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section 4 on the Hilbert transform were not lectured, and are not examinable.
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responsibility for which is mine alone and no reflection on José’s excellent lectures. Any
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include the version number and date given below.

David McCormick, University of Warwick, Coventry
Version 0.1 of January 17, 2011

Edition History

Version 0.1 January 17, 2011 Initial release for proofreading.






Contents
Preface
Introduction

1 Fourier Series
1.1 Basic Definitions and the Dirichlet Kernel . . . . . . . .. ... ... ..
1.2 Convergence and Divergence . . . . . . . .. ... ...
1.3 Good Kernelsand PDEs . . . . . . . . .. .. ... ... ... ...
1.4 Cesaro Summation and the Fejér Kernel . . . . . . . ... ... ... ..
1.5 Abel Summation and the Poisson Kernel . . . . . . . ... ... .. ...

2 Fourier Transform
2.1 Definition and Basic Properties . . . . . . . .. ... ... ... ...
2.2 Schwartz Space and the Fourier Transform . . . . . . ... ... ... ..
2.3 Extending the Fourier Transform to LP(R™) . . . .. .. ... ... ...
24 Kernelsand PDEs . . . . . .. ... ...
2.5 Approximations to the Identity . . . . . . .. ... ...
2.6 Weak LP Spaces . . . . . . . . . .
2.7 Maximal Functions and Almost Everywhere Convergence . . . . . . . ..
2.8 The Lebesgue Differentiation Theorem™ . . . . . . . . ... ... ... ..

3 Distribution Theory
3.1 Weak Derivatives . . . . . . . . . . . ...
3.2 Distributions: Basic Definitions . . . . . . . ... ... ... L.
3.3 Distributional Derivatives and Products . . . . . . ... ... ... ...
3.4 Distributions of Compact Support, Tensor Products and Convolutions . .
3.5 Fourier Transform of Tempered Distributions®* . . . . .. ... ... ...
3.6 Sobolev Spaces™ . . . . . ...

3.7 Fundamental Solutions . . . . . . . . . ..
4 Hilbert Transform*

References

11
20
21
26

31
31
35
40
47
52
27
63
71

73
73
75
79
81
81
81
81

83

85






Introduction

Just over two hundred years ago, Joseph Fourier revolutionised the world of mathematics
by writing down a solution to the heat equation by means of decomposing a function into
a sum of sines and cosines. The need to understand these so-called Fourier series gave
birth to analysis as we know it today: what’s amazing is that the process of understanding
Fourier series goes on, and Fourier analysis is still a fruitful area of research.

In this course we aim to give an introduction to the classical theory of Fourier analysis.
There are four chapters, which cover Fourier series, the Fourier transform, distribution
theory, and the Hilbert transform respectively. (Note that the starred sections are not
examinable in 2010/2011.)

Some of the principal questions which serve as motivation for the study of Fourier
analysis are as follows:

Fourier Series Let f:[0,21] — R be a 27-periodic function, and let its n'" Fourier

coefficient be given by
1 2

fln) == — e~ dy.
fln) = o i f(y) y
Can you recover f as Zﬁ;f N f (n)e™®? 1If so, how does it converge, and under what
conditions?

Fourier Transform Let f: R — R be any function, and define its Fourier transform

f:R—)(be
1 [t

J) = [ fla)e i da.

T o o

How, if possible, can we rebuild f from f? Does T f(z) := [*°° f(s)x(-nn(s)e™™ ds
converge to f(z)? If so, how does it converge, and under what conditions? Whether Ty f
converges or not depends on the dimension; C. Fefferman won a Fields medal for that
discovery.

Distributions In order to study Fourier series and Fourier transforms in full generality,
we will need tools from the theory of distributions. For example, if we try and take the
Fourier transform of f(x) = ¢, we get that

. 1 too
f(y) / ezxe—zym d{L‘7

:% N

so that f(y) = 0 for y # 0, and f(0) = 400, but in such a way that Jan f(y)dy = 1.
Such an f isn’t really a function: we thus need to generalise the notion of function to a
distribution.

Hilbert Transform The central ideas of this course are all linked by the Hilbert trans-

form: o ()
Hf(x):p.v./ —dy

—0 TTY
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which uses techniques from complex analysis, Fourier series, singular integrals, and PDEs
(the solution of the Laplacian). Let us now show — heuristically! — how T, f is related to
the Hilbert transform H f introduced above:

+oo N )
= / fy) (/ ey ds) dy by Fubini
—00 —N

+oo 1 (s |V .

- w I dy ety
+o0o

1 / f(y) (eiN(:v—y) . e—iN(w—y)) d

U ) o T—Y

:2/+stinN(x—y)dy

2 o LY

= 2H(f)

for some modification f of f. So as N — oo for T f, the result is linked to H f; that is,
the convergence of Ty f and H is linked!

Y

Books

The sections on Fourier series, the Fourier transform and the Hilbert transform are based
on the book of Duoandikoetxea [Duo], while the section on distribution theory is based
on the book of Friedlander and Joshi [Fri&Jos]. Both books are readable yet clear intro-
ductions to the subject.

For an introduction to Fourier series, Fourier transforms and their applications to
differential equations, the books of Folland [Fol] and Stein and Shakarchi [Ste&Sha] are
pitched below the level of the course and will be useful as background reading.

For further reading in Fourier analysis, the books of Grafakos [GraCl] and [GraMo]
are comprehensive yet very readable, and are highly recommended; alternatively, the
classic books by Stein [SteHA] and [SteSI] are excellent reference works. For background
in the functional analysis and distribution theory involved, Rudin’s book [Rud] is a nice
introduction to the subject (which includes topological vector spaces), while Yosida’s
book [Yos] is a comprehensive reference, though it is perhaps a little outdated now.



1 Fourier Series

1.1 Basic Definitions and the Dirichlet Kernel

We will consider Fourier series on T := R/27Z; that is, a function f: T — R is a
27m-periodic function on R (or on [—7, 7] depending on your point of view). It will be
convenient to abuse notation at various points and consider the domain of such functions
to be [0, 27] or [—m, ] or similar, as appropriate. We also define C(T) to be the set of
continuous functions on [—7, 7] which are 2r-periodic, L'(T) to be the set of L' functions
on [—m,m] which are 27-periodic, and so on.

Definition 1.1 (Fourier coefficients). Given f: T — R, define the n' Fourier coefficient

by
1 [7 ;
- iy .
5 | Ty

Define the basis functions e, (z) := €™®. Then the e, are orthogonal with respect to
the L? inner product: for f,g € L*(T) define their inner product by

um:fﬂmmw

A

fn) = 5- U

that is, f(n) is the proejction of f onto e,,. A
From this, we note that f is naturally defined when f € L*(T), but that f also makes
sense when f € L?(T). Furthermore, since |e=™¥| < 1, we have

We thus observe that

Fn)] < %ufnﬂ.

Theorem 1.2 (Riemann-Lebesgue lemma). If f € L*(T), then |f(n)| — 0 as n — +oc.

Proof. For a € R, we define f,(x) := f(x — a). Its Fourier coefficient is given by

1 2w

faln) = — fa( )™ dy

We now let z = y — a; the limits of integration do not change as f is 2m-periodic, so we

obtain:
/ f —in z+a

7’LTL(1 1

- 2T 27r f<) dz

_ ).




—ina

Now, choose a = w/n. Then e = —1; for such a, we have

21 )] = () — e ()
= |fn)  fulm)
|5 [ s o [T r - aeay

Note that a — 0 as n — +o00.
If f € C°(T), then | f(y)— f(y—Z)| — 0 for every y € [0, 27]. Hence by the Dominated
Convergence Theorem,

2w
lim |f(y) = fly—a)|dy = 0.
n—-+o0o 0
In general if f € L'(T), there exists g € C°(T) N L'(T) such that || f — g|[z: < /2. Take
K large enough so that |§(k)| < /2 whenever |k| > K; then

() < [F (k) — g(k)| + 19(k)] < If — gl +§ <e O

The fundamental question is whether we can recover f as a Fourier series. Define

Snf(x)= > flk)e™.

k=—N

Is it true that Sy f(z) — f(z) as N — oo? In general, that is far too much to hope for.
For certain kinds of f convergence is assured; but we will see that some functions f are
so weird that Sy f(x) diverges for every z € T!

In order to study the convergence of Fourier series, it will be helpful to rewrite Sy f
as a particular kind of integral known as a convolution. Notice that

N
Snf(x)= Y fk)e*
k=—N
N 1 T
_ 1 —ik ik
= k;N o /;Wf(y)e Ydye

_1 [ - ik(z—y)
—%/_Wf(y)k:z]v@ dy
— 5 | FWDx -y

1
= — D
27Tf* N,

10



where Dy (t) = Z;ng:_ ~ €# is the Dirichlet kernel. Here f* g means the convolution of f
and g, which is defined as

2w 2w

fxg(r) = fWg(x—y)dy = / flz —y)g(y) dy.
0 chapgslof 0

The Dirichlet kernel is a somewhat awkward sum; the following result shows that we can
reduce it to a single quotient of sines:

N . 1

: sin(N + 3)x

Lemma 1.3. Dy(z) := g ek = M
k=—N

: X
S1n 3
Proof. We compute:
N
Dy(z) = E e'ke
k=—N
2N
— e—iNx E :6ik:r:
k=0
N 1— ei(2N+1)J}
=e ' xﬁ using the geometric series formula
—e

e—iNx _ ei(N—l-l)m

1—e
e~ i N+3)z _ oi(N+5)z
= Ry, multiplying top and bottom by e
e~w/2 —e
e—i(N-s-%)m_ei(N-s-%)m
2
e—ir/2_piz/2
2
. 1
sin(N + 3)z

th T
Sln2

—iz/2

Before we move on, let us observe that

s s N
Dn(y)dy = etV dy = 2r.
N

-7 T

1.2 Convergence and Divergence

Using the Dirichlet kernel, we can go on to prove results about when the Fourier series
Sy f converges to f. The first three results rely only on the Riemann—Lebesgue lemma
and do not require any more complicated results.

Theorem 1.4 (Convergence of Sy f is local). Let f € L*(T). Suppose that f is 0 in a
neighbourhood of x; that is, there exists 6 > 0 such that f(y) =0 for ally € (x—3§,x+9).
Then Sy f(z) — 0.

11



This result is significant in that while f (n) depends on the values of f globally — that
is, to calculate f(n) we need to know f everywhere — the convergence of Sy f(x) only
depends on a local neighbourhood of .

Proof. We compute:

Sxf() = 5= [ ) Dn(e —y)dy
= o [ st nDat)ay
= (e =) Dx(y) dy
T J=m,m\[-6,0]
1 flz —y)

= — . sin(N + 1)y dy.
27 Jimmi\l-60) S0 G ’

Now, y — % is an L' function on S := [—7, 7] \ [—4, ], so
2
1 7r f({E _ y) ei(N+%)y _ 6*’L'(N+%)y
S = dy.
W =5 [ xs iy . y
11 7 [z —y) iy/2 iNy 11 /" fle—y) _ypm
- i iNY Qo — — — iy/2 zNyd )
272 )XW sm? YT or2 - xsy) smy - © Y
Setting g(y) := Xg(y)%eiy/z, and h(y) := Xg(y)%e_iy/z, we see that the two terms
2 2
are nothing but Fourier coefficients of g and h, so that
1 .
S f(2) = 5=6(~N) = h(N) =0
by the Riemann-Lebesgue lemma. O]

The next result represents pretty much the minimal hypotheses you need to ensure
that Sy f(x) converges to f(z):

Theorem 1.5 (Dini’s convergence theorem). Let f € L'(T). Suppose that there exists
0 > 0 such that
/ f(l’—t)—f(w)’
It| <5 t
Then Sy f(x) — f(x).

Recall that if f € C!, then

dt < +o0.

t—0 t

exists and is bounded for all x; in which case, taking § = m,

/ fla—1t) - f(z)
[t|<m

; dt S 27T||f/||Loo < +00.

12



Proof of theorem 1.5. We compute
Sf(e) = £0)] = |5 [ o= nDxdn - 5 [ 1@Dx0) 1)

_| L [ fa—y) - fl) i, Yl
B 27r/ ly (N 2)ysin(y/2) dy‘
4 T flr—y)— flx) |y oW/20iNY _ ,—iy/2,~iNy
T ( )@

f r—Yy)— (I) |y| iy/2 iNy
(3 1 d
o 2‘/ |y| sin(y/2)” ¢ %Y

5w
_ T fle—y) - flx) |yl —iy/2 —iNy '
L= e o)

=:h(y)

27r

To complete the proof, it suffices to show that g, h € L'(T). For g (noting that |g| = |hl,

we need that
/’r [flz—y) = fl@)] |yl
- i | sin(y/2)

We split the integral into the regions Where ly| < 6, and ¢ < |y| < 7, as in the previous

| /2| dy < 4o0.

proof. For § < |y| < m, we have that m < M, so
[f @z —y) = @) iy
e dy < M [f(z —y) — fl2)|dy < 2M|| f]| 1.

/5<|y<7r | sin(y/2)] s<lyl<m
For |y| < &, we observe that % < 2, so that

[ Mep IOy, [ ED S g,

ly| <5 Y] | sin(y/2)| ly| <o |yl

by assumption. O]

Observe that for Dini’s theorem to hold, it is in fact enough to have that there exist
constants R > 0, a € (0,1] and C' > 0 such that whenever |y| < R, we have

|fx —y) — fy)| < Cly|™.

Such functions are called a-Hélder continuous. (The definition of a-Holder continuous is
often stated without the restriction that |z — y| < R; the R is strictly only needed when
the domain is non-compact.) Note that if f € C'(T), then f is automatically 1-Holder
(also known as Lipschitz).

The next theorem tells us that if f is of bounded variation — loosely speaking, if f
does not oscillate too much — then Sy f(x) converges to the average of the left and right
limits of f at x:

13



Theorem 1.6 (Jordan’s criterion). Let f € L'(T) be of bounded variation. Then

[T+ f=7)
5 ,

where f(x%) = lmy, o+ f(z+ h), and f(z7) = limy,_o+ f(z — h).

Snf(z) —

Indeed, the theorem holds (and the same proof works) if f is only BV in a neighbour-
hood of z.

To prove Jordan’s criterion, we first recall some facts about BV functions. Recall that
f: [a,b] = R is of bounded variation if

Sup{2|f(tl)—f(t,_1)| a=tg <t < <tpoq <tn:b,n€N} < +00.

Recall that the total variation of f is defined to be

x) ::sup{Z]f(xj)—f(xj_lﬂ:a:x0<x1<---<xn:x}

where the sup is taken over all partitions of [a, b]. Thus, f is of bounded variation on |a, b]
if and only if 7(z) is bounded on [a,b]. Furthermore, given any function f € BV([a, b]),
we may write

Fl) = S(Ty(w) + F(2) — 5Ty (x) — F(2);

observe that f(z) := (Ty(z) + f(z)) and f~(x) := L(T}(z) — f(z)) are both monotone
increasing functions. That is, a function is of bounded variation if and only if it is the
difference of two monotone increasing functions.

We also recall the mean value formula for integrals:

Lemma 1.7 (Mean value formula for integrals). Let ¢: [a,b] — R be continuous and let
h: [a,b] — R be monotone. Then there exists ¢ € (a,b) such that

’ é(x)h(z)dz = h(b") ’ ¢(x) dz + h(a®) C o(z) dz
/ / /

With this in hand, we now proceed to the proof of Jordan’s criterion:

Proof of theorem 1.6. As Dy(y) is even, we can rewrite

1 s

Py (f(x —y)+ f(z +y))Dn(y) dy.

SNf / f.%’— DN )d

As every BV function f is the difference of two monotonic functions, it suffices to show

that ( +)
1 (7 g(0
— D d
5 9(y)Dn(y) dy — 5

14



as N — oo, where g is monotone, since then we can take g(y) = f(z + y) and g(y) =
f(z —y) to complete the result. Define g(y) = g(y) — g(07); notice that

L [m. g(0™)
il D T
o 9(y)Dn(y) dy — i 0
if and only if
1 T
o [ (9(y) = 9(0"))Dy(y)dy — 0
™ Jo
if and only if
I 9(0%)
— D LA
o . 9(y)Dn(y) dy — 5

as 5= [ Dn(y) = 3. Thus, without loss of generality, suppose that g(0") = 0 and that g
is monotone increasing. We now use lemma 1.7 to prove that

1 s
— D d 0
5 | 9w Dnly)dy —
as N — 00. As g(0") = 0, for every € > 0 there exists § > 0 such that g(z) < € whenever
x < 4. Then

17 I 1 ("

Py g(y)DN(y)dyZ% g(y)DN(y)dwa% g(y)Dn(y) dy.
0 £ Jo A

Now

L™ gy 1 (™ g(y) _ X
L= — N d - N+ Yy d 0
T on /5 sin(y/2) sin(N + 3)y dy = o sin(y/Z)Xw’ psin(N + 3)ydy —

€Lt

as N — oo, by the Riemann-Lebesgue lemma. By the mean value formula above, taking
h = g and ¢ = Dy, we have that there exists C' € (0,0) such that

:—/ DN dy—g /DN d

< —5 sup/ Dn(y

2m ¢,0,N

As long as the sup is finite, we can send € — 0 and we are done, so:

5 5 5 o 1
. 1 1 sin(N + 3)y
D ydy‘— smN—l—ly[, — }dy'%—/—Qdy’
. o] = | oy o | s = ¢ WP
M .
< K; +2sup / sinfy) dyl|,
M>0|Jo Yy
which is bounded independent of ¢, § and N. This completes the proof. O

15



Dini’s theorem and Jordan’s criterion may lead one to think that getting a Fourier
series to converge is relatively easy. Unfortunately, it is not. du Bois Reymond showed
in 1873 that even if f is continuous, it is possible for the Fourier series to diverge at a
point.

