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Approaches

We consider this phenomenon from different perspectives

o A PDE approach to model the movement of the neutrophil in
relation to chemoattractants.

@ An SDE approach to model the escape probability of a
bacterium.

@ A statisical approach to examine the movement of the
neutrophil and bacterium based on an empirical model.
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The chemotaxis model of Neilson et al.

Starting Point

@ Chemotaxis is the process by which cells move in response to
chemical changes in their surroundings.

@ As a starting point, we consider the chemotaxis model of
Neilson et al. This model has two parts.

e Dynamics of chemicals - governed by reaction-diffusion PDEs.
e Membrane movement - governed by a PDE and a non-linear
ODE.
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The chemotaxis model of Neilson et al.

Reaction-Diffusion System

The reaction-diffusion equations describe the dynamics of the
concentrations of three chemicals.

@ Local Activator - a
@ Global inhibitor - b

@ Local inhibitor - ¢
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The chemotaxis model of Neilson et al.

The reaction-diffusion system is

S(aT)2 + ba)
(sc + ¢)(1 + a°s,)
O: b+ er(t) V= DbAr(t)b — rpb+ rb][ adx.
r(t)
GFC + ch(t) V= DCAr(t)C — reCc + bca.

Ota+aVi) - v = DArpa+ — r,a.
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The movement of the neutrophil's membrane has to take three
features into account.

M[ATS
D]O[C



Chemotaxis Model
0000e0

The chemotaxis model of Neilson et al.

Neutrophil Membrane-Movement

The movement of the neutrophil's membrane has to take three
features into account.

@ Concentration of local activator a.

M[ATS
D]O[C



Chemotaxis Model
0000e0

The chemotaxis model of Neilson et al.

Neutrophil Membrane-Movement

The movement of the neutrophil's membrane has to take three
features into account.

@ Concentration of local activator a.

o Fixed cell area.

M[ATS
D]O[C



Chemotaxis Model
0000e0

The chemotaxis model of Neilson et al.

Neutrophil Membrane-Movement

The movement of the neutrophil's membrane has to take three
features into account.

@ Concentration of local activator a.
o Fixed cell area.

e Cortical Torsion (“Bending").
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The chemotaxis model of Neilson et al.

The membrane movement dynamics are given by

usr-v=Vr— Ak

where:
@ Vi = Kprota with Kpror a positive parameter.
@ K represents cortical torsion

@ ) ensures the area of the cell is controlled. In particular, it is a
solution to the non-linear ODE

dAngA(A—AO+fT‘t‘>

&= Abin)

with Ao and (3 positive constants, A(t) the area of the cell and

Ap the initial cell area. M[A[S
D[O]C]
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Simplifying the Reaction-Diffusion System

The simulation data in Neilson et al. suggests, that around the cell
membrane,

@ b is constant around the whole cell.
@ Values of ¢ appear to be a specific fraction of a.

We therefore want to normalise this model to see if this behaviour
is described by the model.
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Simplifying the Reaction-Diffusion System

We use the following normalised parameters
x=Lx, t=Tt, a=Ad, b=Ab, and c=Ac
This gives normalised equations:

(%
(sc + AC)(1+ A2(3)2s,) 7 )7

D
8;,b’ + bIVr/(t/) . V/ =T (Lé)Ar/(t/)bl — Ip (b, — ]I[_( )a’ dX/>> ,
’ t/

Dc
2

° Da
3t/a' + a’Vr,(t,) . V/ =T <L2Ar/(t/)a, —+

8;/C/ + C/Vr/(t/) . V/ =T < Ar/(t/)C/ — rCC/ + bca’>
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Simplifying the Reaction-Diffusion System

Reducing the System

Theorem - Reduced Reaction-Diffusion System

The system of normalised equations can be approximately reduced
down to
Ts(% + %)
Opa + a'Vr ) -V = Dpnd + B4 — Tr,d
&+ AV V= B+ T Ay
b = ][ a dx/,
r/(t/)
be
c' = =3 ~0.3854.
fe )
M[A]S]
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Simplifying the Reaction-Diffusion System

Variational Formulation

(P2,) Variational Formulation of Reaction-Diffusion Equations

Find a(-,t) € V = HY(GT) such that for almost every t € (0, T),

d .
Gl arD [ Vigavrgo= [ s+ [ e,
dt Jr(y r(t) r(t) r(¢)

for every ¢(-, t) € V, where G1 = Ucpo, 77(T'(t) x {t}) and

2
sl 4 %)

=T <(sc FA(L+ (%) ) |
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Membrane Movement - Alternative Approach

@ Recall that the original model required finding a solution to a
non-linear ODE.
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Membrane Movement - Alternative Approach

@ Recall that the original model required finding a solution to a
non-linear ODE.

