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Abstract

Rare trajectories of stochastic systems are important to understand but dif-
ficult to sample directly. In this work, we introduce a new importance sampling
method based on cloning for evaluating directly large deviation functions (LDFs) as-
sociated to the distribution of additive observables. These large deviation functions
are given in terms of the typical properties of a modified dynamics which rises from
the Feynman-Kac theory and, since the LDFs no longer involve rare events, can be
evaluated efficiently. The method we propose also allows one to study analitically
the order of convergence of the estimator to the correct value of the quantity of

interest, adapting already established results for Feynman-Kac models.
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Introduction

The study of atypical, rare trajectories of dynamical systems arises in many
physical applications such as molecular dynamics, energy transport and chemical
reactions. Unfortunately, when a process is complex enough it becomes no longer
feasible to simulate repeatedly the true dynamics, or for sufficiently many times to

observe a large deviation event.

A widely used class of numerical procedures for generating rare events ef-
ficiently are importance sampling methods based on cloning. Such algorithms are
based on the evolution of a population of copies of the system which are evolved
in parallel and are replicated or killed in such a way as to favour the realisation of
the atypical trajectories. One of these algorithms proposed by Giardina et al. [1; 2]
is used to evaluate numerically the scaled cumulant generating function (SCGF) of
additive observables in Markov processes. The SCGF plays indeed an essential role
in the investigation of non-equilibrium systems - a role akin to the free energy in
equilibrium ones [3; 4].

This cloning method for estimating the SCGF has been used widely in many
physical systems, including chaotic systems, glassy dynamics and non-equilibrium
lattice gas models. However, there have been fewer studies on the analytical justifi-
cation of the algorithm. In particular, even though it is heuristically believed that
the SCGF estimator converges to the correct result as the size of the population N
increases, there is no proof of this convergence and of how fast the estimator con-
verges. In the last year, Hidalgo et al. [5; 6] proposed a slightly different version of
the cloning algorithm, for which they studied the speed of convergence to the SCGF

not on a fully rigorous level.

In this work, we propose a different cloning algorithm based on Feynman-Kac
models [7]. This new approach enables us to study analytically the convergence of the
algorithm to the scaled cumulant generating function, adapting already established
convergence results for Feynman-Kac models. To our knowledge the model described

in this dissertation has never been covered in the literature on the subject, even
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though similar results were presented by Del Moral and Miclo [8] in the context of
Lyapunov exponents connected to Schrédinger operators.

Feynman-Kac models were originally introduced in the 1940s [9] to express
the semigroup of a quantum particle evolving in a potential in terms of a functional-
path integral formula. The key idea behind these models is to enter the effects
of a potential in the distribution of the paths of a stochastic process. The main
advantage of this interpretation is that it is possible to construct explicitly many-
particle systems which converge to the associated Feynman-Kac model as the size of
the system tends to infinity.

These considerations have inspired us to find the Feynman-Kac interpretation
of the SCGF and apply the theory behind Feynman-Kac models for constructing a

suitable cloning algorithm and proving its convergence to the desired quantity.

The dissertation is structured as follows. In Chapter 1, we present the general
theory of Feynman-Kac models used throughout this work, providing three different
interpretations of these models and illustrating two structural stability properties
essential to the construction of the cloning algorithm.

In Chapter 2 we consider the problem of studying atypical trajectories in the
long-time limit of a discrete-time Markov process, and show how to apply the theory
of Feynman-Kac models for estimating the associated SCGF. We start the chapter
presenting general results of statistical mechanics to motivate the importance of the
SCGPF in the study of rare events. In particular we will see that, under certain as-
sumptions, the conditioned Markov process can be represented by a conditioning-free
model obtained by replacing this conditioning with an exponential factor involving a
Lagrange parameter dual to the constraint [3|. From the point of view of statistical
mechanics [4], this new process can be seen as a nonequilibrium generalisation of
the canonical ensemble associated with the Markov process X,,, whereas the condi-
tioned process corresponds to a nonequilibrium generalisation of the microcanonical
ensemble. In this context, the SCGF can be seen as a generalisation of the free
energy. In Section 2.2, we represent the canonical path ensemble and the associated
SCGF via time-homogeneous Feynman-Kac models defined on the state space [7].
We conclude the chapter constructing the cloning algorithm which rises from the
N-particle system interpretation of Feynman-Kac models.

Finally, in Chapter 3, we present new results on the order of convergence of
the considered cloning algorithm to the correct value of the SCGF, under different

conditions.



Chapter 1
Feynman-Kac Theory

In this chapter, we present the general theory of Feynman-Kac models, in

particular providing three main different descriptions of these models, i.e.
e path-space probability distributions,
e time-marginal flows (seen as solutions of nonlinear equations),
e limits of N-particle system models.

In Chapter 2 we will see how to apply the Feynman-Kac theory presented
here to the study of the large-deviation conditioning problem.

The main reference for this chapter is |7].

1.1 Basic Notation and definitions

In this Section, we provide the basic notation we will use in the presentation
of the Feynman-Kac Theory.

We denote respectively by M(E) and P(E) the set of bounded and signed
measures and the set of probability measures on a given measurable space (E, £).
Also, By(E) denotes the set of bounded measurable functions on (E, &).

Definition 1.1.1. Let (Ey, &), (E1, £1) be measurable spaces. A map M : Ej X
&1 — [0, +00] is called a transition kernel from (Ey, &) to (E1, &) if:

1. zg — M(xg, A1) is Ey-measurable for any A; € &
2. M(zo, -) € M(E;) for any xo € Ey.

If M(xg, -) € P(E7) for any x¢ € Ey, we say that M is a Markov kernel.



Any transition kernel M (xg, dz1) from a measure space (Ep, &) to another
measure space (E1, £1) generates two operators, one acting on bounded £1-measurable
functions f1 € By(E1) and taking values in By(Ep)

(M fi)(zo) = : M (zo, dx1)fi(x1), V(zo, f1) € Eo x By(E1),

and the other one acting on measures 119 € M(Ep) and taking values in M (E)

(qu)(Aﬂ = /E uo(dxo)M(l‘o, A1), V(,uo, Al) S P(E()) X &1. (1.1)

We finally define the composite operator of two transition kernels M; and
My, respectively from (FEy, &) to (E1, £1) and from (Fq, &) to (Ea, &), by

(M Ms)(xo, dxa) = M (zo, dzx1)Ma(x1, dxs).
Ey

1.2 The Feynman-Kac Models

The main purpose of this section is to present the Feynman-Kac models,
providing first the traditional path-space definition and, then, the associated time-
marginal flows. We will show in Section 1.3 that these two different representations of
Feynman-Kac models actually possess the same algebraic structure. The flow inter-
pretation of the Feynman-Kac models will be particularly helpful in the construction

of the corresponding N particle models.

Let (En, &), n € N, be a collection of measurable spaces. The Feynman-
Kac models are built with two main ingredients: a sequence of bounded and &,-
measurable potential functions Gy, : E,, — [0, 00) and a (non-homogeneous) Markov

chain

(Q = H En, F= (‘Fn)nENv X = (Xn)n€N7 PVO)

n>0

associated to a collection of Markov kernels M,, from E,,_1 to E, with initial distri-
bution vy € P(Ep) and where F is a filtration with respect to which X is adapted.

We use the notation E, for the expectations with respect to P,, and P, ,

for the distribution on Ejg, == [[)_, Ep given by

Puon(d(zo, ..., zn)) = vo(xo) M (z0, dz1) ... M(2H—_1, dzp).



Thus, for any F,, € By(E|g)) we have
Ev, [Fn(XO, e ,Xn)] = / Fo(xo, ..., 2n)Puyn(d(zo,...,xn)).
Efo,n)

Assumption 1.2.1. We limit ourselves to consider strictly positive potential func-

tions.

The Feynman-Kac models associated with the sequence of pairs (G, M,,)nen

are traditionally defined as follows.

Definition 1.2.2. The Feynman-Kac prediction and updated path models associated
with the sequence of pairs (G, M, )nen, and with initial distribution 1, are the

sequence of path measures defined respectively by
Quo. ) [HG ()| Pa ),

QVO’ = Z[HG wp] P, n(dw),

for any w = (wo,...,wyn), n € N, with w, € E,, p=0,...,n, and where Z,, and Zn

are the normalising constants

n—1 n
Zn = EVO |: H Gp(wp):| and Zn = ldpy1 = El/() |:H Gp(wp)} .
p=0 p=0

Sometimes, we will make use of a weaker definition of the measures Q,, ,, and

(3,,07”, given for any test function f,, € By(Ey,) by the formulae

1 n—1
Quunf) = B[ £ Xor- Xo) TT Gl
n =0
QVo,n(fn) = ZlEVo [fn(XO’ - Xp) H Gp(Xp)] :
n p=0

The main benefit in using the Feynman-Kac interpretation of the canonical
ensemble is that these models can be seen as the limit of N-particle systems, as NV
tends to infinity. To show that, it is convenient to introduce, besides the traditional

path F-K distributions, the flow of the terminal time marginals.