Theorem 1.8 (du Bois Reymond, 1873). There exists a continuous function f: T — R
for which Sy f(x) diverges for at least one x.

Taking such an f from this theorem, and assuming (without loss of generality) that
Snf(0) diverges, we can, by enumerating the rational numbers as (r,)nen, construct a
function g(z) = > 7, w whose Fourier series diverges at every rational point.

To prove du Bois Reymond’s theorem, we need the uniform boundedness principle

from functional analysis:

Lemma 1.9 (Uniform boundedness principle). If X is a normed vector space and Y is
a Banach space, and T, : X — Y 1is a collection of bounded linear maps for each o € A
(where A is any index set, not necessarily countable), then either

(i) supaep [[Tallop < 00, or
(1) there exists x € X such that sup,c, [|[Tax|ly = +00.

Proof of theorem 1.8. Let X = C(T), Y = C, and consider the maps T : C(T) — C for
N € N given by

Tl = 5500) = o [ FW)Dx()dy

sin(N—i—%

(where we have used the fact that Dy is even). As Dy(y) = iy /2)y has finitely many

| 9(y) = sen(Dy (y))

is a measurable (but not continuous) function. We would like to consider

1 ™
— D dy;
5= | Ipvlay

indeed, the definition of T makes sense for any f € L!, whence we have that

Ly :=1Tn(g) =

I Tnf| = |SnfO)| < Lyl fllze~

and hence that ||Ty||op < Ly. (We have bounded the operator norm of Ty as an operator
from L}(T) — C, and used the fact that restriction never increases the norm.) Clearly
by using g we can see that the operator norm of Ty as an operator from L!'(T) — C
should be exactly Ly; as g is not continuous, we use the fact that continuous functions
are dense to see that, given & > 0 there exists an h € C°(T) such that

1 K

p h(y)Dn(y)dy > Ly — €.
’/T —17r

Hence the operator norm of Tn: C(T) — Cis ||Tn||op = Ln-

16



By the uniform boundedness principle, either Ly < K for some K < oo and alln € N,
or there exists f € C(T) such that limsupy_, . |Tnf| = +oo. We wish to exclude the
first possibility to show that there is a function f such that Sy f(0) diverges; to do so,
we prove that Ly — 400, by showing that

1 ™

4
Ly = o |DN( )| dy = = log N + O(1). (1)
T T

To see this, we compute:

1 [ |sin(N + 2
2 J_.| siny/2
1 (™ |sin(N + 3
_ _/ M’ dy as Dy is even
T Jo siny/2
1 [™|sin(N + 2%
:_/ Mdy as sin > 0 on [0, 7/2]
T Jo siny/2

1 [ 1 1 1
S in(N + 1 _ d

2 v+ [smy/z y/2+y/2] v

1 1 1 2 [T |sin(N + 1)y
— N  _|ay+ 2 BTy,
w/ [sin(N + )/ Liny/2 y/2} y+7T/0 y Y

Asy— [Sinly i yL/Q] is bounded, the first integral is O(1). Consider the second integral

under the change of variables (N + 1)y = 7z:

2 (" |sin(N + 3
LN:_/ [smN+ vl 4y 4+ o)
T Jo Y
N+1
:2/ 2|Sln7TZ'd +O(1)
0 Tz

N R gin e
:22/ —— d2+0(1)
_22/ |sm7rz] L o)

2 _ 1
_%/o |sm7rz|;z -

9 1
= —logN/ |sinmz| dz +0(1)
T 0

dz+0(1)

2/m
4

The moral of this theorem is that pointwise convergence is, quite simply, too much to
ask. Kolmogorov showed just how much it is to ask that the Fourier series of a function
converge pointwise:

17



Theorem 1.10 (Kolmogorov, 1926). There exists f € L*(T) such that Sy f(x) diverges
at every point v € T.

The proof of this theorem is beyond the scope of the course. The existence of a
function in L'(T) whose Fourier series diverges almost everywhere is demonstrated in
section 3.4.2 of [GraCl].

Having seen that pointwise convergence is, ultimately, fruitless in many cases, we move
on to a different flavour of convergence results. Given a function f, form the partial sums
of the Fourier series Sy f.

1. Does Sy f — f in the L? norm?
2. Does Sy f — f almost everywhere?

For the second question, Carleson and Hunt showed that this Kolmogorov’s example
of a function whose Fourier series diverges is largely due to the nature of L!, and that
considering L for 1 < p < oo actually gains us almost everywhere pointwise convergence:

Theorem 1.11 (Carleson, 1965). If f € L*(T), then Sy f(x) converges to f(x) for almost
every x € T.

Carleson’s theorem, which won him the Abel prize, was extended by Hunt a few years
later:

Theorem 1.12 (Hunt, 1967). Let 1 < p < oo. If f € LP(T), then Sy f(x) converges to
f(z) for almost every x € T.

Again, the proof of the Carleson—-Hunt theorem is beyond the scope of the course: in
fact, it occupies the whole of chapter 11 of [GraMo|, and is not for the faint of heart.

With regard to the first question, the main theorem on convergence in the LP norm
— which will take some time to build up to — is the following:

Theorem 1.13. Let 1 < p < oo. If f € LP(T), then Syf — [ in the LP norm; that is,
[1Snf = fll» — 0.

The theorem is easy enough to prove in L? as it is a Hilbert space; the real meat of
the theorem is for p # 2, where L is a Banach space but not a Hilbert space. We will
prove the result using the following key step:

Proposition 1.14. Let 1 < p < oo. The following are equivalent:
e forall f € LP(T), Syf — f in the LP norm;
e there exists a constant ¢, such that, for all f € LP(T) and all N € N,

1SN fllze < cpll fllze-

Proof. First, we show that, if Syf — f in the L? norm for all f € LP(T), then such a
constant ¢, exists. Consider Sy: LP(T) — C as operators for each N € N. Each Sy is a
bounded linear operator, so by the uniform boundedness principle, either

18



(i) supyen [|Snlop < 00, or
(ii) there exists f € LP such that limsupy_,. [|Snflzr = +00.

We show that (i) holds. Given ¢ > 0 and f € LP(T), pick N large enough so that
ISy f — fllzr < &. Then for such large enough N,

1SN fllee < NSnf = fllze + | fllze < €+ | flzr-

This holds for all ¢ > 0, and neither ||[Syf|r» nor |[f||z» depend on &, so we have
1SN fllee < ||f]|ze for all f and all N large enough. Hence

Cp = Sup ||SN||0P
NeN

exists and is finite.

For the converse — that is, showing that the existence of such a constant ¢, guar-
antees that Sy f — f in the LP norm for all f € LP — we first note that trigonometric
polynomials are dense in LP whenever 1 < p < oo: that is, given ¢ > 0 and f € L?, there
exists a function ¢g: T — R of the form

M
g(SC): Z akezkx
k=—M

such that || f—gl/r < e. So, fixe > 0and f € LP, and let g be a trigonometric polynomial

such that || f — g||zr < Tie;- Then whenever N > deg(g), we have that Sxg = g, so that

|Snf — fllee < IS8 f — Snglle + 1Svg — gllze + 119 — fllze
= ISv(f = @)llzr + O+ f — gllzr
< (X +ep)llf —gllee

15
<(1+Cp)1+c =&
4

Hence Sy f — f in the LP norm, for any f € LP. ]

To see that trigonometric polynomials are dense in LP(T), recall that if f € C*(T)
then Sy f — f uniformly; that is, given £ > 0, there exists NV such that for n > N,

£
[Suf(x) = f(o)] < (@)

for all z € T. Observe that Sy f is a trigonometric polynomial, and that

3

Q 1/p
ISNf = fllze = (/_ |Sxf(x) — f(x)]? da:) < I (2m)/P = ¢,

so the trigonometric polynomials are dense in C*(T), and C*(T) is dense in LP(T).
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1.3 Good Kernels and PDEs

We saw that the convergence of Sy f is closely related to the properties of the Dirichlet
kernel Dy, by the equation

1

Sxf(@) = o (= D)) = 5= [ F0) Dl ) dy

We exploited the fact that % f_ﬁﬂ Dy (y)dy =1 for all N; we also exploited the fact that

for fixed 6 > 0,
/ Dy(y) — 0
o<|y|<m

as N — oo. Indeed, most of the proofs relied on only these two facts. Unfortunately, we
also saw that

g 4
/ |Dy(y)| dy = FlogN +0(1) = o0

as N — oo; if these integrals had been bounded uniformly in N some of the proofs would
have been much easier.

We now consider other modes of convergence, and other ways of summing Fourier
series: it turns out that the partial sums can also be expressed as the convolution of f
with some kernel K. The other modes of convergence we will investigate, however, will
have much nicer convergence properties than standard summation via convolution with
the Dirichlet kernels. We generalise and define a good kernel as follows:

Definition 1.15 (Good kernel). Let K,,: T — R for n € N. (K,) is a family of good
kernels if

1 T
(i) 57 | Ka@do=1;

s

(ii) there exists a constant K > 0 such that, for all n € N, / | K, (x)|de < K; and

—T

(iii) for every d >0, / | K, (z)|dz — 0 as n — oo.
0<|z|<m
So Dy satisfies (i) and (iii), but not (ii), and thus is not a good kernel. The difference
this makes is readily apparent: with property (ii), we can show that, in contrast to the
theorem of du Bois Reymond, if K, is a family of good kernels, then K, * f(x) — f(x)
for every point of continuity of f:

Theorem 1.16. Let (K,,) be a family of good kernels, and let f € L*(T) N L>(T). If f

18 continuous at x € T, then

— 0

1
- Do)~ £12)

as n — oo. In particular, if f € C°(T), then the convergence is uniform; that is, for all
€ > 0 there exists N such that for all x € T andn > N,

- s Do) - £12)

<e&.
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Proof. Let = be a point of continuity of f, and fix € > 0. By property (ii), there exists
K such that for all n € N,

/” Ko ()] dz < K.

-7

Take § > 0 such that whenever |y| < 0, we have |f(z —y) — f(x)| < Z5. Given this 0,

K
using property (iii) choose N such that, for n > N,
e
| Ka(y)ldy < 57—
/5<|y|<7r 2HfHOO
Then, for n > N,
K,
o (K x £) () — f(a)
1 [7 .
~|5z [ Rl (e =) = s ay by property (i)
I 1
< lﬁ@ﬂﬂx—w—f(»@/ Dy Kn(y) (f(z —y) = f(x)) dy
T Js<|y|<n
1
<L / Kl [f (& =) — F(@)] dy+ 5 Ka)l [/ (2 — ) — £(x)] dy
~ T Je<lyl<n ~-
<% <2l
1/l /
< [ K (y)| dy + K (y)| dy
2K/ m 5<]y|<m
<o [ty Ll
2K ), T 2 flls
~——— —
<K for all n

-2 2
Finally, note that if f € C°(T), then we may choose § independently of z, and thus we
may choose N independently of x, and hence the convergence is uniform in z. O]

1.4 Cesaro Summation and the Fejér Kernel

Let (a,)%, be a sequence, and consider the n*® partial sum s, = ag+a; +- - -+ a,. Does
(s,) converge? That question is related to the convergence of

_Sot St Sp

n —

n

If s, — s, then 0,, — s as well. However, sometimes o,, will converge when s,, does not.
Let a, = (—1)"; then
sp=1—1+1—-14..,

n times

so sp=1,51 =0, s =1, s3=0, and so on. So s, does not converge. However, o,, — %

We call o, the n'* Cesaro mean of s,,. If o, converges to o, but s,, does not converge, we
say that s,, — o in the Cesaro sense.
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To apply this to Fourier series, given a function f: T — R, with partial Fourier sums
Sy f(x), define

onf(x) = Sof(r) + Slf(x)n_l_ s Sn—lf(a»‘

We wish to express o, f(z) as the convolution of f with some kernel, so we compute:

Sof(x) +Sif(x) + -+ Sp1f()

n

/f )Do(z —y)dy + - - /f Dy, 1(x —y)dy

Unf<x> =

TL27T|:

217r [ ZDM_

So we define the Fejér kernel as

by the above, we have that
1
onf(z) = o (Fo x f)(2).

We now express the Fejér kernel in a more convenient form. First, note that
cos(kt) — cos(k + 1)t = cos((k + 1)t — 3t) — cos((k + 3)t + 1¢)
= (cos(k + %)tcos(t/2) + sin(k + 3)tsin(t/2))
— (cos(k + )t cos(t/2) — sin(k + )t sin(¢/2))
2sin(k + 3)tsint/2.

Using this, and the identity sin®(nt/2) = 1_+S(”t), we obtain:
F, 23 D
n(l) = —
()=~ ];
1  sin(k + 1)
n<= sin t/2

n—1

1
= mZSlH k+ )tsmt/?

— m <1 i(cos(k:t) —cos(k+ 1)t ))

k=0
B 1 1 — cos(nt)
 nsin?t/2 . 2
_ sin®(nt/2)
~ nsin®(t/2)

Having expressed the Fejér kernel in closed form, we now show that it forms a family
of good kernels:
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Theorem 1.17. The Fejér kernel F,(t) = %Zz;é Dy (t) is a family of good kernels.
Hence, if f € LY(T) N L>(T), and f is continuous at v € T, then o, f(x) — f(z).

Proof. 1t suffices to check that the three properties of definition 1.15 hold:

(i) We observe that

1 [ 1 ™1 118l g
- Fo.(z)dr = — ~> D = - D — 1.
2 J_, (v) dz 2m /_7T n Z (@) 2mn Z /_7T ()

k=0 k=0 < ~ ,

(ii) As F,(z) > 0 for all z € T and all n € N, we see that |F,(z)| = F,(z), so that
J7_|Fu(x)|dz = 2 for all n € N.

(iii) Fix 0 > 0. Whenever § < |z| < 7, we have that ——= < M; for some constant

in?(z/2)
Ms which depends on 0. Thus

1 |sin®(Nt/2)| _ Ms;
[Fn(2)] = — | —— o= | < ——
n | sin(t/2) n
for all x such that 0 < |z| < 7, and hence
27 M,
/ Fy(2)|de < 2220 5 0
0<|z|<m
as n — 00, as required. O

The theorem implies that, if x is a point of continuity of f, then there exists a
sequence o, f (z) of trigonometric polynomials which converge to f. (Hence trigonometric
polynomials are dense in C°(T), and hence they are dense in LP(T).)

The difference between S,, and o,, can be summarised as follows:

e Going from S, f to S,4+1f, you do not change the first 2n 4+ 1 Fourier coefficients:
the first 2n + 1 Fourier coefficients of S, 11 f are exactly the same as those of S, f.

e Going from o, f to 0,1 f, you must recompute every Fourier coefficient!

Corollary 1.18. Let f € L'(T). Suppose that f(n) =0 for alln € Z. Then f(z) =0
for all points of continuity of f; in particular, f(x) =0 for almost every x € T.

As an application of the Fejér kernel, let us exhibit an example of a function which
is continuous but nowhere differentiable; that is, a continuous function f: T — R such
that f'(x) does not exist for any « € T. To do so, we prove a theorem showing that,
given a function with Fourier coefficients of a particular form which is differentiable at
some point, said Fourier coefficients must satisfy an estimate. We then exhibit a function
which does not satisfy any such estimate, and which thus cannot be differentiable at any
point.
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Theorem 1.19. Let g € C°(T) be periodic and continuous such that

g(n) =

{afI if n = 42", for some m € N

0 otherwise

If g is differentiable at xq, then there exists a constant C' such that

whenever m # 0.

Proof. Without loss of generality we may assume that o = 0, since otherwise we may
put h(x) = g(z — xg), which has

Furthermore, without loss of generality we may assume that g(0) = 0, since otherwise we
may consider g(z) — ¢g(0), which will have the same Fourier coefficients except for n = 0.