@ We propose an alternative model that eliminates the Ax term
and replaces the formula for V¢ with a mean curvature flow
model, given by

Vi(x) = —eH(x) + da(x) + A,

where €, § are small, positive constants, ) is a Lagrange
multiplier which constrains the area of the cell to remain
constant and H(x) is the mean curvature at point x.
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Modifiying the Membrane Movement Model

o Now let X € C? (R x [0, T],R?) be a parametrisation of I'(t).

o We also require that X satisfies the periodicity condition

X(p,t)=X(p+1,t), peR, t [0, T]

@ The strong form of the PDE is

o (X -
Xe | X, === | o2 da+N)XL ino,1 T
t’ P| eap(‘xp|>+( a-+ ) P In[Oa ]X(Ov )

X(-,0) = Xo in [0,1].
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Modifiying the Membrane Movement Model

Variational Formulation

(Py) Variational Formulation of Membrane Movement PDE

Given a € H;e,([O, 1] x [0, T];R), find X € H;e,([O, 1] x [0, T];]R2)
such that

1
/[xt ) |X,| + = ‘;’( f’f’dp:/o (6a+X)¢- X5 dp
P

subject to the area of the cell remaining constant, for all
¢ € Hpe ([0, 1; R?).
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Finite Element Approximation for Reaction-Diffusion

@ The smooth, evolving surface '(t) is approximated by an
evolving surface p(t).

e [(t) is a polyhedral surface whose vertices {XJ-(t)}J’-V:1 are
taken to sit on [(t).

o Let X" : R x [0, T] — R? be a smooth parametrisation of
[h(t) with [X| > 0, and periodicity condition
Xh(p,t) =X"(p+1,t),0<t< T,VpecR.
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

@ The smooth, evolving surface '(t) is approximated by an
evolving surface p(t).

e [(t) is a polyhedral surface whose vertices {XJ-(t)}J’-V:1 are
taken to sit on [(t).

o Let X" : R x [0, T] — R? be a smooth parametrisation of
[h(t) with [X| > 0, and periodicity condition
Xh(p,t) =X"(p+1,t),0<t< T,VpecR.

@ The surface gradient terms can thus be rewritten in terms of
this parametrisation:

Folp,t) Xp(p:t)
Xh(p, t)| |Xh(p, t)]

V.o F(p; t) = |
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Finite Element Approximation for Reaction-Diffusion

e Let p; = jh, with j =0,..., N, be a uniform grid with grid
size h =1/N. Define the finite element space

Vi = {¢ € C°([0, 1[; R) |l(p; . € Proj =1,.... N;$(0) = ¢(1) }
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

e Let p; = jh, with j =0,..., N, be a uniform grid with grid
size h =1/N. Define the finite element space

Vi = {6 € CO0, 1 R) [0ljn, , ) € Prj = 1,.... N 6(0) = 6(1) }

(P7) Semi-Discrete Problem

Find a"(-, t) € Vj, such that for almost every t € (0, T),

%/olawjxg]dﬁo/l h¢"d / f(a" ¢(Xh]dp,

for every ¢(-, t) € Vp.
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

o Denote the nodal basis functions by {¢;} ¥ and let

N
a"(p,t) = a"(X"(p,t),1) = Y Ai(t)dj(p) € Vi C V

where dim(Vj,) = N < oc.
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

o Denote the nodal basis functions by {¢;} ¥ and let

N
a"(p,t) = a"(X"(p,t),1) = Y Ai(t)dj(p) € Vi C V

where dim(Vj,) = N < oc.

@ We can write the finite element approximation as follows:

d < L
at D A / bj0i
j=1 70

[ 9i®
xg‘ dp+ D> A [ HE%ir gp
j=1 0 ‘XP‘
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Reaction-Diffusion PDE

Fully Discrete Problem for Reaction-Diffusion

o Let t,, = mAt, m=20,..., M. Then the fully discrete system
is given by

(M™H 4 AtS™H) a™t = M™ (AtF™ +a™)

where

1
M7 = [ iy (X5 dpij = 1,

o X

a” = (A, .., AR);

= [ o

dp7 I7j = 17"'7 N7

Xg”"‘ dp,i=1,...N. MIAS|
(D[O]C]
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Finite Element Approximation for Neutrophil Movement
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Finite Element Approximation for Neutrophil Movement

@ Similarly, the semi-discrete formulation for the neutrophil
movement is given as follows:

