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Abstract

This paper gives a review of some problems in classical density functional theory using the
canonical ensemble. We will introduce the concepts necessary for a basic understanding
of this area and apply them to the exactly solvable model of the ideal gas. We will then
use the one-dimensional hard-core model as a motivation in developing more generally

applicable approximations.



Chapter 1

Introduction

1.1 The Importance of the Free Energy

An important quantity that will be the goal of most of our calculations is the Helmholtz
free energy (hereafter known just as the free energy). This can be simply defined (see
page 23 of [1]) as the canonical average of the Hamiltonian (see (2.6)) minus the product

of temperature and the system entropy
N
A V] =E-TS, (1.1)

where the dependencies on the left-hand side will become clear in Chapter 2. Thus the

free energy is the Legendre transform of the internal energy with respect to temperature.

The most important feature of the free energy from our point of view is that it can
be shown (see for example Subsection 1.1.2 of [3]) that the free energy is minimised at
equilibrium if the temperature is held constant. This means that if we find a expression
for the free energy the configuration that minimises it will give the equilibrium configu-

ration of our system.

To allow us to calculate a quantity similar to the free energy in the thermodynamic
limit, where the system becomes infinite and thus so does our free energy, we define the
free energy per particle. We also hope that this quantity will depend less on the number

of particles within the system. Our free energy per particle is defined as

v 1w
Fv= A5

1.2 Density Functional Theory

One of the earliest recognised examples of Density Functional Theory (DFT) is the

Thomas-Fermi theory and there exist many papers on DFT in a quantum context (see
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for example [8], [13] for a high level of detail or [4] for a nice introduction ). However in
this paper we follow the first half of [7] and generally only consider DFT in a classical

context.

The main idea of DFT for our purposes is that we can express the free energy as the
sum of a functional of one-particle density only (see Chapter 3 for further details) and
another term. This method is advantageous as we are now able to treat many problems
“to a sufficiently high accuracy, as well as [the method]| being computationally simple”

(page 1 [7]). We hope to justify these claims in the latter parts of this paper.

We use the fact that the external potential that acts on each particle V(z) is a con-
jugate variable to the one-particle density p( L () (see page 11 of [7]). We first note that
for a given system in the canonical and grand canonical ensemble, the free energy is a
functional of the external potential. We can then use a Legendre transform to rewrite the

free energy

AV = FHK pAN / V(z)p\k (x) (1.2)

where Fly g is the Hohnberg-Kohn functional and is a unique functional of the one-particle
density. The justification of this and the terminology used is given latter in this text
(Section 4.2).

1.3 Outline

In this paper we wish to consider classical DFT in the canonical ensemble, due to the
constraints of this paper we will only concentrate on two models the ideal gas and the

hard-core model.

We begin by defining the basic concepts needed for classical DFT. As we are only consid-
ering the canonical ensemble, our first chapter is dedicated to introducing the statistical
mechanical concepts necessary for this. We then introduce our most important concept
the one-particle density, and give three ways of obtaining it. We conclude with a chapter
where we introduce our main model the hard-core model and prove the Hohenberg-Kohn
theorem which provides the theoretical justification for our later attempts to give the free
energy as a functional of one-particle density plus an extra term (specifically the form

given in (1.2)).

We then give our first attempt to formulate a DFT form of the free energy. To this
end we consider the ideal gas a case were the internal potential is zero. This model has
the advantage that we can formulate an exact expression for the free energy and will prove

an important tool in our later approximations.
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Having achieved a formula for the ideal gas we now move onto our second model the
hard-core gas. We initially attempt to obtain an explicit formula using two techniques
both of which are only applicable in the one-dimensional case. Our first technique requires
the use of Laplace transforms and can be adapted for a range of potentials close to the
hard-core potential which we also demonstrate. We take the zero distance limit of our
hard-core model and show that in the thermodynamic limit we obtain the ideal gas case.
This technique is however limited by the external potentials we can use, a topic discussed
further in the first appendix. Therefore we consider a second technique where we start
with a discrete approximation of our space obtain the free energy and take the continuum

limit to obtain another formula.

So far our explicit formulations are only one-dimensional, we therefore develop an ap-
proximation which can be applied in higher dimension. Our approximation is based on
a Mayer expansion and we hope that the techniques may be applicable to other internal
potentials although for consistency we only consider the hard-core case. A brief appendix

summarises some of the conditions needed such that our Mayer expansion can be curtailed.

We conclude this paper with a summary and an outlook. In the outlook we consider
how this work could be extended to other applications in classical DFT. We first sum-
marise the problems highlighted by this current work and how they might be dealt with.
We finish with a summary of how we could consider more general internal potentials and

thus a much greater number of classical DFT problems.



Chapter 2

Statistical Mechanics Background

2.1 Different Ensembles

In statistical mechanics there are three main ensembles that are commonly used: the
micro-canonical, the canonical and the grand canonical (see [1] for more details). Most
recent calculations are obtained using either of the latter two (see Section 4 [1]). For
simplicity we choose to concentrate only on the canonical ensemble which we discuss

below.

