hadamard element-wise product o and a permu-
tation matrix P to express the bimolecular terms, and compact the
ODEs into

X = AX + Br — n(PX) o x (35)
0 I
where P = [1 O].

In its natural coordinates xji the dynamics result in a posi-

tive system [31], and contains nonlinearities. Furthermore, the I/O
dynamics assumes that the representation of the signals p; depends
only on xj+ orx;” at each instant, as a result of very fast annihilation

reactions xj+ + xj‘—”m. However, for a finite reaction rate 7, the sys-
tem can have a positive equilibrium in which both dual species xjf
and x; coexist.

The dynamics (31)-(33) also depend on the assumption that
kj+ = kj‘ and y;“ =V In the nonlinear model, we consider a pos-
sible mismatch between the dual rates and consider independent
rates for each reaction with

+ +

¥ ¥
xji$xji +xE, xji$® (36)
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Fig. 2. Transformation from the non-negative natural coordinates xji on the left, to
the new coordinates on the right with p; = xj+ - X and g; = xj+ +x The invariant
space of the trajectories changes from the positive octant on the left to the cone
on the right, where trajectories projected on the ordinate are not restricted to be
non-negative p; € R,and g; € R;.

O
XESXE X, XS (37)

We account for the separate rates with the decomposition

AL An 0 By

where the submatrices are

A1i1:
Ty 0 0 0 0 0 0]
(vakp)* -y 0 0 0 0 0
kK 0 0 0 0 0 0
0 Ye v: v O 0 0
0 0 0 Kk k¥ 0 0
0o 0 0 0 ki k¥ o0
L0 0 00w v Vi
N O1x6 Zi
A = =
O6x6 06><1 O6x1

3.1. I/0 and nonlinear dynamics

The connections between the I/O linear system and the non-
linear dynamics can be seen more clearly with the change of
coordinates

W I -
P|_ ’ X= x = Wx (38)
q W, I 1
such that p=x* —x~ and q=X" +Xx", see Fig. 2. This transformation
is a global diffeomorphism [32], it is continuously differentiable,

its Jacobian is non-singular ¥x € R2N, and limx e || WX || =c0. The
dynamics in these rotated coordinates are given by

p 0
Pl Lovaw” 4 wer+ 2
q 2 2 |pop—qoq

Ri1 Ri2 W, 0
= [p} + P Br + i { } (39)
Ry Ry | L4 W, PoP-qoq

with

Rii= 0.5 (A}, +A7;) - 0.5 (Af, +A;)
Ry = ( 1+A11)+0.5( 2+A12)
Riz= 05 (A, - A7) -0 (4, - A7)
Ry = o.s(A“—Al—l)+05(A -Ap)

The coordinates p correspond to the states of the /O dynamics,
and the change of coordinates reveals the underlying dynamics q,
which are not observed in (29).

Let us first consider the nominal case, when A; = Aj; = Aji and
Blﬂ =B}, = B11.In this case we recover the linear system (29) with
Ap = W,AW] and B,r = W,,Br. We have also that Ry =Ry; =0, the
I/O dynamics are independent of q, and
4 =Rynq+By (r*+r’)+g(pop—qoq) (40)
The system (40) is non-negative, and it can be shown that it is
bounded. The former derives from the system in the natural coor-
dinates which is non-negative: x>0, r>0, B > 0, and A is Metzler
(off-diagonal elements are nonnegative [31]). Since A is Metzler,
then Aq1, A1 and Ryy = Aqq + Aqz are also Metzler. Hence, the sys-
tem is nonnegative, because for a coordinate at the edge of the
octant Rf, i.e. gj=0, it results that q].2 =0andg; > 0.

To conclude boundedness, consider the Lyapunov function
V=3"q; (Vg=0:V>0), and the dynamics q=Ryq—Jqoq+v,

v>0.Then
> [Ra2q]; - g quz + Zvj

V=>4 =
n 2
< IR22qll1 - jl\‘ﬂlz + Vi1

< VNIRxzl21al2 = J1a13 + IV

V<0= (gIIQHz - WnRzznz) lall2 > Ivily

i1
= lqll; > ~/7||R22||2+*7

n lal2

For the unforced response, it is enough that ||q|, > %mllezllz to

have V < 0. Even in the presence of a positive input v, there is
always a q large enough so that V < 0.

