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Approaches

We consider this phenomenon from different perspectives

A PDE approach to model the movement of the neutrophil in
relation to chemoattractants.

An SDE approach to model the escape probability of a
bacterium.

A statisical approach to examine the movement of the
neutrophil and bacterium based on an empirical model.
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The chemotaxis model of Neilson et al.

Starting Point

Chemotaxis is the process by which cells move in response to
chemical changes in their surroundings.

As a starting point, we consider the chemotaxis model of
Neilson et al. This model has two parts.

Dynamics of chemicals - governed by reaction-diffusion PDEs.
Membrane movement - governed by a PDE and a non-linear
ODE.
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The chemotaxis model of Neilson et al.

Reaction-Diffusion System

The reaction-diffusion equations describe the dynamics of the
concentrations of three chemicals.

Local Activator - a

Global inhibitor - b

Local inhibitor - c



Motivation Chemotaxis Model Model Numerics SDEs & Bacterium Escape Empirical Model Comparison Conclusion

The chemotaxis model of Neilson et al.

Reaction-Diffusion System

The reaction-diffusion equations describe the dynamics of the
concentrations of three chemicals.

Local Activator - a

Global inhibitor - b

Local inhibitor - c



Motivation Chemotaxis Model Model Numerics SDEs & Bacterium Escape Empirical Model Comparison Conclusion

The chemotaxis model of Neilson et al.

Reaction-Diffusion System

The reaction-diffusion equations describe the dynamics of the
concentrations of three chemicals.

Local Activator - a

Global inhibitor - b

Local inhibitor - c



Motivation Chemotaxis Model Model Numerics SDEs & Bacterium Escape Empirical Model Comparison Conclusion

The chemotaxis model of Neilson et al.

Reaction-Diffusion System

The reaction-diffusion equations describe the dynamics of the
concentrations of three chemicals.

Local Activator - a

Global inhibitor - b

Local inhibitor - c



Motivation Chemotaxis Model Model Numerics SDEs & Bacterium Escape Empirical Model Comparison Conclusion

The chemotaxis model of Neilson et al.

The reaction-diffusion system is

∂•t a + a∇Γ(t) · v = Da∆Γ(t)a +
s(a

2

b + ba)

(sc + c)(1 + a2sa)
− raa.

∂•t b + b∇Γ(t) · v = Db∆Γ(t)b − rbb + rb

 
Γ(t)

a dx .

∂•t c + c∇Γ(t) · v = Dc∆Γ(t)c − rcc + bca.
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The chemotaxis model of Neilson et al.

Neutrophil Membrane-Movement

The movement of the neutrophil’s membrane has to take three
features into account.

Concentration of local activator a.

Fixed cell area.

Cortical Torsion (“Bending”).
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The chemotaxis model of Neilson et al.

The membrane movement dynamics are given by

ut · ν = Vf − λκ

where:

Vf = Kprota with Kprot a positive parameter.

κ represents cortical torsion

λ ensures the area of the cell is controlled. In particular, it is a
solution to the non-linear ODE

dλ
dt

=
λ0λ

(
A− A0 + dA

dt

)
A0 (λ+ λ0)

− βλ

with λ0 and β positive constants, A(t) the area of the cell and
A0 the initial cell area.
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Simplifying the Reaction-Diffusion System

Normalisation
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Simplifying the Reaction-Diffusion System

The simulation data in Neilson et al. suggests, that around the cell
membrane,

b is constant around the whole cell.

Values of c appear to be a specific fraction of a.

We therefore want to normalise this model to see if this behaviour
is described by the model.
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Simplifying the Reaction-Diffusion System

We use the following normalised parameters

x = Lx ′, t = Tt ′, a = Aa′, b = Ab′, and c = Ac ′

This gives normalised equations:

∂•t′a
′ + a′∇Γ′(t′) · v ′ = T

(
Da

L2
∆Γ′(t′)a

′ +
s(a
′2

b′ + ba
A )

(sc + Ac ′)(1 + A2(a′)2sa)
− raa

′

)
,

∂•t′b
′ + b′∇Γ′(t′) · v ′ = T

(
Db

L2
∆Γ′(t′)b

′ − rb

(
b′ −

 
Γ′(t′)

a′ dx ′
))

,

∂•t′c
′ + c ′∇Γ′(t′) · v ′ = T

(
Dc

L2
∆Γ′(t′)c

′ − rcc
′ + bca

′
)
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Simplifying the Reaction-Diffusion System

Reducing the System

Theorem - Reduced Reaction-Diffusion System

The system of normalised equations can be approximately reduced
down to

∂•t′a
′ + a′∇Γ′(t′) · v ′ = ∆Γ′(t′)a

′ +
Ts(a

′2

b′ + ba
A )