2.1.1 Canonical Ensemble

Here we confine our particles to a finite box A C R? where d is the dimension of the space.
In this case we have a strictly fixed positive integer number of particles N and each of the
N particles has its momentum denoted by a d dimensional vector p; C R%. We choose a

Hamiltonian depending on the boundary HXN. We also define

f=1—= (2.1)

where kp is Boltzmann’s constant and 5 > 0 since T is strictly positive. The N-body

configuration of positions is denoted
XN:($1,...,ZIZ'N)€AN (22)
and the N-body configuration of momenta is denoted

Py = (p1,...,py) € R™Y, (2.3)
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Given the above N body position (2.2) and momentum (2.3) configuration we choose the

Hamiltonian of such a static system to be given as

N N p2
HAN(XN,PN W —xj) + V(IJ + om (24)
1<i<j<N =1 i=1
~ -~ _ N—— N—_——
inter-particle interaction U external potential Kinetic term K

where for simplicity we have chosen the external potential to depend only on the position
of a particle and to act identically on all particles (they are indistinguishable). Also our
internal potential (inter-particle interaction) is taken to depend only on the difference in

position between any two particles.

Following Section 4.1 of [1] we define

Definition 1. Canonical Gibbs Ensemble is characterised by the probability measure
’y/ﬂuv € P (A, Ba) with density;

exp [—BH)x (Xy, Py)]

Sy (Xn, Py) =
pA,N( N> N) N'ZA(B,N)

(2.5)

with respect to the Lebesque measure. By is the Borel o-algebra on A .
Compared to [1] we have introduced a divisor of N to account for the indistinguishability

of the particles.

Z(B, N) is a normalisation factor known as the partition function, we cover this in more
detail in Section 2.2.

The canonical average of the Hamiltonian is then

E= < ~(Xn, Py >c

e v H v (X, Py)exp [-BHYx (X, Py)] dXndPy
- N1Zy(B, N)

2.2 The Partition Function

In the canonical ensemble we define the partition function

1
ZA(B,N) = N /R N /A _oxp [—BH{v(Xn, Py)] dXydPy

({5 )

X /A NHeXp =8V (x)] [ exp[-BW(x;— ;)] dXy (2.7)

1<i<j<N
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Za(B, N) is required for the normalisation of the probability measure in the canonical
Gibbs ensemble. The momentum part is a Gaussian integral and is therefore easily cal-

culated.

Following page 23 of [1] we can re-write the free energy as

N 1
A V] =~ [Z0(3. ) (2.8)
and our free-energy per particle is
AN 1
Fs [V]= —5—]\,111 [ZA(8,N)] .

We note that using (2.7) the free energy can be written as:

AR V] = —% In [Z» (8, N

N 2
ll/Rd exp [—52%”} dpi]

~
Kinetic free energy

+ L In [% /AN Hexp [V (x;)] H exp [—BW (z; — ;)] dXn

1
= In

-

p 1<i<j<N

s

~
configurational free energy

We can thus see that the free energy can be written as the sum of a kinetic part which
will be the same for all systems and a configurational part which will not. The same is

obviously true of the free energy per particle. Thus we use the notation

Z0(6,N) = (ﬂo [ e |-s2] dpz->

J/

Vv
kinetic partition function

« % /A Tlewl-ave)) T epl=Wi—a)dXy.  (29)

1<i<j<N

s

~
configurational partition function

For convenience we label the configurational free energy as Ag,ﬁon [V], the configurational

partition function as Za .n(8,V) and the configurational free energy per particle as
FA V).

,Con



Chapter 3

One-Particle Density

3.1 One-Particle Density

To undertake DFT we need to define the one (or single) particle density. This is our first
concept specific to DFT as the concepts of Chapter 2 are applicable to a wide variety of
statistical mechanics situations. This concept can be defined in three different ways, the
method used will be chosen to be convenient for the specific problem we are trying to

solve.

3.1.1 Integrating out N — 1 Variables

In Section 2.1 we defined a probability density for the canonical ensemble. This depends
on the positions and momenta of N particles and so can be considered as a N-particle
density (after integration over momentum phase space). Therefore a definition of a one-
particle density could be obtained by integrating over N — 1 positions (and N momenta)
to obtain a function that depends only on the position of one-particle. Since we have N
particles there are N possible ways of doing this but since all the integrations we do are

the same we can re-name the variables and obtain in the case of the canonical ensemble

Definition 2. Canonical One-particle Density

(1) (l’) o NfRdN fANfl exXp [_ﬁHXN(XN, PN)] dzs . ..dzydPy (3 1)
e N1Zy(5, N) -

This definition has the advantage that in the canonical ensemble integrating the one

particle density gives the total number of particles as expected

/ 1) (z)dz = NfAN fRN exp [_ﬁHXN (Xn, PN)} dXydPy
5 A= N1Zr(3,N)

= N.
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3.1.2 Average over )-functions

Following page 3 of [7] (which actually applies to the grand canonical ensemble) we can
write one-particle density as the ensemble average over a sum of NV d-functions centered

at the appropriate particle position.

o (z) = <Z 5 — >>

We can show that in the canonical ensemble this is equivalent to the definition given in
the section above (Subsection 3.1.1). We have

P () = <Z o(x — >>

N
Juaw [un > 6(z — i) exp [—BH\x (X, Py)] dXydPy
_ i=0

_ N [oan [yno1exp [=BHYy (Xn, Py)] dzs ... dzydPy

E

c

(3.2)

where the third line follows by re-naming the integration variables. We can thus see that

the results are equivalent to those in Subsection 3.1.1.