This shows that the trajectories q are bounded for bounded
inputs r and p, and can be limited by increasing the reaction rate 7.
Hence, with the nominal parameterisation the unobserved nonlin-
ear dynamics do not pose a problem for the CRN representation of
the I/O linear dynamics.

However, in general, the parameterisation of the CRN will be
affected by variability in the reaction rates, causing mismatches
between the submatrices of A and B. The crossed terms become
Ri2 # 0, Ry1 # 0, and create a feedback loop between the linear
and nonlinear dynamics. This motivates the inclusion of the non-
linear dynamics in the stability analysis, since a stable Ry; does not
guarantee the stability of the coupled nonlinear dynamics (39).

3.2. Linearisation and local stability

Both Lyapunov’s indirect method and robustness stability anal-
ysis provide a local result around the equilibrium of the system. We
choose the equilibrium of the unforced non-linear dynamics, for a
null input r° = 0. We define then x° as the solution to

AX® — nPx% o x? = 0 & AX? = nPx% o x° (41)
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It is noteworthy that, from (41), we have at equilibrium

Af X0 + ALXO = AL X0 + A7 X0 = x0+ o x0

- —\ 0 + + ) 0 (42)
= (An _A12)x o= (An _A12)x "
and half of the equilibrium vector is constrained by
_ _ -1
X0 = (A —Ay) (A AR X (43)

For a constant perturbation input re=r—r°=r, the perturbation
trajectories around the equilibrium x° are defined as X.=x—x9,
with
aie &Lk
T odr T7F

=% = A(X"+xe) =1 (Px?+Pxe) o (X% +Xc) + Bre

= Ax0 — nPx9 o x0 + Ax, + Br,

(44)
=1 (PX® o Xe + PXe 0 X0 + PXe o Xe)
= AXe—1 (PXOOX9+PXe OXO) + Bre — nPXe o Xe
- (A+n]{x0})xe+Bre — nPXe o Xe
where
J{x°} = —diag {Px"} — diag {x°} P (45)
di 0— di 0+
. iag {x } iag {x } (46)

diag {x-} diag {x°*}

Linearising the perturbation model around its equilibrium at the
origin X2 = 0 we then have

s=(A+n {x°})s+Bre (47)

Even if A is not Hurwitz, the linearisation can still be stable if x° > 0.

The linearisation relies on the solution to the equilibrium con-
dition (41) subject to the constraint (43), which is not trivial to
solve. For the robust stability analysis we need to compute at least
the equilibrium for the nominal parameterisation X°. We have seen
that for that case, we only need to ensure that by design the nomi-
nal I/O dynamics are stable, to have a stable nonlinear system. We
can then find X° by integrating the nominal dynamics withr=0 and
X(0) > 0. The constraint (43) is respected with O =%

Since we wish to verify the robustness results by checking the
local stability with Lyapunov’s indirect method, we may need to
linearise the dynamics around unstable equilibria, which cannot
be found by integrating the dynamics (35). We are able to circum-
vent this difficulty by defining new dynamics based on the rotated
coordinates, where the dynamics for p are replaced by their steady
state solution as a function of q with p® = —R;R12q°. We then
obtain the reduced model

Cc= (R22 - Rz]RI}R]z) C

(48)

+g (R;}Rlzc) o (RI;Rlzc) - gCOC

which can be integrated to find the equilibrium ¢, with ¢(0) =
2%%*. These constrained dynamics share the same equilibrium as
the rotated dynamics, but the feedback interconnection with the I/O
dynamics is replaced with a static matrix. The rotated equilibrium
is then given by q°=c® and p® = —R;/Ry2c®. The equilibrium in
natural coordinates is finally recovered with x0+ =q° + p°.

x10°°

TELTTIITILITITR E| r=prt —7p

— it

L e

-1t ; T ; ; 1
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——Output y

2E i ] i i i e
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x10®
e = —a
_10f . T2
2 8f . 7y
4 6f ] zi
4r Ty
2t . g
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5 x10° . . . . .
E —_—D1
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T —D3
+a Pa
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T2 . . - - pr
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Fig. 3. Nominal time response of the reference input r and the tracking output y.
The reference signal r=r" —r~ is such that only one of the r* components exist at
each given time at steady state, resulting in the ideal sequence of reference steps.
The concentrations xii converge to a positive equilibrium even if r*=0, and the
differences between the dual concentrations represent the state of the I/O linear
dynamics p;.