(sc + Ac ′)(1 + A2(a′)2sa)
− Traa

′

b′ =

 
Γ′(t′)

a′ dx ′,

c ′ =
b̃c
r̃c
a′ ≈ 0.385a′.
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Simplifying the Reaction-Diffusion System

Variational Formulation

(Pa
wk) Variational Formulation of Reaction-Diffusion Equations

Find a(·, t) ∈ V = H1(GT ) such that for almost every t ∈ (0,T ),

d

dt

ˆ
Γ(t)

aφ+ D

ˆ
Γ(t)
∇Γ(t)a∇Γ(t)φ =

ˆ
Γ(t)

aφ̇+

ˆ
Γ(t)

f (a)φ,

for every φ(·, t) ∈ V , where GT = ∪t∈[0,T ](Γ(t)× {t}) and

f (a) = T

(
s(a

2

b + ba
A )

(sc + Ac)(1 + A2(a)2sa)
− raa

)
.
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Modifiying the Membrane Movement Model

Membrane Movement - Alternative Approach

Recall that the original model required finding a solution to a
non-linear ODE.

We propose an alternative model that eliminates the λκ term
and replaces the formula for Vf with a mean curvature flow
model, given by

Vf (x) = −εH(x) + δa(x) + λ̄,

where ε, δ are small, positive constants, λ̄ is a Lagrange
multiplier which constrains the area of the cell to remain
constant and H(x) is the mean curvature at point x .
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Modifiying the Membrane Movement Model

Now let X ∈ C 2
(
R× [0,T ],R2

)
be a parametrisation of Γ(t).

We also require that X satisfies the periodicity condition

X(p, t) = X(p + 1, t), p ∈ R, t ∈ [0,T ].

The strong form of the PDE is

Xt |Xp| = ε
∂

∂p

(
Xp

|Xp|

)
+ (δa + λ̄)X⊥p in [0, 1] × (0,T )

X(·, 0) = X0 in [0, 1].
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Modifiying the Membrane Movement Model

Variational Formulation

(Pm
wk) Variational Formulation of Membrane Movement PDE

Given a ∈ H1
per ([0, 1]× [0,T ];R), find X ∈ H1

per ([0, 1]× [0,T ];R2)
such that

ˆ 1

0
[Xt · φ] |Xp|+

εXp · φp
|Xp|

dp =

ˆ 1

0

(
δa + λ̄

)
φ · X⊥p dp

subject to the area of the cell remaining constant, for all
φ ∈ H1

per ([0, 1];R2).
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

The smooth, evolving surface Γ(t) is approximated by an
evolving surface Γh(t).

Γh(t) is a polyhedral surface whose vertices {Xj(t)}Nj=1 are
taken to sit on Γ(t).

Let Xh : R× [0,T ]→ R2 be a smooth parametrisation of
Γh(t) with

∣∣Xh
p

∣∣ > 0, and periodicity condition

Xh(p, t) = Xh(p + 1, t), 0 < t ≤ T , ∀p ∈ R.

The surface gradient terms can thus be rewritten in terms of
this parametrisation:

∇Γh(t)F (p, t) =
Fp(p, t)∣∣Xh
p(p, t)

∣∣ Xh
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

Let pj = jh, with j = 0, . . . ,N, be a uniform grid with grid
size h = 1/N. Define the finite element space

Vh = {φ ∈ C 0([0, 1];R)
∣∣∣φ|[pj−1,pj ] ∈ P1, j = 1, . . . ,N;φ(0) = φ(1)}

(Pa
h) Semi-Discrete Problem

Find ah(·, t) ∈ Vh such that for almost every t ∈ (0,T ),

d
dt

ˆ 1

0
ahφ

∣∣∣Xh
p

∣∣∣dp + D

ˆ 1

0

ahpφp∣∣Xh
p

∣∣ dp =

ˆ 1

0
f (ah)φ

∣∣∣Xh
p

∣∣∣dp,
for every φ(·, t) ∈ Vh.
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Reaction-Diffusion PDE

Finite Element Approximation for Reaction-Diffusion

Denote the nodal basis functions by {φj}Nj=1 and let

ah(p, t) := ah(Xh(p, t), t) =
N∑
j=1

Aj(t)φj(p) ∈ Vh ⊂ V

where dim(Vh) = N <∞.

