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Abstract

In this dissertation, we study equivalent definitions of Besov spaces, a class of
function space which generalise many standard spaces used to study PDEs. The
most important definitions involve the Littlewood-Paley decomposition, the heat
kernel and real interpolation spaces.

For each definition we study both the non-homogeneous and homogeneous
type, the related properties, equivalences between the definitions and examples of
when these definitions are used to prove interesting results.

Of further interest, where we can, we define and study these spaces on
bounded domains as there are interesting problems solved on the whole space but

not on bounded domains.



Chapter 1

Introduction

1.1 Motivation

In the study of existence, uniqueness and regularity of solutions to PDEs, functions
spaces are of key importance. Sobolev spaces are well known for use in PDEs as
they provide the necessary framework to define weak solutions properly. One may
wish to attain higher regularity and there are other important function spaces to
look for solutions, we consider for instance, Besov spaces. An example is given in
Chapter 4.

The study of Besov spaces is an active and growing area of research. Besov
space denoted By , and Triebel-Lizorkin space denoted F}; , for s € Rand 1 < p,q, <
oo are useful as they are a generalisation of many standard spaces used to study
PDEs. For instance in Cannone et al. [2004] L, = F207q, Wy =F5, and C° = BS,
where W/ is the Sobolev-s space in L, and C° is the Holder-s space. With these
generalisations we can further prove properties like embedding theorems in higher
generality than before. These embedding theorems can be applied to more problems.

Of further interest is the difficulties of generalising the definition of Besov
spaces to sub domains. This is due to the main definition of the space that is widely
used, the Littlewood-Paley definition. This is one of the most explicit definitions and
due to the decomposition of the function, we have powerful tools that can be used
with this definition for solving calculations. However there is no easy generalisation
of this definition to sub domains and thus further study into other definitions that

can be generalised is vital for the study of problems involving sub domains.



1.2 Outline

We introduce first the classical definition of a Sobolev norm on a domain ) and
observe the different spaces that can be generated from this norm. Further we study
generalisations to Sobolev spaces with differentiability in R. Finally we introduce
homogeneous Sobolev norms and the intrinsics of modifying the space so that we
obtain a norm. This chapter serves as a foundation so that future work in Besov
spaces is understandable.

In Chapter 3 we introduce the Littlewood-Paley decomposition of a function
and use this to define a Besov space on the whole space. We then study lemmas
and properties related to the Littlewood-Paley decomposition to see how useful this
definition is for calculations. Finally we apply all this to the Onsager conjecture,
a conjecture related to the incompressible FEuler equations. It details the relation
between the space of initial conditions and the conservation of energy from the Euler
equations. We note that there is no easy way to generalise this definition to sub
domains.

In Chapter 4 we study the definition of a Besov space using the heat kernel.
Here we go over special bounds the heat kernel provides and prove the equivalence of
the heat kernel definition of a Besov space to the Littlewood-Paley definition. Then
we look at an example of applying our new theory to an example involving the
heat equation, and compare our bounds to those generated by conventional Sobolev
methods. Finally we generalise this definition to sub domains so in the future we
can study properties and problems on these sub domains.

In Chapter 5 we introduce interpolation theory and use this general theory
to present another definition of a Besov space that is easily generalisable to the sub
domains. From this definition we use the interpolation theory to develop properties
of Besov spaces.

In chapter 6 we introduce two more definitions of Besov spaces and see an-
other generalisation to sub domains. Here we investigate the links between these
definitions, the Littlewood-Paley definition and the interpolation definitions and use
this to give better understanding of how the different ways of defining a Besov space

interact.



Chapter 2
Sobolev Spaces

We start with an introduction of the classical Sobolev spaces and their properties.
Looking at these simpler, well known spaces, we shall introduce important properties
and concepts of Sobolev spaces. This will then give us inspiration about which

properties would be useful to study for the more general Besov spaces.

2.1 Sobolev Spaces with Integer Derivatives

The Sobolev norm, on a domain Q C R?, is defined as follows and is given in Chapter
7 of Adams and Fournier [2003].

For m positive integer and 1 < p < oo,

1
P
lulxp = | > 1Dl o | (2.1.1)
0<|al<m
and for p = o0
lullxp = max ||ID%1 )
0<|al<m

This norm considers positive integer derivatives only.
From this norm we can state three natural definitions of a Sobolev space,

which are:

1. H}() := the completion of {u € C™(Q) : ||ulxm @) < oo} with respect to

the norm [| - [ xm ()
2. W) :=={u € LP(Q) : D € Ly(Q) for 0 < |a] < m} D* weak derivative.

3. WTp(€2) := the closure of C5°(€2) in the space W;(Q)



When considering the entire space Q@ = R? we find that these definitions are all
equivalent. However, interestingly, this does not hold when € is a strict subset of
the entire space. Therefore when we consider Besov spaces on strict subsets of RY,
this complication will have to be considered.

In fact, as explained in full detail in Chapter 3 of Adams and Fournier [2003],
we discover that H"(2) € W(€2) and that H}"(€) is equivalent to W*(Q) for any
domain as long as p # oo. Further we discover for p # 1,00 for m > 1 and p > 2
then W,(Q2) is equivalent to W}’ (€2) if and only if Q¢ is (m,p’)-polar (a condition
described in Chapter 3 of Adams and Fournier [2003]). To help understand this
condition, if Q° has positive measure it cannot be (m,p’)-polar. This is a strong
condition on 2 and in most cases will not hold.

From this example we see that we must be careful when defining function

spaces on bounded domains, since these extra complications can occur.

2.2 Sobolev Spaces with Real Derivatives

In the previous section we discussed spaces with only integer differentiability. For
further generalisation of these spaces we would like to define Sobolev spaces for any
real valued differentiability.

There are two methods for this generalisation. The first, discussed in Peetre
[1976], involves using Fourier analysis to define the Sobolev space and so we can
only take = R,

This generalisation involves defining the operator J = (1 — A)% This can be
defined with use of the Fourier transform as Jf(£§) = (1+|¢ ]2)% £(€). Then fractional
powers can be easily defined by J*f(§) = (1 + |§|2)%f(£) for f € &', the space of
tempered distributions. Once this is done we define the Sobolev space for s € R and
p € [1,00] by

WiRY = {f € 8"+ | Jf|1, < oo}, (2.2.1)

with the norm || fllws = [|J°f| Lo

The second generalisation involves interpolation spaces which will be defined
later and is explained in Peetre [1976] and Chapter 7 of Adams and Fournier [2003].
The fractional Wy (Q), for any Q C R?, is defined by interpolating between an L,
space and a W space for a an integer larger than s. This method of interpolation
can be used to define a Besov space for any © C R? and is a useful definition for

looking at properties of these spaces.



2.3 Homogeneous Sobolev Spaces

A further variant of Sobolev spaces, and later Besov spaces, comes from defining
these spaces so that the norm is homogeneous. An example of a homogeneous space
is the L,(Q) spaces since | f(\)|[z, = )\_%HfHLp. In general, for a homogeneous
space, if one scales the variable then the norm scales as well.

For scaling to occur for the integer derivative Sobolev space norm, as defined
in (2.1.1), we see that each different level of differentiation will give a different
scaling order. This is due to the chain rule as each differential gives an extra order
of the constant, D(f(Ax)) = AD(f(z)). Thus a norm with a sum of mixed orders of
differentials will have a mixed order of scaling for each term and no overall scaling
for the sum. To correct this we shall remove the lower order differentials and just

leave the highest differentials remaining. Thus we modify the norm into,

RS

lull 0 = > IDull] o) | i1<p<oo, (2.3.1)

|a|=m

and

||U||Xgoz = |1§|13i2 [D%ull Lo ()-

We notice that this now becomes a semi-norm. This is because any polynomial of
degree less than m has norm zero and in order to create a normed space we must
quotient out by the space of polynomial of degree m — 1 and less. This is a general
problem which we will correct for the Besov cases later with a similar method.
Considering again the generalised Sobolev norm defined earlier by (2.2.1),
we can define a homogeneous version of the norm by replacing the operator J by I,
where I = (—A)%. Again to define the homogeneous Sobolev space W; we must
quotient out by polynomials to define a norm. Thus we define for N > s — % the

space as,
Wy = W3 (RY) = {f: f €S'/Py and ||I°f1,, < o0}

with semi-norm

£l = 175 £l

To show that this is the homogeneous norm we see that in the non-homogeneous
case we can expand the operator J* = (1 — A)% in a series expansion of A and
obtain terms involving derivatives of all orders. Thus removing these terms to leave

the highest derivative gives us the operator I.