3.3. Uncertainty and equilibrium model

The implementation of the CRNs is limited by the predictability
of the affinities in the biomolecular network [33]. This leads to vari-
ability on the reaction rates and uncertainty in the implemented
network. Moreover, in the case of the nonlinear system (35), the
equilibrium moves depending on the parameterisation [27]. Hence,
the linearisation depends on the uncertainty both through A and x°.

Since we do not have an analytical solution for the equilibrium
we cannot express explicitly this dependency in the linearised sys-
tem. Instead, we model the equilibrium variation as an approximate
function of the uncertain state matrix and the nominal conditions.

Let us define the nominal matrix A, where there is no uncer-
tainty and Af, = A}, = A1, A, =A}, = A2, and B, = By, = B1.
The nominal equilibrium %° is then defined such that

AR —pPx’ox® =0 (49)

Lemma
If the variation in the equilibrium e = x0 — X° is small with |)'<]‘.)| >

lejl, then the equilibrium x? can be approximated by
R _oyy\ -1+
2= —(A+n {x°}) AX° (50)

Proof
From the equilibrium condition

0=Ax"— 7P (x° +e) o (X’ +e) (51)
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Fig.4. The uncertainties in the matrices of the CRN dynamics A and B are aggregated
into the SSV M-A structure. Below are the sparsities of the M structure of matrices
A (with 30 uncertainties) and B (with 2).

We extend the nonlinear product into

0= Ax® -7 (Px’ce+x%cPe) —nPx’ oX’ —nPece =

(52)
0= Ax0+n/{x°}e—nPx’ X’ —nPeoce
With small relative variations in the equilibrium \)’(JQ\ > |ej|, then
|P)'(0 o )'(°| > |Pe o e| and

0~ AX® + ) {x°} e — yPx’ o X° (53)
Replacing e = x0 — x° we get

0~ AX? +f {x°} X0 —J {X°} X0 - Px’ o X° (54)
= A+ {x°}) X0~ ) {x°} X%+ nPx 0 X° (55)
Furthermore,

J {X°} X%+ nPx’ 0 X° = —27Px’ 0 X° + nPX’ 0 X° (56)
= -nPx’ X’ = —AX° (57)

Since A + nJ {)'(O} is always invertible, we arrive at the defined esti-

mator X°. O
The analysis including the moving equilibrium (ME) uses the
linearised dynamics with

s (A+n]{)‘(°})s+8re (58)

The definition in (50) respects the constraint

2% = (A7, —Ay) 7 (Af —A) R™ (59)
avoiding the introduction of conservatism with respect to (43).
However, the use of this model is limited by the assumption of
small variations in the equilibrium. The fitting error should be
checked since for higher uncertainty intervals, the assumption may
be invalid.

4. Robust stability analysis

For the simulation and analysis, the nominal parameterisation
isky=ky=0.015"1,k3=0.0163s"1, k;=0.185s"! for the plant, and
k;=0.01s"1, kp=0.53 for the controller. The auxiliary rates were
set at y=10 x k4=1.85s"1, faster than the remaining dynamics,
and the annihilation rate at 7 = 5 x 10° (Ms) ™, as in [8]. The time
response of the nominal system in Fig. 3 shows the I/O system signal
y tracking the reference input r. A positive initial condition x;(0) >0

causes the concentrations to converge and remain in the nominal
operating equilibrium even if r*=0.

4.1. p-analysis

The structured singular value (SSV) framework, or p-analysis,
is an established validation method for uncertain LTI systems rep-
resenting the infinite family of G(s, A) [25]. The structure of A is
typically a block diagonal of real and normalised uncertainties such
that |A| <1, and u is defined as the inverse of the minimum possi-
ble value of A that destabilises the system [24,26]. The value of i is
approximated by upper and lower bounds, and if the upper-bound
of 1/ <1 for all frequencies, then G(s, A) is robust to all possible
parameterisations.