We can write the finite element approximation as follows:

d
dt

N∑
j=1

Aj

ˆ 1

0
φjφi

∣∣∣Xh
p

∣∣∣ dp + D
N∑
j=1

Aj

ˆ 1

0

φj ,pφi ,p∣∣Xh
p

∣∣ dp

=

ˆ 1

0
f (ah)φi

∣∣∣Xh
p

∣∣∣dp , i = 1, . . . ,N.
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Reaction-Diffusion PDE

Fully Discrete Problem for Reaction-Diffusion

Let tm = m∆t, m = 0, . . . ,M. Then the fully discrete system
is given by(

Mm+1 + ∆tSm+1
)
am+1 = Mm (∆tFm + am)

where

Mm
i ,j =

ˆ 1

0
φiφj

∣∣∣Xh,m
p

∣∣∣ dp , i , j = 1, ...,N,

Sm
i ,j =

ˆ 1

0

φi ,pφj ,p

|Xh,m
p |

dp , i , j = 1, ...,N,

am = (Am
1 , ...,A

m
N ),

Fm
i =

ˆ 1

0
f (am)φi

∣∣∣Xh,m
p

∣∣∣ dp , i = 1, ...,N.
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Neutrophil Movement

Finite Element Approximation for Neutrophil Movement

Similarly, the semi-discrete formulation for the neutrophil
movement is given as follows:

(Pm
h ) Semi-Discrete Problem

Given ah(·, t) ∈ Vh, find Xh ∈ Vh such that for almost every
t ∈ (0,T ),

ˆ 1

0

[
Xh

t · ϕ
] ∣∣∣Xh

p

∣∣∣+
εXh

p · ϕp∣∣Xh
p

∣∣ dp =

ˆ 1

0

(
δah + λ̄h

)
ϕ ·
(
Xh

p

)⊥
dp

for every ϕ(·, t) ∈ Vh, subject to the area of the cell remaining
constant, where λ̄h is a discretised form of λ̄.
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Neutrophil Movement

Fully Discrete Problem for Neutrophil Movement

The implicit Euler time discretisation results in a system of
two decoupled equations, one for each component of X:

Mmxm+1 + ε∆tSmxm+1 = Mmxm + ∆tM̃m
x

(
δam + λ̄m1

)
Mmym+1 + ε∆tSmym+1 = Mmym + ∆tM̃m

y

(
δam + λ̄m1

)
where (

M̃x

)m
i ,j

=

ˆ 1

0
φiφj

(
Xh,m

p

)⊥
· e1 dp,(

M̃y

)m
i ,j

=

ˆ 1

0
φiφj

(
Xh,m

p

)⊥
· e2 dp.
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Full System

First Attempt

The chemoattractant ah is first computed from the fully
discrete problem of the reaction-diffusion PDE, and then
taken explicitly in time in the fully discrete problem for the
neutrophil movement to evolve Γh(t).

Figure: Membrane progression and local activator concentration
levels simulated by the full system.
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Full System

Remarks

The original paper suggests that a “parent” pseudopod would
split to give rise to two “child” pseudopods, a process that can
be observed in the activator profile as a splitting of the spike.

Our results do not appear to show any such splitting.

The reason for this may be due to our reduction of the
original model.

Our model reduced the local inhibitor to simply be a multiple
of the activator. That was probably not a good idea...

The extra diffusion provided by the local inhibitor and its
influence on a larger part of the membrane may be the key for
observing pseudopod splitting.
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Full System

Full Model

without gradient


nochemo.avi
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Full System

Full Model - with chemoattractant gradient

with chemoattractant gradient


withchemo.avi
Media File (video/avi)
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Objectives of SDE modelling

Model the effects of chemotaxis on a cell’s ability to capture a
pathogen.

Investigate efficiency of the proposed strategies of the SDEs

Provide a reference for any simulation models

Model the probability of a bacterium escaping a neutrophil as
a function of the starting position of the bacterium relative to
the neutrophil.
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Neutrophil

Acts under chemotaxical effects

Path follows b(Zt , t) where Zt is the path of the bacterium

Further Formulation

Bacterium escapes if it reaches escape radius

Neutrophil engulfing bacterium

Neutrophil is centred at the origin
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Formulating the Problem

Diffusion describing motion of bacterium

dZt = −b(Zt , t)dt + σdBt

Zt − the position of the bacterium

b(Zt , t)− the drift of the neutrophil

σ − constant variance of the Brownian Motion process
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Theorem

If a neutrophil and a bacterium are modelled as above and the
bacterium begins at a point R < |β| < kR, where R and kR are
the cell radius and escape radius respectively, then the probability
of the bacterium escaping is given by f (β, 0) where f is the
solution in C 2([0,∞)× R) to:

∂s f − b(x , s) · ∇f − 1

2
σ2∆f = 0

f = 0 in ∂BR(0)× (−T , 0)

f = 1 in ∂BkR(0)× (−T , 0)

f = u(x) in Ω× {−T}

where we assume that the neutrophil’s strategy has diminishing
explicit time-dependence over time and tends to some function
u(Xt).
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Solution

Solution in an approximated capillary
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Comparison of Strategies

(a) (b)

(c) (d)
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Further Comparison

(e) (f)
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An empirical model for neutrophil movement

Alternative model for cell movement in the absence of a
chemoattractor

Based on experimental data from Li et al.