Definition 1.2.3. The unnormalised prediction -, and updated Feynman-Kac model

~n associated with the sequence of pairs (G,,, M, )nen are the sequences of bounded



nonnegative measures on E, defined weakly for any f, € By(E,) by

n—1
) = B 1) TT Gl

p=0

) = B [ 1260 11 Gyl

p=0

Definition 1.2.4. The normalised prediction n, and updated Feynman-Kac model
M associated with the sequence of pairs (G, M, )nen are sequences of probability

measures on E,, defined for any f,, € By(E,) by

L ’Yn(fn) ~ L ﬁn(fn)
Nn(fn) = (1) ) Mn(fn) == (1) .

Remark. Observe that v,(1) = Z, and 7,(1) = Z,. Moreover, for any bounded
function f, € Bb(E[om]) which depends only on the terminal point of the path, i.e.

fn(w07 . 7wn) = f(wn), f S Bb(En), we have

Quon(fn) = ma(f) and Quun(fn) = Gulf)- (1.2)

From the definitions, we can see that the unnormalised flow can be computed

in terms of the normalised distributions. More precisely, we have that

n—1

Y (fn) = M (fn) H Mp(Gp). (1.3)
0

p=

In particular, we have vo = 19 = g, and also 7y = 1y = 1p.

We conclude the section showing that the flow of the normalised time marginal

can be interpreted as the solution of nonlinear equations.

Definition 1.2.5. The Boltzmann-Gibbs transformation associated with a potential
function Gy, on (E,, &,) is the mapping from P(FE,) into itself defined for any n €
P(E,) by the Boltzmann-Gibbs measure

G (zn)n(dzy)

Proposition 1.2.6. The normalised prediction and updated Feynman-Kac distribu-

tions ny, and 1, associated with the pairs (G, My,)nen satisfy the nonlinear recursive



equations

n (1), (1.4)

P
= @ (7ln-1), (1.5)
with the mappings ®,, and ®,, from P(En—1) into P(E,) defined for anyn € P(En—1)

by
®p(n) = ¥p-1(n)M, and (/I\)n(n) = @n(nMn) (1.6)

Proof. First, note that the Boltzmann-Gibbs transformation is well-defined for G,
strictly positive and bounded.
Recall that we can write 3, (fn) = Yn(fnGn). By the definition of the nor-
malised Feynman-Kac models, we have
Vn(fnGn)/’Yn(l) nn(fnGn)

) = G @)~ (G

Thus, we can see that
M = V() (L.7)

Moreover,

n—1
lh) = B[ 1,60 11 Gyl

From this we find that

%71 (Mn(fn))
:Y\n—l(l)

Combining (1.7) with (1.8), we obtain

M (fn) = = Nn—1 My (fn)- (1.8)

(fn) ’Yn 1My, (fn) —7) q’n—l(nn—l)Mn(fn) = (I)n(nn—l)(fn)a

and

M (fn) (1:7) n (1) (fn) (1%8) U (-1 My)(fn) = (77n 1)(fn)-

This concludes the proof. O

Remark. Note that &, and V,,, are well-defined on the whole set of distributions



P(E,), since n(Gp) > 0. It is also important to stress that (1.6) is not the only
possible decomposition, for instance a more general class of solutions (®,,, </15n) for
the nonlinear recursive equations (1.4)-(1.5) is given by the McKean models (see [7],

Section 2.5.3), but also other interpretations are possible.

Decomposition (1.6) shows in particular that the Feynman-Kac flow is a well-

defined two-step updating/prediction model

Un  ~ My, ~
Tin —n_> Tn = \Ijn('r/n) —+1> n+1 = nnMn—i-l (19)

with 9, 7, € P(Ey) and np4+1 € P(Ept1).
This consideration is the basic idea behind the construction of the corre-

sponding N-particle model, as we will see in Section 1.4.

1.3 Structural Stability Properties

Before providing the N-particle interpretation of the Feynman-Kac models,
it is important to underline the interplay between the Feynman-Kac path models
and the time-marginal flows, as also the connection between prediction and updated
models. These two basic structural stability properties of the Feynman-Kac models
will allow us to extend the results for the prediction marginals to the corresponding
prediction and updated path measures.

In what follows, in order to avoid confusion, we make explicit the associated

sequence of potential /transition pairs (G, M, )nen in the notation of the Feynman-
(Gn, Mp)

Kac distributions and flows considered. For instance, we will write Qg instead
of simply Q-
Consider a Feynman-Kac path model Ql(g’ﬁ’ Mn) and the corresponding time-

marginal flow (nT(ALGm Mn)’ ﬁ(nGn, Mn))

associated to the sequence of pairs (G, My, )nen
and with initial distribution 9. We are interested in proving that there exist
sequences of potential/kernel pairs, respectively (G, My, )nen and (én, M\n)neN,

which can be construct explicitly and such that

o Mn) (G, M G Mn) _ (G, My,
e M) = QU M) and O M) = G M),

We call these two equalities structural stability properties, since they means
that

(1) Feynman-Kac path models have the same structure and can be interpreted as

Feynman-Kac time-marginal flows;



(2) updated Feynman-Kac flows have the same structure and can be interpreted

as prediction Feynmnan-Kac flows.

These properties will be fundamental in Chapter 2, for interpreting the canonical
path ensemble and the SCGF through Feynman-Kac models associated to convenient

pairs of potential /kernels.

Proposition 1.3.1 (15 Structural Stability Property). Let QVOG’;{ M) be a Feynman-

Kac path model associated to the sequence of potential/kernel pairs (G, Mp)neN
defined on  := [[,en En and with initial distribution vg.

Consider the sequence of potential/kernel pairs (Gn, My )nen where
Qn(w(”)) = Gn(wp)

is defined for any w™ = (wy,...,wp) € [I)=o Ep and M;,, n € N, are the Markov
transitions associated to the non-homogeneous path process X, = Xo., € H;L:() E,
associated to the Markov chain X,, and with initial distribution vy.

Then, we have that

nyMn J— G”l7M’ﬂ
(G = Q

vo,n
where 777(1 mMn) s the prediction Feynman-Kac flow associated to the sequence of
pairs (gna Mn)neN'
Proof. By the definition of normalised prediction flow 1.2.4, 777(1 o Mn) i given by
p(Gns Mn) (e (")) = (Qn,Mn H Gp(@®) - Py n(dw™),

where

vﬁbgmM"’(f)—Ew[fn ng }

Therefore, the n-time marginal distribution n(g”’ ") associated with the
pairs (Gpn, My )nen coincides with the Feynman-Kac path measure Q,,O,”’ Mn) associ-
ated with the pairs (G, My, )neNs,

nidm M) (d(wo, -y wn)) = QUG M (d(wo, - - wn))-
O



Corollary 1.3.2. Let n,(lg"’M") be the prediction Feynman-Kac flow associated to

the pairs (Gn, My)nen, where My, n € N, are the Markov transitions of the path
process associated to a Markov chain with transitions M, from E,_1 to E, and
initial distribution vy and where G,, n € N, depend only on the terminal point of
the path, i.e. Gn(w™) = Gp(wy), for some bounded function G, € By(Ey), where
w™ = (wp, ...,wp) € [T—o Ep-

Then, we have that

vo,n ’

where fg% Mn) s the Feynman-Kac path distribution associated to the sequence of

pairs (Gna Mn)nEN-

The second important structural stability property of Feynman-Kac models
is given by the connection of the updated measures with the prediction ones. This

will allow us to transfer the results for prediction models to the updated flows.

Proposition 1.3.3 (2"! Structural Stability Property). Let ?]7(1 mMn) be the updated

Feynman-Kac flow associated to the sequence of potential/kernel pairs (G, Mp)neN
defined on ) := HnEN FE,, and with initial distribution vg.
Consider the sequence of potential/kernel pairs (@n, Mn)neN defined by

~

Gn(zn) == Gr1(Tn1) M1 (Tn, drptr), (1.10)
EnJrl
—~ M “1,dz,) G
Mo (1, i) = MnlEn=t ) Gu(n) (1.11)
Gn—l(xn—l)
for any x,_1 € Ey,_1 and x,, € E,,, n € N.
Then, we have
M) = s M),
where 7]7(1G"’M”) 1s the prediction Feynman-Kac flow associated to the pairs (@n, ]\/In)nEN

and with initial distribution given by vy(dxg) 1= io(gggl/o(difo), for all xg € Ey.

Proof. First observe that ]\/Zn is a well defined Markov kernel from F,_1 to E,, since
Gn(z) > 0.
By definition,

Evo [fn(Xn) TT—o Gp(Xp)]
El/o [H;L:O GP(XP)} ’

%Gn’Mn)(fn) =



for any f, € By(FEy). The numerator can be expanded as follows.