Chapter 3

Littlewood-Paley Theory

The relation between Besov spaces and Sobolev spaces is an equivalence as follows:
B3, = W3. In general, Besov spaces are a generalisation of many spaces including

Sobolev spaces with the embedding
o1 = W, = By (3.0.1)

shown by the comparison theorem for interpolation spaces in the book Peetre [1976].
The equivalences between Besov spaces and other function spaces are in general non-
trivial to prove.

Besov spaces have many separate equivalent definitions on R?. These have
varying forms and different definitions can be more useful in certain circumstances
than others. In this section we will look at the Littlewood-Paley definition and its
properties. We will investigate how useful this definition is, in particular for ease of

calculations.

3.1 Littlewood-Paley Definition

The first definition of a Besov space is the Littlewood-Paley definition as described in
Cannone et al. [2004], Cannone [1995],Peetre [1976] and Bahouri et al. [2011]. This
is the most useful definition for calculations as it forms a systematic breakdown
of the space into dyadic blocks of the Fourier modes of the function. Once split
into these dyadic blocks, the decomposed function now satisfies nicer properties and
operators acting on the function are easier to bound. We then just deal with a
countable sum of these modes rather than dealing with one complicated norm. This
being said, the definition heavily relies on Fourier analysis tools and thus it is not

applicable if the domain is not R? or if the domain is not periodic. Thus, we will



need to use different definitions to look at problems in bounded domains.

To understand how this decomposition of the function is achieved let us look
at a specific example in R3.

Firstly we take an arbitrary function ® € S such that;

0<d(2) <1, P(2)=1 if|z|<=, dz)=0 if|z|>

)

> w
N W

and then for j € Z let
o(x) = 88(22) — D(x), Bj(2) = 290(Va),  ¢y(x) = 296(2a).

Then we further define * to be the convolution operator and then define
S; = ®jx and Aj = ¢;*. Since the Fourier transform of a convolution of functions
becomes the multiplication of the Fourier transforms. Thus by performing a convo-
lution here we perform multiplication in Fourier space. Because of the properties of
{¢;} and {®;}, we perform a nice cut off in Fourier modes that we wanted for our
decomposition. Finally the set {S;,A;}jez as the Littlewood-Paley decomposition,
so that

Id=S)+ > A
>0

The physical interpretation of supp f consists of those frequencies which build
up f from linear combinations of ¢**¢. Thus with a nice support and the smooth
cut off that the decomposition gives us, we have a good control of the function
frequencies when trying to bound the function. With only certain wave frequencies
to worry about, the calculations become simplified and we have more tools at our
disposal.

We now define the general properties that are necessary to produce the de-
sired Littlewood-Paley decomposition of our function and throughout the rest of
this report we will hopefully see why these properties are chosen.

Let {¢;}jez sequence of test functions have the following properties as de-
scribed in Peetre [1976];

1 ¢j )
2 é(f) # 0 iff { € R} where R; := {2171 < |¢g] < 271}
3 |9£](£)| >C.>0if £ € Rj. where Rj. = {(2 — e)7120 < ¢ < (2 — )29}

4 |D6€Z’j(§)’ < C’g2‘j|f3| for every 3



5 (Sometimes require) 372 ¢;(¢) =1 or 15 ;(8) = ().
Let @ have the properties;

1. deS

2. B(€) #0iff € € K° where K := {|¢| < 1}

3. |®(6)| > C. #0if € € K2 where K, = {|¢| <1 —¢}.

Then with any such set of functions {{¢;} ez, } we can define the Littlewood-
Paley decomposition {S}, A;};ez analogously to before.

There are a few simplifications that can be made on this set of eight proper-
ties. Firstly, we see that if we have ¢¢ with the properties 1 to 3 then we can define
¢ by qgj &) = $(§/2j). Further assuming that ¢3(5) > 0 then we get 5 by replacing
$;(€) by éj(f)/zjifoo ¢;(€). Then in this case we can set ®(£) = j_:lfoo b;(€).
With this cut off using elements of S, we can define the action on any element of S’
and look at L, norms of these decomposed functions. We can now define a Besov

space.

Definition 3.1.1 (Littlewood-Paley Besov space) Let s € R, 1 <p < o0, 0 <

q < oo. Then we set

By, =B, RY=Sf:feS and|Soflz, + Z (27512 fll,)" | < o0
j=0
(3.1.1)
With the norm of,
00 q
118, = S0 fllz, + | D (2145 fll,)*

Jj=0

The definition can be shown to be independent of the choice {¢;}> by
showing that this definition is equivalent to the interpolation space definition (5.1.3)
given later.

We now wish to define a homogeneous definition of a Besov space. To achieve
a homogeneous norm we must only care about the highest derivative and not any
fractions beneath as these will stop the scaling from working. Thus in the definition,
to keep it a normed space and not a semi-normed space, we remove lower degree
polynomials that only give an overall function shape structure and not the local

structure.



Definition 3.1.2 (Littlewood-Paley Homogeneous Besov space) Let s € R,
1<p<oo,0<q<oo, N(s,d,p) >s— % orwithq <1 N(s,d,p) >s— 2 Py

polynomials of degree N. Then we set

Q=

o0

By, =By RY) =S f:feS/Pyand | > (2°I14if[,)" ] <oop. (3.1.2)
j=—00
With the semi-norm of,
I£ss, = 22 (@°145f1,)"
j=—o00

modulo polynomials of degree Py .

For the Homogeneous case, instead of taking f € S/P) we can define distri-
butions vanishing at infinity. The space S| (R"™) is the space of distributions such that
limy, 0o Spnf = 0 in §’. This definition removes the polynomials as supp p = {0}

for p a polynomial, and also because p is a constant of the delta distribution.

3.2 Littlewood-Paley Properties

The first and possibly the most useful lemmas are the Bernstein Lemmas.

Lemma 3.2.1 (Bernstein) For A an annulus and B a ball there exists a constant
C such that for k € Z and 1 < p,q < oo with p < q and for any function u € Ly,
we have

Supp i C A\B = |[D*ul, < CFFIAMHIGTD||y) (3.2.1)

Supp 1t C N\A = C_k_l)\kHuHLp < ||Dku||Lp < C’k+1)\k||u||Lp. (3.2.2)

As we see these give bounds, dependent on the support in Fourier space, for
the derivatives of a function. Therefore we see that the Littlewood-Paley decom-
position creates these nicely supported functions where we can apply the Bernstein
lemmas. These are useful to understand further properties and also used in showing
the equivalences of different definitions of Besov spaces.

Proof A is just dilation so can assume A = 1. For the first implication, let ¢ € D
with value 1 over B. As we can write 4(£) = ¢(€)@(€) so we have u(z) = ¢  u(x)

and thus 0%u(z) = 0%¢ » u(x). We can then apply Young’s inequality to obtain

100 xullz, < 0% L, |lullz,,



where 1 = —I% + % +1. To continue we must find a bound on the ||0%4| 1, term and
then we have the inequality we want. Notice that the use of Young’s inequality is

valid since we have p < q. First we can state that
16°Gl L, < 10%0l|re + 107, -

The sup-norm bounds the function over any compact set. The L; bound is a tail
bound as functions with tails in L; must decay faster than in any other L, space.
We then want to collect the terms under one Lo, bound. This is done by multiplying

‘1‘|2d

the function under the Ly bound by PR Then we take the sup of 9%|z|>¢ out for

a bound. This gives
d qo ¥
<O 1+ )" 0%l

We then use that the Fourier transform maps Lo, to L1 and thus,

< Ol (Id =AY ()" ¢) |1, < CH.

We then use the condition that ¢ € D to get the bound we want.

Again we need to take a ¢ € D(R?\ {0}) with value 1 in neighborhood of
A. This is similar to before but now as the point {0} is removed this works for the
annulus case and we get the upper bound in a similar argument to above.

For the lower bound we again write 4(£) = ¢ (£)u(§). We can then, for some
constants C\, write this term as.
_.Aa ey
e = X (i€ a(Co

laf=k

a(g) =1 Y (i€)*Cq

laf=k

Then we can apply the inverse Fourier transform to both sides and we obtain

o 7 7 — —1§)”
u(z) = Z (0)%u(€) % g where thy = CQF 1 <( ’§|23l > .
la|=k
We can then apply Young’s inequality to both sides. To complete the proof
we need to bound ||[{hs]|r,. This is done similarly to before and so we get the lower

bound we want. O

One problem that needs to be considered is what to do when dealing with a
product of two functions when we are taking the Littlewood-Paley decomposition.
The method to deal with this is discussed in Bae [2009] and Bahouri et al. [2011].