We used Matlab™ and the Robust Control Toolbox™ [34], to
build and manipulate the uncertain systems, and the u bounds
are computed with the function robstab and its default options.
To build the uncertain systems, each reaction rate is set as an
ureal object with a multiplicative real variation,e.g.,§; € R : y;r =

Z8 (l + 8y+> .This results in a total of 32 uncertain rates, which are
1

set as the elements of the uncertain matrices A and B used to build
the uncertain state space (uss object), Fig. 4.
The robustness analysis is carried for |A|<7%, with:

¢ a) a linearisation around a fixed equilibrium (FE), using the nomi-
nal equilibrium (A+nJ {X°});
® b) a linearisation around the moving equilibrium (ME) using the

estimation (A +n/ {)‘(0})

The linearisation around a FE results in a Ag matrix 32 x 32,
with diagonal real uncertainties, where each uncertainty occurs
only once. In the linearisation with ME, the moving equilibrium %°

is computed with (50) and used to build J £° L. The matrix AME

also results real and diagonal, but becomes 452 x 452, where each
uncertainty occurs 15 times (except for yli which are not used in )‘(0,
and therefore occur only once). The structures can be represented
by:

AFE = {diag [51,52, ey 532] . 8,’ € R}
Ay = {dlag [81,52, S83l1s, ..., 8321]5] 16 € R}

where 15 is the 15 x 15 identity matrix. The structures of matrix
M(s) for the LFTs in both cases are detailed in Fig. 5. They show
clearly the increase in size but also complexity of the LFT in the ME
case, where Dq"’]E is composed of diagonals coupling all uncertain-
ties.

Fig. 6 shows the normalised distributions of the equilibrium
for 10,000 sampled systems and confirms a movement of 20% to
50% due to uncertainty. For each sample, the true equilibrium x° is
compared with its estimation %% in Fig. 7, showing a small relative
difference to the nominal equilibrium.

The bounds for p are shown in Fig. 8 and indicate that the lin-
earisation around the fixed nominal equilibrium (FE) is marginally
stable, with stability assured only up to |A|=6.763%. It identified
a worst-case uncertainty combination at ’AFE| = 9.037% which
results in a pair of imaginary poles —9.7 x 10~14 +0.034064i. The
bounds are lower for the p-analysis with the moving equilibrium
model (58), and the linearisation is robust up to |A|=7.016%. The
minimum destabilising ‘AME| = 9.720% is also higher than with a
FE, and results in the pair of poles 7.102 x 10-1> £ 0.038551i.

Thus, using the moving equilibrium model includes more effects
of the uncertainty in the linearisation, hence reducing conservatism
in the analysis.
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Fig. 5. Structure of the matrix M in the M-A decomposition for both of the analysed cases FE (left) and ME (right). The LFT for ME is much larger, and the uncertainties are

coupled through D},

4.2. Verification with the nonlinear system

We carried out a Monte Carlo campaign for a variability in
the reaction rates of |Apc|=10%, where all elements of A and
B were scattered 10,000 times. For each parameter vector, the
equilibrium is solved using (48) and the local stability is checked
using the linearised system (47). All the sampled parameterisa-
tions in this Monte Carlo campaign resulted in stable closed-loop
systems, with the eigenvalues closest to the imaginary axis at
—0.00237686 4+ 0.0325045i.

We also performed an iterative search for a destabilising param-
eterisation, where for each level of |A|, 212 out of 232 possible
vertices of the parameter space are randomly selected and eval-
uated for stability. The magnitude of the uncertainty |A| is updated
heuristically, and in total, 34,144 cases were evaluated. The his-
tory of tested magnitudes |A| and the number of simulations for

each value of } A| is presented in Fig. 9. The minimum destabilising

amplitude was found at |Ajr| = 11.118%.