Evy [fn(Xn) ﬁcp(xp)} —

p=1
— / Falen) TT Mp(rp-1, dip) G (5p1) - v0(Go) Pl o)
Eo,n) p=1

n—1

— 1(Go) /E Fulwn) T My (2, deg1)Gp) (o)
[0,n] —

— (Go)Es | 1,(%0) Gy(%,)|.

where X’n is the Markov chain associated to the transition kernels ]\//.Tn.

Analogously, we have that

3 [ﬁ Gy(X,)| = niG)Es [H Go(%,)].

p=0

Thus,

A () = i (£,

O

We conclude the section explaining briefly how these two Structural Stability

Properties will be used in practice in Chapter 2 to characterise the canonical path

ensemble:

e First, we will see that the canonical path ensemble can be interpreted as
the updated Feynman-Kac flow ﬁ,(qg”’M") associated to a sequence of pairs
(Gn, My)nen and with initial distribution pg, where M,,, n € N, represent the

transitions of a Markov path process (see Lemma 2.2.1);

e Using the second Structural Stability Property (Proposition 1.3.3), we can in-

terpret the updated time marginal ﬁﬁg”’M”) as the prediction time marginal

associated to (Gn, M\n)neN with initial distribution fig(dzg) := gggéﬁguo(dxo),
xo € Ey, where the pairs (gAm ./\//\ln) are related to (G, M) through the equa-
tions (2.8)-(2.9) (see Lemma 2.2.2);



o We will see that M\n, n € N, are the transitions of a Markov path process asso-
ciated to a Markov chain with transitions ]\/En, n € N. Moreover, the potentials
Q\n depend only on the terminal state of the paths, i.e. @L(wo, cey W) =
Gp(wy), for some bounded function G, € By(E,). Using the first Struc-
tural Stabilify Eroperty (Corollary 1.3.2), we can interpret the prediction time
marginal 7]7(1:“/\1") with initial distribution iy as the Feynman-Kac path dis-
tribution Q}%?;’M") associated to the pairs (@n, ]\/In)nEN and with initial distri-

bution fig (see Proposition 2.2.3).

These results will be explained in more detail in Section 2.2 and they will be applied

also for characterising the scaled cumulant generating function.

1.4 The N-particle Interpretation

The main purpose of this section is to construct the N-particle system cor-
responding to the Feynman-Kac model (v, 7, )nen associated to the pairs poten-
tial /kernel (G, M, )nen on state spaces E, and with initial distribution vy.

For the moment we limit ourselves to providing the heuristic construction of
these particle systems, while rigorous convergence results to 7, will be discussed in
Section 3.1.

Definition 1.4.1 (Feynman-Kac particle model). Let ®,, : P(E,—1) — P(E,) be
the collection of mappings defining the Feynman-Kac model associated to the se-
quence of pairs (G, Mp)nen and let vy € P(E) be the initial distribution. The
corresponding Feynman-Kac interacting particle model is a sequence of nonhomoge-

neous Markov chains
<E£LVv FTJLV7 f(N) = (ér(LN))TLENv P%)

taking values at each time n € N in the product space EY := E,, x --- x E,. The
initial configuration &y consists of N i.i.d. random variables with common law vj.

The transitions are given by

N
PY (M € day | €)= [T @alm(e)))(dat), (1.12)

n’

where m(fg\_f)l)() = %Zf\il b¢i_ () € P(En-1) and dayp = (dzl, ..., dz) is an

infinitesimal neighbourhood of a point x, € EY.

10



In what follows, when there is no possible confusion, we write £, instead of
(N)
no.

In case the N-particle system is related to an operator ®,, of the form (1.6),

the elementary transitions (1.12) are given by

N

Pz]/\é (bnv1 €Edrng1[&n) = H (\Pn(m(gn)) Mn) (dxfwrl)

p=0

= [ WD () - MY drner), (113

where the Boltzmann-Gibbs transformations W2 : P(E,) — P(EXN) are defined by
N
1) (dyy) : II ) (dyh),

for every n € P(E,), and the mutation transitions MY : EY | — EN are defined by

N
MY (yn_1, dzy) = H n(yl_y, dab).

The integral decomposition (1.13) shows that this particle model has the
same updating/prediction nature as that of the limiting Feynman-Kac model. More

precisely, introduce the empirical measures (72, 7Y) € P(E,) x P(E,) given by

1 N 1 N
_ ) ~N . __ »
=y 216& and 7, = 2155
1= 1=

Replacing the normalised Feynman-Kac measures (7, 7,,) by the empirical measures
(N, 7N in the two-step updating/prediction transitions in the distribution spaces
P(E,) described in (1.9), we obtain a two-step selection/mutation transitions on
P(E,)

177];/ c P(En) selection ;\#1\1 c ,P(En) mutation ,’77];[—’—1 c P(En+1),

which is equivalent to a two-step selection/mutation transitions in product spaces

selection N mutation
_—

&, € BN & € B bni1 € BN . (1.14)

The initial configuration &y consists of N random variables & € Ep i.i.d. with

common law vy. The two steps involved in the process can be described as follows:

11



Selection:

Mutation:

Given a configuration &, € EX of the system at time n, the selection transition

consists in selecting randomly N states E; with respective distributions

&n ~ Yin(en),n-

In other words, we select randomly an index j € {1,...,n} with distribution

q’n(m(gn)) = Z

L SN e (19

and we set & = 5%.

During the mutation stage, each selected particle @L evolves randomly accord-
ing to the Markov transition M,4+1. In other words, given the selected con-
figuration En € EY, the mutation transition consists in sampling randomly N

independent random states £, 11 with respective distributions Mn+1(§” -).

12



Chapter 2

The Large-Deviation Conditioning
Problem

The main purpose of the chapter is to provide a numerical procedure based
on Feynman-Kac models to study the long-time limit behaviour of a discrete-time
Markov process conditioned on rare events. In Section 2.1 we introduce the basic
notation for defining the large-deviation conditioning problem and we also provide
the main statistical mechanics results for the study of the problem, introducing the
canonical path ensemble and the scaled cumulant generating function (SCGF).

Then, in Section 2.2, we will apply the theory of Feynman-Kac models to our
problem of large deviation conditioning and show that the canonical path ensemble
can be seen as a (homogeneous) Feynman-Kac path model.

We conclude the chapter providing the construction of the cloning algorithm
associated to the Feynman-Kac N-particle model that estimates the SCGF. In Chap-
ter 3, we will give rigorous results for estimating the approximation errors and the

order of convergence as the size of the system N tends to co.

2.1 Basic Notation and Definitions

In this section we provide a brief overview of the large-deviation condition-
ing problem [3]. The results presented here allow us to study the long-time limit
behaviour of a discrete-time Markov process conditioned on rare events introducing
the associated canonical path ensemble and the scaled cumulant generating function.
In the following sections, we will see how these quantities can be interpreted using
Feynman-Kac models.

Let (S, S) be R? or a counting space, equipped respectively with the Lebesgue

13



or counting topology. Let €2, := S™*! be the path space of the trajectories until

time n, for every n € Ng. We consider a discrete-time Markov process

<Q = SN07 F = (fn)n€N7 X = (Xn)nENm P,uo)7
with homogeneous Markov kernel
P(X, € day | Xn—1 = Tp-1) =: M(xp_1, dzy),

and with initial distribution po € P(S). As usual, we use the natural filtration
generated by the process, i.e. F, is the smallest o-algebra on 2 such that all X,
p=20,...,n, are measurable.

We consider observables A,, : €2, — R over the time interval [0, n] of the form

Ay = %Zg(qu, Xi) + f(Xi-1), (2.1)
h=1

where f € By(S) and g € By(S?) are bounded measurable functions.

Remark. We require f and g to be bounded so that the potential functions we will
construct from A, in Section 2.2 will be bounded. However, this requirement is not

necessary for obtaining bounded potential functions (see, for instance, Example 3).

Example. The class of observables given by (2.1) includes many random variables

of mathematical and physical interest, including:
e the occupation time in some set B, obtained with f = 1 and g = 0;

e the particle current across a particular bond (i, ¢ + 1), obtained with f = 0
and g(z,y) = Ly (z) - Lpipy(v) — Dy () - Ly (y);

e the action functional [10] obtained by setting f = 0 and g(x,y) = log M(z.y)

M(y,z)’
provided inf, , M(z,y) > 0.

Assumption 2.1.1. The observable A, is assumed to satisfy a large deviation
principle (LDP) with respect to P, with rate function I, that is the function
I: S8 — [0,00] is lower semi-continuous with compact level sets such that I # oo
and the following bounds hold:

e limsup,_ . 2 logPu,n(4n € C) < —infyec I(z) VC C R closed.

e liminf,, o % log Puyn(An € O) > —infyeo I(x) VO C R open.
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We are interested in studying the long-time limit behaviour of P, »(Ay) and
of the probability path measure of the conditioned process X, |4,, where A4, is a

general measurable event
A, ={w e Q, | Ap(w) € da}

of sample paths satisfying the constraint that A, € da, a € R.
The probability path measure of the conditioned process can be seen as the

microcanonical path ensemble
PZo,n(dw) = Puo,n(dw|An S da).