For this explanation we shall absorb the Sy term into the Ag term and thus

can write the Littlewood-Paley decomposition of the function as ) >0 Aju. For a

10



u and v in 8’ we then have that their product can be written as a Littlewood-Paley

decomposition by
uY = Z Ajulpv
j,k
where here j, k € N.
This formula is a double sum over the product of all the combinations of the
decomposition. As this is complicated to deal with let us consider splitting the sum
up into three parts considering an arbitrary k& and Ny dependent on the functions

used for the decomposition,

uv:ZAjuAkv: Z Ajulpv + Z Ajulpv + Z Ajulpv.
gk k<j—No—1 k>j+No+1 |k—3j1<No

As the support of the Fourier transform of each element is finite and the
Littlewood-Paley decomposition was chosen so that each support only intersects
with a finite number of the other terms in the decomposition, we can simplify these
three separate terms.

Looking at the first two terms, Ny is chosen so that the supports in Fourier
space no longer intersect. To make life easy with the specific example chosen earlier
we can choose Ny to be one. We can now simplify the first term by noticing that
as k is always less than 5 with independent support in Fourier space we can collect
the sum of these smaller terms into S;_n,v. Similarly we can do this for the second
term.

We are now ready to define the paraproduct of v and u with the remainder

term as well as described in page nine of Danchin [2012].

Definition 3.2.2 (Paraproduct) The paraproduct of v by u is defined as.

Tuv = Z Sj_NouAjv
J

The remainder of u and v is defined as.

R(u,v) := Z Ajuly v
li—v[<No

Thus with the paraproduct defined we can write the Bony decomposition of the

product of two functions uw .

Definition 3.2.3 (Bony decomposition) For the product of two functions uv

11



with u,v € 8" we can write the Bony decomposition as.
wv =Ty + Tyu + R(u,v)

This gives a way to decompose products of functions. All this above can be done
for the homogeneous case as discussed in Bahouri et al. [2011] where the terms are
all the same yet the homogeneous Littlewood-Paley decomposition is used instead.

This decomposition will be used later in the proof of Onsager’s conjecture
where we have to deal with a term of products of functions to find a bound. Further

this is useful to look at embeddings of products of functions and there properties.

3.3 Littlewood-Paley Applications

Here we shall try to give some examples of applications where the Littlewood-Paley
definiton of a Besov space can be used to prove results for Besov spaces that other

spaces, such as L, spaces or W, spaces, do not necessarily satisfies.

3.4 Embeddings

One case of this is the embedding of H'(R?) into BMO but not into L., which
would be useful in many theorems. However what can be shown is the embedding
of B%J into Lo, which works as B%’l is a slightly smaller space than H! “yet is very

similar in size as H' = 32172”.
Example 3.4.1 32171(]1%2) embeds into Loo(R?)

Proof We know that from equation (3.0.1) ngl continuously embeds into Lo, so
want to show the embedding into ngl then we are done. Thus for a u € Bgo’l it
has norm ||Sou|r.. + >

jen(lAjullr,.). Then we can multiply by g—; and this gives.

2J 1
ISouln+ 3 2 (18 ul) = ol + 30 P (1A sul.)
jEN jEN

Thus all that is left to prove is that is that (55]|Ajullz.) < [|Ajullz,). This
is done by the scaling part of the Bernstein lemma (3.2.1) which gives ||A;[|z, <

11 . y
)\d<1’ ‘1>HA]'||LP. Thus with A = 27, d =2, p = 2 and ¢ = oo we get the term 27

out which cancels with the other 27 to give > . 27||Ajul|L., which is bounded by

jeN
assumption.

12



To finish the proof we notice the same scaling applies to the term || Soul|z.,

yet here A = 1 and thus we have ||Sou|r.. < [[Sou| L, trivially. O

This important example is a specific case of an embedding theorem, Propo-
sition 2.20 in Bahouri et al. [2011], which states:

Proposition 3.4.1 Let 1 <p; < ps <o and 1 <ry <ry <oo. Then for s € R

< conti )
By, ., is continuously embedded in Bp, »,"" "7 .

11
Proof This proof is similar to the proof above using [|Ajul[z, < )\d<P1 P2> 1Az,
with A = 2/. Then we just use the fact that I,, is continuously embedded in I,.,, and

we are done. I

Further we find in Proposition 2.39 that in a homogeneous setting the pre-

vious embedding in fact embeds into the space Cy (continuous functions that decay
d

to 0 at infinity). We can show this by noting that Sy is dense in B; 1 where in our
case is B%’l asd=p=2.

We see that this gives an interesting relation of the interplay between the
regularity and the integrability of functions in Besov spaces with more generality

than other embedding theorems.

3.5 Omnsager’s Conjecture

3.5.1 Original Idea
Onsager’s conjecture considers the incompressible Euler equations given by the sys-

tem described in Shvydkoy [2010]

Ou = (Vu)u — Vp Momentum balance (3.5.1)
V.ou=0 Incompressibility condition. (3.5.2)

Here u is a divergence-free velocity field, p is the internal pressure and consider the
entire space say R? or R? so we can use Fourier tools.
Here we care about the energy conservation of the system above. For an

initial condition ug we obtain

/ lu(t)|?dz = / lup|*da: for all t > 0.
Q Q

We notice above that this condition holds if, once multiplying by a test

function u and integrating over time, the RHS of the equation (3.5.1) becomes
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0. Now for smooth solutions with regular enough domains the RHS is zero and
conservation of energy holds. Assuming that we can perform integration by parts
with ulpo = 0 and use the incompressibility condition then this term becomes 0.
The question is what is the minimal regularity needed for this conservation of energy
to hold.

Consider for instance that u is a distribution where we take u weakly con-
tinuous in time and L? in space u € Loo(0,t, L?) then this gives zero for the second
term on the RHS of (3.5.1). Thus to answer the question of minimal regularity,
our attention falls to the first term on the RHS of (3.5.1). Thus we care about the
total energy flux II,

I = /Q (Vu)u - udz.

Then using the identity V - (u ® u) = (Vu)u + (V - w)u from Gonzalez and Stuart
2008],

H:z/ﬂV-(u@u)-u(V-u)u-udm.

The condition u € Lo (0,t, L?) does not allow us to integrate by parts here
and obtain that II = 0. Here u ® u is defined componentwise as the elements
uu; for 4,7 = 1,...,d. We have seen that after performing a Littlewood-Paley
decomposition on a function, due to Bernstein lemmas, the derivative seems to act

like multiplication by constants and thus we could deduce that
e /(|V|éu)3dx.
Q

So naively if v has Holder continuity % then IT would make sense and any
better regularity would be sufficient for integration by parts and give II = 0. This

is Onsager’s conjecture that:

e Every weak solution to the incompressible Euler equations with smoothness

1
h > 3 conserves energy.

e Conversely there exists a weak solution to the incompressible Euler equations

of smoothness exactly % that does not conserve energy.

Onsager’s original heuristic justification was based on laws of turbulence and

not the Littlewood-Paley decomposition.
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1
3.5.2 Critical Spaces and B;

3,0
To explain what we mean by critical spaces let h € Cy be a scalar mollifier with
dilation hs(z) = s=h(%). Then us(t,z) = u(t,-) xhs(z) and for u € Loo(0,t, L?) this
is well defined. Further, for 6 > 0 ug, is a smooth approximation of v and as § — 0
we return u.

We can thus multiply (3.5.1) by (us)s and integrate over space and time to

obtain

t t t
/ O - (us)s dx ds —|—/ / (Vu)u - (ug)s de ds = / —Vp - (us)s dz ds.
0 JRd 0 JRd 0 JRd

We can push the second mollification onto the other terms and with this
smoothness integrate by parts so that using incompressibility the RHS term van-
ishes. For the far left term, we can use the identity Ou - u = %at(zﬂ) and integrate
over time. Finally for the remaining term we can use the identity V - (u ® u) =

(Vu)u + (V - u)u and integrate by parts to obtain

3Ol - lsOIE) = [ [ wows: Vi deds (353)

where A : B = Trace(AB). The RHS is the energy flux through different orders
scales 0. We notice that we have three u terms on the RHS. Thus for the optimal
function space we would want some bound in terms of ||u|% in some function space

X involving time and space. Now with scale analysis we have these three outcomes:
e We have a one dimensional integral over time (7"), this will scale at rate 7'

e We have three velocity terms, if we fix an average velocity (U) this will scale
at rate U3,

e We have one d-dimensional integral and one differential which together scale
with length(L) at a rate L4~

Overall, this gives the formula to define an Onsager critical space as having
the scaling
(dim]| - || x)* = TU3 L,

Some of these spaces in three dimensions are L3 (0, t, Lg) and Lj (0, t, H%) when in
2

d3—p)+p
two dimensions we have L3(0,¢, Lg). Yet of particular interest are L (0, t, By °F )

1
and thus Lj <0,t, B;z) for I € [1,00] are critical for any dimension. In fact, the
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1
proof will be done in the space Lj (O, T, B3 00> where this is defined as follows
B;’CO = {u € B;}OO : J]i)lgo QJSHAjuHLp = 0} .