As g is differentiable at = 0, ¢ is locally Lipschitz around 0: that is, there exists
K; > 0 and 0 > 0 such that whenever |z| < d, we have

l9(x)] < Kifxl.

As g is continuous, so is % for 6 < |z| < m; set
K, ::sup{%:ég || gn}

(which is finite as [—m, —40] U [d, 7] is compact). Then, for K := max{K, Ky}, we have
that
l9(z)| < K|z|

for all # € [—m,7]. Notice that, for 2 € [—m, 7], we have |sin(z/2)| > X|z|, so

|g($)| < K7T2’JJ|
|sin®(z/2)| ~
Recall that e,,(x) := ¢™*. We claim that
al = i(g eam Fyp)
m 27'(' Y
for M = 2m~1 — 1. To see this, consider that
M-1 k M-1
1
U035 JLEE IS WRUEIIES
M

So Fjr is a sum of exponentials between —(2™~! — 1) and (2! — 1); note that the

M—|k|

iz when k = 0 is —;~ = 1. Hence eynFyy is a sum of exponentials

coefficient of e
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between 2™ — (2m~1 —1) > 2"t — 1 and 2™ + (2m~1 —1) < 2™+ — 1 and the coefficient
in front of €®2"% is 1. As the Fourier coefficients §(n) of g are 0 unless n is a power of 2,
we see that

(g, eam Frg) = (g, €am) = 2mg(2™) = 2mat,

as required. We now use this to estimate the value of |a} |:

anl = 5- |<g, egm Fur)|
1 T —_—
=5 / g(x)egm (z) Fpy(x) do
™ —T
1|/ om Sin®(Mz /2
_ 1 / o()e? mwdw
27 M sin®(x/2)
< sm Ma:/Z) de
27TM sin?(z/2)
< Kr? [™ sin®(Mz/2) e
2rM J_. ||
Kn ["sin*(Mz/2
_ Km sin“(Mx/ )dx
M Jo |z|
_Krw UM sin?(Mz/2) dx+K7T ™ sin*(Mxz/2) 4
M Jy || M 1/M ||
<K7r 1/MM2x2d +K7T 1 d
< — —dr 4+ — —dx
AM |z M Jir |l
K K
< 8_]\7; + ﬁ(logM—Hogﬂ)
Kr (1
= Wﬂ (§ —|—log7r+10gM)
C m—1
Cm
< 2
S om
for some constant C. O
We now define
= Za" cos(2"
n=1
for % < a < 1. Noting that
12":1:+ —i2"
2"x) =
cos(2"x) 5 ,
we may write
1 n
fla)= 2 Zame®
nez\{0}



Thus
f( ) %a|m| if n = £2™ for some m € N
n pr—
0

otherwise

If f is differentiable, then the coefficients must satisfy an estimate of the form %a|m| <

g}f, or, equivalently, %a‘m‘ < C'. We show that no such estimate can hold: observe

that
mel | 1 a m .
—a" = — | — 00
m 2m \ 1/2

as m — 00, since
any point.

il /2 > 1. Since no such estimate can hold, f cannot be differentiable at

1.5 Abel Summation and the Poisson Kernel

Given a series Y .-, a;, which may or may not converge, but has |a;| < M for all k € N,

define
o0
= E CLka.
k=0

As |ag| < M, A(r) is well defined for |r| < 1. If A(17) := lim, ,;- A(r) exists, we denote
it by A(1) and say that

iak:A 1
k=0

in the Abel sense. (Of course, if Y, ax converges, then A(1) always exists and equals
> peo @k in the usual sense.)

For example, let us consider > p- (—=1)*(k+1) =1—2+3—4+.... Technically this
does not fit in to the above definition, but the power series Y 7o (—1)*(k+1)r* converges
for |r| < 1; notice that

> 1
Rk +1)r .
(PP ey
So
1—-2+3—-4+ _ !
4

in the Abel sense.
Once again, we apply this to Fourier series. Given f € L'(T), for 0 < r < 1, we define

= i f(n)r'"leme.

n=—oo
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Once again we want to show that A, f(#) = 5=(f = P,)(#) for some kernel P,:

Af@) =Y fln)rmlem

1 " —inx [n| ind

— Z — [ f(z)e ™ dzr™e

_ b

S o7
1

=5 _7; f(z)P.(0 — x)dx

/ f(x) Z riMlem®=2) qz: by the Dominated Convergence Theorem

n=—0oo

where P,(0) := Y >0 rl"le™? is called the Poisson kernel. Again, we compute P, in
closed form:

o0

P.(0) = Z rlinlgin?

n=—oo

0o o0

_ § 7,,|n|€”m0 + § :T|n\6—zn6‘
n=0 n=1
oo 00

= Z(r@ie)” + ) (re”)m

n=0 n=1

o
= E w"+@§ w" for w := re®

= since ww = |w|?

T 1- 2rcos(0) +r?
Theorem 1.20. The Poisson kernel P.(0) =320 rI"le?™® is a family of good kernels.
Hence, if f € LY(T) N L>(T), and f is continuous at x € T, then A,f(z) — f(z) as

r— 1.

(Technically, theorem 1.16 applies as n — oo; however, it is easy to see that the same
theorem will hold for convergence as r — 1.)

Proof. Again, it suffices to check that the three properties of definition 1.15 hold:
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(i) We observe that

1 T 1 s oo ) 1 o] T
— e |n| ind _ = In| inf o
o ﬂPr(Q)dQ—QW/ﬂn;OOT e d0—2ﬂn;mr /ﬂe do =1,

since fjﬂ e df = 0 unless n = 0, when it equals 2.

(ii)) As P.(#) > 0 for all 8 € T and all r € [0,1), we see that |P.(0)| = P.(6), so that
J7_|P.(0)]df = 27 for all r € [0, 1).

(iii) Fix § > 0. We rewrite the denominator of P,(6) as follows:
1 —2rcos(f) + 7%= (1 —r)?+2r(1 — cosb).

Now, whenever % < r < 1, there exists C5 > 0 such that whenever § < |0 < 7, we

have
1 —2rcos(d) +r* > Cs > 0.
Thus 9
1 2w (1 —
/ |Pr(6)|d9§—/ g < AT
§5<|0)]<n Cs Js<ip)<n Cs
as r — 1, as required. O

As an application, we consider the Laplace equation on the unit ball B C R?:

—Au=0 inB
u=f ondB

In polar coordinates (7, 6), the Laplacian becomes

Pu  10u 1 0%

A= G0t o T e

Attempting a solution by separation of variables, let u(r,0) = F(r)G(0); the Laplace
equation then becomes

1 1
F'G+-F'G+ 5 FG"=0.
r r
Rearranging, we obtain that

T2 F// +7r F/ G//
— = —— =\
F G
Since the left-hand side does not depend on 6, and the right-hand side does not depend
on r, both sides must in fact depend on neither and be constant, and thus both sides

equal some constant A € R. So we obtain the coupled equations

G"+AG =0
r?F" +rF' — A\F =0
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We require that G is 27-periodic, so the equation for G will have solutions if and only if
A = m? for some m € Z. The solutions are

G(0) = Ae™® + Be~™?

The solutions to the second equation depend on whether m = 0 or not. If m = 0, then
we get the two linearly independent solutions Fi(r) =1 and Fy(r) = logr. On the other
hand, if m # 0, we get the two solutions Fi(r) = r™, Fy(r) = r~™. We only really want
solutions such that u(r, #) is bounded on B, so we consider only the solutions

F(r) = rlml

for m € Z. Summing over all possible solutions for m € Z, we thus arrive at our
postulated solution, given by Poisson’s formula:

0o
— E anr|n|6zn0’
n=—00

where the «,, are constants to be determined by the boundary conditions. If u(r,8) = f(0)
at the boundary 0B, then we would like to have that

lim u(r,0) = f(60),

r—1-
that is,
o
lim anr™e™ = £(0
r—1- nz—oo f( )

Interchanging the limit and the summation, we see that there can only be one choice of
coefficients a,, = f(n). In that case, we have that

u(r,0) = (f » Z Fnyre,

is a solution that satisfies the required boundary conditions; what’s more, as P, is a
family of good kernels, we see that

(f * P)(0) — f(6)
as r — 1~ for every point of continuity of f. So we have proved the following theorem:
Theorem 1.21. Let f € LY(T)NL>(T). The unique (rotationally invariant) solution of

—Au=0 B
u=f ondB

s given by

|n\ ind _ " _ 1—7?
u(r,0) = (f * Z f W/Wf(e y)l—Qrcosy—l—rzd

n=—oo

and satisfies lim,_,;- u(r,0) = f(0) for every point of continuity of f.
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2 Fourier Transform

Recall that {ﬁeim}nez is an orthonormal basis of L?([—7, 71]). We generalise the defini-
tion of Fourier series to an interval [—L/2, L /2] of length L by defining e,, 1, := %627”'7”/ L

L
and setting
L

fu(n) = NG s fr(x)e e/l dx = (fr,en1)

for some f;, € L*([—-L/2,L/2)).

While Fourier series are an excellent tool for functions on a compact interval (which
we can think of as being periodic on all of R), if we have a non-periodic function on all
of R we seemingly cannot use Fourier series. In general, let us write gr,(€) = VLfL(n)
for £ € [2mn/L,2m(n 4+ 1)/L]; observe that

&0 . L/2
ol GRS > It = // @) de

So in the limit as L — oo (the period “becomes infinite”), we can think of g(§) as some
kind of “Fourier transform”, since formally:

9(€) = lim g, (€) = / " f@)e = de = f(e).

L—o0

2.1 Definition and Basic Properties

Definition 2.1. Let f € L'(R"). We define f: R" — C, the Fourier transform of f, by
f&)=| fl@e ™ <da.
Rn

Proposition 2.2 (Properties of the Fourier transform). The following properties of the
Fourier transform hold:

(i) (Linearity) Let f,g € L'(R") and a, 3 € C. Then (af + Bg)~ (&) = af(€) + B (£).
(ii) (Continuity) Let f € L'(R"™). Then f is continuous, and satisfies || f||r < ||f:.

(i) (Riemann-Lebesgue) Let f € L'(R™). Then limyg oo |f(§)| = 0.

(iv) (Convolution) Let f,g € LY(R"). Then [ = g(&) = f(£)g(€).
(v) (Shift) Let f € LY(R™) and let h € R™. For 7,f(x) = f(x + h), we have ;h\f(f) =
F(©)emS and for oy f(x) = f(x)e*™ ™", we have o, f(€) = f(€ — h).

(vi) (Rotation) Let f € LY(R"), and let © € SO(n) be a rotation matriz. Then

— ~

f(©:)(&) = f(©9).
(vii) (Scaling) Let f € L*(R™), let A € R, and define g(z) = 5= f(z/X). Then g € L*(R™),

~

and §(&) = f(AE).
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(viii) (Differentiation) Let f € LY(R™) such that 887’; € L' (R™). Then (a%)(f) =

(27i&;) f(E).
(iz) (Multiplication) Let f € L'(R™) such that g;(x) := —2mix; f(x) is in L'(R™). If f

A~

is differentiable in the &; direction, then §;(§) = %f(f).

Proof. We will prove each part individually.

(i) Linearity of the Fourier transform follows from the linearity of the integral.

(ii) For f € L'(R™), we have that

f(x)€727riw-£ dz

f(©)1=

< [ [f(2)lda,
]Rn
and hence || f||ze < ||f]|z1. To see that f is continuous, for £,k € R™ consider

Fe+n) = F© = [ fa) (e7mimierm — m2mivd) gy,
Rn

Noticing that the integrand is dominated by 2|f|, by the dominated convergence
theorem the limit as h — 0 exists and equals 0, and hence f is continuous.

(iii) This is the analogue to the Riemann—Lebesgue lemma for Fourier series. Suppose
that f € C°(R™). Consider that

HGE s flz)e e da (2)
- —2milatengg) € h —(,..., 1 ,...,0
. f(x)e x where e, = (0, ..., < o, 0)
) 1
=— | flz— %en)e_%”zf dz where z =z + —e,,. (3)
R™ " 2£n

From (2) and (3) we obtain that

f(g) = % ( - f(x)ef%mf dx — . flz - ﬁen)e—zmz.g d:r;)

— %/n (f(a:) — flz — %Lnen)) e 2T dg.

As |£] — oo, we have that (f(x) — f(z — 25%6@) — 0 for each z € R™ (since f is

continuous); as the integrand is ‘dominated by 2| f|, by the dominated convergence
theorem we have that limye_, | f(€)| = 0. This proves the result for all f € C°(R™).

In general, let f € L'(R"), and fix ¢ > 0. As C%(R") is dense in L'(R"™), pick
g € C°(R") such that ||f — g||;1 < /2. Then by property (ii), we have that
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1f =gl < ||f —gllr: < e/2. Furthermore, as g is continuous, we know that there
exists C' such that when |£| > C we have |§(§)| < £/2. Then for || > C, we have

£ <1£©) - a1+ 13(©)]
< 1f =gl +19(8)]
<%+§:5.

(iv) The result for convolutions is just an application of Fubini’s theorem:
Feae) = [ (rroa)e s
- / L T =we() dy e 2T Ay
/ Fla — y)g(y)e2me dy e2mivée2mine 4y
n JRn
= [ e mtay [ fla—pemenian

The result follows after changing variables.

(v) For 7, f(z) = f(x + h), we compute that

WO = [ et
f(z+ h)e ™S dg
R

f( ) —2mi(z— hédz

_ ncfg)
For o}, f(z) = f(x)e*™@" we compute that
(€)= [ onf@e e ds

f(x)e%riz-he—%rim-f dz

R

:/ f(x)e—Qﬂ'im({—h) dx
Rn
= f(E—h).
(vi) Let © € SO(n) be a rotation matrix. As Lebesgue measure is rotationally invariant,
we see that
ﬁ@\)(g) = f(Oz)e*™tdy = f( )e 2O '2)€ 4y

R"

33



— ~

Noting that ©712- £ =0Tz - £ = - O, we see that f(0:)(&) = f(OF), as required.

As a corollary of (vi), note that the Fourier transform of a radial function is radial
(recall that f is radial if f(Ox) = f(z) for all © € SO(n)), since

f(e¢) = F(0)(€) = f(¢).
(vii) For g(x) = 5= f(x/)), we have that
lolle = [ la@llde = [ Selrenlde = [ 1Nz =1,

and

A
: dx
— A —2mi(x/X)- A 27
[ e -

= / fly)e ™A dy putting y = /A
R’n
= f(XE).
(viii) Using integration by parts, we see that
Fof A
~J _ o miz-€ ]
(55)© = [ FEw@emcas
= 2mi; f(z)e 2 =8 da
Rn
= 2mig; f(€).
(ix) For g;(x) := —2miz; f(x), we see that

gj(x) = f(x)(—27rixje_2m””'5) dx
]Rn

_ i —2mix-€

= Rnf(x)agje dz
9 .

= o (&),

as required. O

From part (i) of proposition 2.2, we have that || f||z~ < ||f||z:. In a finite measure
space X (such as on a compact interval such as [—m, 7], or in T), L=(X) ¢ LYX).
However, this is not true in general: g € L>°(R") does not imply g € L*(R"). We would
like to be able to say

Y= | J©emag,

but this makes no sense if f is only in L', since we only know that f is in L>, not L.
We are thus forced to develop a slightly different theory of the Fourier transform on L2
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2.2 Schwartz Space and the Fourier Transform

We now consider the class S of Schwartz functions which are so nice that the Fourier
transform of a Schwartz function is another Schwartz function. We have:

CZR") & S(R") & CF(R™).

The functions Cg° of compact support are integrable, but there aren’t very “many”
of them. (Recall that the support of a function f: X — R is defined as spt f :=
{z : f(z) # 0}, where the line denotes closure, and f € C°(X) if spt f is compact.)
However, move to the larger class of C* functions and you know nothing about integra-
bility. We define a set “between” these two, which is rich enough to contain lots of useful
functions, but small enough that we can control the integrability of these functions.

Let us fix some notation: let x = (z1,...,7,) € R", and set |z| = (22 +--- + 22)/2.
We define a multi-indez to be an element o = (aq,...,a,) € (NU{0})", and write
la| = a1+ +a, and a! = ay!-- - -, We define 2 := (27", ...,2%"), that is, the result

of raising each element of x to the corresponding power of a. Observe that |2%| < ¢, ||
for some constant ¢, ,, since for |x| = 1 the function x — |z%| is continuous on S™~! and
hence attains its maximum and minimum, and the result follows by homogeneity of the
Euclidean norm. Similarly, for k& € N, we have [z[* < ¢, > 18l=k |27

If f: R — C is sufficiently differentiable, we write

o ||
aaf:: 9 f — d f

= ,
Oz~ Oxi*...0xon

With this notation, the Leibniz rule for the derivative of a product is

s s ol 2
oz® = Bl — B)! OxP dxe—FP’

where 3 < «vif and only if 3; < «; for each j =1,... n.