Applying general statistical mechanics results [4], we have that, under certain

hypotheses, Pj; ,, and the canonical path ensemble

AP, ()
Ero [elmA"} ’

Pomk(dw) := keR, (2.2)

are equivalent at three different levels (namely thermodynamical, observable and
measure). In order to state these equivalence results rigorously, we need to introduce

the scaled cumulant generating function (SCGF) of the observable A,, for every k € R:

1
A(k) := lim — logE,, [ef"4n], (2.3)

n—oo n
which is defined provided the limit exists.

Theorem 2.1.2 (Thermodynamical Equivalence). Assume that, for every k € R,

knA, ]

1
limsup —log E,, [e < 0.
n

n—o0

Then, for each k € R, the limit A(k) exists, is finite and satisfies

A(k) = ileJIR){k -a—I(a)}.

Furthermore, if I is strictly convex at a, then

I(a) = ilelIR){k -a—A(k)}.

Proof. See [11], Theorem 4.5.10. O

Theorem 2.1.3 (Observable Equivalence). Let B,, be an observable which satisfies
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an LDP with respect to the canonical path measure P, ,, r with rate function I}, and

an LDP with respect to the microcanonical path measure Py, . with rate function 1.

Under the assumptions of Theorem 2.1.2, if I is strictly convex at a, then

E4 =& for all k € 01(a), where
E¥:={beR|Ib) =0}, & == {beR|I(b) =0},
and 0I(a) is the subdifferential set of I at a, that is
Ol(a) :={zeR|z-a—1I(a) <z-y—1I(y), yeR}
Proof. See |4], Theorem 7. O

Theorem 2.1.4 (Measure Equivalence). Under the assumptions of Theorem 2.1.2,

if I is strictly conver at a, then

1 a .1
nh_)rgo - log Puo,n = nh_)rrolo - log Pugnk s
almost everywhere with respect to both P ,, and Py n .
Proof. See 4], Theorem 12. O

In the following sections, we will provide the Feynman-Kac interpretation of
the canonical path ensemble and, in particular, we construct the N-particle system

which allows us to approximate the SCGF.

2.2 The Feynman-Kac Interpretation

In this section, we apply the theory of Feynman-Kac models developed in
Chapter 1 to the problem of large deviation conditioning. In particular, using the
Structural Stability Properties discussed in Section 1.3, we provide a Feynman-Kac
interpretation of the canonical math measure and of the SCGF which is associated

to a time-homogeneous potential /kernel pair ((A?, M ), defined on the state space S.

Lemma 2.2.1. Let X, := Xg., € 2y, n € N, be the Markov path process associ-
ated to the Markov chain X, with initial distribution pg and transition kernel M.
We denote by M,, the corresponding Markov kernel and introduce the sequence of

(bounded) potential functions
gn(Xn) = eXp(kjg(anla Xn) =+ klf(anl))a
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forn > 1, where X,, = (Xo,...,Xpn) € Qn, assuming Go(Xp) = 1.
Then, the canonical path ensemble (2.2) and the scaled cumulant generating

function (2.3) can be written respectively as

P,LLQ,'rL k= %Qn,Mn) (2.4)
and
_ (Gri, M)
A(k) = lim nlogv (1), (2.5)
where n(g"’M") and ’y(g"’M") are the normalised and unnormalised updated flows

associated to the pairs (G, My)nen and with initial distribution p.

Proof. The statement follows easily from the definitions (2.2)-(2.3). Indeed, we have

that .
Hp:O gp(W(ij) . Pm),n(dw(n)) - n/\(ngn )(dw(n))7
Epio [ IT5—0 Gp(Xp)]

for any w™ := (wi,...,wy) € Qy, and

Puom,k (dw(n)) =

Epio [€"47] = Epo [ H Gp(X,)] =7 M (1),
p=0

Lemma 2.2.2. Consider the sequence of pairs (gn, n)neN defined by

/ My (w )7 dw(n+1)) Gnt1 (W(nJrl)) )
n+1

Y, dw™) G (w™)

M\n(w(" D dw®) =
gnfl( n 1))

)

for any W™V € Q, 1 and W™ € Q,, n € N, with (Gn, Mp)nen given by Lemma
2.2.1.
Then, the canonical path ensemble (2.2) and the scaled cumulant generating

function (2.3) can be written respectively as

P,u,o,n k= U,(Tg"’M") (2.6)

and
A(k) = Jim — log G Mu) (1), (2.7)
where 77£L mMn) ind 'y,(L mMn) ore the normalised and unnormalised prediction flows
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associated with the sequence of pairs (gAn, M\n) and with initial distribution jio(dxo) =

ooy Ho(deo).

Proof. Using the Feynman-Kac interpretation of the canonical path ensemble and
SCGF given by Lemma 2.2.1, we have that the statement follows straightforward
by applying the second Structural Stability Property (Proposition 1.3.3) to the nor-
malised updated flow ﬁg noMn) associated to the pairs (G, My )nen and with initial
distribution .

O

This result tells us that the canonical path ensemble and the SCGF can
be estimated through the Feynman-Kac N-particle system described in Section 1.4

associated to (én, M\n)neN. One of the main advantages of considering the prediction

time marginal 77& nMn) gssociated to the pairs (@L, M\n)neN instead of the updated
time marginal 7’7\7(1 n M) associated to (Gn, Mp)nen is that the non-homogeneous

pairs potential /kernel (g], M\n)neN on the path spaces €2, can be rewritten more

practically as homogeneous pairs potential /kernel (CA}, M ) on the state space S.

Proposition 2.2.3. Consider the time-homogeneous potential/kernel pair (@, ]\7)
on S given by

G(zy) = /S F(zyn, 2)M (2, dz), (2.8)
T _ F(an, yny1)M(2n, dyni1)
M(zy, dyp+1) = é(mn) o (2.9)
where
F(Xp_1, Xn) 1= exp(kg(Xn_1, Xn) + kf(Xn_1)). (2.10)

The canonical path ensemble (2.2) and the SCGF (2.3) can be written respec-

tively as

Proms = Q&M (2.11)

" A(k) = Tim ~log~ @M1 (2.12)
n—oo n

where Q,(f,’rf\?) and 'yﬁ?’ M) are the Feynman-Kac prediction path model and the corre-

sponding unnormalised prediction flow associated to the sequence of pairs (@, M\)neN

and with initial distribution pg.

Proof. First of all, observe that F' (and thus also @) is bounded. Moreover, we can
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see from the definitions that F(X,_1, X,) = Gn(X,). Therefore, we can write

Gn(0n) = /Q Gni1(Oni1) Mat1(On, dbpy1)
n+1

= /SF(xm Z)M(J;'n, dz) = a('rn)a

for any 6, = (zg, ..., Tn) € Q. In particular, én is a potential function of the path
space {2, depending only on the terminal state of the trajectories.
Moreover, for any 6, = (g, ..., n) € Qp and Onr1 = (Yo, -+, Ynt+1) € Qnt1

we have that

— F .I'n, n M xna d n
Mn—i—l(ena d0n+1) - ( Y +g(x () Y —H) ' 59n (dy(]a cee >dyn)

= M(zn, dyns1) - 89, (dyo, - - ., dyn)-

This means that .//\/\ln, n € N, are the transitions of the path process associated to the
homogeneous Markov chain on S given by the kernel M and with initial distribution
1o- Recalling the definition of fig given in Lemma 2.2.2, we can see that

fo(dxg) = iggg;uo(dwo) = po(dzo),

for all g € S, since Gy = 1.

Therefore we can apply Corollary 1.3.2 (first Structural Stability Property of
Feynman-Kac models) to the sequence of pairs (é\n, ./\//\In)neN. Combining this result
with Lemma 2.2.2, we obtain Equation (2.11).

Finally, recalling observation (1.2), we can see that for every bounded function
fn € Bp(€2,) depending only on the terminal point of the paths, i.e. f,(xo,...,zn) =
flxn), f € By(S), we can write

nGn Ma) () = (@M (f). (2.13)

In particular, (2.13) holds for f, = Gn. Recalling the relation (1.3), we can
see that

M (1) = A9 (1).

This, applied with Lemma 2.2.2, concludes the proof. O

Proposition 2.2.3 tells us that the canonical ensemble (2.2) can be seen as

the Feynmnan-Kac prediction path model associated to a time-homogeneous poten-
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tial/kernel pair (@, M ) on the state space S. Moreover, thanks to equality (2.12),
we will see that we can estimate the SCGF through simulations of Feynman-Kac

particle systems associated to the pair ((A} , M ).