1
3.5.3 Proving Onsager’s Conjecture in B

1
To prove this conjecture in the Besov space B3 . we will need the definition of the
weak solution to the incompressible Euler equations. We will also need a lemma

from Shvydkoy [2010] that relates this definition to Littlewood-Paley theory.

Definition 3.5.1 (Weak solution to Euler equations) A weakly continuous vec-
tor field uw from [0,T] to Lo u € Cy(0,T, La), is a weak solution to the Euler equa-
tions with initial data in uy € Lo if for every compactly supported test function
¢ € C°([0,T] x RY) with V - ¢ = 0 and for every t € [0,T] we have

t t
/ u-qﬁdw—/ u-¢dm—//u~8s¢dxds://(u®u):v¢dxds
Rt R7x0 0 JRrd 0 JRrd

(3.5.4)

and Vu(t) = 0 in the sense of distributions.

With the next lemma one can pass from the weak formulation of the equation
to the mollified equation or to the integral equations. Then with the mollified
equation we can write this as a partial sum of the Littlewood-Paley decomposition

of the function u and then check the sum converges to 0.

Lemma 3.5.2 Letu be a weak solution to the incompressible Euler equations. Then
for each fized § > 0, us: [0,T] — Wy is absolutely continuous for all s > 0 and ¢ > 2
and moreover

Oyusg = —V - (u ® u)g — Vps. (3.5.5)
Furthermore, (3.5.4) is equivalent to the integral equation,
t
u(t) —uo—/ V- (u®u)+ Vp] ds
0
in the sense of distributions for all t € [0,T].

We will have to introduce some more notation. We know that for a Littlewood-
Paley decomposition {S;, A} ez we get the identity operator by Id = SO+ZJ'ZO Aj.
Let us instead introduce the partial sum and define u<q := (So +>_%. Aj)(u). So
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this is only a partial Littlewood-Paley decomposition missing out the parts of u with
Fourier modes of the order 2 for k € Z,k > gq. We see that from the definition of
a mollifier that the process of mollification smooths out the modes of order % and
greater. Thus as § — 0 it smooths out only the higher modes until 6 = 0 and we get
the identity. Thus we see the relation, for ¢ there is a ¢ where the partial sum up to
q is the same as the mollified us. Further we can denote g = (Agj—1 + Ay + Agq1)u.
Finally we can define the Littlewood-Paley energy flux through wave number

29 by
e, =— /Rd(u@) u)<q : Vu<g dz. (3.5.6)

From the lemma above we know that if u(¢) is a weak solution to the in-
compressible Euler equations then it satisfies (3.5.5). Thus from the discussion
above we can then write this mollifier equation in terms of partial Littlewood-Paley

decompositions as follows
Oru<g = =V - (U@ u)<qg — Vp<q.

To this equation, we can multiply by u<, and integrate over time and space.
Due to the absolute continuity of u<g, as it is only a partial sum, we can follow the

same procedures as for equation (3.5.3) and obtain the equation.

(<o Ol = lusg O)1,) = = [ Tiey(s) ds (35.7)

Now we can define the following localization kernel K = lim,_,, K, which
we will use later to give an important bound on the flux for u € Bé - As described
in Shvydkoy [2010], the important feature of this bound is that it features a strongly
decreasing tail which greatly penalises far off interactions giving a quasi-local bound
on Il<,.

293 if ¢ <0
2795 if ¢ > 0.

With the following lemma we can easily prove the result. This interesting

bound to prove in Besov spaces for the operator I1<, will finish off this proof.

1
Lemma 3.5.3 The energy flux of a divergence free vector field uw € BS__ satisfies

3,00

the following estimate.

My < CY Ky ;27| Ajul3, (3.5.8)
i>1
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where C' > 0 is an absolute constant.

1
Theorem 3.5.4 (Onsager in By ) Every weak solution u to the incompressible

Euler equations on a time interval [0, T] that satisfies

T
lim [ 27ug(t)]|2, dt =0,

q—o0 0

conserves energy on the entire interval [0, T]. In particular, energy is conserved for

1
every solution in the class L3 <O,T, B3 >

3,co

Proof Taking the modulus of both sides of (3.5.7) we get the following

1 t ) t
(Ol — Jus (O < [ Mzg(o)lds < tim sup [ 1<)

Then we can apply the above lemma to obtain the inequality

t t
< lim sup / CZKq,jZJHAjuHids < C'lim sup / 29| Aqul|},ds = 0.
0 q—00.Jo

oo j>1

The last inequality holds as the sum of K, is exponentially decreasing for all j except
j = ¢ then the limit as ¢ — oo is bounded except for j = ¢ and so this term remains.
O

Proof (Proof of 3.5.3) To prove this we need to split up (v ® u)<, which we can
see as a matrix of all the multiplications of the components of v and thus to split
up this double sum we need to use paradifferential calculus and obtain the Bony
decomposition of the product of the functions Bahouri et al. [2011].

This gives the following from Constantin et al. [1994] and Shvydkoy [2010]

(U@ u)<qg = 1r<q(U,u) — Usg ® Usq + U<gg @ U<y

where,

r<q(u, u)(x) = /Rd Oq(y)(u(z — u) — u(@)) @ (u(z — u) - u(z)) dy.

Thus substituting into the definition of Il<, gives the equation

<y < /d [r<q(u,u) : Vu<g|+|tusq®@usq 1 Vucg|+|u<qg®@u<q : Vu<g| dz. (3.5.9)
R

18



We now need to bound each term separately so for the first (1) term on the RHS of
(3.5.9) we use Holders inequality to give,

(DRHS < flr<q(u, vl [IVuggllL,

Where further as 0 < <i>q < 1 we obtain,

Ir<q(u, wllz, < /Rd D) lu(- —y) — u)lIZ, dy.

Now we want to bound [ju(- — y) — u(-)||7,. First we multiply by % inside the

modulus and see that we have

2

u(- —y) —u()

ly[?
|y

Ly
The inside term looks like a differential. Due to the multiplication by the function
|, (y)| we see that this differential term only gives weight to Fourier modes of order

less than or equal to q. We can split it into two sums one over < ¢ and one over

> ¢ and using Bernstein’s lemma for the differential term we obtain

lu(- —y) —uC)Z, < Y lyP2?IApulE, + D I1Apul,.

p<q p>q

3
We want a bound with the term <2§ ||Apu\|L3) thus we multiply, inside the sum,

2%((1—1)) 2%(!1—10)

the first term by

and the second term by and collect terms to give,

2%(!171)) 2%((17?)

= [y?205 3" 273 (25 | Ay ,)? + 2759 25D (28| Ajul)Z,.

p<gq p>q

We notice that these sums form a pattern of the K kernel introduced before and

thus we can simplify to,

4 _2 P
(P2t +2730) 7 Ky pl2f Al
p
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Substituting this back and using Bernstein inequality on ||Vu<,||r, we get that

N|=

= 4 _2 P
RS < [ 1@, (lP2 +273) 3 Ky n(25 18,0, do | X 2718l
p

p<q

[NIES

p - 4 2 4/ p 2
=5 Ko 2E 18l ([ a2t dy 280} 3228 (2518l
p

p<q

Now we need to calculate the integral. As |®,(y)| is supported only for |y| < 279

we can pull the supremum out of the integral to obtain

B2t dy <2208 | 1By dy < €270,
R4 Rl

Substituting this back in we obtain

2
2
(DRHS < 37 Ky (25 Apulza 202708 [ 37208 (28801,

p p<q

N|=

P la—p)d [P 2
= O Kyp@F 1 Apul)? [ D275 (2520l )

P p<q

3
<cC (Z Kq-p(25 HApulng)2>
p

2

Then bringing this power inside the sum as greater than one we get the final result

(DRHS < C') Ky p(25]|Apull1, ).
P
We now have to deal with the other two terms, these are simpler. For instance the
(2)RHS of (3.5.9), with use of Hélder’s inequality, similarly to before, we obtain
[usqll7,[[Vusgllzy- Then we can bound these terms again using the same methods

as above. Thus we are done. OJ
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Chapter 4

The Heat Kernel

Further equivalent definitions for a Besov space can be defined with use of the
heat kernel. We will see that the heat kernel definition, in general, has a rather
complicated structure. Yet there are occasions when this definition is useful for
example considering problems when the domain is not the whole space. Further, it
is useful when dealing with a problem which one can write a solution in terms of

the heat kernel. For instance, this is found in Cannone et al. [2004].