Thus, both Monte Carlo simulation and a brute-force vertices
search suggest the system is robust for uncertainty levels up to 10%.
This contradicts the destabilising levels of uncertainty identified
with the u bounds, which are now verified directly with the nonlin-
ear system. For each set of destabilising parameters, the dynamics
are linearised around their true equilibrium, and the respective
poles are compared in Table 1.

Table 1

Verification of destabilising parameterisations with the nonlinear system: eigen-
values of the linearisation around the true equilibrium for each identified
parameterisation.

RS with £° (k)
| Ame|=9.720%

RS with x° (k)
| Ape| =9.037%

Vertice search
}A,T| =11.118%

—0.001073 +0.03361i +1.916 x 10-° +£0.03855i +3.399 x 10> +0.03242i
—2.296+0.2353i —2.224+0.2435i —2.261+0.2204i

—2.268 —2.196 —2.265

-1.92+0.3411i —1.795+0.3598i —1.866 +0.3149i

—1.718 £ 0.2867i —1.652+0.2821i —1.66 £0.253i

—1.44 -1.344 -1.4

—0.1403 —0.1486 -0.1311

—0.07358 —0.08013 —0.07016

—0.03283 —0.03356 —0.02978

—0.02103 —0.02551 —0.02375

The unstable parameterisation found with the FE actually results
in astable system. Instead of poles on the imaginary axis, the critical
poles around true equilibrium are stable at —0.001073 £ 0.03361i.
On the other hand, the unstable linearisation with the ME does
correspond to an unstable nonlinear system with poles close to
the imaginary axis at +1.916 x 1076 +0.03855i, again confirming
that use of the ME more accurately captures the impact of the



N.M.G. Paulino et al. / Journal of Process Control 78 (2019) 34-44 41

500 i
0

50 i
0

0.8 1 B 1.4 0.8 0.9 1 11 12 1.3 1.4
a0 3,0 20~ /5,0
SOOt - :| SOOt ‘ :|
0 0
0.8 1 12 1.4 0.8 1 12 1.4
mg+/f20+ mg_ /x_zo,
500[ - ] 500[ - ]
0 0
0.6 0.8 1 1.2 1.4 1.6 0.6 0.8 | 12 14 16
$g+/m—30+ xg; /530,
500 . I 50 i
0 0
0.7 0.8 0.9 1 11 12 13 0.8 1 § P-4 1.4
0+ /= O 0— /= 0—
xy " Ty xy [Ty
500[ - ] 500[ — ]
0 0
0.8 0.9 01 011 12 0.8 0.9 01 (;1 g B 13
+ /= 0+ - /70—
xy "[T5 xy [T
500 i 501 i
0 0
0.7 0.8 0.9 o 1 1.1 12 13 0.8 0.9 01 1 1) 12 13 1.4
+ /= O+ — /= 0
g /T TG /T

500[ - ]
0

o8 03 4 w112 18

+ /= 0+

zy &

Fig. 6. Distribution of the elements of the moving equilibrium xj@’, for the 10,000

500[ -I ]
0

08 09 1 w1 12 13
Lon
xy~ [ &

uncertainty samples. The deviations with respect to nominal equilibrium values 2)9

are +20% to +50%.

o Nominal x"*
Equilibrium x
Estimation

«  Error x%% — %0*

04
20+

0.8 09 10 3.1
;[T

Fig. 7. Comparison between the approximation and the numerically determined
element j of the equilibrium, for each of 10,000 samples. In yellow are the true
equilibria x°, in blue are the approximated equilibria )‘(0, and in red are the approx-
imation errors. The axes are normalised by the nominal equilibrium values, hence
the nominal value of each elementx; is mapped into coordinates (1, 1).

1
0.9
0.8
0.7
3
g
206
2
3
B
= 05¢F —
——1/p bounds with ME %°
1 /1 bounds with FE x°
04T | Limit for robustness
—— Worst case from vertices search
0.3
02 ]

10 10 10 10”
Frequency (rad/s)

Fig. 8. Comparison of ; bounds with fixed (FE) and moving equilibria (ME). The
bounds are lower for the ME case, which includes the equilibrium variation in the
linearisation.