2.3 The Cloning Algorithm

Cloning algorithms are numerical procedures aimed at simulating rare events
efficiently, using a population dynamic scheme. In such algorithms, copies of the sys-
tem are evolved in parallel and the ones showing the rare behaviour of interest are
multiplied iteratively. This class of algorithms is also used to evaluate numerically
the scaled cumulant generating function (2.3) in several physical applications, in-
cluding chaotic systems, glassy dynamics and non-equilibrium lattice models. Even
if it is heuristically believed that the estimator originated by the cloning algorithm
converges to the correct value of the SCGF, there are only few studies focusing on
the analytical justification of the algorithm [5; 6].

We propose here a different cloning algorithm which makes use of the N-
particle interpretation of Feynman-Kac models. This approach enables us to study
analytically the convergence of the algorithm to the quantity of interest. Novel
rigorous convergence results will be presented in Chapter 3.

Recalling the construction of the process in Section 1.4, the Feynman-Kac in-
teracting particle model associated to (@, M ) is a sequence of homogeneous Markov

chains
(SN, FN e Z (v Pﬁ)

taking values in the product space SV := S x --- x S. The initial configuration &,
consists of NV i.i.d. random variables with common law pg. The transitions are given
by

Pl (v € doner |6 = [ () (d) - 3T (i, ).
where UV : P(S) — P(SY) is defined by
N

W (n)(dy) = Tveiar) = T] 2 i),
p=1 p=1 U(G)

for every n € P(S) and y € SV, and the Markov transitions MY . SN 5 SN are
defined by

N
M (g1, dzy) = [[ M(yh_y, dab). (2.14)
p=1
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As explained in Section 1.4, the underlying two-step process (&, En)neN can

be described as follows:

Selection: Given a configuration &, € SN of the system at time n, the selection transition
consists in randomly selecting, for every i =1..., N, an index j € {1,...,N}

with distribution

——=—0si
A &no
=2 GEh)
and we set E;l = 5%

Mutation: Given a configuration {An € QN the mutation transition consists in sampling
randomly N independent random states &% 41 with time-homogeneous kernels
M(E, ), i=1,...,N.

The model described above can be thought as the evolution of a popula-
tion whose individuals reproduce and die subject to a natural evolution interaction
mechanism. During the selection stage, the elements with high potential G are more
likely to be multiplied, while elements with low potential are eliminated. Then, each
individual evolves and mutates according to transition M.

In order to estimate the scaled cumulant generating function A(k) which
satisfies relation (2.12), we need to introdll(f the zipRroximation measures associated
to the Feynman-Kac flow (v, 7,) := (’yﬁLG’ M) nﬁLG’ M)).

9

Definition 2.3.1. The N-particle approzimation measures associated with the Feynman-

Kac flows (v, n,) are given by:

N 1 Y
= > 6 € P(S), (2.15)
=1
n—1
=0y ) T (@) e My(9), (2.16)
p=1

where M (S) denotes the set of positive measures on S.

Remark. The following identities hold

T (F) = (1) - (f), (2.17)
Y (1) = 7' (1) -0 (@), (2.18)

where f € By(S5).
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Algorithm 1 represents the cloning algorithm for the SCGF estimation and
it is exactly the mean field particle interpretation of the model within Del Moral’s

framework [7].

Algorithm 1 Cloning Algorithm for simulating the SCGF
1: for i + 1, N do

2 Sample & ~ po;

3 Compute @(ﬁé);

4: Compute név(@) = % Zf\il @(56),
5 Set 1Y (1) = Y (@):
6
7
8
9

:forp+1,n—1do
for i < 1, N do
Sample €_, ~ Y(m(&p-1));
Sample &) ~ M(E_y,-);
10: Compute G(&,);
11: Compute név(@) = % ZZJL é(f};);
12: Update ij\il(l) = ’Yév(l) ‘ "7;];\[(@);
13: Return %log AN (1).

In Chapter 3 we will show some rigorous convergence results of the approxi-
mation measures (’nyV , 77711\7 ) with respect to the Feynman-Kac flow (v, 7). In partic-
ular, we will discuss the order of convergence of the approximation error associated
to the quantity %log AN — Ak).

2.4 Toy Examples

We conclude the chapter providing some simple examples that illustrate the
construction of the pair (CA? ) M ) which provides the implementation of the Algorithm
1. We will reconsider these toy examples also at the end of Chapter 3, for illustrating

how to apply the convergence results we will achieve.

Example 1. Let S = Z and consider the random walk defined by the transition
probabilities M (z, z +1) =p € (0,1) and M(z,z —1) =1 —pforall x € S. We
also introduce the observable A,, = (X,, — Xo)/n, so that we have the operator F’
from (2.10) is given by F(z,y) = exp(ky — kx). Note that the operator F' thus
defined is not bounded, but we can overcome the problem considering F(z,y) =
exp((ky — kx)l{z412-13(y)) instead, since the allowed jumps from z are only on
r—1land x+1, forall z € S.
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By construction, we can write G (2.8) as
é($) =p- ek(x+1)sz + (1 _p) . ek(xfl)fk:p =p- ek + (1 _p) ek . K,

and the mutation transitions M (2.9) as

— . ek _— 1— L —k
M(a:,a?—i-l):pKe , M(:c,a:—l)zi( 1—26

)

for all x € Z.

Observe that the mutation transition M corresponds to the original process
transition M with an added drift e**/K. Moreover, the potential function G is in-
dependent of x € Z, therefore the selection stage performed in the cloning algorithm
consists in selecting uniformly an index j from the set {1,..., N} and set @L = f%,
forevery i =1,..., N.

Therefore, in this simple application we can see that 72 (@) = K, for all
n € N, and thus 7Y (1) = K. This implies

1
lim —logyN(1) = log K.

n—oo N

We want to show that log K = A(k). For every n € N, we have that

B [HC017X0) = By [ MO0 XOD] (1 ) - [ RO X0

HO
= K -E,, [ek(Xn_XO)].

By induction, we obtain
EMO[ek(Xn_XO)] — Kn'Euo[l] - K"

Thus,
A(K) = lim llog <Euo[ek(X"_X0)]> = log K.

n—oo N

Example 2. Let S = {1,...,m} finite with periodic boundary condition m + 1 =
1. We consider, as above, the random walk defined by the transition probabilities
M(z, z+1) =p € (0,1) and M (x, x—1) = 1—pforall z € S. We are interested in the
occupation time in {1}, so that the considered observable is 4, = 1 3% | Ty (X5).
In this case, F(z,y) = exp(k - 1111(y)).

Therefore,
Gm)=p-e"+(1-p), G2 =1-p)-ef+p,
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and é(x) =1 for & # m, 2. Moreover,

k k

]\/Zm,l ]/)\e ]\/Im,mfl :w,
(m,1) = G() ( ) B(m)

]\/47(2,3):216 M(271):(1:7p»e’“7
G(2)’ G(2)

and ]\/Z(x,w +1)=por J\/I\(x, x —1) =1 — p, otherwise.

Example 3. We consider the same observable of Example 1, i.e. A4, = (X,,—Xo)/n,
but this time on state space S = R and with Markov transitions M (x,dy) =
ﬁe‘“"zy/ 2dy, given by the gaussian distribution centred in x. In this case
F(z,y) := exp(ky — kx) is not bounded (so it doesn’t fall within the cases con-

sidered) however we can see that

~

6w = = [
7= L

e~ -°/2,,

—(y— (Z+k )2+K2 2
ok2/2

in particular G is a bounded potential function, so the convergence results from
Feynman-Kac theory presented in Chapter 3 still apply (provided the hypothesis are
satisfied).

Note also that the mutation transitions are given by

2 1 —@—(e+k)2+k? 1 —@-(+k)?
FIZ e d = d

2 = e s
V2T Y V2T Y

Mz, dy) =

for all z,y € R.

As in Example 1, since G is constant on S = R, we can see that

lim —10g’yn( ) = log e**/2 = LS

n—oo N
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We want to show that A(k) = ]“2—2 For every n € N, we have that

EMO [ek(XnH—XO)] E,uo [ek(XnH_XO-Fy)M(Xn’ Xn + y)] dy

I
S

ky . E [ k(Xn+1—Xo) e_i/Q] d

e e . e n [

R 140 = Y

— EM0 [ek(Xn*XO)] . / 1 . ei<y7k2)2+k2 dy
R V2T

—E [ X)) / L ewdy
R V2T

— k2 E,.o [ek(X'n_XO)]'
By induction, we obtain E, [eF(Xn=X0)] = enk?/2, Thus,

1 k2
A(K) = lim — log (EM0 [ek(X"XO)}) = —,

n—oo N 2
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Chapter 3

Convergence Results

We are interested in studying the approximation error and the order of con-
vergence of the Cloning Algorithm 1 presented in Section 2.3 for estimating the
SCGF (2.3), as the size of the system N goes to infinity. More precisely, recalling
the definition of the approximation measures 2.3.1, we are interested in estimating

the LP-error
1 N P 1/P
£y 1210w (1) - AP | (5.)

for n, N € N and p > 0, as well as the probability

P(\ibg%fm) AW > 5), (3.2)

for § > 0 and n, N € N.