4.1 Heat Kernel Definition

We have two definitions from Lemarié-Rieusset [2010] for Besov spaces associated

to the heat kernel, for the non-homogeneous and the homogeneous cases.

Definition 4.1.1 (Non-Homogeneous Heat Kernel) For s € R, 1 < ¢ < oo,
to >0, a >0 so that o > s and for f € S'(R?). Then for all t > 0

B, — {f ceDf e L, and (/Ot (I8 ()32 1z, ) Cff) < oo} (41.1)

With the equivalent norms,

1
to , a a dt\«
HfHB;q = HetoAfHLp + </0 <”t 2(—tA>23tAfHLp> t> .

Note this norm is similar to norms defining Lorentz/interpolation spaces which we
will look at later.
We notice that the parameter ;7 € Z seems to have been replaced by the

conditions parameter 0 < t < oo as the countable sum is replaced by the integral

21



weighted by % This weighted integral and sum perform the same measurement
on the function. This will be more obvious when we prove the equivalence of the
Littlewood-Paley definition and the heat kernel definition later.

The definition of the homogeneous case which is defined in Lemarié-Rieusset
[2010] and Bahouri et al. [2011] is introduced below.

Definition 4.1.2 (Homogeneous Heat Kernel) Let s < 0, 1 < ¢ < o0, f €
S'(RY). Then for allt >0

1
. > s q dt\a
B3, NS, = {f:etAfeLp and (/0 (HmetAfHLp) t> <oo} (4.1.2)

With the equivalent norms,

1
o0 _s q dt\aq
g, = ([ (1 2e251s,)" )

We work in S(R") as we again want to work modulo polynomials to allow us to
have a norm and not a semi-norm. As we know supp p = {0} for p a polynomial we
have to work in a space with these elements are removed.

We will show the equivalences between the Littlewood-Paley definitions and
the heat kernel definitions later after seeing bounds on the heat kernel for functions

f with supp f in some annulus.

4.2 Heat Kernel Properties

A useful bound given below describes the action of the heat kernel on functions whose
support in Fourier space is on an annulus. This is very useful for applications to look
at solutions to the heat equation. Further for showing properties of Besov spaces
and the equivalences in definitions using Littlewood-Paley and the heat kernel. The
next lemma is stated in Bahouri et al. [2011] and though it is stated on an annulus
it can further be shown to hold on a ball around 0 though ¢ a constant in the lemma
is 0.

Lemma 4.2.1 (Heat Kernel Bound) For any annulus A there exists positive
constants ¢ and C such that for any p € [1,00| and any pair of positive real numbers
(t,\) we have

Supp @ CAA = [[eulr, < Ce N |lul|y, - (4.2.1)
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Proof As we are dealing with a function supported on an annulus A we again need
a function ¢ € D(R?\ {0}) which is identically 1 near A to use in the proof. We
will force all the calculations on to it and with its nicer properties calculations will
be easier. Again we can let A = 1, as this is just a dilation.

We multiply by ¢ which does not change the action of the heat kernel on A

as it has value one. As the Fourier transform of the heat kernel is e ¢ we obtain

Bu=F (o)) = (271T)d / e EG(€)e 8 de xu.
R4

Applying Young’s inequality to both sides gives the desired result provided we show

for ¢, C real positive constants and for all ¢ > 0

=), < Ce™.

[
L1

(2m)d /R et p(e)e I dg

To bound f in L4, the idea is to pull out a - as this is bounded in L; and

1
(1+]x[?)
then try to eliminate the (1 + ]:n|2)d we created. So first we multiply by 1 in the

correct manner

1

D= ap)?

/ (1+]aP) e Sg(e)eHF de.
Rd
Now we use the properties of the Fourier transform and integration by parts as ¢(§)

compactly supported and thus we obtain

1 / 1x-€ d —t|g)?
= [ T (Id - D) p(&)e I de.
(1+[af2)" Jaa ‘
We then have to use Faa di Bruno’s formula, an algebraic identity, which

gives in our case for some constants C’g

(d=8g'o(©e = 37 05 (0 Po(g)) (9777

B<a,|a|<2d

Now as the support of ¢ is in an annulus we can find a couple of bounds. With ¢ the
square of the lower bound of the support of ¢ and C being a function of the upper
bound of the support of ¢. Also we notice that as ¢ € D, la(a*5)¢’ is bounded.
Further each de~t1¢1” will drop down a constant of ¢ and & yet the £ can be bounded
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by C' so we have

’(a(aﬁ@)(ﬁ@)) (3567t|€|2>’ < O(1 + t)lle—tel,
Then using the lower bound ¢ we obtain
< C(1+t)Ple=et,
Thus

I, < M

< Y C;C(Ht)'ﬂe—ct/ 1)ddx/ € d¢
Rd

B<a,|a|<2d R (14 ‘$’2

< CeCt/ S
ke (14 [z]?)

< Ce .

/ e (Id — Ae) (€)M de| da
Rd

This gives us the bound we needed. If we are dealing with a ball rather than the

annulus then the lower bound ¢ = 0. OJ

There is a corollary in Bahouri et al. [2011] that describes the behaviour of
the solution to the heat equation for initial conditions whose Fourier transform is
supported in an annulus. This behaviour relates the integrability over time to the

initial condition.

Corollary 4.2.2 Let A be an annulus and A a positive real number. Let initial
condition ug and forcing f(t,x) have its Fourier transform supported in NA for all
t € [0,T]. Consider the solution u(t) to the heat equation

Ou — vAu =0 and u(0,-) = up(-).
Consider v a solution of forced heat equation
0w —vAv = f and v(0,-) = 0.

Then there exist positive constant C depending only on A such that for 1 <a <b <
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o and 1 <p<qg< oo we have

—L (it
Il oy 01 < CA2) s X =8 Juo| 1,

—14(L-1) i (1_1
vz, 0,7,0,) < C(vA\?) <p q)>\ G b)HfHLp(QT,La)-

Proof For a u(t) satisfying the heat equation we can use the heat kernel to to

tA

write u(t) = e”"*“ug. Then we start with the definition of ||ul|r (0,r,r,) and use the

lemma above (4.2.1) this gives

T i T i
</0 (lle2uo ], )" dt> g(/o (Cem Jluoll, )" dt) .

We can then use Bernstein’s Lemma to get a bound from L, to L, and rearrange

1 1
T q T 7
(/ (Cem e X1 ol , ) dt) < G5 uo (/ emevNa dt>
0 0

We can then integrate out to obtain

1
1 q 1
C luoll, A(E—3) <> ! (1 _ e—cTy/\2q) a

cv\2q
2 2 :
Thus as cTvA%q > 0 we have e=“T¥*"¢ € (0, 1) and we can bound (1 — ecTvA q) <
1. Then absorbing constants gives the desired result.
For the second part we similarly start with v(¢) = ft e’=DA (1) dr and

0
the proof follows in a similar fashion. O

As mentioned earlier we want to show the equivalence between the Littlewood-
Paley definition of a Besov space and the heat kernel definition. So far with the heat
kernel bound and the Bernstein’s lemmas we now have enough to prove the equiv-
alence of these two definitions. The proof will have inspiration from Bahouri et al.
[2011] yet here the proof is only for the homogeneous case where s < 0 and we look
at the non-homogeneous case for all s € R. This is further mentioned in Lemarié-
Rieusset [2010].

Theorem 4.2.3 (Littlewood-Paley and heat kernel equivalence) The Littlewood-

Paley definition of a Besov space and the heat kernel definition are equivalent.

25



Proof First we want to look at the heat kernel integrand and using the heat kernel

bound above and the Bernstein lemma for the operator ¢ = (—A)% we have
173 A (—tA) 3 el p, < Ot*F 2% || Aju| 1,

Then by multiplication by gj—z we can pull the lower term with the 27 term and take
the remaining term to create a Littlewood-Paley Besov norm after being summed

like so

[£72 (—tA) 2 e, = |t 2A;(—tA) 2|, <
JEZ
<O T PN B A, < Cllulgy, 7T 2O, .
JEZ JEZ

Where ¢, ; is a generic element of the unit ball in [4(Z). This last inequality comes
from using Hdélder’s inequality to bound the last two terms on the left hand side in
l; and get the Littlewood-Paley Besov norm from the 27| Ajul|r, term. We get left
with a term in Iy, for ¢’ the conjugate of ¢. Then we can use the duality definition
for an element in an [, space. (For an element in [, we know j TrlYpr < 00 for all
x, € I, and y,» any element in the unit ball of /,,.) We use this definition, of an
element in [, for the rest.