4500 ——— —— 0.145
4000 0.14
3500
% 0.135
&
E _ 3000 =
L; g 013 E
B & 2500 z]'
E 8 0.125
3 = k=]
2000 5]
o =3
2R 012 8
g 1500 =
=
Z 0.115

1000

500 [ 0.11

0 0.105

1 2 3 4 5 6 7 8 9 10 11 12 13 14
iteration number

Fig. 9. History of simulations per iteration in the search of a minimum destabilising
bound, and the history of tested levels of A.

uncertainties on the system, including loss of stability. Further-
more, the unstable parameterisation identified with the ME model
isinside the parameter space covered in the Monte Carlo campaign,
showing that analysis based on sampling methods can be unreliable
since there is no guarantee of complete coverage of the uncertainty
space.

5. Robustness levels are independent of scaling for
feasibility of DNA implementation

So far we have focused on the analysis of the CRN representation
of the biomolecular control system, without addressing the imple-
mentation using DSD reactions, which has its own challenges. In
particular, there is a physical limit for the bimolecular rate n, which
is usually set close to the maximum hybridisation rate around
106 (Ms)~1[33,35]. This, together with limits in concentrations, can
impose constraints incompatible with the parameterisation of the
CRN.

5.1. Scaling for feasibility with DNA chemistry

For the cases where the parameterisation of the CRN is not feasi-
ble for animplementation with DSD reactions, the procedurein|[14]
scales down the parameters to obtain feasible reaction rates and an
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accurate representation of the CRN. It exploits the fact pointed out
in [14] that, if z(t) is a solution to the ODEs of the CRN, then given
two scalars a, b > 0, the function bz( %t) is also a solution to the ODEs,
where the unimolecular rates y; are scaled by a1, the bimolecular
rate n by a~1b~1, and the concentrations get scaled by b.

Let us define a basis dynamics
. dz

Z,E:Azz-i-BZr—nszOz (60)

with a bimolecular reaction n;, and the unimolecular reaction rates
in the network are the elements of A,. Define z° as the equilibrium
solution of A,z0 =1,Pz° - 29, where z° depends only on 1, 1A;. Now
define the scaled version of the system with x=bz(t) where 7 = %t.
The scaled dynamics result

o dx _dzdr
Tdt T Udrdt

WithA=a~'A;, B=a"'B;, ) = Jn;, this results in

a bz (61)

a~'bz=a"'bA,z+a 'bB,r —a 'bn,Pzoz (62)
=Xx=a'A;pz+a 'B,br—a 'bn,Pzoz (63)
=a 'A;x+a 'B;br —a b 15,Pxox (64)
= AX + Bbr — nPxox (65)

For the scaled solution, we must also scale the input with br. If the
unimolecular rates are not scaled (a=1) then b only scales the con-
centrations of the system, without changing the poles and response
time of the system.

Fig. 10 compares the time response of the system for scalings
thatresultin very large concentrations (a=0.01, 7 =0.5),and in very
low concentrations (a=100, n=>5 x108). If we reverse the scaling in
the axes of time and concentrations, the time histories are identical.

Scaling the dynamics A=a~!A;, the equilibrium solutions hold
if X0 = bz0:

A,2° = ,Pz° 0 2° = ab~'Ax® = b~21},Px° o X° (66)
= AX® = 2 px0 o x0 — px0 o X°. (67)
ab
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Fig. 10. Time histories of the scaled output and concentrations for two examples
with opposite values of b=(an)~' =200 and b=(an)!' =2 x10~'1. The time is scaled
by a~! to adjust for the change in dynamics speed. The concentrations are scaled by
b1, and the reference input is scaled in both cases b~'r=5 x10-4 [M].

The dynamics of the perturbation z. =z — z° are given by

ze = (A +n2) {2°}) Ze + Bre — n:PZe o Ze (68)
and its linearisation around the equilibrium z° is given by

h= (A, — n.diag {Pz°} — n,diag {z°} P) h + B,r. (69)
= (Az‘l’nzj {zo})h+le‘e (70)

Defining the scaled perturbation X, = b (z - ZO) and linearisation
s=bh, then § = a~'bh with

a~'bh=a"'b (A; + nJ {z°}) h+a 'bBr. (71)
=3s=a" (A +nJ {2°})s+a 'B;br. (72)
=a ' (aA+nz] {b7'x°}) s+ Bbre (73)
= (A+nJ {x°})s+Bbr, (74)

While the concentrations of the input are scaled by b, the state
matrix is scaled directly in the new matrix A and the new
equilibrium x°. For a fixed b, the poles of the linearisation are scaled
by a1 changing the timescale of the system dynamics without
scaling the concentrations.