Definition 2.3. Let f: R" — C be a function in C*°(R"™). For multi-indices «, 3, define

Pa,s(f) == sup [2°0° f(x)|.

z€R™

We define the Schwartz class S of functions R" — C as
S(R™) := {f € C™(R") : pas(f) < 00 for all o, B € (NU{0})"}.
The p, s are seminorms; that is, for all o, 5 € (NU{0})", f,g € S, A\, u € C, we have
(i) pas(f) = 0;
(i) pas(Af) = [Alpas(f), and
(ii)) pas(Af + p1g) < [Alpas(f) + [1lpas(9)-
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That is, they are norms except that p, g(f) = 0 does not (necessarily) imply that f = 0.
It is clear from the definition that, given f € S(R"), we have that p(-)f(-) € S for
any polynomial p on R", and 0*f € S(R") for any multi-index «. Note further that
f € S(R™) if, and only if, for every natural number N and every multi-index «, there
exists a constant ¢, n such that
o 1
’8 f| < Ca,N(l n |.7}|)N (4)

For example, consider f € C'°(R"). By definition, there exists a compact set K such
that {z € R*: f(z) # 0} C K. Hence each p,s(f) is zero outside K, and since every
continuous function on a compact set is bounded p, s(f) < 400 and hence that every
function in C°(R"™) is in S(R™). As C°(R") is dense in LP(R™), we see that S(R™) is
dense in LP(R"™) (for 1 < p < o0).

However, these are not all the functions in S(R™). For example, the function z — e~ 1l
is a Schwartz function, since it decays at infinity faster than any polynomial. However,
the function x — m is not in Schwartz space, since multiplying by 3¢ yields an
unbounded function.

Definition 2.4. Let fi, be a sequence in S(R™), and let f € S(R™). We say that fr — f
in S(R™) if, and only if, for every multi-index o and 5 we have

paplfi = ) = sup 2207 (fi = F)] = 0

as k — 0.

This defines a topology on S(R"), and addition, scalar multiplication, and differen-
tiation are continuous operators under this topology. What’s more, if we let {p;}32, be
some enumeration of the seminorms p, g, then

— N Pill9)
d(f,g) = ]212 1+ p;(f.9)

defines a complete metric on S(R™), and S(R™) is locally convex under this metric. Thus

S(R™) is an example of a Fréchet space: see the appendix to [Fri&Jos| for more details.

Theorem 2.5. If fi, — f in S(R"), then for any multi-index 3 we have that 9° f,, — 0° f
in LP(R™) as k — 0.

Proof. Set gr. = fr — f. Then
w%mﬁszW%uW¢r
Rn

1
Z/HW%@WM+/ 2["0P gul2) P
x|<

lz|>1 2|t

dz

1
gw%&/ dwmw@WﬂWMMﬂ/ .

lz|<1 |z|>1 z|>1 [t

p
< Cnyp (Haﬁgkﬂoo + sup (|x|(”+”/p|6’59k(a:)|)>

—0
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as k — oo. Thus 07 f,, — 9°f in LP(R"™), as required. O

We now prove that the Fourier transform maps Schwartz space to Schwartz space,
and that the mapping is continuous and invertible.

Theorem 2.6. The Fourier transform, *: S(R") — S(R"), given by

fe)= | saeran,

is a continous linear operator, such that for all f, g € S(R™) we have

[ f@atayar = | fa)g(r)ds

and that for all f € S(R™) and all x € R™ we have

J@)= | J©)emde.

In order to prove it, we prove the following lemma:
Lemma 2.7. If f(z) = e ™ then f(&) = e ™; that is, f = f.

Proof. Since f is radial, it suffices to prove this on the real line. As f'(z) = —omxe ™,
notice that f: R — R, f(z) = ™™ is the unique solution of

uw 4+ 2mzu =0
{ (5)

u(0) =1

We show that f also solves equation (5). First notice that

f(g) — / €—7rw26—27ria:§ d(L’,

SO -
f(O):/ e =1
We now compute f:
7271'1.’175 d
dg/ '
_ ag — 67271”L$£ dz
= / —omize ™ e 2
=i(f")(&)
= =27 f(§)
by part (viii) of proposition 2.2. Thus f=1. O
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Proof of theorem 2.6. We divide the proof into three parts.
First, we prove that if f € S(R™) then f € S(R™); that is, for all multi-indices o and
[ we have that

sup €207 f(€)| < o0.
£€R

Using parts (viii) and (ix) of proposition 2.2, we see that

€209 f(€) = €2(=2mi) P1(a? ) = (2mi) ™1 (—2mi) (227 ).
Thus we see that

16908 F(£) | 1= = cl|(3°2P F)]|
< e 0% f 1

ca,Na:Bf

< et LA
Na+)™| .

by (4), for all N € N

and H 1+|m| ‘ s finite whenever N > 5+ n + 1. Hence f € S(R").
L
For the second part, we prove that, for all f,g € S(R"), we have

[ f@iw)ds = [ f)g(e)as

This is an application of Fubini’s theorem:

[ t@ita)de= [ @ / oly)e Y dy da

/ L @ dedy
= [ o) [ sy
-/ )70

Finally, we prove that for all f € S(R™) we have
fla)= [ fle)em=ede.
R

Fix f € S(R"). Given g € S(R™), put gx(z) = 5=g(z/)). By the previous part, we have
that

5 f(x)ga(z) dz = 5 F(2)h(2) da.

By part (vii) of proposition 2.2, we have that g)(z) = g(Ax). So,

fsro)de= [ f@atarde= o [ f&i) dr
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where the second equality arises from a change of variables x +— x/\. Cancelling the
1/A™ from both sides, we obtain

fl@)g(@)de= [ f(2)g(x)da.

R™ Rn

By the Dominated Convergence Theorem, as A — 0o, we see that

90) [ fo)de = $0) [ gla)d.

R n

In particular, for g(z) = e~™*” by lemma 2.7 we have that

£0)= [ f(z)dz;
Rn
that is, that
f@)= [ J©)ermede

for x = 0. Now, as in part (v) of proposition 2.2, define 7,.f(y) = f(y + x). Then

fla) = maf0) = [ mH€as= [ freemeas

by part (v) of proposition 2.2. This completes the proof of the theorem. n
We can thus make the following definition:

Definition 2.8. Given f € S(R"), we define the inverse Fourier transform f € S(R™)
by

fla)= [ f(ee e de.
R™
Observe that f(z) = f(—2). Theorem 2.6 thus has the following corollary:

Corollary 2.9. For all f € S(R™), we have that f = Jg = f.

As a consequence of the definition of the Fourier transform for Schwartz functions, we
obtain the following two very important results due to Parseval and Plancherel:

Proposition 2.10 (Parseval). For all f,g € S(R™), we have that

(frgh== | f(a)g(w) dz = s F(€)a(€)dg = (f,9)12-
Proof. Fix f,g € S(R™). By the second part of theorem 2.6, we have that
F)h()do = | f)h(z)ds
Rn Rn
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for any h € S(R™). In particular, put h(z) = g(z). Then we see that

>

(z)e 2" dy

/
/

§(x)exmiv€ dz

by the third part of theorem 2.6. Hence
fa)g(w)de = | f(x)g(z)de. O
R" R

By taking g = f, we obtain the following corollary:

Corollary 2.11 (Plancherel). For all f € S(R™), we have that

£l = | s@F@de= | fEF©d =1l

2.3 Extending the Fourier Transform to LP(R")

Having defined the Fourier transform as a continuous map *: S(R") — S(R"™) and shown
that it is invertible there, we now seek to extend it to LP(R™) for suitable values of p. We
begin by considering the extension to L?(R").

Corollary 2.11 tells us that * is a bounded linear operator on S(R") c L' N L*(R"),
since |||z = ||fllz2. As S(R") is dense in L' N L%(R"), we can extend the Fourier
transform to a unique operator *: L' N L?(R") — L?(R"). Since we are in a subset of
LY(R™), the properties of proposition 2.2 all hold.

As L' N L*(R") is dense in L?(R"), we may extend the Fourier transform *: L' N
L*(R™) — L*(R™) to a unique operator F(f): L*(R") — L*(R"). The immediate natural
question is, given f € L*(R™), whether [p, f(z)e *™¢dx converges, and whether it
equals F(f).

Lemma 2.12. If f, € L'NL2(R"), and fr — f in L2(R™), then fi is a Cauchy sequence
in L*(R™).

Proof. We have ) A
1f5 = fulle = (s = fu) "Nz = 1f5 = fillze,

so whenever (f;,) is Cauchy, so is (fy). O

Given a sequence f, € L' N L*(R") such that fi — f for f € L*(R"), we define
F(f) as the L? limit of (f3), that is || fr — F(f)||zz — 0. (It is easy to check that this
is independent of the sequence (f;) chosen.) For an example of such a sequence, given
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f € L*(R"), we may define f, = fxg,, where B, = {z € R" : |z| < k} is the ball of
radius £ about the origin. Note that

ful)| dz = / (@) lxs, dx < [[fll(vol Bo)2,
R n

so that f, € L' N L*(R"). Since |f — fi|* = |f]*(1 — xB,) < |f]?, and f € L?, by the
Dominated Convergence Theorem we have that f; — f in L?(R").

Now, from measure theory we know that if f, — f in LP(u), then fr, — f in measure
(with respect to u); and if f, — f in measure (with respect to p), there exists a sub-
sequence fi, — f which converges pointwise p-almost everywhere. Thus, there exists a

sequence k; such that ]7,; — F(f) pointwise almost everywhere, i.e. such that

lim fx)e =S da = F(f)(€)
7700 Jw|<k;
for almost every & € R™.
For the real line, i.e. n = 1, it turns out that all subsequences converge pointwise
almost everywhere, so in fact the pointwise (a.e.) limit

lim f,(€) = lim f(z)e 2™ do
exists and equals F(f). It would be nice if the same is true in dimension 2 and higher;
however, the answer is not known and this remains an open problem!

One can use the same procedure to define the inverse Fourier transform on L?*(R™):
denote by F' the extension of * to L% Let f be a sequence in S(R™) such that f, — f
in L2(R"); then for each k we know that fi(z) = fo(—x), so that F'(f)(z) = F(f)(—z)
for every f € L*(R™), as before. By convention, for f € L? we write f for F (f), and f
for F'(f).

Unfortunately, there is no way of extending the Fourier transform to L' in such a way
that the operation is invertible. So the next question is whether or not we can extend
the Fourier transform to LP(R") for, say, 1 < p < 2.

Definition 2.13. Let 1 < p < 2, and let f € LP(R™). For a decomposition f = fi + fo
where fi € LY(R™) and f, € L*(R"™), we define the Fourier transform of f by

f = fl + f2-
For an example of such a decomposition, take f; = fxp, and fo = f(1 — xg,)-

Lemma 2.14. Let 1 < p < 2, and let f € LP(R™). The Fourier transform of f, as
defined above, is independent of the decomposition chosen; that is, if f = fi+ fo = g1+ 9o
are two decompositions, with fi, g1 € LY(R™) and fs, go € L*(R"), then fi + fo = g1 + Go.

Proof. If f = fi + fo = g1 + g2, with fi, g1 € L'(R") and f;, go € L*(R"), then
LiR") > fi—g1=g2— f2 € L*(R"),

so that fi — g1,92 — fo € L' N L*(R"). Thus we may take their Fourier transform as
functions inALl, and their Fourier transforms will agree, that is f; — g1 = ¢o — f2, and
hence f; + fo = ¢1 + ¢o, as required. O
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Recall that for f € L'(R"), we have that || f||z~ < ||f|1; and that for f € L2(R™)
we have that || f][z2 < ||f]lz2 (in fact we have equality, but we ignore that for the time
being). We now prove that, for 1 < p < 2, if f € LP(R"), we have that ||f]|ze < ||f]lzr,
whenever 1/p+1/¢ = 1.

Theorem 2.15. Fir 1 < p < 2, take q such that 1/p+1/q = 1, and let f € LP(R").
Then || fl[ze < || f]lze-

The proof is an application of the Riesz—Thorin interpolation theorem:

Theorem 2.16 (Riesz—Thorin interpolation theorem). Let 1 < py < p; < oo, and
1<qgo<q <o0. For € (0,1), define

1 1—-0 0
J— _|__’
p Po D1
1 1—-0 0
q qo a1

Note that p € (po,p1), and q € (qo,q1). Let T: (LP° + LP*) — (L% + L9) be a linear
operator such that there exist constants My and M, such that

ITfllao < Mol f||ro,
I T flla < M| flLe;

i.e. T is bounded as an operator LP° — L% and as an operator LP* — L?. Then

1T f|lLe < My~ "M\ f]| o5

that is, T extends uniquely as a bounded linear operator LP — LA.

The proof of the Riesz—Thorin theorem uses Hadamard’s three-line lemma: if F': S —
C is bounded and continuous on the strip S = {z+iy € C: 0 < x < 1}, and F is analytic
on the interior of S, and there exist constants My and M; such that |F(iy)| < M, and
|F(1 +iy)| < M, for all y € R, then |F(z + iy)| < My *M7 for all z + iy € S.

We now use the Riesz—Thorin theorem to prove that the Fourier transform is bounded
from LP — L9 whenever 1 <p <2and 1/p+1/q=1:

Proof of theorem 2.15. We have that *: L' — L> and *: L? — L? are both bounded. Set
po=1,q =o00,and p; = ¢ =2. Given 1 < p < 2, set § =2 — 2/p; then

Hence, by the Riesz—Thorin theorem, we have that

[ fllze < 1Nz
(taking My = M; = 1), as required. O
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As another application of the Riesz—Thorin theorem, we prove Young’s theorem about

convolutions:

Theorem 2.17 (Young). Let f € LP(R") and g € LYR™). If 1+ 1/r =1/p+1/q, then
L+ gl < A flleellgllzo-

We first prove a lemma, known as Minkowski’s inequality:

Lemma 2.18 (Minkowski). Let h: R" x R" - R, and let 1 < p < co. Then

/ Nz y)dy

Proof. If p =1 or p = 00, the result follows from Fubini’s theorem. So fix 1 < p < o0,
and let p’ be such that 1/p+1/p’ = 1. Recall that the dual of L?, (L?)* = L*; to calculate

the LP norm of u € LP, we have that

|lull» = sup {/ u(z)v(z)dr v € LY, o]l o = 1} )

) < . 17 (2, y)ll L2 ey dy-
Lz (R™) "

Fix v € L* such that ||v||,,» = 1. Then
/ / h(z,y)dyv(x)dz

< [ )l dyas
R™ JR™

= [ [ i@y

1/p ) 1/p
</ ( |h<x,y>|pdx) ( fo(a) P dx) ay

N
g

=1
1/p
:/( Ih(w,y)lpdx> dy
n Rn

_ / 1, ) e o

using Holder’s inequality in x. So taking the supremum over all v € LP such that

|v|l;»» = 1 we obtain that

/ Nz, y)dy

= sup{ Hh(x,y)HLg(Rn)v(x) de:v e Lp/7 o]l ;0 = 1}
LY (R™) Rn

< | (@ y)llzwn) dy,
Rn

as required.

We now proceed to the proof of Young’s inequality.
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Proof of theorem 2.17. We begin by proving two easy cases. Given p, we denote by p’
the number such that 1/p 4+ 1/p’ = 1. First, suppose that r = co; then ¢ = p/, and

£ral< [ 156 = 0ol dy
< ([ e-vra)” ([ wwra)”

1/p ) 1/p
_ ( If(Z)I”dZ> ( )P dy) Dutting - — g
R” R
— 1 F ol

by Holder’s inequality.
Now, suppose that = p, and hence that ¢ = 1. We want to prove that ||f * g|[z» <
I f1lzellgllz- Using Minkowski’s inequality with h(x,y) = f(xz — y)g(y), we have that
flz—y)g(y)dy

D 1/p
1 % gllr = ( / dx)
n R'n

< [ ([ vowpa) " a

= [t ([ 1 vpac)

1/p
- [ lotw) ( |f(2)|”d2) ay Dutting - — ¢ — g
n Rn

= [[flleeligllzr-

So, for fixed p, we have proved that Young’s inequality holds when r = oo and ¢ = p/,
and when r» = p and ¢ = 1. Fix f € LP(R") and define T} by Ty(g) = f*g; we have shown
that Ty: LP — L* is bounded and that ||Tg|lz~ < ||fllzrllgll.», and that Tp: Lt — LP
is bounded with || Trgllze < || fllzellgllL:-

Let (gq,7) be a pair satisfying

As 1/p+1/p' = 1, we see that p’ = p/(p — 1). From the second equation we see that

0 = p/r, so that
n 1 1
g p/lp=1) r rop

By the Riesz-Thorin theorem, T is bounded as an operator L? — L", so that

1 1—p/r 'p

L+ gllr < A flleellgll zo- =
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We have defined the Fourier transform on LP(R") for 1 < p < 2, but as yet we do
not have a simple means for calculating f, or indeed for reconstructing f from f. Given
f € S(R"), we know that

fx)= [ f(&eri=tde.
-

Even if f ¢ S(R"), but f € L*(R"), then

Suf(x) = /|€ _ J@emca

always makes sense, since
‘ / fg)ermee ds‘ < / f(€)]dg
[€I<R IEI<R

< (vol B,)V/? (/|ng |f<€>!2) "

< enR?|| | 2.