For the rest of this proof we need something to deal with the spare term and
we need a lemma in Bahouri et al. [2011] which helps bound this term as we chose

oa—s>0.

Lemma 4.2.4 For any positive m, we have the bound

sup »_ %2 < oo, (4.2.2)
t>0 jez

From this lemma we first notice that for the case with ¢ = oo we are done and
have the first inequality after taking the supremum over ¢ > 0 of both sides of our
previous bound.

We now consider the case of ¢ < co. So we want to bound

fo -2 o A 19 dt q j(a—s) 7ct22j dt
; It 2( tA) UHLP 7 SCHU”BM Zt "2 Cq.5 e

JEZ
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We can split the term inside the integral in preparation to use Holder’s inequality

— . 2 1 _ . y q;l
Zt * gjla—s),—ct2? chJ _ Z <<t°‘252j(as)ect2 J) a Cm) (t%zj(afs)efcﬂ ]) a
JEL JEZ

We then use Hélder’s inequality with the first bracket term to the power of ¢ and

the second ¢’ = . This then, after we cancel the powers gives,

q—1

fo : dt
q ——ct223 q
< Cllully, /0 >t >t | T

JEZL JEZ

We take the supremum over time of the first term out and can bound by the previous
lemma. We only have to worry about the second term in the integral and we can

use Fubini’s theorem for this. To get the bound, we need to calculate the following

integral and show it is finite. To simplify, let k = 252

to o7}
k—16j2k —ct2%7 q k—16j2k —ct227
E cq]/ thT27%%e dt < E ch-/ tv 2% dt.

jez =/ 0

Then we observe by calculation that [;° th—le=ct2” gt — _C (k). Thus we find

2]2k
that the whole term becomes

< Cdl T(k) < CT(k).
JEL
We have the first inequality.
To prove the other direction, we use the fact that the last bound is of the

form of a gamma distribution to derive a useful identity

_ _ 1 < _
Ajuzl*Aju:W/o e " dxx Aju.

Then use the substitution z = ¢|¢|? and the Fubini’s theorem, we obtain,

1

kg2 gl gy Ay — /°° B 2041) o~ |, Koo g
F(k+1)/0 4]¢ 204D w6l g 1 A [ et s K

I'k+1)
Finally we can apply the inverse Fourier transform to both sides and we have,

1

A= ———
T Tk + 1)

/0 (= AYFHEAA y dt. (4.2.4)
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A_ZA

e% w. This lets us use the heat kernel

Now let k = 27 and split up e'®u = e
bound without losing the heat kernel properties for bounding the integral. After
performing these two substitutions we can bound the L, norm with the usual use

of the Bernstein’s Lemmas and heat kernel bound

t

1Ajulln, < C / @3 9 (=542 =2 | A (LAY 50|, di

< C/ (—s+2) —ct22j||(_A)%etAu”Lp dt.

Now we want to look at the two cases again ¢ = oo and ¢ < co. For the first case

we want to bound sup;cz (25| Ajul|z,). From the above we obtain,

o0 .
sup (275(|A; ul|,) < Csup <235/ t%%(*s“)e*m%H(—A)iemuHLP dt> .
JEL JEL 0

Then we want to take the supremum over ¢ out of the integral so that we obtain the

heat kernel definition and want the rest of the terms to be bounded

C'sup <2j5 sup (t?H(—A)%etAuHLJ / 9i(~s5+2) g —ct2® dt) :
0

JEZ t>0

We now just have to calculate the integral and rearrange We discover that everything

)=

= C'sup (t%ﬂ(—A)%etAuHLp) .

t>0

cancels nicely,

C sup <2j$2‘j5 sup (t% ||(_A)%etAu||Lp) 942 (_62—2j6—ct22j
JEZL t>0

We now have to look at the case of ¢ < oo. This is again going to use similar

methods to the ¢ < oo case before. We have to deal with the inequality below

. a—s . ) o q
Z (2]3||AJU|’L < CZ (2]3/ 5 2.7(*84’2)6*(222] H(_A)getAuHLp dt) )

JEZ JEZL

We can split this up to prepare for Holder’s inequality, used in the same way as

before,

_ 271 q—s - _ 25 9—1 e a
oY 9% ( / T e N VN R I dt) -

JEZ
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Then we can apply Hoélder’s inequality,

- o0 _ 27 q_l o0 a—s s _ 27 (3
Sczgjsq </0 o—ct2 Jdt) </O 19957 903 (—5+2) o —ct2 J||(—A)2€mu||%p dt>.

JEZ

Calculation of the first integral gives

oo .
CZQJSQQ—QJ(Q—U (/0 th‘Q’U(_S‘*‘Z)e_CtQQJH(—A)iemquLp dt> .
JEZ

Now we can use Fubini’s theorem to switch the sum and integral and then we can

simplify, this gives,

o0
- a—s 27 a 4N
:C/o E 2124175 eV || (~A) 2 ¢ ullg, dt.
JEZ

Multiplying by % and rearranging gives us the measure we need for the integral in

the heat kernel definition of Besov space,

- %52 & tA g j2 ,—ct2? dt
=C | Ak u||LpZ(t2 e )7.

JEZ
Then taking the supremum of the sum out of the integral and bounding by the
previous lemma, this rearranges to
o0 S (o] dt
<c [Tttt T
0 Pt
This is the bound we wanted and together we have both the lower and upper bounds

so the equivalence is proved. O

We have shown that the Littlewood-Paley definition and the heat kernel
definition are equivalent. This proves that the Littlewood-Paley definition must
be independent of the choice of functions used to create the decomposition. This
is because the heat kernel definition and the equivalence to the Littlewood-Paley

definiton is independent of the choice of functions used.

4.3 Heat Equation Applications

This application of Besov spaces relates the heat equation on R? and the relations
between the initial conditions and the solution some time ¢ later.

For the Sobolev case we discover that for ug € Lo we can achieve a bound
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to show that at time ¢ € (0,7, u(t) is in L1(0,T, H') for any T. This calculation
will be given below and other simpler more general forms can be found in Evans
[1998]. We take the equation, multiply by u, and integrate over space and time then
perform integration by parts on the gradient term and use the identity w;u = 2 5 d g2,

Switching integral over space and derivative gives

T
lu(T)|3, + 2 /0 IVull2, dt = [u(0)[2,.

This gives the desired bound for controling the gradient with the Lo norm of the
initial condition.

We were able to increase the regularity by a derivative for the Sobolev case
above yet now we will show that with a slightly smaller Besov space than Lo we can

achieve extra regularity of two derivatives.

Example 4.3.1 Let the initial condition to the heat equation on R? be u(0) = ugy €
B3 |, then the solution at time t € (0,T] u(t) is in L1(0,T, B3 ;) for any T.

This example shows how easy it is to use Besov spaces and specifically the
Littlewood-Paley definition for this calculation.

We see from (3.1.1) that for a function f € B2, that f € S as well which
will be useful as the heat kernel is in & and thus the integrals will make sense.
Further we see that the space norm is the sum of two separate norms and thus we
will consider each one separately.

Proof We can write for u € &’ u(t) = e®uq as this is just the action of the heat
kernel.

We then want to consider the Littlewood-Paley decomposition of u(t) so first
consider the decomposition into the annulus so ¢; x u(t) which we can also write
Aju(t) for j € N. We can write this part of the norm of u(t) by

T o
| 1222 e8],
0

§=0
Clearly the modulus can be ignored as the term inside is always positive. We

can now get the next inequality by the using the heat kernel estimate for a function

whose Fourier transform is supported in an annulus (4.2.1)

/ Z2ﬂ2 [e"2Ajuol|,, dt</ Zzﬂc ~2 | Ajuol, d
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We can now use Fubini’s theorem to switch sum and integral and obtain

o] T o] 1
2 —ct221 2 —cT'22%
;)23 ||Aju0HL2/O Ce™®7 dt < jz()?] 1Ajuoll, —537 (1 —e )

This simplifies to

= 1

—cT2%1
> Idgully, - (1= eT2).
=0

—<T2%) ig always in the interval

We see that ¢T2% is always positive so (1 —e
(0,1] and so g is in BY; so this is bounded.

The ®¢ * u(t) term can also be written Sou(t). We just need to show that
fOT |e'2 Ajugl|, is bounded. We can bound this by C’fOT e~ 2| Ajug| L, Asc=0

we just get a bound of CfOT |Ajuollr, and we are done. O

We notice here that if instead of ¢ = 1 we used ¢ = 2 and were using as our
spaces ug € Ly and u(t) € L1(0,T, H?) then this proof would fail. This is clear as
the cancellation would not be complete and we would be left with a 2%/ term in the

sum. This extra term comes from the square of 2%/ we get from the I, norm.