5.2. Robustness of scaled parameterisations

If the nonlinear dynamics (60) is locally robustly stable, is the
scaled system (65) also robustly stable? We now show how the
scaling procedure does not affect the robust stability, and the
robustness of the original CRN is preserved in the scaled CRNs.

In terms of stability, if (AZ + 1z {ZO}) is Hurwitz, then the
scaled matrix a~! (AZ +14 {ZO}) = (A +nJ {xo}) is also Hurwitz.
This means that if the system is locally stable at z° then the scaled
system is locally stable at x°. If h is stable for any |A|<1, then
a! (A; +nzJ {2°}) is Hurwitz for any | A| < 1. Hence, if h is robust
then $ is also robust, independent of the scaling used.

Consider A; as the nominal dynamics of the original system, with
the nominal equilibrium solution z°. The same properties hold by
scaling the estimator of the moving equilibrium with %0 = b2

b2 = —b(Az 0 {i"})_lﬁzi" (75)
~(A+na {20})712220 (76)
—(a+n {20})_17«# _%° (77)

Hence, the results still apply if we replace the equilibria x° and z°
with their estimations ®° and 2°.

In Fig. 11, the robust stability was investigated for the same sys-
tem, but scaling the dynamics with a and the equilibrium with
n. The bounds for both ME and FE are in general very similar,
apart from the shift in frequency due to a. With ME, for very small
b=1/(an) <5 x1078, the upper bound does change. However, this
may be due to numerical issues in the computation of ]{)'(0}, with
the very small values of X° in Fig. 12. Any numerical discrepancies
are then amplified by a large  and the computation of the inversion
(A+n] {XO})_1 in the estimator £°.

Nevertheless, the destabilising |Ajr| in Fig. 13, found by testing
the vertices of the parameter space, are comparable for all com-
binations of the scaling. This suggests there are no changes to the
upper bounds, including the numerically difficult ones.

This invariance to scaling means that the robustness results with
z are applicable for any scaled system X, and decouples the design
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and analysis of the CRN from the scaled parameters used for imple-
mentation. In fact, scaling can be used to avoid numerical issues,
by carrying out the controller design and performing the robust-
ness analysis with possibly unfeasible but numerically balanced
parameterisations, before finally scaling the systems appropriately
for DSD implementation.
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Fig. 13. Destabilising | Arr| found for variations on scaling parameters a~'y;, a~1k;
and 7. They are close for every variation of parameters, including for (an)~'=b<10-7
(in red).

6. Conclusions

We have demonstrated how robust stability analysis based
on the structured singular value technique can be applied to the
CRN representation of a biomolecular linear feedback system. We
showed thatit s critical to address the nonlinearities resulting from
the use of chemical reactions, and to operate within the natural
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coordinates of the CRN, accounting for the positivity of the system
and the movement of its equilibrium due to uncertainty.

Our results indicate that it is possible to provide highly accurate
guarantees on robustness for such systems by applying w-analysis
on the linearisation of the nonlinear dynamics. Although the use of
p-analysis around a fixed equilibrium is computationally cheaper,
it provides a conservative uncertainty bound, thus underestimat-
ing the level of uncertainty for which the closed-loop system
remains stable. Improving the linearisation model with a mov-
ing equilibrium produced robustness results that showed better
agreement with the behaviour of the nonlinear system. Use of
formal robustness analysis methods based on u was shown to
provide more reliable results than sampling-based methods such
as Monte Carlo campaigns and testing vertices of the parameter
space.

Finally, we showed how the analysis of the CRN can be
decoupled from the parameterisation used to ensure a feasible
implementation using nucleic acid-based chemistry, since existing
scaling procedures preserve the robustness of the original CRN.
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