By analogy with Fourier series, the natural questions to ask are:

1. Does Sgf — f in the LP norm?

2. Does Spf — [ almost everywhere?

The following proposition, which is the analogy of proposition 1.14, is
Proposition 2.19. Let 1 < p < oo. The following are equivalent:

e forall f € LP(R™), Sgf — [ in the L norm as R — co;

e there exists a constant ¢, such that, for all f € LP(R™) and all R > 0,

[Srfllr <l fllLe-

Proof. First, we show that, if Sgf — f in the L? norm for all f € LP(R™), then such a
constant ¢, exists. Consider Sg: LP(R") — C as operators for each R > 0. Each Sg is a
bounded linear operator, so by the uniform boundedness principle, either

(i) supgs [|Skllop < 00, or
(ii) there exists f € L? such that limsupg_, . ||Srf]|»r = +00.

We show that (i) holds. Given ¢ > 0 and f € LP(R"), pick R large enough so that
|Srf — fllzr < &. Then for such large enough R,

ISefller < SrSf = fllee + [ fllee < e+ 11 f]|ze-

This holds for all ¢ > 0, and neither ||Sgf|r» nor ||f||z» depend on &, so we have
I1Sefllze < || f]lr for all f and all R large enough. Hence

cp := sup || Srlop
R>0
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exists and is finite.

For the converse — that is, showing that the existence of such a constant ¢, guarantees
that Sgf — f in the L? norm for all f € LP — we use the fact that S(R™) is dense in
LP(R™) (as long as 1 < p < o0). Fix f € LP(R™), and pick ¢ € S(R") such that
lg = fllr < 3a5ey- We know that Spg — g in LP(R"), because g € S(R"); so pick R
big enough such that [|Srg — g||z» < €/2. Then

|Sef — fllzr < |Srf — Srgllzr + 1Sk — gllr + |lg — flzr
= ||Sr(f = 9)llzr +|SrRg — gl|r + | f — gllzr
< (1 +c)llf —9glle +[1Srg — gllzr

<(1+C)L+§—€
P2(1+¢,) 2
Hence Sgf — f in the LP norm, for any f € LP. O

This reduces convergence in L” to boundedness in L”, which is somewhat easier to
deal with. It turns out that, in dimension 1, whenever 1 < p < 2 there exists ¢, such that

1Sk fllze < cpll fllee

for all f € LP(R) and all R > 0. Hence Sgf — f in LP(R) for 1 < p < 2. However, a
famous result of Charles Fefferman from 1971 (which won him the Fields Medal) shows
that, in dimension 2 and higher, the inequality

1SR fllze < cal fl 22

holds only for p = 2, and is false for all other values of p!
In dimension 1, we can calculate Sgf explicitly:

Suf(x / F(e)emine de

— / / f(y)e—QTriyf dy 627ri:v§ dg
—R J —oc0

00 R
[ s [ ermentacay
—o0 -R
Define the Dirichlet kernel Dg(t) := f, e d¢; then

Srf(z / f(y)Dr(x —y) dy.

We may compute explicitly that

R
DR(t) — / 627rit§ dg

R
1 omiRt  _—2miRt
=— (e —e
2mit ( )
_ sin(2n Rt)
N Tt
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We would like the existence of a constant such that [|Srf|lzr < ¢, f]le; i-e. such that
|Dr * fllor < ¢llfllee. By Young’s inequality applied to Dg * f, we would like that

|Dr * fllze < | Drllo] f|lze;

but unfortunately ||Dg||z1 = oo. This is somewhat depressing: the “optimal” (in some
sense) inequality in L? spaces doesn’t yield the result! However, it will turn out that an
improved inequality, namely

1+ glle < W flleellglicy,

where Ly, is a “weak” L' space, and fortunately || Dg| 11 < oo.

2.4 Kernels and PDEs

In a similar vein to Fourier series, we may define various alternative modes of convergence
of Fourier transforms, as follows.

Cesaro convergence: Given
Suf(@)i= [ feemeag,
lEI<R

form the Cesaro integral

orf(z /Sf )dr = Rnf /D x —y)drdy.

Setting

we can say that ogf = Fg * f. In dimension 1 we have

/ sm 27th
R

1 — cos 27rRt)
~ 2R(7t)?
sin® (7 Rt)
R(mt)?
The difference here, however, is that while the norm of the Dirichlet kernel for Fourier

series is - log N + O(1), here we have that ||Dgl|l;1 = +oo. However, ||Fgllr =1 for
every R > 0. So, does ogf — f as R — oo, either in L? or just almost everywhere?

Abel-Poisson convergence: Given f, we define the Abel-Poisson integral
ulet) = [ e
Does u(z,t) — f(x) as t — 0, either in L? or almost everywhere?

47



Gauf3—Weierstrafl convergence: Given f, we define the Gaufi—Weierstraf§ integral
wlayt) = [ e fle) e

Does w(z,t) — f(x) as t — 0, either in LP or almost everywhere?

The answer in all three of the above cases is yes, to both L” convergence and almost
everywhere convergence! What’s more, there are some interesting connections with PDE
theory: the Gaufl—-Weierstrafl integral is a solution of the heat equation, and the Abel-
Poisson integral is a solution of the Laplace equation.

Proposition 2.20. Given f € LY(R"), the Gaufi-Weierstraf integral

W(l',t) _ / 6747r2t\£|2f(£)627rim-§ df

solves the heat equation on R™ x (0,00):

{ Ow — ANyw =0
w(z,0) = f(x)

Heuristic proof. Essentially we take the Fourier transform of the PDE in the z vari-
ables, solve the resulting equation, and take the inverse transform to recover the Gauf3—
Weierstrafl integral. First, note that

n

D&, 1) :/ O (z,t)e ™ dg

= at/ w(z, t)e ™ dy

By part (viii) of proposition 2.2, we have that

@ (€.0) = (2mic,)olc. ).

J

SO

@g) (&) = (2mi&;)*w (&, b),

J
and hence

Aw(,1) = Y —4r’Ga(6 1) = —4n’EPo(E 1),
j=1
Thus the heat equation becomes
Duo(€, 1) = —4m|E]*0(€).
This is an ordinary differential equation in ¢, with solution
D&, t) = eI f (),
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By part (iv) of proposition 2.2, we have that m = f§. So if we can find a function
W such that W (¢, t) = e~ *" 1€t then we will have that w(z,t) = W % f(z,t). We claim
that 1
W(z,t) = ~lal?/at
(228 = Ty

W is known as the Weierstraf§ kernel. By lemma 2.7, we have that the inverse Fourier
transform of f(¢) = e ¢ is f(z) = e ™. So,

1
/ 6—77‘§|2(47Tt)€27rx<§ dg — W/ e—ﬂ—|m2627r(x/\/H)-77 d77 using n= /47U55
n Rn

(4mt)n/?

_ 1 €—|x\2/4t
(4mt)n/? '

Hence
w(z,t) =W f(x,t) = @) Fy)e le=vP/2 qy
Rn

= (V7)) = [ e fleem<ag
solves the heat equation. O

Similarly, we have:

Proposition 2.21. Given f € L'(R"), the Abel-Poisson integral

u(a:,t) :/ 6727rt|§|f(€)627rix.5 de.

solves the Laplace equation on R™ x (0,00):

{ OPu+ Ayu =0
u(z,0) = f(z)

Heuristic proof. The proof follows the same lines as the previous proposition. As before,

we have that -
Ofu(§,t) = 0/u(&, 1),

and
n

Au(g,t) =" —am2edu(g,t) = —4n[¢*a(E, 1).

j=1
So the equation becomes

afa(gv t) = —47T2|§|27l(§, t)

This is another ODE, this time of second order in ¢, and it has the solution

@&, 1) = e 2T f(€) + 2T f();
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however, the second term is unbounded so we disregard it and consider only the solution

a(€,t) = e 2l f(g).

We now seek P(z,t) such that P(¢,t) = e 2™€l since then by part (iv) of proposi-
tion 2.2 we have u(z,t) = (P * f)(z,t). We claim that

o —27|&|t 2mix-§ F(%H) t

P is known as the Poisson kernel. It suffices to prove (6) for ¢t = 1, since if ¢ # 1 we have

/ 6727r\§|t627rix-§ d§ _ l/ 6727r|77|€27ri(g:/t)~77 dn

tn

e 1

Tt p(nt1)/2 (1 + |x/t|2)(n+1)/2
r(") t

~ rt1)/2 (2 + |z]2) (D2

To prove (6) for ¢t = 1, we use the “well-known” principle of subordination:

o > e _52/4Ud 7
= — —e u,
ﬁ/o Va )

which we will prove below in lemma 2.22. Applying this with 5 = 27||, we have

P(z,1) = / e~ 2rlel2mint ¢
Rn

1 /OO € eminlel?/a 2mia-€
_ - —_p4m U Jqu 27 df by 7
/R" VT o Vu "
; /OO - —m2|¢[? fu 2 .
= — — [ e TRt e du by Fubini’s theorem
\/_ \/_ Rn

n/2 .
/ / 6—7r|77|262m(1‘\/u/77).77 dT] du puttlng n = \/Ef
n u

2 —ulal?
e du by lemma 2.7
\/_ /

— (n—=1)/2 —u(1+|~’0|)
(n+1)/ /0 u du

1 1 &
= (n=1)/2 —sd tti — 1 2
7T(n+1)/2(1+lI|2)(n+1)/z/0 s e *ds putting s = u(1 + |z|%)
F(Tl—l—l) 1

m(n+1)/2 (]_ + |(L’| ) (n+1)/27
as required. O

It remains to prove (7):
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Lemma 2.22. For $ € R, we have

Proof. First, we claim that

Consider the right-hand side:

2 % cos Pz 1 [ cosfx 1 [ e
- ——dr =— ——dr =— dz,
T Jo 1422 T ) o 1+ 22 T ) o 1+ 22

as sin is an odd function. Consider the contour C' in the complex plane given by [—R, R|
followed by a semi-circle of radius R in the upper half-plane. Now, Hﬁ has poles at
r = +1i, So

1 Bz ifa ipr 23
—/ C dr=2iRes (—— | = 2iRes [ ——~—— | = 2" =",
T Jo 1+ 2?2 a=i \ 1+ 2 e=i \ (x+1)x —1i 2i

eiﬁz
1422

— 0 as |z| = 400, we obtain that

1 00 iBx
—/ ¢ dx:e_ﬂ,
T 1+ 22

Since

—00
as claimed above.
Now, observe that

o 1 o 1
/ e (Heu gy, = / e’ds = ——,
0 1+22 ), 1+ a2

using the substitution s = (1 + z?)u. Hence, we have that

B _ E/OO cosﬁxdx
0

T 1+ 22
2 oo o
= —/ cos 51;/ e~ () Qo d
T Jo 0
2 [ o 2
=— / e " / e """ cos frdrdu by Fubini’s theorem
m™Jo 0
1 0] o
= — / e / e~ cos Bxdxdu by symmetry
™ Jo —00
1 OO —u = —uz? ifx CE
= — e e e drdu as sin is odd
™ Jo —00
1 (0] o, ¢] )
= — / e“\/f/ e~ 2milB/Vimu)y dy du putting y = x\/g
T Jo U)o T
1./“f“—ww4f
= — —e " ™ du by lemma 2.7
v o Vu
1 /OO e v 2
- — e Py
= e u,
VT Jo Vu
as required. N
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2.5 Approximations to the Identity

To get back on track, we are considering questions of convergence of Fourier series in
the Cesaro, Abel-Poisson and Gaufl—Weierstrafl senses. We use a technique known as
approzimations to the identity to prove LP convergence for all three of these modes of
convergence.

Definition 2.23 (Approximations to the identity). Given ¢ € L'(R™) such that [, ¢ =
1, we define the approximation to the identity

6u@)i= 70 (3).

For future reference, note that ¢, — ¢ in D’.
Observe that for g € C2°(R™), we have

[ o@ata)ae= [ Fo(3)a@ae= [ ot dy

putting y = x/t. Therefore

lim . ¢i(x)g(x) dr = . ¢(y)g(0) dy = ¢(0)

t—0
as ¢ is continuous, using the Dominated Convergence Theorem.

Lemma 2.24. Gwen ¢ € L'(R") such that [, ¢ =1, and g € C(R"), we have that

¢ x g(x) = g(z)
ast — 0.

Proof. First, notice that
¢r* g(1) = /Rn tlncb ($) g9l —y)dy = L O@gle —tz) dz.
By the Dominated Convergence Theorem,
[ @~ t2)dz > [ o)) dz = g(x)
as t — 0, as required. O

In our case, ¢; will be one of the Fejér, Poisson or Weierstrass kernels. We will use the
following theorem to prove LP convergence of Fourier series in each of those three modes:

Theorem 2.25. Let ¢ € L'(R") such that [,, ¢ = 1, and fir 1 < p < oo. For any
f € LP(R™), we have that

(@2 f) = flle =0
as t — 0. Moreover, if f € CO(R™), then ¢y * f — f uniformly.
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Proof. Fix ¢ > 0. We consider two cases.

Case 1: f € LP(R"): First, as in the previous lemma, notice that
o0 @)= [ 5o () fla =)y
~ [ st
putting z = y/t. Hence
0% @) = f(@) = [ ()1 — )42~ Fla)
= [ el —12) - )

and so

( . e % f(2) —f(af)\pdx)l/p — (/ ( s (2)[f(z —tz) — f(z)] dz)p da:)l/p.

By Minkowski’s inequality (lemma 2.18), we have that

1/p

( - [é0 * f2) = f(fﬁ)\pd«%’) " < /n < . 6(2)P| f(z — t2) — fla)P d:c> &
= /Rn |6(2)] ( . |f(z —t2) — f(a;)|pd$)1/p &

As ¢ € L'(R™), we may choose M > 0 such that

£
d .
/|z>M 9()14= <

Then

fo 60 ([ 12 - s ac) " < [, 16O 2z <

TR

Now, noting that |f(x —h) — f(x)| < |f(z —h)|+|f(z)|, by the Dominated Convergence
Theorem there exists § such that whenever h < M¢ we have that

([ 1o =1 rpa) "

N ™

Then, for t < §, we have

/Z|<M [9(2)] ( . |f(z —t2) _f(x)|pdx> e dz < g/lz<M\¢(Z)|dz <

N ™
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as fRn ¢ = 1. Hence for t < §, we have

609~ 1o = ([ 10ce s~ steypas)
< [wer([ 1 - sepas) o
< [ eei([ ve--swra)

+/|Z>M |6(2)] < . |f(z —tz) — f(x)|pdx)1/p 1

as required.

Case 2: f € C°(R™): Once again,
o 1(0) ~ 0) = [ oa)lfta— 1) — )] d
and so

sup ¢y x f(x) — f(x)] = sup (2)[f(x = t2) = f(2)]d=

zeR™ z€eR™

R

< [ ()| sup |f(x —tz) — f(z)] d.
R™ zER™

As ¢ € L*(R™), we may choose M > 0 such that

3

d .
LM )14z < g

Then

/| O s 15 —12) = ()] 4z < /| 0O 2Ntz <

TER™?

DO ™

As f € C%R"), f is uniformly continuous, and hence there exists § > 0 such that
whenever h < M,

€
sup |f (e —h) — f(@)] < <.

z€R™

Then, for t < §, we have

)

/|Z|<M |9(2)] sup |f(z —tz) — f(z)| dz < 3 /|z<M |9(2)]dz <

rER?

DO ™
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as fRn ¢ = 1. Hence for t < §, we have

1(@¢ % f) = flloo = sup [¢y x f(z) — f(2)

zeR™

=/, (=) sup |f(x —tz) = f(x)] dz

z€R™

< /| G s £t = 1) = @)l 4z
T / 16(2)] sup |f(z — t2) — f(z)] dz

|z|>M zeR?

as required. O

Corollary 2.26. If ¢ € CX(R"™) or ¢ € S(R™), then ¢y f is smooth. As a consequence,
smooth functions are dense in LP(R™) for 1 < p < oo.