We start presenting some of the main convergence results for general Feynman-
Kac models, as introduced in [7], Section 7.4.

In Section 3.2 we apply these results for estimating the quantities (3.1) and
(3.2) in the case of finite state space S and, in Section 3.3 we provide sufficient

conditions for having time-homogeneous estimates in case of finite state space S.

3.1 Some Preliminary Results

To simplify the presentation, we first recall the basic notation used in the
previous chapters. As seen in Section 2.2, the scaled cumulant generating function
can be written as

A(k) = lim %mg%@),

n—oo
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where -, is the unnormalised prediction Feynman-Kac flow on S associated to the
pair (@, ]/\4\), where G : S — (0, 00) is the potential function defined in (2.8) and M
is defined in (2.9) and it is the transition kernel of a (homogeneous) Markov process
on S.

Let 7, be the corresponding normalised Feynman-Kac flow and recall the the
definition of the approximation measures 2.3.1 (nY, 4N).

In this section we present the main relevant convergence results of the ap-
proximation measures (72, v2') to the time-marginal prediction measures (1,, Yx),
that will allow us to estimate the quantities (3.1) and (3.2), in the following sections.

The main reference for this section is [7], Section 7.4.

Proposition 3.1.1. For each p > 1 and n, N € N, we have

Elvn (N)] = (f) (3:3)

and

1/p -a-(n
el ¥ ) - p | < 22 m( 1,

where o > 0 constant.
Proof. See [7], first part of Theorem 7.4.2, p. 239. O

Proposition 3.1.2. Let § > 0 and V'N > 4/8. For eachn € N we have the estimate
P( [y (1) = Yn(1)] > 5) < 8(n+ 1)e Noa/2,

with 0y :=0/(n+1).
Proof. See |7, second part of Theorem 7.4.2, p. 239. O]

Remark. Observe that Proposition 3.1.2 implies (using Borel-Cantelli) the strong
law of large numbers for (1), that is |7 (1) — 7,(1)| converges almost surely to 0

as N — oo, for any fixed n € N.

Under certain regularity conditions of the pair (@, M ), the Feynman-Kac
model has several regularity and asymptotic stability properties which guarantee the
existence and uniqueness of an invariant measure 7)o, and also allow us to obtain time-
uniform estimates of the normalised prediction measure 7,. A detailed discussion
for normalised time marginals 72 can be found in [7], Section 7.4.3. We present
here only the two main statements, which we will use in section 3.2 for studying the

convergence of the cloning algorithm.
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Assumption 3.1.3. We assume that:

® SUp,cg G(z) < 0o and infyeg G(x) > 0. In this case, we define & := %;

e there exist m > 1 and € € (0, 1) such that ]\/Zm(a:, ) >e- M\m(y, -), for every
T,y €S.

Remark. Observe that, if S is finite, G is strictly positive and there exists m > 1
such that ]\/Zm(x, z) > 0 for all z, z € S, then Assumption 3.1.3 holds. It is useful
also to recall that, in case S is finite, there exists m > 1 such that ]/\/[\m(a:, z) > 0 for

every x,z € S if and only if M is irreducible and aperiodic.

Remark. The potential function G used in the definition of the cloning algorithm

and given by Equation (2.8) is always strictly positive, by construction.

Assumption 3.1.3 guarantees the existence and uniqueness of an invariant
measure 7). More formally, recall the one-step mapping ® : P(S) — P(S) defined
in Proposition 1.2.6 by

where W : P(S) — P(S) is the Boltzmann-Gibbs transformation given by

1 ~
U(p)(de) := —=G(x)p(dr).
w(@)
Definition 3.1.4. Given a mapping O : P(S) — P(S), a measure pu € P(5) is said
to be O-invariant if p = O(u).

Proposition 3.1.5. Suppose Assumption 3.1.83 holds for some integer parameter
m > 1 and some real numbers €, € € (0,1). Then there exists a unique invariant
measure 1 = ®(n) € P(S) and for any n € N and f € By(S) we have

n—1

E, [f(Xn) 11 @<Xp>] =n(f)n(G)",

p=0
where E,, is the expectation with respect to the law of a homogeneous Markov chain

X, with transitions M and initial distribution 7.

Proof. See |7|, Theorem 5.2.1, p.161. O

Assumption 3.1.3 also allows us to have time-uniform estimates of the quan-
tities
1/p

E[n () — ()P and P(WX () = m(F)] > 5)7
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for every bounded function f: S —- R, p>1and ¢ > 0.

Theorem 3.1.6. Letn >0, p>1, N e N and f : S — R be a bounded function,
[|f|]oo == C < 0.

Under Assumption 3.1.3, we have the uniform estimate

» 1/p - 20 -d(p)/? - m
= /N .g2m+l . 3’

Epio ‘7]7];[(]6) - 77n(f)|

where €, € and m are given by Assumption 3.1.3 and d(p) is defined for any p > 1
by

(p)k27" p =2k,
d(p) = 3.4
() (p;;cz 9—p/2 p=2%—1, (3.4)
where (p) :=p!/(p — k)! with k € N.
Proof. See |7], Theorem 7.4.4, p.246. O

Corollary 3.1.7. Letn > 0,6 >0, N e N and f : S — R be a bounded function,
[|flloo := C < 00. Under Assumption 3.1.3, we have

5
P(Iny (f) —ma(f)] > 6) < (1+ 6\/N7/2) e~ NHE?/2
where b(8) 1= & - ™1 3/(C - 2m), with m, €, € given in Assumption 3.1.5.

Proof. See |7], Corollary 7.4.3, p.247. O

3.2 Estimation of the Scaled Cumulant Generating Func-
tion
In this section, we are interested in estimating the quantities (3.1) and (3.2)
in case S finite and M irreducible. In particular, the results presented here hold
also for non aperiodic Markov chains. We will discuss the case in which Assumption

3.1.3 holds in Section 3.3.

In order to estimate (3.1) and (3.2), it is useful to evaluate first the quantities

1 N 1 ) 1/p
Epo | [~ log 7y (1) — ~logm(D)|" | (3.5)
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forn, N € Nand p > 0, and

1 1
P (12 tog (1) = L togu(1)] > 5. (36)
n n
for 6 € (0, 1) and n, N € N.

Proposition 3.2.1. Let the state space S be R? or a counting space. Consider the
potential /kernel pair (G, ]\//_7) given by (2.8)-(2.9) and such that ¢ := infeg G(z) > 0.
For each p > 1 and n, N € N we have

Evo [log’y?]lv(l)} < logyn (1),

and the equality holds if and only if@ constant. Moreover,

1

1 1 r alp/2]! n+1
o[ 121089 (1)~ Lrog | < A2

VN n-c’

for some finite constant a.

Remark. Observe that we don’t make any particular assumption on M. In partic-
ular, it is not irreducible in general. Observe also that, in the case S is finite, the
assumption ¢ > 0 in Proposition 3.2.1 always holds, since G is strictly positive, by

construction.

Proof. The proof is a simple application of Proposition 3.1.1. The first part of the

statement follows by Jensen, indeed

[ 18] el 28]

and the equality holds if and only if vY (1) is deterministic. By definition of v
(2.16), it holds if and only if 7Y (G) (2.15) is deterministic and, thus, if and only if
G is constant on S.

For the second part of the statement, we use the fact that |logz — logy| <
|z — y|/ min{z, y}, so that

' (D) =] _ ' (1) = m(1)]
min{y (1), yn(1)} c" '

[ log v, (1) — log v (1)] < (3.7)

Indeed, by definition of 7, (1.4), we have nn(CA}) > ¢, thus, using relation (1.3), we
obtain v,(1) > ¢”. Analogously, we have 2 (1) > c".
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Using estimate (3.7) in the estimation of the LP-error and applying Proposi-

tion 3.1.1, we can conclude

3=

1/p

1
L |llog (1) —logna(0P]” < [ ) -

< alp/2]! n+1
- VN n-cv

O

In particular, Proposition 3.2.1 implies that, when G is not constant on S ,
L1og 2 (1) is not an unbiased estimator for 1 log~, (1), but its expected value con-
verges to %log Yn(1) as the size of the system N goes to infinity, with speed of

convergence ﬁ .

Proposition 3.2.2. Let the state space S be R or a counting space. Consider
the potential/kernel pair (G, ]\7) given by (2.8)-(2.9). For each n € N we have the

estimate ) .
P (1710872 (1) - 1og ()] > 8) < 8(n-+ e/,

where 6, 1= (1) - (1 —e™™)/(n + 1).

Remark. Observe that we don’t make any particular assumption neither on G nor M.
In particular, inf,cg G (x) is not necessarily strictly positive and M is not irreducible,

in general.