(P7") Semi-Discrete Problem

Given a(-,t) € V,, find X" € V, such that for almost every
E (07 T)y

/0[ HX"‘—F |;J(hrpdp:/() <6ah+5\h>go-<Xf,>Ldp

for every (-, t) € Vp, subject to the area of the cell remaining
constant, where \" is a discretised form of \.

v
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@ The implicit Euler time discretisation results in a system of
two decoupled equations, one for each component of X:
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Neutrophil Movement

Fully Discrete Problem for Neutrophil Movement

@ The implicit Euler time discretisation results in a system of
two decoupled equations, one for each component of X:
M7x™HL L eAtSTx ™ = MTx™ + AtMT (5a™ + A1)
M7yt cAtSTY™H = MMy + AtMIT (527 + A™1)
where

1
¢I¢_] ,m -€1 dpa

5
| |

0
1

¢I¢j ,m - €2 dp-

;
||

0

M[ATS
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@ The chemoattractant ay, is first computed from the fully
discrete problem of the reaction-diffusion PDE, and then
taken explicitly in time in the fully discrete problem for the
neutrophil movement to evolve I'y(t).
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Full System

First Attempt

@ The chemoattractant ay, is first computed from the fully
discrete problem of the reaction-diffusion PDE, and then
taken explicitly in time in the fully discrete problem for the
neutrophil movement to evolve I'y(t).

Activator levels at different times.
3

Curve evolution with remeshing

02

02 01 0 01 02

Figure: Membrane progression and local activator concentration M[A]S]
levels simulated by the full system.
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Remarks

@ The original paper suggests that a “parent” pseudopod would
split to give rise to two “child” pseudopods, a process that can
be observed in the activator profile as a splitting of the spike.
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Full System

Remarks

@ The original paper suggests that a “parent” pseudopod would
split to give rise to two “child” pseudopods, a process that can
be observed in the activator profile as a splitting of the spike.

@ Our results do not appear to show any such splitting.

@ The reason for this may be due to our reduction of the
original model.

@ Our model reduced the local inhibitor to simply be a multiple
of the activator. That was probably not a good idea...

@ The extra diffusion provided by the local inhibitor and its
influence on a larger part of the membrane may be the key for

observing pseudopod splitting.
M[ATS]
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without gradient
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Full System

Full Model - with chemoattractant gradient

with chemoattractant gradient
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Objectives of SDE modelling

@ Model the effects of chemotaxis on a cell’s ability to capture a
pathogen.

@ Investigate efficiency of the proposed strategies of the SDEs
@ Provide a reference for any simulation models

@ Model the probability of a bacterium escaping a neutrophil as
a function of the starting position of the bacterium relative to
the neutrophil.
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Formulating the Problem

Bacterium

@ Model the bacterium as a Brownian Motion
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e Path follows b(Z;, t) where Z; is the path of the bacterium
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Formulating the Problem

Neutrophil

@ Acts under chemotaxical effects

e Path follows b(Z;, t) where Z; is the path of the bacterium
Further Formulation

@ Bacterium escapes if it reaches escape radius

@ Neutrophil engulfing bacterium

@ Neutrophil is centred at the origin
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Formulating the Problem

Diffusion describing motion of bacterium

dZt = —b(Zt, t)dt ar O'dBt

Z: — the position of the bacterium
b(Z;, t) — the drift of the neutrophil

o — constant variance of the Brownian Motion process
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Theorem

If a neutrophil and a bacterium are modelled as above and the
bacterium begins at a point R < |3| < kR, where R and kR are
the cell radius and escape radius respectively, then the probability
of the bacterium escaping is given by f(3,0) where f is the
solution in C2(]0,00) x R) to:

Osf — b(x,s) - Vf — %&Af =0

f=0 in 9Bg(0)x (—T,0)
f=1 in 0Byr(0) x (—T,0)
f = u(x) in Qx{-T}

where we assume that the neutrophil’s strategy has diminishing
explicit time-dependence over time and tends to some function MIA|S

u(Xo) Dlo[c
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Solution

Solution in an approximated capillary
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Comparison of Strategies
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Further Comparison
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An empirical model for neutrophil movement

@ Alternative model for cell movement in the absence of a
chemoattractor

@ Based on experimental data from Li et al.