Sketch proof. We have that

b % f(z) = / L (==1) £y) ay,

n

so, differentiating under the integral sign, we obtain

T
n t"

0%y + f(x) = / Loeg (221 £(y) dy.

and the result follows by the Dominated Convergence Theorem. O]

We now apply theorem 2.25 to the three modes of convergence discussed above.

Cesaro convergence: We have opf = Fr* f, where Fg(z) = Siﬁ(;’;l)%f ) in dimension 1.
We now prove that Fr % f converges to f in LP:

Proposition 2.27. For any f € LP(R), we have that
[(Frx f) = fllr =0
as R — +oo. Moreover, if f € C°(R), then Fr* f — [ uniformly.

Proof. We wish to check that Fr is an approximation to the identity: that is, that we
can write it as 1 (z/t) for some ¢. Let ¢ = 1/R, and define

¥(o) = File) = T2
e wl(n(a/t) _ sind(n(w/t)) _ 1
Fr(r) = Fl/t(x) = (1/t)(rz)? = tn2(z/t)? = ;1/’@/15) = Yy (x),
so opf = 1 * f. By theorem 2.25, ||(crf) — fllzr — 0 as R — +oo. O
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Abel-Poisson convergence: We have

M%OZ/mf%wﬂﬂﬁmﬂKZH*ﬂ@,

where -

r) t
T2 (12 4 [g2) (et D)/2
We now prove that P, x f converges to f in LP:

Proposition 2.28. For any f € LP(R™), we have that
1(F# f) = fller = 0
as t — 0. Moreover, if f € CO(R™), then P, x f — f uniformly.

Proof. We wish to check that P, is an approximation to the identity: that is, that we can
write it as $9(x/t) for some . Define

e
Y(x) = Pi(z) = A D/2 (1 1 [z 2) /2

P(x) =

(n+1> t B F(n—H) 1 1 B
Pt(x) o (n+1)/2 ( 2 + |CL”2)(”+1)/2 o (n+1)/2 t”(l + |I/t| ) (n+1)/ t_nw(x/t) - wt(x)v

so Pyx f = % f. By theorem 2.25, (P * f) — f|lz» — 0 ast — 07. O

Gauf3—Weierstrafl convergence: We have

w(w,t) = / e f(©)ePTE dE = W x [ (w),

where

1 2
W, _ —lx|?/4t
(@) = (4rt)™/? ‘ '

We now prove that W; x f converges to f in L?:

Proposition 2.29. For any f € LP(R™), we have that
[(Wes f) = fllee =0

as t — 0. Moreover, if f € CO(R™), then Wy x f — f uniformly.

Proof. We wish to check that W, is an approximation to the identity; however, we cannot
do so directly, so we show that Wz = t¢(x/t) for some 1. Define

1 e
P(z) = Wyi(zr) = —(47T)n/26 l=l*/4,
Then
1 2 /442 1 1 2 1
_ —le?/4t2 _ — —lz/t1?/4 _
Wt2<x> - (47Tt2)n/26 tn (471’)”/26 tn ((L’/t) (l’),

so Wi x f = by x f. By theorem 2.25, ||(We * f) — fllz» — 0 as t — 01, and hence
(Wi f)— fllor» = 0 as t — 0. O
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2.6 Weak L? Spaces

Having shown that the Fourier transform converges in the Cesaro, Abel-Poisson and
Gaufl—Weierstraf} senses in the LP norm, we now turn our attention to almost everywhere
convergence. We would like to have that

Snf(a) = Dy x fla) = /Ig _ J@emras @

as R — oo, but this is only known in dimension 1 and not in higher dimensions. The
problem is that ||Dg||;1 = +00, so we cannot apply Young’s inequality. The underlying
problem is that # — 1/z is not an L' function on R; we get round this by creating a
replacement space, namely weak LP spaces.

Definition 2.30. Let (X,.%,u) be a measure space, and let 1 < p < co. We define the
weak LP space LP (X)) by

LP(X):= {f X > Cmeas.:Fc>0s.t. VA>0, u({z e X : |f(x)] > A}) < (E)p}

The weak LP norm || f| 1z of a function f € LP is given by

Iy = inf {e 2 0:VA> 0, ulfr € X @) > M) < (5))

i.e. the least constant ¢ such that the above inequality is satisfied. For p = oo, we define
Ly = L%, and || fllzg = [[f L.

Note that L2 is a vector space: given f,g € L? we see that

p{z € X1 |f(2) +g(2)] > A}) < p({z € X |f(2)| > 3}) + ul{z € X+ [g(2) > 3}),

201 flle \? | (2llgllez\”
< [ 2 ow 2
= ( ) T

B (2(||f||’£g + |!g||’£gv)1/p>p

A

so that || f + gllzz < 2([f75 + llgl/%,)*/?. Furthermore, given v € C and f € L%, it is
clear that

p({z € X laf(2)] > A}) = p({z € X [f(2)] > 3 D),

so that |||z, = [al| fllze -
It would be slightly ridiculous if we had defined weak L? spaces in such a way as an L”
function was not necessarily a weak LP function, so we now verify that LP(X) C L? (X).

Lemma 2.31. Let (X,.%,u) be a measure space, fir 1 < p < oo, and let f € LP(X).
Then f € LY, and || f|rz, < [[f]lze-

Proof. Let f € LP(X), and set E) :={x € X : |f(x)] > A\}. Then
18 = [ 1franz [ 1pdnz [ vau= ()
X Ey Ey

o7



so that

p(Ey) < (”fﬂ“’)p.

Hence f € L?, and || f||zz < ||f]lze, as required. O

In general, LP(X) C LP(X); that is, there are functions in L? which are not in LP.
For example, consider the function f: R — R given by f(z) = 1/z. Then f ¢ L'(R),
but f € LL(R), as

(o) el o) ()5

In higher dimensions, one can see that z — 1/|z|" is in L} (R"), but not L'(R"), and
that z +— 1/|2|["? is in L2 (R™), but not LP(R™).
Beware: the notation || - ||;» is a bit misleading, since the weak L norm is not a

norm, because it does not satisfy the triangle inequality, though all the other axioms of
1

a norm are satisfied. Consider f(z) = 1 and g(x) = 1= on the real line: then || f||;1 =2

and gl = 2 (as above), but |f + g|ry = 4v2 > 4. To see this, first note that

% + ﬁ = ﬁ, and set F) = {x : \m(llf:r)\ > /\}. Then

EA:{$:%>|Z£(1—93)|ZO}

and hence we see that

M(EA):{\/1+4/>\ if A < 4

VI+H4/A—/1—4/) ifA>4

It is then clear that the maximum value of Au(E)) occurs with A = 4 (simply note that
A+ A\u(Ey) is increasing for A < 4 and decreasing for A > 4). Then u(E,) = v/2, so that
the smallest constant must be 4v/2, and hence || f + g1 = 4v/2.

Having defined weak LP spaces, we now consider operators between such spaces, and
their boundedness. An operator T': LP(X) — L%(X) is bounded if

1T fllze < ell fllze

for all f € LP(X). We now consider the more general case where an operator may be
defined on some superset of LP(X): let us denote by £(X) the space of all measurable
functions on X. We may still want to talk about boundedness as an operator LP(X) —
L(X), or we may want to talk about boundedness as an operator LP(X) — L% (X): these
two possibilities are encapsulated by saying an operator is strong-(p, q) or weak-(p, q).
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Definition 2.32. Let (X, %, u) be a o-finite measure space, and consider an operator
T: L(X)— L(X).

o T is strong-(p,q) if T is bounded as an operator LP(X) — L9(X), that is there is a
constant ¢ such that

1T fllza < el fllze
for all f € LP(X).

o T is weak-(p,q) if T is bounded as an operator LP(X) — L9 (X), that is there is a
constant ¢ such that

1T fllzg < ellfllee

for all f € LP(X). If ¢ = oo this is the same as strong-(p,q); if ¢ < oo, this is
equivalent to

, ol fllze\*
p({z € X 1 |Tf(z)] > A}) < —
for all f € LP(X) and all A > 0.
Lemma 2.33. If T is strong-(p,q), then T is weak-(p,q).

(This follows immediately from the previous lemma, but it is instructive to work
through the proof in detail.)

Proof. Suppose T is strong-(p,q), let f € LP(X), and set E) := {x € X : |Tf(x)| > A}.
Then

(ClIfll)? = TS, = / Tftdn > [T du > / N dji = Np(Ey),
X Ey Ey

n(Ex) < (%) B

Hence T is weak-(p, ¢), as required. ]

so that

Many of the operators we come across will not be strong-(p, ¢), but rather weak-(p, q).
The Marcinkiewicz interpolation theorem tells us that, if we know that T" is weak-(pg, po)
and weak-(py, p1), then T' is strong-(p, p) for all py < p < p;.

Theorem 2.34 (Marcinkiewicz interpolation theorem). Let (X,.%, 1) be a o-finite mea-
sure space, and let T L(X) — L(X). Suppose thatT is sublinear, i.e. for all f,g € L(X),
and all o € C, we have that

T(f + 9)(@)| < |Tf ()] + [Tg(x)],
[T(ef)(@)] = [T f(2)]

If there are 1 < py < p1 < 00 such that T is weak-(po,po) and weak-(p1,p1), then T is
strong-(p, p) for all py < p < p;.
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The Marcinkiewicz interpolation theorem saves us a lot of work in proving bounded-
ness of an operator: instead of having to prove boundedness for all 1 < p < o0, it suffices
to prove that the operator is weak-(1, 1) and weak- (oo, 00).

Given a measurable function f: X — C, define

ap(A) = p({r e X :|f(z) > A}).

Proposition 2.35. Let ¢: [0,00) — [0,00) be a differentiable increasing function such
that ¢(0) = 0. Then

/X¢(|f($)|)duZ/Ooogb'()\)af()\)d)\.

Proof. Using the fundamental theorem of calculus, we compute that

[owr@nan=[ [ smara

:// &' (N)Xgo<r<if@) )y (A z) dAdp

x Jo

:/ WA)/ X{o<x<|f (@)} (A, @) dp dA
0 X B

:u({xeXTf (z)[>A})

_ /0 T o (ag(n) A =

Applying the proposition to ¢(z) = z?, for 1 < p < oo, noting that ¢'(z) = paP~!, we
obtain that
£ = [ 1f@Pds= [ pwadn= [ o3 e € X)) > A
X 0 0

We use this observation in the proof of the Marcinkiewicz interpolation theorem:

Proof of theorem 2.34. Given f € LP(X), with py < p < p, for each A > 0 we decompose
f as

fo =T Xeexif|>en} € L,
J1 =1 Xzexifi<ery € L,

so that f = fo 4+ fi, with the constant ¢ to be chosen below. As T' is sublinear, we have
that

Tf(z)] <|Tfo(x)] + |Tfr(z)],
and hence that
p(fo e X T1@)] > A < ({o e X [Tho(@)] > 3}) +u({z € X ITA@) > 3)),

or, put more briefly,
arg(A) < ary,(3) + arp (3)-
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We want to show that [|Tf]|z» < ¢|f|l»: the remainder of the proof is in two cases,
depending on whether p; = 0o or p; < 0.

Case 1: py = 0o. We know that T is weak-(po, po), so that there exists Ay such that, for
all f = fo+ f1 and all A > 0, we have

A 0 Po
arp < (2l )

Also, we know that T is weak-(00, 00), so there exists A; such that, for all f = fo + fi
and all A > 0, we have

1T fillzee < Aul[ fall 2o

If we choose the constant ¢ above to be ¢ = then

2A’

A
2

({z e X:TH@)]>35})

anl( 2
u({x € X : Alfi(x)] > %})
1
0,

[VARVAN

({x e X :Ach> %})

since % > % is impossible. Hence, using the remark following proposition 2.35, we obtain

that
ITFI, = / PN Lars(A) dA
S/ pA” 1ano( )dA
0
S/Oop)\[’—l (2A0||f0||Lp0>pO d)\
0 A
— (24, / R / o) [P dpdA
0
= Ay [ [ @ e g () dndd
= Ay [ @ [0 P g () A

2A1|f(z)]
— (240)"p / @) / X AN dp
0

= (240)” )P (2A]f (@)[)P77 dpa

/ |f ()P dp

HfHLm

(2A0)p0(2A P Po

— (2A0)P0 (2Al)p po
p—

as required.
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Case 2: py < 0o. As T is weak-(po, po) and weak-(p1,p;1), there exist constants Ay and
Ay such that, for all f = fy + f1 and all A > 0, we have

po
(leO()\) S <AO||J;‘?||LPO) )

and

A rn\"
g < (200 )

(Note that the constants Ay and A; are independent of f.) Using the remark following
proposition 2.35, we obtain that

771 = [ o3tz ()
g/ooopxp fars, (3 )dA+/OOpAP1an1(g)dA
S/OOOPAP1 <2Ao||§o”mo> d)\+/ooop)\p1 (2/‘11||1\C1HLM>7?1 QA
= (2140)1"010/00O )\p_l_po/ | f(2) [P X (wex:|f@))>eny i dA
+(24,)"p / APmip / |f (@) P Xqwexi f@)<ery dpp dA
= (24p)™ /‘f ’po/ NPy e X f @) ent A dp
+ (24,)™ /|f |p1/ NPTy e p @) <eny A dp

|f()]/c
= (24y)7° /|f |po/ A\P1- “PodX\dp

+ (24,)™ /|f |p1/ y )\pflfpld)\d,u

= (240) )P (1 ()] /ey dp

(2A )P (f (@) /)P dp

(QAO)PO 2A1 Piy ) /
= i+ )P d
(CP—PO (p — pO) cP— Pl pl ’f ’ M

_ [ (24)™p (24,)71p
= (Cp—po(p —po) cp— pl(p )) ||f”LP7

as required. (Notice that when we integrated AP~17P0 and AP~17P1 we used the fact that,
since p —pg > 0, AP0 — 0 as A — 0, and, since p —p; < 0, A" P' — 0 as A — +00.)
This completes the proof of the Marcinkiewicz interpolation theorem. O]
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2.7 Maximal Functions and Almost Everywhere Convergence

Having proved the Marcinkiewicz interpolation theorem, we now turn our attention to
how to relate the weak LP spaces to almost everywhere convergence. This is done through
maximal functions.

Theorem 2.36. Let T;: LP(X) — L(X) be a family of operators for t > 0. Define
T*: LP(X) — L(X) by
T f(z) o= sup [T, £ ()]

t>0

If there is q such that T* is weak-(p, q), then the set
{fel’X): llr%th(x) = f(x) for a.e. x € X}
—
is closed in LP(X).

T* is known as the maximal operator associated to the family 7.

Proof. Let f,, f € LP(X) such that || f, — f|lz» — 0 as n — oo, and suppose that, for
every n € N|

Iim T, fn(x) = fu(x) for ae. x€ X.

t—0

We want to show that lim, o T3 f(x) = f(x) for almost every = € X.
Fix A > 0. Then

u({r e x stmsup i) - 0> 2}

({xex lmsup [ ~ £,)(0) = (f = £)()] > 1} )
<iu{eex. [sup\mf—fn)(xn+|<f—fn><x>|] >}
\

( reX: s;;(\)Tt(f fa)(@)] > %}) tu ({x € X = fa)(@)] > %})

22({:(; e X: T*)(Z”E,;)(x) > ;}))J;u ({:1: e X |(f— fo))] > %})
< (5= Faller ) + (SIS = Fulls

as T is weak-(p, ), and ||f — fullze < ||f — fullze. The last line tends to 0 as n — oo,
and since the first line is independent of n we must have that

o ({r e x s i) - 1> 2} ) =0
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for all A > 0. Hence
w <{x € X :limsup |T; f(z) — f(z)| > O})
t—0

< (U {oex s 51(0) - 0] > %})

1 t—0

iu ({ & X :limswp T3 () — f(2)] > %})
07

IA

so that limy_,0 T3 f(z) = f(x) for almost every = € X. Hence the set
{feLl’X): 11H6th(x) = f(z) for a.e. z € X}
%
is closed in LP(X). O

By a very similar argument, we obtain the following corollary:

Corollary 2.37. Let T;: LP(X) — L(X) be a family of operators for t > 0. Define
T*: LP(X) — L(X) by
T f(z) = sup |To (@)

t>0
If there is q such that T* is weak-(p,q), then the set

{f € LP(X) :11_{%th(95) exists for a.e. v € X}

is closed in LP(X).