4.4 Heat Kernel on Sub Domains

There exists interesting problems that have been solved on the whole space but not
on bounded domains and therefore defining Besov spaces on these bounded domains
may help in solving some of these problems.

We have seen from the calculations that when working with problems on
the whole domain, the Littlewood-Paley definition seems to be the easiest to work
with. However, as seen before there is no analogous definition of the Littlewood-
Paley decomposition that can be defined on a bounded domain due to the innate
dependence on the Fourier transform.

We need to generalise the heat kernel definition to the domain 2. For this
generalisation, one problem is the choice of boundary data for the Heat equation.
The choice of boundary data should depend on the values on the boundary that
one wants for elements of the Besov space. Therefore, if we are considering spaces

analogous to W), where we want the functions to go to zero on the boundary we
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would want to consider the heat equation with zero on the boundary condition.

d
%u:AuinQ
uw =0 on 0N
ug = u(0,-) = f(-).

Then we wish to consider the u that solves this set of equations with the initial

condition f.

Definition 4.4.1 (Non-Homogeneous Heat Kernel norm on domain) Foru
the solution to the equation above with f the initial data. For s € R, 1 < q < o0,
to >0, a >0 so that o > s, a even positive integer. Then for allt > 0

1
o, o q dt\«
||f||B;,q,o=||u||Lp+</O (1675 (~t8)ul ) t)

Then to define the space it makes sense to have the value of the function

at the boundary to be zero. Thus taking inspiration from the Sobolev case we can

] _ = B2, 0(Q)
define, B;, () = {F € Cg°(Q) : [ @ < 00} ",
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Chapter 5

Lorentz and Interpolation

Spaces

5.1 Background Theory

To define a real interpolation definition of a Besov space and, to give an initial idea
of how these definitions are all equivalent, Lorentz and interpolation spaces will
be introduced They are discussed in Peetre [1976] and Chapter 7 of Adams and
Fournier [2003]. These interpolation spaces are a useful building block for the Besov
spaces and useful in proofs of equivalence and properties of the Besov spaces.
These interpolation spaces and the associated Besov space definitions are
of importance though again not necessary easy to do calculations with. However
this definition is useful as it is more abstract so it can give general properties from

interpolation theory and is easier to generalise to other domains.

Definition 5.1.1 (Lorentz Space) Take a measure space (2, A(Q),p). If 0 <
p,q < oo we define Ly, the Lorentz space the space of j-measurable functions such
that

e = ([ (7 0)’ ‘?)

1f ]z, = sup(t? £*(£)
t>0

and by convention Loo oo = Loo, where f* is the decreasing rearrangement of | f|

fr(t) = inf{s : j{[f] > s} < t}.
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Also Ly  is the weak Lebesgue space. Furthermore L;,q ~ Ly if1 <p<oo,l<

q<ooorp:q:1he7‘e%+i:1.

These spaces then lead on to interpolation spaces which can be used to

generalise and treat many families of function spaces with the same approach.

Definition 5.1.2 (Banach couple) For two Banach spaces By and By and a Haus-
droff topological vector space B with By and By continuously embedded in B then we
define B = By, By the Banach couple.

We now want to define an F that for the Banach couple B gives a Banach
space F(B) that is continuously embedded in B. This F(B) in an interpolation
space. It acts on the couple to take certain combinations of the elements of each
couple and creates a space out of this.

Real interpolation spaces have two equivalent definitions involving the differ-
ing functionals J and K described in Adams and Fournier [2003],Lemarié-Rieusset
[2010] and Peetre [1976]. Though, in Adams and Fournier [2003] and Lemarié-
Rieusset [2010] the definitions are formed where we first split the function in the
interpolation space into a diadic series first and then apply the J or K functional
to the series and check it is bounded. Here the definition given will be from Peetre
[1976].

Definition 5.1.3 (Lions and Gagliardo Real interpolation spaces) For the
Banach situation we introduce two auxiliary functionals K and J. For 0 < t < oo,
b e By + By we let

K(t,b; B) = K(t,b; By, Bi) = inf (|lbo|l, + t[|b1]|5,)
b=bo+b1
IfO0<t<oo,be Byn By we let
J(t,b; B) = J(t,b, By, B1) = max (||b]| ,, /0] B,)

Then let 0 < 6 < 1,0 < ¢ < oco. Then we define the interpolation space (B)g 4 by

b€ (B)oy = (Bo,B1)og

— ([ (5 2)
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<= there exists u = u(t) (0 <t < 00) such that

</0oo (W)q ?)é <ooandb:/ooou(t)62t

<= u =upnu j € Z such that

oo

J(27,u;) >
Z Tﬂ<ooandb: Z uj

Here (B)g,, has norm

168, = (/0“ (Kffe b))‘l cit)
(7))

. = (T(27,u;)\? !

j=—o00

This dyadic decomposition interpolation definition is like the Littlewood-
Paley decomposition of a function mentioned earlier. This gives more understanding
of the relations between interpolation and the definitions involving integrals and
using the Littlewood-Paley definition where the integral is replaced by this countable
sum. We can use this definition to perform interpolation on the Littlewood-Paley

definition for calculation purposes.

Theorem 5.1.4 (Equivalence) In the definition above, the different sub defini-

tions are equivalent.

Proof (Sketch) First we notice that the first two norms are of the form

() %)

for some V' and thus we only have to worry about V for the equivalences to hold.

For b € (B)g,, with the K functional definition we have infy—y, 14, (||bo]| B,
+t]|b1]|B,). Thus if we then define by = [;° ug,1(t) 4t we have

t
o dt o dt
[we ) et [T T
0 0
35
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inf ‘ . (5.11)
b:fooo uo (t) %""f()oo ui (t)% B1
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and by simple rearrangement of integrals we achieve

inf (/OOO ||u0(t)||30% +t/ooo Jur ()| B, dt). (5.1.2)

b=[5° uo(£) &+ [ ua () L t

We know that (5.1.2) is bounded it implies that ||uo(t)|| B, and ||ui(t)| B, are
bounded so the functional J = inf, (max(||uo(t)||B,,t||u1(t)||s,)) is bounded by a
constant of the K functional. Further, if (5.1.1) is bounded it implies b = [ u(t) %
for some wu.

For the other bound it is easy to see from (5.1.2) that if b = [ u(t) % exists
and if J = inf, (max(||luo(t)| B,,t||ui(t)||,)) is bounded then twice the maximum
will bound a linear combination of ug/; and thus the K functional is bounded by a
constant of the J functional.

The proof for discrete K and J functionals is in Lemarié-Rieusset [2010] and
Adams and Fournier [2003] . Were we split the intergral into dyadic parts and prove

bounds Bernstein like bounds for each dyadic part. O

One reason to look at these interpolation spaces is that the Lorentz spaces are
a specific class of interpolation spaces with the correctly chosen functional. Notice
Lpg = (L' Lw]%,q

More importantly the definitions of Besov spaces are defined so that we see
the norms are of the form of the interpolation spaces. We can, in fact, define the
Besov space via an interpolation of Sobolev spaces and then use theorems on the
properties of interpolation spaces to understand the properties of Besov spaces. For
instance the duality and reiteration theorems.

From the equivalence between this definition and the others we again show
that the Littlewood-Paley definition is independent on the choice of function used
in the decomposition. Further using embedding theorems for interpolation spaces
we can straight away get embedding theorems for Besov spaces for instance from
the comparison theorem in Peetre [1976] tells us that By ; — W, < By . Further

from the duality theorems we attain (B, )" = B,,*, as one would expect.

5.1.1 Real Interpolation Definition

Definition 5.1.5 (Real Interpolation Besov space) From Peetre [1976]. For
real interpolation, s real. We have for s = (1 —6)sg +60s; (0<0 < 1)

(W3 W3 )y = Bra:

)
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Further this can be written
1
s © K )\ dt\«
Bp’q:{f:</0 < > ) D) <ot (5.1.3)

K(t.£) = Kt W w3y = int (I olgo + il )

With

Interestingly one sees that from the interpolation definition of a Besov space,
we have to interpolate across two Sobolev spaces in the same L, space but with
different derivative exponent. A function in the new space is bounded by the com-
bination sof + (1 — @s1) with different outer Lq(%) norms.

Therefore consider a function in a Besov space. We can bound this function
by taking a weighted sum of the norms of Sobolev functions with differentiability
either side. By varying 6 we get a different weighting of the norms varying convexly
with 6.

Further the ¢ determines the integrability we want for this weighting between
the norms and the measure % acts as a limit of the sums of these weights as discussed
earlier. Overall we see that the combination of these three indices allows for a strong
control on what functions we have in a Besov space.