Models the cell as a point in the plane
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The model

Cell moves in a straight line for Exp(5) micrometres

Constant speed 7.46× 10−6ms−1

Cell then turns Exp(0.67) radians

Turn history is a Markov process

Ratio of [opposite-to-previous]:[same-as-previous] turning
pairs is 2.1:1

Result is a roughly zig-zag shaped path
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Simulation of a typical cell motion

(g) Turn history (h) Corresponding path of cell
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Aims for the empirical model

1 • The PDE model also predicts neutrophil motion (based on
pseudopod formation)
• The simpler empirical model fits the experimental data well
• We should expect the PDE model to produce similar
neutrophil paths

2 Useful in its own right as a way of analysing the search
strategy



Motivation Chemotaxis Model Model Numerics SDEs & Bacterium Escape Empirical Model Comparison Conclusion

Comparing the PDE and empirical models

PDE model shows the cell moving in the direction of the
extended pseudopod

Pseudopods eventually split into two others

One of these dominates and forms a fully grown pseudopod
while the other shrinks back
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Comparing the PDE and empirical models

Experimental data also relate pseudopod formation to
direction of movement

Zig-zag motion shows pseudopods must be forming in
alternating left-right cycle

It is suggested that the dominant pseudopod (usually) forms
between two most recent extensions

PDE model could be extended to examine this behaviour

With further work, PDE model could produce paths on the
timescale of the empirical model
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Is the search strategy efficient?

Cells have been around (evolving) a long time!

Existence of a particular search strategy suggests it improves
efficiency

Random walks, Levy processes...
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What makes a good search strategy

Primary goal: seek out as many bacteria as possible

A good strategy should

explore areas quickly and efficiently
avoid covering the same area within a short space of time
not get the neutrophil stuck where it cannot be of any use
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What makes a good search strategy

Condition the first step of every path to be in the positive x
direction. We consider

the angle at which the neutrophil exits a circle of given radius
r

the mean time taken for the cell to first exit the circle
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Exit angle distributions

(i) r = 20 (j) r = 50

(k) r = 100 (l) r = 200

Figure: Histograms comparing the distribution of exit angles for radii r =
20, 50, 100 and 200, based on 100,000 simulations each.
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Exit angle distributions

Figure: Plots of escape position for 200 uniformly spaced choices of circle
radius from 0.1 - 20, 100 independent simulations per radius.
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Mean exit time

Figure: Mean escape times plotted against radius of the circle, based on
10,000 simulations per radius.
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Summary

Search strategy helps cell to scan local area quickly

Persistence of initial direction diminishes over time

Further things to take into consideration, e.g.

Why not (for example) a Levy process?
What is a reasonable cost function?
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Conclusion

In this report, we have reduced the model of Neilson et al. to
a single reaction-diffusion PDE.

In addition we have proposed a new model for the movement
of the neutrophil membrane using a mean curvature approach.

Numerical methods for the reaction-diffusion PDE and the
neutrophil movement have been developed and implemented
to simulate the system.

Unfortunately, these simulations did not support the
observations made in Neilson et al., namely the pseudopod
splitting phenomena, suggesting that our reduced model was
oversimplified.

On reintroduction of the local inhibitor PDE, resulting
simulations show this pseudopod splitting behaviour!

Therefore, our model gives the same results as in Neilson et
al., with some obvious benefits.
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On an infinite plane it was suggested that movement along a
constant vector would be the most efficient strategy for the
neutrophil,

Zig-zag pattern that can be over-ridden by chemotaxical
effects is probably most beneficial.

Though our SDE model is a very rough approximation, this
perhaps suggests that the neutrophil will be at a slight
disadvantage in densely populated areas of cells.

The PDE model backs up the pseudopod theory for neutrophil
movement on which the empirical model is also based.

The high persistence of the neutrophil’s motion, along with
the zig-zag behaviour, means that it explores its local area
more quickly than a standard random walk.
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Further Work

Willmore flow.

Incorporate the bacterium via the full expression of the
stochastic term.

Compare simulated paths produced by both the PDE model
and the empirical model.
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