Proof. Let f,, f € LP(X) such that ||f, — f|lz» — 0 as n — oo, and suppose that, for
every n € N, limy_,¢ 7} f,,(x) exists for almost every z € X. As in the proof of the previous
theorem, it suffices to show that

W ({:c € X :limsup [T} f(x)| — liminf |7} f(x)] > A}) =0
t—0 =0
for all A > 0. To see this, observe that
limsup |7} f(z)| — liminf [T} f(x)| < 27" f(z).
t—0 t—0

Then
f ({x € X+ limsup T3 f ()] —lim inf |} f (z)] > A})
<o ({r e X s 77~ )0 - tiaint 107 = £)(0)] > A} )
<2 <{x €X T (f— f)(x) > %})
<2 (%0~ )

as T* is weak-(p,q). As n — oo, the bottom line tends to zero, hence the top line must
equal zero, and by the same argument as before we obtain the result. O]
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We now define the Hardy-Littlewood mazimal function. We will use this maximal
function to bound the maximal operator associated with an approximation to the identity,
and hence to prove almost everywhere convergence in the Cesaro, Abel-Poisson and
Gauf3—Weierstrafl senses.

Definition 2.38. Given f € L'(R"), define the Hardy-Littlewood maximal function by

Mf(r) = i‘i%)m / M=yl

1
=S B @) /Brm 7wl dy.

Why balls, and not cubes? We could quite happily define

1

R ren ol ALLCRILY
1

RGN o O

where

In fact, it is not hard to show that there are constants ¢, C' such that
cMqf(x) < Mf(x) < CMqf(x)

for all f; given a square, we can inscribe and circumscribe circles, or vice versa.
In general, let R be a rectangle containing z, not necessarily centred at z, and not
necessarily parallel to the axes. We may define

Maf (@) = sup s [ 1] o

We could now ask if .

voll(ilgl—m VOI(R) /}; ’f(y)‘ dy = f(ZC)

almost everywhere: this is false. A counterexample is based on the Architect’s Paradox.
Take @ = [0, 1] %[0, 1] to be the unit square: then there exists a set S C @ with vol(S) =1
such that for every x € S there is a line segment ¢, that extends from x to 0Q) such that
¢, NS = {x}. (Thus you can build a hotel that fills the area of ) where you can always
see the ocean.)

We now use the Hardy—Littlewood maximal function to bound the maximal operator
associated to an approximation to the identity. This will lead to a proof that almost
everywhere convergence in the Cesaro, Abel-Poisson and Gaufl—Weierstrafl senses holds.
First, recall that, given ¢ € L*(R"), we set ¢;(z) := tinqb(%), and then,

oo @)= [ 50 (4) #a =)

n "
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Theorem 2.39. Let ¢: R" — R be a non-negative radial function in L'(R™) which is
decreasing as a function of radius, i.e. if |x| < |y| then ¢p(x) > ¢(y). Then, for allx € R",

iggl@ « f(2)] < |8l M f(z).

Proof. First, assume that ¢ is a simple function. Then it can be written in the form

T) = Z ;X Bg, ()

where Bg, := Bg,(0), the coefficients a; > 0, and the radii Ry > Ry > --- > Rj. Then
for any f € LY(R"),

= /R Z ajxBg, (Y)f(x —y) dy
- Zaj vol(Bkg,) Vol(lBR ] /n XBg, (Y)f(z —y)dy

1
= Zlaj vol(Bg;) - m o, flx—y)dy

k
1
< Z a;jvol(Bg,) - sup

= 1<j<k VOI(BR ) Br;

<> a;vol(Bg,) - Mf(x)

j=1

[ oty 2rf)

flz—y)dy

so ¢ f(x) < ||¢||2 M f(x). Since ¢, is another non-negative radially decreasing function,

and
| we(d) = [ ewa

¢ * f(x) < | dell e M f () = ol e M f (),

we have that

and hence

Stl>1103‘¢t * f(2)] < ||l M f()

for all simple ¢ satisfying the assumptions.

For a general function ¢ satisfying the assumptions, let ¢,, be an increasing sequence
of simple functions which also satisfy the assumptions such that ¢, — ¢. Then, by the
monotone convergence theorem, we have that

G0k F@)] = Tim ()% f(@)] < T (9]l MF () = 9] M F(2),

as required. O
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Corollary 2.40. Given ¢ € L*(R"), let p € L*(R™) be a non-negative radially decreasing
function such that |¢(x)| < ¢(z) for all x € R™. Then, for all x € R™,

sup |00 f ()] < [@[lr M f ().

Proof. We observe that

o f@) = [ mo (D) te=—nav< [ Zo(4) o=y =i ),

and the result follows immediately. O]

We now wish to combine theorem 2.36 with corollary 2.40. We first need a covering
lemma, due to Vitali:

Lemma 2.41 (Vitali covering lemma). Let E C R™ be measurable, and let E be covered
by a family of balls B := {B;}jen of bounded diameter; i.e.,

sup diam B; < oo.
JEA

Then there exists an at most countable subfamily {Bi}2, of {B;}jea that are pairwise
disjoint (i.e. BN B; =@ ifi # j), and

o N

> vol(By) > = vol(E).
Proof. Given a collection B := {B;}jen with M := sup{diam B; : B; € B} < oo, we
choose the subfamily {B;}?, inductively, as follows. First, pick B; to be any ball in B
such that diam(B;) > 1M Then, assuming that By, ..., By have been chosen, define

Bk::{BjEB:BﬂWEz@foralllgigk},

and
M, := sup{diam B, : B; € By}.

If By, is nonempty, we then choose By to be any ball in B, such that diam By, > 1Mk
If B, = @, then we stop and we have a finite subfamily; otherwise, we have a countable
subfamlly. For simplicity of notation, if B, = @ then we simply set B, := @ for ¢ >

If 37, vol(By) = oo, then certainly Y77 vol(B;) > = vol(E). So suppose that
Zk L vol(By) < oo.

We now define B* to be the ball with the same centre as By and 5 times the radius.
We claim that £ C Uk,:1 B;. Pick x € E. As B is a cover of E, there exists a B; € B
such that = € B;. As Zzozl vol(B},) < oo, we have that diamEg — 0as k — c0. So
choose K to be the smallest natural number such that

— 1
diam By 1 < 3 diam Bj;
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i.e. such that diam By, > %diam Bj for 1 <k < K. Then B; must intersect with at least

one of By, ..., By, since if B; were disjoint from Bi,...,Bg, we would have B; € Bk,
and then

- 1 1
diam By 1 > §Mk > §diam By,

which is a contradiction. So choose 1 < Ky, < K such that B; N Bk, # @. Since
diam B; < 2diam By, = 4radius Bg,, expanding By, to five times its radius will ensure
that it contains Bj; that is, B; C By, Ko

Hence E C Uzozl B;, and so

vol(E) < vol (U B_;> < ZVOI(B_;) =5" ZVOI(E),
k=1 k=1 k=1

so that Y7 vol(By) > = vol(E), as required. O

We can now prove that the Hardy-Littlewood maximal function M is weak-(1,1) and
weak-(00, 00), which by the Marcinkiewicz interpolation theorem will prove that M is
strong-(p, p) for all 1 < p < co. We will do so using the Vitali covering lemma.

Theorem 2.42. The Hardy-Littlewood mazimal function M is weak-(1,1) and strong-
(p,p) foralll < p < 0.

Proof. First, observe that

M) = swp s [ 1wy < s,

so that ||M f|lr~ < ||f|lz~, and hence M is weak-(00,00). Thus by the Marcinkiewicz
interpolation theorem, it suffices to prove that M is weak-(1, 1), i.e. that

el flle
A

p{r e R": Mf(x) > A}) <

for all f € L'(R™) and all A > 0.
Fix A > 0, and define E) := {x € R" : M f(x) > A\}. If © € E), then

M) = sup s [ 15wl > X

hence for each x € F) there exists R, > 0 such that

1
B fo Iz

Thus FE) is covered by balls {Bg, () : ¢ € E\}, with

1
RCADIES Y RO
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Suppose that {R, : © € E)} is not bounded above: then there exists a sequence z; € E)
such that R,, — +oo; but then

Lﬂwumz;/ F@)l dy = Avol(Bp, ) — oo
R Br,.

as j — oo, since \ is fixed; and then f would not be in L*(R™).

Hence the collection {Bg,(z) : z € E\} is a covering of E) by balls of bounded
diameter, so by the Vitali covering lemma there exists a disjoint subfamily {B;}32, such
that

—,LL E)\ < ZVOI
Hence
"\ 5" | f |l
H(Ex) <5" ) vol(B)) Ej u|®— [F(y)dy < =7
— U °© B
Jj=1 =1 bj
so that M is weak-(1,1). This completes the proof. O

We can now use this to show almost everywhere convergence of certain approximations
to the identity:

Corollary 2.43. Let ¢ € LY(R™) such that there exists 1 € L'(R™) which is non-negative,
radially decreasing, and |¢p(z)| < (x) for allz € R™. Fiz1 < p < oo, and let f € LP(R™).
Then

oo o) = [ otwan) 1o
for almost every x € R™.
Proof. Suppose that [, ¢(y) dy = 1 (if not, replace ¢ by m) Define T} f(x) :=
¢ * f(x), and denote by

T f(x) := sup [T, f ()] = sup [y = f ()]

>0 >0

the maximal operator associated to the family {7}}/~o. We know from corollary 2.40 that
T f(x) < [l M f ().
By theorem 2.42, M is weak-(p,p) for 1 < p < o0, so
* A C w 1 f Lp p
o X @)= < u({z e xsys) > ) < (D)

and hence T* is weak-(p, p) for 1 < p < co. Hence by theorem 2.36, the set

E={fel’PR"): 11_{%7}]”(:6) = f(x) for a.e. x € X}

is closed in LP(R™). Now, by theorem 2.25, if f € S(R") then T;f(z) — f(x) uniformly
over all x € R", and so in particular it converges almost everywhere; hence S(R") C E.
As S(R™) is dense in LP(R") for 1 < p < oo, E = LP(R"); i.e., for every f € LP(R"),
Tif(x) — f(z) for almost every z € R". O

Finally, we now apply this corollary to obtain convergence of the Fourier transform
in the Cesaro, Abel-Poisson and Gauf3-Weierstrafl senses.
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Cesaro convergence: We have orf = Fr* f, where Fr(x) = 5122(:;})%5 ) in dimension 1.
We now prove that Fr * f converges to f almost everywhere:

Proposition 2.44. Let 1 < p < co. For any f € LP(R), we have that Fg* f(z) — f(z)
for almost every x € R as R — +o00.

Proof. As in proposition 2.27, F is an approximation to the identity, with

sin?
=F = — .
Qb(l') 1(1‘) (7_(1,)2
Setting ¢(x) = min{1, ﬁ}, we see that ¢ is non-negative and decreasing, and that
|p(x)| < (x) for every x. Hence by corollary 2.43, Fi; * f(x) = ¢¢ * f — f almost
everywhere for any f € LP(R). O

Abel-Poisson convergence: We have

uwt) = [ g = p (o)
where .
L") t
a(n+1)/2 (t? + |x|2)(n+1)/2'
We now prove that P, x f converges to f almost everywhere:

Proposition 2.45. Let 1 <p < co. For any f € LP(R"™), we have that P, x f(z) — f(x)
for almost every x € R™ ast — 0%,

P(x) =

Proof. As in proposition 2.28, P, is an approximation to the identity with

resh

o(r) = P(z) = A D/2 (1 1 [2[2) (D72

As ¢ is non-negative, radial and decreasing, by corollary 2.43 P,xf — f almost everywhere
for any f e LP(R"). O

Gauf3—Weierstrafl convergence: We have

w(w,t) = / e~ TR f(€)ePmimt dg = W, + f(x),

where

1 —|x|? /4t

We now prove that W, x f converges to f almost everywhere:

Proposition 2.46. Let 1 < p < oo. For any f € LP(R"), we have that Wy f(z) — f(z)
for almost every x € R™ ast — 0%,

Proof. As in proposition 2.29, W;2 is an approximation to the identity with

1 el
P(z) =Wy (x) = ()2 /4,
As ¢ is non-negative, radial and decreasing, by corollary 2.43 W2 x f — f almost every-
where for any f € LP(R™), and hence W, x f — f almost everywhere. O
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2.8 The Lebesgue Differentiation Theorem*

The question which motivated the Hardy-Littlewood maximal function was that eventu-
ally proved in Lebesgue’s differentiation theorem: does

1

llg%m /Br(x) f(y)|dy = f(x)

for almost every x € R"? If f is continuous this is obvious, but if f is only in L' then it
is nontrivial.

Theorem 2.47 (Lebesgue’s differentiation theorem). If f € L. _(R"), then

loc

1

}%m /BT(x) f(y)|dy = f(x)

for almost every x € R™.

Proof. Define the family of operators { M, },~o by

1
;ﬂg@gﬂgyﬂwmg

The maximal operator associated to the family { M, },¢ is precisely the Hardy—Littlewood
maximal function M, which by theorem 2.42 is weak-(1,1). Hence by theorem 2.36, the
set

Mrf<x> =

E:={f e L'(R") ll_f}éMrf(fK) = f(x) for a.e. x € X}

is closed in L'(R").
Now, if f € C°(R") N L'(R"), then given ¢ > 0 there exists § > 0 such that if
ly — x| < 0 then |f(y) — f(z)| < e, and hence

1
B o W = Tl <

whenever |y — x| < §. Hence C°(R™) N L'(R") C E, and as C°(R™) N L}(R") is dense in
LY(R"), E = L'(R").

If f € LL.(R") then given a compact subset K C R™ we have that fyx € L'(R"),
and hence that the result holds for almost every x € K. Hence, by taking a covering of
R™ by compact sets — e.g., consider the cover { K, }mezn given by

Ky = [my,mq + 1] X -+ X [my,, my, + 1]
— we see that the result holds for almost every z € R"™. O]
In fact, the same proof applies to the stronger result that, if f € L. _(R™), then

loc

1

}E}ém/&(@ |f(y) — f(z)|dy =0
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for almost every = € R”, since the theorem implies that |f(x)| < M f(x) for almost every
x € R”, and hence that

1
sup

=0 m/&(m) 1f(y) — f(z)|dy < M f(z) + |f(z)| <2M f(x),

so as M is weak-(1,1), so is the left-hand side, and hence the result follows.
It may be remarked that, while M is weak-(1,1) and strong-(p, p), it is not strong-
(1,1). Indeed, the strong-(1,1) inequality never holds, as shown by the following result:

Proposition 2.48. If f € L'(R") and f is not identically zero, then M f ¢ L*(R™).

Proof. Let f € L*(R") be not identically zero; then there must exist R > 0 such that

/ |f| >e>0.
Br(0)

Then if || > R, then Bg(0) C Byjy((x), and hence

M) = swp s [ 1wl

1

> d
> T /B wla
1
e d
> ) /B sy
I'(3+1) £
n/2 ' 2n|l.|n’

and z + —- is not an L'(R") function. O

|z
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3 Distribution Theory

In order to utilise the Fourier transform in its greatest possible generality, we define
“generalised functions” — although that is something of a misnomer. The correct “gen-
eralisation” of the notion of function is called a distribution, which is (in essence) a linear
functional on a suitable space of test functions. In order to motivate the generalisation,
we first consider weak derivatives. We remind the reader of the notation introduced in
section 2.2, which will be used heavily throughout.

3.1 Weak Derivatives

Consider an open subset 2 C R” such that the boundary 9 is C. If ¢ € C°(Q2) and
u € C*(Q), then we may integrate by parts: for any multi-index a with || < k, we have

/Q u(z)b(z) dz = (~1) / u(2)06(x) da,

where the boundary terms are zero because ¢ has compact support in 2. This is true for
every ¢ € C°(Q).

Definition 3.1 (Weak derivative). Consider an open subset Q@ C R™ such that the bound-
ary O is C'. Let u,v € L (), and let « € Ny be a multi-index. We say that v is the
o™ weak derivative of u if, for every ¢ € C°(Q), we have

/Qv(x)qﬁ(x) dz = (—1)“|/u(x)8a¢(:v) dz.

Q

We write 0%u := v.
We shall use the following lemma without proof:

Lemma 3.2. Let Q C R" is open, and let f € Ly (Q). If |, f(z)p(x)dz = 0 for all

loc

¢ € C2(Q), then f(x) =0 for almost every x € Q.
Lemma 3.3. Weak derivatives, when they exist, are unique almost everywhere.

Proof. Let vy and vy, be weak derivatives of u, i.e.