Proof. Fix 6 > 0 and n, N € N. We have that

SE

1 1
P(\nlog%ﬂv(l) — —log(1)] > 5) = F’(

<p <%§V(1) 2 e, eﬂé])

I
-
N
sz

(D) = (1) € PnD) - (€7 = 1), 7 (1) - (e 1)])

< (1Y () = ()] > 20(1) - (1=,

since €™ —1 > 1—e ™ for every § > 0. We conclude applying Proposition 3.1.2,
considering 7, (1) - (1 — e~™) instead of §. O
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Remark. Applying Borel-Cantelli, we can see that Proposition 3.2.2 implies the

strong law of large numbers for %log YN(1) as N — oo, that is

1 1
lim —logyY (1) = =1 1
Jim —logy,'(1) = —log (1),
P-almost surely.

Lemma 3.2.3. Let S be finite and M irreducible, then we have

S

log (1) — A(R)| <

for every n € N, where d is constant and A(k) is the SCGF (2.3).

Proof. Consider the non-conservative homogeneous Markov chain on S defined by
the Markov transitions M (z, y) := G(z)M(z, y) and with initial distribution .

Note that we can write v, (1) in terms of the kernel M, namely
n—1 R
Yn(1) = Euq [ H G(Xp)]
n—1 -
= Z Z po(dzo) H G(zp) M (zp, dzpir)
0

xoES Tn €S p=

= Y pm@M(x, y). (3.8)

(z,y)€S?

Like M , also M is irreducible, so we can apply the Perron-Frobenius Theorem

(see [11], Theorem 3.1.1) and we have that M possesses an cigenvalue p such that:
(i) p real, strictly positive and || < p for any eigenvalue \ of M,

(ii) there exist left [(-) and right 7(-) eigenvectors corresponding to the eigenvalue p

that have strictly positive coordinates and are unique up to a constant multiple.

In particular, denoting a := sup,cg7(z) and § := inf g 7(x), we have that
1 A an 1,
for every z,y € S.
Using the fact that >, g M(m,y)r(y) = p-r(y), we obtain
1 ” 1
—ptrly) < DM (@)1 < Z"rW),

zes
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for every y € S.

Therefore, combining the last result with (3.8), we obtain

In particular,

and

1.1 1 1, 1
—log— < —logyn(1) — A(k) < — log—.
n [0 n n [0

We can conclude by taking d := max{|log 1|, | log %\}
U

Combining Lemma 3.2.3 respectively with Proposition 3.2.1 and Proposition

3.2.2, we obtain the following convergence results.

Corollary 3.2.4. Let the state space S be finite and consider the potential/kernel
pair (G, ]\/4\) given by (2.8)-(2.9) and such that M is irreducible. For everyn, N € N
and p > 1, we have

1 U wlp/2)! n+1  d
E. | |=log N (1) — A(R)|P < . -
Ho ‘Tl ng)/n() ()‘ = \/N n-cn + nv

for some finite constant o and with ¢ := mingcg (A;(m) > 0.

Corollary 3.2.5. Let the state space S be finite and consider the potential/kernel
pair (G, ]\7) given by (2.8)-(2.9) and such that M is irreducible. Let § > 0, N >
16/6% and n > d/§, where d is the constant given by Lemma 3.2.3. Then, we have

the estimate
1
P<|n log YN (1) — A(K)| > 5) < 8(n+1)e No/2,
where 6, 1= (1) - (1 — @) /(n + 1).

Proof. Using Lemma 3.2.3, we can see that

log 'Yn(l) - A(k)

S

1 1 1
—log 2 (1) — A(k)| < |=logY (1) — = logv,(1
o (1)~ AGR)| < |2 og (1) - L1og, (1) +

1 1
< 'log%iv(l) - log%(l)‘ +
n n
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Therefore,

1 1 1 d
P(\nlogﬁ(l)—/\(k)l > 5) < P(\nlogﬁ(l) — —log(1)] > 5 - n)

When § — % > 0, the conclusion follows applying Proposition 3.2.2 and taking d — %

instead of §.

3.3 Time-Uniform Estimates

We present in this section time-uniform estimations for the quantities (3.1)
and (3.2), under Assumption 3.1.3. The proofs presented here are based on the time-
uniform estimations for the normalised time marginals 7, as stated in Proposition
3.1.6 and in Corollary 3.1.7.

Proposition 3.3.1. Under Assumption 3.1.8, for every p,n, N € N we have that

1/p _ 2-d(p)/?-m
~ /N .g2m+2 . 3’

1
By | [log 7 (1) = logm(1)["

with m, &, € given by Assumption 3.1.3 and d(p) defined in (3.4).

Proof. First, recall that
n—1 R n—1 R
wm@) =[] (@), @) =] G). (3.9)
p=0 p=0

Let ¢ := inf,eg G(2) and C := sup, G(z). Note that, for all p € N, we have

A A Y (G = 1p(G)) Y (G = np(G))
[log ' (G) = logmy(G)] < —L—o— < —F aSutiy
min{n)Y (G), np(G)} ¢

34



since 0 < ¢ < np(@) and also ¢ < T]IJ,V(@) Thus,

N P l/p 1
Epo ‘IOg’Yn (1) — logyn(l)‘ } — nE[

IN
S|
3
|
—
m
—

IN

Using Theorem 3.1.6 and recalling that ¢ = ¢/C, we obtain

1/p 1/p m

n—1
npzzg E E|:‘77p (G - nP(G)‘ :| < = Z \/> 52m+2 3
2. d(p)l/p -m
VN - e2m+2 . 3

In particular, Proposition 3.3.1 implies

£y 1 Tog Y (1)] = Liog(n)| < W+ o).

Therefore, + = log;, ( ) is not an unbiased estimator for %log vn(1), but its expected
value converges to ;- L1og v, (1) as the size of the system N goes to infinity, with speed

1
of convergence ——.
g v IN

Remark. The main difference between Proposition 3.3.1 and Proposition 3.2.1, is
that under Assumption 3.1.3 we can obtain a time-independent estimation of the

LP-error (3.5). In particular, we are now able to swap the limits

N—o00 n—o0

1 1/p
0= lim lim E, {]log’yn (1) — nlog’yn(l)|]

1 1/p
= lim lim E, [|log*yn (1) — nlogyn(l)q .

n—o00 N—o00

Under the weaker assumptions of Proposition 3.2.1, this is possible only when ¢ :=

35



inf,cg @(x) > 1. In particular,

] 1 N 1 1/p
lim E, [\nlog% (1) — nlog%(l)@ = 0,

n—oo

if ¢c>1, and

alp/2]!
\/N )

with « constant, for ¢ = 1. While, when ¢ < 1, the estimation given in Proposition

. 1 N 1 1/p
i B I tog (1) - Tlog 1)) <
3.2.1 of the LP-error diverges as n tends to co.

Proposition 3.3.2. Under Assumption 3.1.3, for every § > 0 and every n, N € N,

we have that
1 1
P(]nlog%{y(l) — —logm(1)| > 5) < (1 +e(1 —e™) N/2>6N'b<5>2/2,

where b() := (1 —e ™). &2m+2. 3 /2m with m, € and € given in Assumption 3.1.3.

Proof. Fix 6 > 0 and n, N € N. Using the decomposition (3.9), we have

1 1
P(|=logyN(1)— =1 1
(!n 08V (1) = —log7a(1)| >5>

1 ~ ~
= ( > logn) (G) —log np(G) | > 5>
nle=
n—1 R R
< P(Z | lognéV(G) — log n,(G)| > nd)
p=0
< P< log Y (G) — log (G| > n5> (3.10)
Moreover, we have that
~ ~ N A
P (11021(@) ~ 105 a(@)] 2 08 ) = P2 (e, o))
1n(G)
NA
— P<77n (g) —-1 g (efm‘)" 1, ené 1))
n(G)



~

Denoting ¢ := min, G(z) and recalling that 0 < ¢ < 1,,(G), we can see that

P (1102 (@) ~ 10 1,(G)] = 3} < P(1(E) = 1u(C) & (ele™ 1), (e 1) )

< P(WX (@) — (@) > (1 - e—"5>>,

since €™ —1 > 1 — e~ for every 6 > 0.