@ Models the cell as a point in the plane
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The model

Cell moves in a straight line for Exp(5) micrometres
Constant speed 7.46 x 107%ms™1

Cell then turns Exp(0.67) radians

Turn history is a Markov process

Ratio of [opposite-to-previous]:[same-as-previous] turning
pairs is 2.1:1

Result is a roughly zig-zag shaped path
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Simulation of a typical cell motion

Simulation of a typical neutrophil path in 2D: change in direction over time Simulation of a typical neutrophil path in 2D: position in space
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Aims for the empirical model

@ e The PDE model also predicts neutrophil motion (based on
pseudopod formation)
e The simpler empirical model fits the experimental data well
o We should expect the PDE model to produce similar
neutrophil paths

@ Useful in its own right as a way of analysing the search
strategy
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Comparing the PDE and empirical models

@ PDE model shows the cell moving in the direction of the
extended pseudopod
@ Pseudopods eventually split into two others

@ One of these dominates and forms a fully grown pseudopod
while the other shrinks back
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Comparing the PDE and empirical models

@ Experimental data also relate pseudopod formation to
direction of movement

@ Zig-zag motion shows pseudopods must be forming in
alternating left-right cycle

o It is suggested that the dominant pseudopod (usually) forms
between two most recent extensions

@ PDE model could be extended to examine this behaviour

@ With further work, PDE model could produce paths on the
timescale of the empirical model
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Is the search strategy efficient?

@ Cells have been around (evolving) a long time!

@ Existence of a particular search strategy suggests it improves
efficiency

@ Random walks, Levy processes...
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What makes a good search strategy

@ Primary goal: seek out as many bacteria as possible
@ A good strategy should

e explore areas quickly and efficiently
e avoid covering the same area within a short space of time
e not get the neutrophil stuck where it cannot be of any use

M[ATS
D]O[C



Empirical Model Comparison
0000000080000

What makes a good search strategy

Condition the first step of every path to be in the positive x
direction. We consider

@ the angle at which the neutrophil exits a circle of given radius
r

@ the mean time taken for the cell to first exit the circle
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Exit angle distributions

Figure: Histograms comparing the distribution of exit angles for radii i A[S]
20, 50, 100 and 200, based on 100,000 simulations each. E]m
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Exit angle distributions

Figure: Plots of escape position for 200 uniformly spaced choices of circle
radius from 0.1 - 20, 100 independent simulations per radius. (M[ATS
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Mean exit time

45|

meanTimes100
40 0.00328x*2 + 0.117x + 0.748
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Figure: Mean escape times plotted against radius of the circle, based OWEE
10,000 simulations per radius. BDEE
C
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Summary

@ Search strategy helps cell to scan local area quickly
@ Persistence of initial direction diminishes over time

@ Further things to take into consideration, e.g.

e Why not (for example) a Levy process?
e What is a reasonable cost function?
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Conclusion

@ In this report, we have reduced the model of Neilson et al. to
a single reaction-diffusion PDE.
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@ In this report, we have reduced the model of Neilson et al. to
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of the neutrophil membrane using a mean curvature approach.

@ Numerical methods for the reaction-diffusion PDE and the
neutrophil movement have been developed and implemented
to simulate the system.
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@ In addition we have proposed a new model for the movement
of the neutrophil membrane using a mean curvature approach.

@ Numerical methods for the reaction-diffusion PDE and the
neutrophil movement have been developed and implemented
to simulate the system.

o Unfortunately, these simulations did not support the
observations made in Neilson et al., namely the pseudopod
splitting phenomena, suggesting that our reduced model was
oversimplified.
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Conclusion

@ In this report, we have reduced the model of Neilson et al. to
a single reaction-diffusion PDE.

@ In addition we have proposed a new model for the movement
of the neutrophil membrane using a mean curvature approach.

@ Numerical methods for the reaction-diffusion PDE and the
neutrophil movement have been developed and implemented
to simulate the system.

o Unfortunately, these simulations did not support the
observations made in Neilson et al., namely the pseudopod
splitting phenomena, suggesting that our reduced model was
oversimplified.

@ On reintroduction of the local inhibitor PDE, resulting
simulations show this pseudopod splitting behaviour!

@ Therefore, our model gives the same results as in Neilson EM|A[S]
al., with some obvious benefits.
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@ On an infinite plane it was suggested that movement along a
constant vector would be the most efficient strategy for the
neutrophil,

@ Zig-zag pattern that can be over-ridden by chemotaxical
effects is probably most beneficial.

@ Though our SDE model is a very rough approximation, this
perhaps suggests that the neutrophil will be at a slight
disadvantage in densely populated areas of cells.

@ The PDE model backs up the pseudopod theory for neutrophil
movement on which the empirical model is also based.

@ The high persistence of the neutrophil’'s motion, along with
the zig-zag behaviour, means that it explores its local area
more quickly than a standard random walk.
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@ Incorporate the bacterium via the full expression of the
stochastic term.
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Further Work

e Willmore flow.

@ Incorporate the bacterium via the full expression of the
stochastic term.

@ Compare simulated paths produced by both the PDE model
and the empirical model.
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