We can define the definition for homogeneous real interpolation Besov spaces
similarly to above but using the homogeneous definition of a Sobolev space as defined

earlier.

Definition 5.1.6 (Homogeneous Real Interpolation Besov space) Same as
definition above but replace the space W;° and Wyt with W;O and W;l.

5.2 Interpolation on Sub Domains

Finally we see from the definition that we can generalise this definition to bounded
domains as we can use Sobolev spaces with integer derivative coefficients which we
can define on bounded domains and then interpolate between them. As mentioned
in Chapter 2 there are many ways to define a Sobolev space on a bounded domain

and this will give many ways to define the bounded domain Besov space.

5.2.1 Interpolation Bounded Domain Definition

This is taken from an analogy to the Sobolev case where we can use interpolation

to define Sobolev spaces for any m € R;.
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Definition 5.2.1 (Real Interpolation Besov space bounded domain) For
X, defined as one of H;"(Q), W;*(Q), W, () for i respectively 1,2, 3, m positive
integer. We have for s = (1 —8)mo +60m; (0 <60 < 1),

(X, X)) =B

Dy 0.q e 25

Further can be written,
1
s oo Kz(tvf) I dt\
P.ai {f: </0 < . > 7)) <% (5.2.1)

Kilt ]) = Kt f: X570, X0 = int ([ follro + 2l Al )

with

We see here that we get three different definitions of a Besov space for each
different Sobolev space we interpolate over. The most useful for applications will
probably be the third where we use W), as this definition has functions going to
zero on the boundary. This is useful to have in most applications.

Also in Chapter 7 of Adams and Fournier [2003], it defines a definition of
the bounded domain Besov space as above but with mg = 0 thus we interpolate
between an L, space and the Sobolev space with derivative order m > s for integer
m.

The interpolation can be done with the K or J functionals and possibly of
more interest the discrete K or J functionals and thus form a norm with instead
of the outer integral we can get a countable sum. This norm would be similar
to the Littlewood-Paley definitions and we may be able to use this definition for

applications assuming we can prove useful bounds like the Bernstein lemmas.
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Chapter 6

Differential Difference and
Taibleson Poisson Integral

Definition

6.1 Differential Difference Definition

We have seen many different definitions so far for Besov spaces each with their own
uses. Here we shall introduce some more different equivalent definitions. These
definitions are again useful as there is no explicit use of the Fourier transform, so
generalisations to different domains can be done.

These definitions we initially defined for small ranges of s € I C R, where
s is the differentiability of the space. Then we modified and generalised to include
any s € R yet this causes the definitions to get more complicated.

These definitions can be formulated into a form similar to the interpola-
tion space definition yet with a different functional replacing K. Further there are
properties similar to the Littlewood-Paley definition when looking at the Fourier
transform of the functional.

In Peetre [1976] the Besov spaces can be defined under a generalisation of
the operator 75, f(z) = f(z + h) — f(z) and s € (0,1). This is

T dh\
B;q:{f:fELpand </Rd<w> |h]d> <oo}
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and in the case ¢ = 0o, one has

70|z,
p |h|s OO’

with the obvious norm.

We can see that inside the integral we have the form of a differential quotient
yet instead of bounding this under a supremum norm to get some Holder spaces we
are looking at a more generalised L, norm.

We can generalise this for larger s firstly by differentiating out and then
checking if the following derivative of the function is in the 0 < s < 1 case. For

example

By, ={f: 1€ Wk and Dof € Bt (lal < k)
or this can be generlised by defining the kth difference operator
k k
ki) =30 ( () st i)
j=0

so have the space for 0 < s < k as

1
. 1
s ITEflle, \ dh \°
Fra =S e bwand </R< |h|* hfd ) =

This can be written in another way that will help us see the connection between

this definition and the interpolation spaces defined earlier.

Definition 6.1.1 (Difference Besov space) Where e; = (0,---,1,:,0) the jth
basis vector. 0 < s < k

1
k q q
o (re, flle, \ " dt \*
B;,q: f:fGLp and (/ <||t]ts||p> t) <0 ]:(Lvn)
0

and in the case ¢ = oo one has the obvious Lo, modification.

6.2 Differential Difference in Sub Domain

6.2.1 Finite difference Bounded Domains Norm

For this norm on bounded domains, we are going to generalise the finite difference

Besov norm that we defined in the previous section.
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This generalisation has two quite natural options:

e Firstly we can just make sure the finite difference stays within the space. Thus
we give the finite difference a value of 0 if [z, z+hej & 2] and then just restrict

our L, norms in the definition to €.

e Secondly we can keep our finite difference as we have before but integrate in
Ly, over §, were €}, C Q and €, = ﬁg.sHl{x cx+heQ}.

As both generalisations give the same result here we will concentrate on the
first method of generalisation since it seems more natural to keep integrating over
the same domain when varying h.

We can generalise the kth difference operator by defining,

S (B f@+hg)) [ow+kh] €O

Tf]f,Qf (z) =
0 Otherwise

Thus we have the norm for 0 < s < k as

1
IE o flr, o " dh \°
H-HB;,qm)—ufum(/Rd<Ws i)

This then simplifies to:

Definition 6.2.1 (Difference Besov norm bounded domain) Where e; =
(0,---,1,-,0) the jth basis vector. 0 < s < k, k integer and Q C RY.

1
" < (E ofll,@\ dat\?
-y, = Il + Z </0 (Jts " (6.2.1)
j=1

and in the case ¢ = co one has the obvious L., modification.

This norm is now the finite difference norm but restricted to the domain €.
We can now define Besov spaces with use of this norm similar to the Sobolev case
before in Chapter 2 and thus get three different associated spaces for this norm.

This definition and similar definitions of finite differences are used in Frehse
and Kassmann [2006], Kaminski [2011] and Buch [2006].

6.3 Taibleson Poisson Definition

This definition is interesting as it is derived from considering u(z,t) the (tempered)
solution to the PDE problem below. This again links the solution of PDEs to Besov
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spaces like the heat kernel does. Consider the wave equation

9%u .
w:—Aulft>0,
u=fift =0,

with solution given by the Poisson integral of f

u(z,t) = wx f(Y) dy

/ t
R ((x —y)* +1%) 2

Then similarly to before for 0 < s < 1 we can define

1

q 1

s 1t5¢llL, \ dt)’
Bp7q: f:fELpand </0 (tsp 7

and we can extend this definition like before.

Then for general positive real number s we obtain the following definition.

Definition 6.3.1 (Poisson Besov space) For (0 <s <k

1
tka u d dt q
By,=<f:f€Lyand (/0 <H attj ”LP> 7| < (6.3.1)

and in the case ¢ = oo one has the obvious Lo, modification.

We could do a similar method to above but instead consider v = v(x,t) the

solution to the equation
0%v .
@:(1—A)U lft>0,
=fift=0

instead and we get a similar definition of a Besov space to the one above.

We now want to look at the previous two examples and try to determine a
pattern in the definitions and see how this could link into earlier definitions. As
discussed in Peetre [1976], we notice the outer integrals are of the same form as
the interpolation space norm but with different integrands. So we just have to
worry about the integrands. We notice that they are of the form of a translation
invariant operator acting on f and therefore can be written as ¢; x f where ¢; is

a test function depending on ¢ of the form ¢ (x) = tingi) (%) In terms of Fourier
transforms ¢ (¢) = ¢(t&). This links to the Littlewood-Paley decomposition test
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functions. In the cases above, the Fourier transform of the integrand becomes

—

Tie, F(€) = ("9 — 1) (9).

Further we have o
19 6) = el f o)
ot

Thus we would want a generalised definition to be of the form

By, =<f: Y, </0 (o * flL,)* ?>Q<OO (6.3.2)

finite no. ¢

with possible restrictions on ¢ and s.
To have a look for restrictions on ¢ we will use the embedding B, ; — W <
B, - from interpolation spaces. We find that qAS must vanish in a neighborhood of 0

and oco. Thus we get the Tauberian character
{t€ .t >0 N{p #0}# for each £ £0
or in a stronger form
supp ¢ = {b~! < |€| < b} with b > 1.

Usually b = 2 is chosen and we need a term ||® x f||z, where {® #0} = {|¢] < 1}.
We notice that the gﬁt for the previous two definitions also share this property of
vanishing at zero and infinity. We also notice that they have values such that |¢;| < 1
and this is a further condition in the Littlewood-Paley decomposition so we see the
links between these definitions and the previous.

With stronger regularity conditions imposed this leads to the Littlewood-
Paley definition as we take {¢;} € S as well. As with this extra condition the

Fourier transform will make sense for all f € S’.
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