Recalling Corollary 3.1.7 and that ¢ := ¢/C, with C' := sup, G(x), we obtain
P<\ log Y (G) — log 1n(G)| > n5> < <1 +e(l—e™) N/2> e~ NVE?/2, (3.11)

for every 6 > 0 and n € N. Combining (3.11) with (3.10), we obtain the statement.
O

Remark. Proposition 3.3.2 doesn’t give us a time-homogeneous estimate of the quan-
tity (3.6), but thanks to Assumption 3.1.3, we can now get rid of the term ~,(1),
which appears in the estimation given by Proposition 3.2.2. Moreover, we can see

that, under the assumptions of Proposition 3.3.2, we have

n—oo

lim P<|1 log 7 (1) — ~ log 7a(1)| > 5) < (14+ey/NJ2) - e NUNPP2,
n n

with b(N) := (1 +ey/N/2) - €2™*2 . €3 /2m, independent of §. In particular,

N—o00 n—o0

1 1
0 = lim lim P<|log'yév(1) — —logyn(1)] > 5)
n n

1 1
= lim lim P<|log%]LV(1) — —logvn(1)] > 5),
n n

n—o00 N—o00

for all § > 0. Whereas, Proposition 3.2.2 doesn’t allow us to estimate the quantity 3.6
when n tends to infinity without knowing v} in general, except for some particular
cases. Let ¢ := inf,es G(z) and C := SUP,eg G(z). Since ¢" < 4} < C™, we can say,

for instance, that

1 1
i P (13 log (1) = - togu (D] > ) =0,

n—oo

if ¢ > 1, for all § > 0, and

1 1
lim P<\log’y,]1v(1) — —logvn(1)] > 5> <1,
n n

n—oo
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if C < 1, for every § > 0. Unfortunately, we cannot say anything when ¢ < 1 and
C > 1, without estimating ~,(1) first or without Assumption 3.1.3 to hold.

For passing to the estimations of the approximation errors (3.1) and (3.2),
we make use of the following result, which holds for generic state spaces .S, contrary

to Lemma 3.2.3 used in the non-uniform case.
Proposition 3.3.3. Under Assumption 3.1.8, the SCGF is given by
A(k) = log o (G),

where Moo s the unique ®-invariant measure. Moreover, we have the estimate

4dm

1 .
5102;%(1) — log N (G)| < (3.12)

n-e.gm’
where m, € and € are defined as in Assumption 3.1.5.

Proof. The proof of the first part of the statement is given in [7]|, Proposition 12.4.1,
p.473 (its proof makes use of Proposition 3.1.5).

For proving the estimate (3.12) we consider the estimate

Hlog (1) — logn(@) < 215

Q)

2) = 1 and

(y) ¢

proved in [7], Proposition 12.4.1, where r := sup, ,cg

Q)

B@) = B@),

n>0

with ®" the nonlinear evolution semigroup defined iteratively by ®" = &1 o® and
@0 = Id and with B(®") the Lipschitz coefficient of ®", so that

19" (1) — " (¥)[lev < B[t = ¥ltv,

where || - ||y is the total variation distance in P(.5).

Under Assumption 3.1.3, we are able to apply the estimate

B@m) < 2 (1-&.em

€-gm

which is proved in [7|, Proposition 4.3.5.
Therefore, writing each k € N as k = ¢ - m + r, with ¢ := |k/m] (euclidean)
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quotient and r (euclidean) remainder, we obtain

2 2 2 1y Lk/m]
i P) < = 1— 2 _m—1
nr A )_n-eze-em( €e )
k>0
4 m—1
_ 2 —1\¢
_n.e.gmﬂ'zz(l_e &™)
q>0 r=0
4 2 —1\¢
= —— g m ) (1=
q=0
_ 4m 1
T nee.emtl 2 om-1
4m
T -3 e2m
This concludes the proof. O

Combining Proposition 3.3.3 respectively with Proposition 3.3.1 and Propo-

sition 3.3.2, we obtain the following convergence results.

Corollary 3.3.4. Under Assumption 3.1.8, we have

1 Ur cp 4m 1
Eﬂoli}nlog%]zv(w - A(k)‘p] < \;]E\;—i_ n-e3.g2m

for every n, N > 0, with ¢(p) defined as in Proposition 3.3.1.

Corollary 3.3.5. Let 6 >0, n > &ﬁ% and N € N. Under Assumption 3.1.3, we

have

P(]l log v (1) — A(k)| > 5> < (1 te(l - emam ) N/2> e~ NVb(0)*/2,
n

. T 5w —ndy | _2m42 | 3 ; . '
with b(9) 1= (1 —eSe2m ") . ¢ - € /2m, with m, € and € given in Assumption
3.1.5.

To sum up the results presented in the chapter, we have provided estimations
for the approximation errors (3.1) and (3.2) in the case S is finite and M irreducible
(Corollary 3.2.4 and Corollary 3.2.5) and in the case (CA}, M ) satisfies Assumption
3.1.3 (Corollary 3.3.4 and Corollary 3.3.5). In both cases, the order of convergence
of the LP-error (3.1) is O(\/Lﬁ), while the order of convergence of the probability
measure (3.2) is exponential.

We conclude recalling the examples presented in Section 2.4 for illustrating

how to apply the results discussed above.

39



Example 4. Recall Example 1. In Section 2.4, we have shown that the potential G

is given by

Gx)=p-*+(1-p)-e* =K,
and the mutation transitions M (2.9) are given by

— . ek _— 1— Lk
M +1) =2 M@,x_l):(f;ge.

Since G is constant over S , by Proposition 3.2.1 we have that

Epo [log’yév(l)] = logyn(1).

This agrees with what we showed in Example 1. The same observation holds for

Example 2.

Example 5. Recall Example 2 on finite state space S = {1,...,m}. In Section 2.4,

we have shown that
Gm)=p-e"+(1-p), G2 =1-p) e +p,

and é(m) =1 for & # m, 2. Moreover,

k k
]\//jm,lzg.e, Mm,m—lzw,
(m, 1) ) ( ) Gm)

k k
M(2,3) =2 M1y = L=pe
G(2) G(2

and J/\I\(x, x+1)=por M\(:L‘, x — 1) =1 —p, otherwise. In particular, the mutation

transition M is irreducible.

If m is an odd number, then M is aperiodic and thus Assumption 3.1.3 is
satisfied and, in particular, Corollary 3.3.4 and Corollary 3.3.5 hold. Otherwise,
if m is even, Assumption 3.1.3 doesn’t hold anymore but we can still apply the
results presented in 3.2. In particular, Corollary 3.2.4 and Corollary 3.2.5 provide

(non-uniform) estimations for the approximation errors (3.1) and (3.2).

Note also that, if &k > 0, ¢ := inf cg é(:n) = 1, whereas ¢ < 1 when k£ < 0.
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Thus, recalling the remarks in Section 3.3, we are able to swap the limits

N—o00 n—00

1 1 e
0= lim lim E,, [|1og%{¥(1) — log’yn(l)|]
n n

1 N 1 1/p
= lim lim E, [|nlogfyn (1) — - log'yn(l)|] ,

n—00 N—o0o

and

N —00 N—+00

1 1
0 = lim lim P<|nlogfyflv(1) - ﬁlog%(lﬂ > 5)

n—o00 N—o00

1 1
= lim lim P<\1ogﬁ(1)—1og%(1)y >5>,
n n

for all § > 0, only if m odd or k£ > 0.

41



1]

2]

13l

4]

[5]

[6]

7]

18]

19]

Bibliography

Cristian Giardina, Jorge Kurchan, and Luca Peliti. Direct evaluation of large-
deviation functions. Physical review letters, 96(12):120603, 2006.

Cristian Giardina, Jorge Kurchan, Vivien Lecomte, and Julien Tailleur. Simulat-
ing rare events in dynamical processes. Journal of statistical physics, 145(4):787—
811, 2011.

Raphagl Chetrite and Hugo Touchette. Nonequilibrium markov processes con-
ditioned on large deviations. Annales Henri Poincaré, 16:2005-2057, 2015.

Hugo Touchette. FEquivalence and nonequivalence of the microcanonical and
canonical ensembles: a large deviations study. PhD thesis, McGill University,
2003.

Esteban G Hidalgo, Takahiro Nemoto, and Vivien Lecomte. Finite-time and-
size scalings in the evaluation of large deviation functions-part i: Analytical
study using a birth-death process. arXiv preprint arXiv:1607.04752, 2016.

Esteban G Hidalgo, Takahiro Nemoto, and Vivien Lecomte. Finite-time and-
size scalings in the evaluation of large deviation functions-part ii: Numerical

approach in continuous time. arXwv preprint arXiv:1607.08804, 2016.

Pierre Del Moral. Feynman-kac formulae. In Feynman-Kac Formulae, pages
47-93. Springer, 2004.

Pierre Del Moral and Laurent Miclo. Particle approximations of lyapunov expo-
nents connected to schrodinger operators and feynman—kac semigroups. ESAIM:
Probability and Statistics, 7:171-208, 2003.

Mark Kac. On distributions of certain wiener functionals. Transactions of the
American Mathematical Society, 65(1):1-13, 1949.

42



[10] Joel L Lebowitz and Herbert Spohn. A gallavotti—cohen-type symmetry in
the large deviation functional for stochastic dynamics. Journal of Statistical
Physics, 95(1):333-365, 1999.

[11] Amir Dembo and Ofer Zeitouni. Large deviations techniques and applications,

volume 38. Springer Science & Business Media, 2009.

43