[ u@arot@yds = (<1 [ w@ote)ds = (-0 [ wa()ota)da

0 0 Q

for all ¢ € C°(Q). Then [,vi(x)p(z)dr = [, va(z)¢(x)dx for all ¢ € C*(), so that
Jo(v1(z) —va(z))p(x) dz = 0 for all ¢ € C°(2). Hence, by lemma 3.2, v; —v; = 0 almost
everywhere, i.e. v; = vy almost everywhere. O

Of course, if u € C*, and |a| < k, then the o™ weak derivative of u is just its classical
derivative. But there are functions u which are not classically differentiable which have
weak derivatives. For example, let us consider u: R — R given by u(x) = |z|. We claim
that v: R — R given by

1 itz >0
v(e)=<¢0 ifz=0
-1 ifx<0
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is the weak derivative of u. To see this, we split the integral and then integrate by parts:

[ wwswar= [ —wvwars [Tas

-/ OOO o) dz — (o)’ — /0 " $(@) do + 2(2) [
_ /OO o(2)é(z) da.

o0

Since this holds for any ¢ € C°(R), we have that v’ = v weakly.

However, not all functions have weak derivatives. We show now that the above v has
no weak derivative, by contradiction. Suppose that w is the weak derivative of v; then it
must satisfy

/_Zw(x)¢(x) dr = — /_Zv(x)¢/(:c) dr = /_io ¢'(z)dz — /OOO ¢ (z) dz = 26(0).

for every ¢ € C2°(R). However, given € > 0, if we pick ¢ € C°(R\ [—¢,¢]) then ¢(0) =
S0

| wtsta) s =0

o0

for all ¢ € C*(R\ [—¢,¢]). But then by lemma 3.2 w(z) = 0 for almost every = €
R\ [—¢,¢], and since € > 0 was arbitrary, we see that w(z) = 0 for almost every x € R.
Thus if ¢ € C°(R) has ¢(0) # 0, then

[%w@wmwm—o¢zmm.

Hence v cannot have a weak derivative!
One of the primary motivations behind studying weak derivatives is solutions to PDEs.
Consider, as a simple example, the transport equation

Owu(z,t) + Opu(z,t) =0
u(z,0) = f(z)

for z,¢ € R. From the equation, we see that u(z,t) = g(z — t) for some function g of
one variable; by the initial condition, we see that u(z, ) f(z —t). However, what if
f ¢ C*R)? Then u(z,t) = f(z — t) makes sense, but it may not “solve” (8). However,
formally, given any ¢ € C>°(R?), we have that

(8)

0—/ (Opu + Opu)p da dt = // (0 + 0, ¢) da dt
R2 R2
So, we say that u solves (8) weakly if u(z,0) = f(z) for all z € R and

/ /R w(Oy + 8,0) dadt = 0

for all ¢ € C°(R?). So, if f has a weak derivative, then u(x,t) = f(z —t) is a weak
solution of (8).
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3.2 Distributions: Basic Definitions

ADD STUFF ON FUNDAMENTAL SOLUTION OF LAPLACIAN?

If X is a Banach space, and u: X — R is a linear functional on X, then we write
(u, @) := u(¢), to represent the pairing between X and its dual space X*.

For 1 < p < oo, the dual of LP(X) is LY(X), with 1/p + 1/q = 1. That is, to each
f € LX) there corresponds a unique bounded linear functional ¢: LP(X) — C such
that (¢, g) = [y fgdu for all g € LP(X).

It turns out that the “correct” way to generalise the notion of function is by considering
the dual space of C2°(X). However, C2°(X) is not a Banach space, so we must come up
with an alternative definition of the dual space.

Definition 3.4 (Distribution). Let X C R™ be open, and let u: C°(X) — C be a linear
functional. w is called o distribution on X if, for every compact subset K C X, there
exists a constant C' > 0 and a natural number N such that

(w @)l <C 3 sup|oel (9)

la]<N €
for all g € CX(K). The set of all distributions on X is denoted by D'(X).

Note carefully that C' and N may depend on K. Since C2°(X) is not a Banach space,
we need (9) to encapsulate the boundedness of the linear functional X. It would be
nice if our notion of “generalised function” really were a generalisation of the notion of a

function, so we show now that each function f € L} (X) defines a distribution in D’'(X).

Proposition 3.5. Let X C R” be open, let 1 < p < oo, and let f € LY (X). Then Ty,
defined by (Ty, ¢) == [ f( x)dx is a distribution in D’(X)

Proof. 1t is clear that T is a linear functional on C2°(X'); we must prove that (9) holds.
Pick a compact subset K C X, and let ¢ € C°(K). Then, by Holder’s inequality, we
have

< Fllzeg 1l oy < [1Fllznre) (p(K)) Y sup [¢(z)].

ﬂ¢«ﬂ/f 7) dz

zeK
(Here we use the convention that 1/¢ = 0 when ¢ = 00.) As f € LT (X), we have that
C = || fllzoae) (1K) < 00. So taking N = 0, we see that T} is a distribution. O

In particular, this works for every continuous function f € C°(X). We will often —
though not always — abuse notation and use f to mean the distribution 7.

A very important example of a distribution which does not come from a function is
the Dirac delta function, which is not a function at all but rather a distribution. We
define ¢: C2°(R") — C by

(0, ¢) := ¢(0).
0 is clearly a linear functional; to see that it is a distribution, observe that for any
¢ € C°(K), we have
(6,9} = [#(0)] < sup | (x)],

zeK
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so we may take C' =1 and N =0 in (9). Similarly, we may define ¢,: C*(R™) — C by

{0y, 9) := o(y).

Again, this is a distribution.
Since C'°(X) is not a Banach space, we do not, as yet, have a notion of convergence
in it (and hence no topology). We now define a notion of convergence in C2°(X) such

that, with respect to the topology so generated, D’'(X) is indeed the topological dual of
C>(X).

Definition 3.6 (Convergence in C2°). Let X C R™ be open. We say that a sequence
(¢;)321 in CX(X) converges to ¢ € C(X) if there exists a compact set K C X such
that spt(¢;) C K for all j, spt(¢) C K, and for every multi-index o we have that

sup |0%¢;(x) — 0%¢p(z)| = 0

reK
as j — oo (that is, 0%¢; — 0“¢ uniformly on K ).
With respect to this notion of convergence, D'(X) is indeed the dual of C°(X):

Theorem 3.7. A linear functional u: CX(X) — C is a distribution if, and only if, for
every sequence (¢;)32, in C(X) such that ¢; — ¢ with ¢ € C(X), we have that

jlggo<ua ¢]> = <’LL, §Z5>

Before we proceed to the proof, note that ¢; — ¢ in C°(X) if and only if ¢; —¢p — 0,
so without loss of generality we may suppose that ¢ = 0.

Proof. Suppose that u is a distribution. If ¢; — 0 in C°(X), then there is a compact
set K such that spt(¢;) C K for every j € N, and 0%¢; — 0 uniformly in K. For this K,
there exist C' and N such that

[(u,05)| < C ) sup |97

la|<N zeK

for every j € N; hence (u, ¢;) — 0 as j — oo, as required.
For the converse, suppose that (u,¢;) — 0 as j — oo whenever ¢; — 0 in C°(X).
Suppose, for a contradiction, that there is a compact subset K C X such that

[{u, )]
Z\a|§N ‘aa(b‘

is unbounded over ¢ € C°(K) for every N. Thus, for each N € N, there exists a function
¢y € C°(K) such that

[(u, o)
> N.
D la<n 107N
for all N. Define
Yy = on
N o< [0°0w|
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Since spt(¢y) C K, we have that spt(¢y) C K. Furthermore,

1 |0%p | 1
0“Yn| = — <—=0
22}@ on N jajen [0%0n| = N

as N — 00. So ¢y — 0 in CX(X), but

_ [, on)]
[(u, n)| = NZ\a|§N|8a¢N| > 1

for all n, and hence |(u, ¥n)| # 0 as N — oo. This contradiction completes the proof. [

Definition 3.8 (Order of a distribution). Let X C R™ be open. A distribution u € D'(X)
has finite order if there exist constants C' > 0 and N € N such that, for all compact subsets
K C X, we have
(we)l < C 3 suplo°g)
€

lo|<N ¥

that is, if C and N in equation (9) may be chosen independent of the compact set K. If a
distribution u has finite order, we say the order of u is the least N such that there exists
C > 0 such that for all compact subsets K C X we have

(@) <C S suplovl.

la]<N zeK

We write D'V (X) to mean the space of all distributions of whose order is less than or
equal to N.

For example, the delta distribution given by (4, ¢) = ¢(0) is of order zero. Similarly,
the distribution u € D'(R) given by (u, ¢) = ¢'(0) has

[(u, ¢)| < sup [¢/(z)],

zeK
so we may take C' =1 and N = 1 independently of K, and hence u has order 1.

Definition 3.9 (Convergence in CY). Let X C R™ be open. We say that a sequence
(¢;)52, in CN(X) converges to ¢ € CN(X) if there exists a compact set K C X such that
spt(¢;) C K for all j, spt(¢) C K, and for every multi-index o such that |of < N we
have that

sup |0%¢;(x) — 0%¢p(z)| = 0

zeK
as j — oo (that is, 0%¢; — 0%¢ uniformly on K ).

Since C®°(X) C CN(X), we see that every sequentially continuous linear functional
on CN(X) defines a distribution. In fact, if a distribution has finite order, the converse
1s true:

Proposition 3.10. Let X C R™ be open and let u € D'(X) be of finite order N. Then u
has a unique extension to CN(X).
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This implies that the dual of CV(X) is precisely D'V (X).

Proof. Let u € D'(X) be of finite order N: then there exist C' > 0 and N € N such that
for all compact subsets K C X we have

(w @)l <C 3 sup|o™el
la<N*
for every ¢ € C®(K). As C*(K) is dense in CN(K), given ¢ € CN(K) we may take
¢; € CX(K) such that 0%¢; — 0% uniformly over K for every multi-index a with
la| < N. Then, by the above inequality, we may define (u, ¢) := lim; o (u, ¢;). Thus u
is uniquely defined on CN(X). O

Definition 3.11 (Support). Let X C R"™ be open and let u € D'(X). The support of u
1s defined as
sptu:= X \ {zr € X : u=0 in a neighbourhood of x}.

Here uw = 0 in a neighbourhood of x if there exists a compact set K such that x € K°
(that is, x lies in the interior of K) and (u,¢) =0 for all ¢ € C°(K).

Note that as {x € X : v = 0 in a neighbourhood of x} is open, sptu is closed. For
example, the support of the delta distribution on R™ is spt § = {0}, since if x # 0 we can
choose a compact set K which contains = but not 0, and then for all ¢ € C°(K’) we have
that (6, 6) = (0) = 0.

Consider the distribution Ty on X given by (T}, ¢) = [, f X y)dy, where f €
C°(X). We claim that spt7; = spt f. First, suppose that x € X \ Spt f: then there
exists a compact set K such that x € K°, and f(y) = 0 for all y € K. Then (T}, ¢) =
Ji f( y)dy = 0 for all ¢ € CX(K), so x € X \ sptTy. Conversely, suppose = €
X\ spt Tf then there exists a compact set K such that + € K°, and (T%,¢) = 0 for
all ¢ € C°(K). Hence by lemma 3.2, f(z) = 0 for almost every x € K, and as [ is
continuous, f(x) = 0 for every x € K. Hence z € X \ spt f.

Definition 3.12 (Convergence of distributions). Let X C R"™ be open, let (u;)
sequence in D'(X), and let v € D'(X). We say that u; — u in D'(X) if

<uj7 ¢> — <u7 ¢>

521 bea

for every ¢ € CX(X).

For example, consider X = (0,27). Then the sequence of functions u(z) := e
converges to 0 as kK — oo in the sense of distributions (that is, 7;,, — 0 in D'(X)): for
all ¢ € C°(X), we have

ikx

/ e* o) dx — 0
b

by the Riemann-Lebesgue lemma.

Consider a non-negative function p € C°(R") which is radial and has [p, pdz = 1.
Define pe(z) := —p (f) Recall from lemma 2.24 that if ¢ € C°(R™) then p. *x ¢ — ¢
pointwise as € — 0. In particular, for x = 0, we have

| s owa— 1o

as ¢ — 0. This says precisely that (p., @) — (0, ¢) as ¢ — 0; i.e. p. — 0 in the sense of
distributions.
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3.3 Distributional Derivatives and Products

Definition 3.13 (Distributional derivative). Let X C R"™ be open, let u € D'(X) be a
distribution, and let o« be a multi-index. We define the ot distributional derivative of u
to be the distribution 0“u given by

(0w, ¢) = (=1)*N(u, 9%9).

It is clear that 0%u so defined is still a linear functional on C°(X). Since u is a
distribution, for each compact subset K C X there exists constants C' > 0 and N € N
such that

w.d)| <C Y supla’l

IBI<N

for every ¢ € C°(K). Now,

(70, 0)] = |{w,0°0)| < C 3 sup|9*Fo| <C 3 sup|d7g),

B1<n <K BI<N+a] 7
so 0%u is indeed a distribution. Thus, every distribution is infinitely differentiable!

Lemma 3.14. Let X C R™ be open, let (u;)32, be a sequence in D'(X), and let u €
D'(X). If uj = u in D'(X), then 0%u; — 0%u in D'(X) for every multi-index «.

Proof. We simply observe that, since 0%¢ is another test function,
(0%, 0) = (=1)"u;, 0°0) — (=1)"Nu, 8%¢) = (0°u, ). O

Proposition 3.15. Let X C R"™ be open, and let f,g € L (X). Then the a™ weak
derivative 0° f exists and equals g almost everywhere if, and only if, the o' distributional
derivative 0°T equals T,.

Proof. Suppose the a'" weak derivative 9% f exists and equals g almost everywhere. Then
(015,0) = (~1)(17.0°) = (-0 [ f-o70de= [ g-6do=(T,0)
X X

for every ¢ € C°(X), so 01y = T,. Conversely, if 0Ty = T, then

/}(9'¢d$:<Tga¢>:<aanv¢> (=)l (f,0%¢) = (- )"“/Xf-a%dx

for every ¢ € C°(X), so by uniqueness of weak derivatives (lemma 3.3) 0% f = ¢g almost
everywhere. O]

Since not every function is weakly differentiable, this tells us that if we form the
distribution 7 from a function f, even if f is not infinitely differentiable, T will be; the
price, however, is that the derivatives of Tt are represented by a function only when the
weak derivatives of f exist.
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Let us consider a nontrivial example of a distributional derivative. We saw earlier
that the Heaviside step function H: R — R given by

1 ifz >0
H(z):=4q1/2 ifz=0
0 if xr <0

has no weak derivative, but

(0H, ¢) = —(H.,09)

/H8¢
——A 04()

= — ¢(z)[g’
= ¢(0) = (4, 9),
so the distributional derivative is OH = §. Tt is also easy to see that (0?H, ¢) = (99, ¢) =
—(6,00) = —¢'(0). More generally, putting H,(z) = H(x — a) and 6,(z) = 6(x — a), we
have
(0Hq, ¢) = (0a; @) = (),
and

(0%64,0) = (—1)F ™ (a).

Let us now consider an example of a product of two functions. Let f € C*°(R) and
let H be the Heaviside step function as above, and consider H f(z) := H(x)f(z). We
compute the distributional derivative of H f as follows:

(0(Hf),¢) = —(Hf, 00)

=~ @@
——A f(2)6 () dz

+/meW@Mx
/f (2) da
— (F(0)0,0) + (f'H, 0).

so O(H f) = f(0)0+ f'H. Note that we have not found that O(H f) = (0H)f + f'H; that
is, the product rule does not hold for distributional derivatives. Indeed, by induction we

can compute that
k—1

OF(Hf)=>_ & f(0)0F 76+ HOf.

J=0
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Try as we might, the product of two distributions doesn’t make sense. However, we
can make sense of the product of a smooth function and a distribution. Given two smooth
functions f € C°(X) and u € C2°(X), and considering u as a distribution, we can see
that

<fu,<b>=/Xfu-¢dac=/Xu-féd:vzw,f@-

So, given f € C°(X) and u € D'(X), it is natural to define

(fu,¢) = (u, f9).

One must check that this does indeed define a distribution. Let ¢; be a sequence of
functions in C°(X) such that ¢; — ¢. Then, as f € C2°(X), we have that f¢; — f¢ in
C*(X), so that

<flb, ¢]> = <U, f(bJ) - <u7 f¢> = <flb, ¢>7

so fu is a distribution. Indeed, this definition makes sense even if f € C*°(X), since then
fo € C°(X). However, there is no obvious way of reducing the regularity of f. Even so,
counterintuitive results can appear: given f € C°(R), let us consider the product fo.
We see that

(f0,0) = (6, fo) = F(0)¢(0) = f(0)(J, ).

So f¢ is the same as f(0)d!
TO FINISH

3.4 Distributions of Compact Support, Tensor Products and
Convolutions

3.5 Fourier Transform of Tempered Distributions®

3.6 Sobolev Spaces*

3.7 Fundamental Solutions
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4 Hilbert Transform®*®
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