3.1.3 Functional Derivative

Again following [7] (page 3) we can in the canonical ensemble write the one-particle den-

sity as the functional derivative of the free energy with respect to the external potential.

We know that the functional derivative pg\lj)v = 5A§N /0V can be defined using a test

SAA V] SAAN V]
<W’W>> - [ e Gy

Hence we can now find the one-particle density. Using the formula for free energy, (2.8)

function ¢ via

where we relabel the partition function to make the potential dependence clear, we have

SAAY [V
<#¢£)]’ cp(x)> — % (—% log [Zan (B, V + 590)])

LA 7 N (B, V 4 50) |0
. B ds AN
- Zn(B. ) | (33)

s=0
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Using the definition of the canonical partition function (2.7) we have

Jan Hexp (=8 (V(zi) + sp)] H exp [—BW (z; — z;)] dXn
I (V +50) — i=1 1<i<j<N

N
—Bp° Y
><</Rdexp[ . 1dp)

so with some appropriate re-naming of variables we have

N
. S (1) Hexp (=8 (V(x:))] H exp [—BW (z; — z;)] dXy
T Zan (B, V + 5¢) - = e

« N (=B) (/R exp [_Qfﬂ dp)N. (3.4)

We can now substitute this into (3.3) to give

N P21 exp |— Z; exp |— x; —xj)| dXn
SAY [V _NfA o )H p[=BV( >>]1§i1<—;IgN p[=BW ( )] dX
Vi )= N1Zx(5, N)

x (/Rdexp[;éf]dp)]v.

Hence we can now find the one-particle density

SASY V]

1) _
PAN(l’) = W

N [inva H exp [—8 (V(x;))] H exp [—BW (z; — x;)]dzy ... day

1<i<j<N

N'Z\(B,N)

(Lm0

Therefore all three of our formulas for the one-particle density are equivalent.




Chapter 4
Techniques

We now introduce various useful techniques. The hard-core model is introduced as an
important test case which is more complicated than the ideal gas but may still be ap-
proachable analytically. The Hohenberg-Kohn Theorem is fundamental to DFT as it
allows us to justify equation (1.2) and thus gives theoretical justification for our main

goal of approximating the free energy by a functional of density.

4.1 The Hard-Core Model

In this model we consider N particles of equal mass m which move freely in the interval
[0,L]. Any two particles are excluded from coming within a distance a of each other.

Thus for any two particles with positions x; and x5 we have the potential

Wy (xy —xz3) =0 |r1 — 29| > a

Wy (x; —x3) =00 |21 — 29| < a

We require that a the radius of the hard-core is less then the close-packing radius, which
is the radius we would have if the line is filled by N particles with no space left over,

which is equivalent to dividing the line into N segments
a < Qp = -

This concept of the hard core can be extended to M dimensions by using the interval
[0, L]M the M -dimensional vectors r; = (z},z5...2%,) in place of z; and x5 and the
Euclidean norm in place of the modulus. The length of our box in each dimension need

not necessarily be the same in which case our interval is
A CRM,

The close-packing density is calculated in a slightly different way depending on the dimen-

sion. For example in two dimensions we cover the plane with a triangular lattice where

10
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the number of nodes is the smallest possible number greater than /N, the diagonal distance
between two nodes is the close-packing density. In three dimensions we cover the space
with a body-centered cubic lattice where the number of nodes is the smallest possible
number greater than NV, the diagonal distance within the cube is then the close-packing

density.

We can therefore define the d dimensional hard-core potential

Wa (ri—rj) =0 ||I'Z'—I'j|| >a

Wa (r; —r;) =00 Jri — 1| < a

where a < agp.

Then the internal energy as defined in (2.4) is given as

U= Z Wa (l’z - fL’j)

1<i<j<N
A summary of some of the results for DFT in the hard-core case are given in Section 4.3

of [9].

4.2 Hohenberg-Kohn Theorem

We now follow Section 4.2 of [15]. In contrast to [15] we use the canonical ensemble rather

then the grand canonical ensemble.

We define N
prla) =30 — ).

First we note that, following Section 3.1.2, the canonical average of this is the one-particle
density. We then see that we can now re-write the total external potential of the system

as the integral of py (x) multiplied by the external potential acting at the point x.

/Aﬁv(x)V(x)dw = i//\é (x —x;) V(z)de

11
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We can now redefine the probability density of the canonical ensemble using (2.5) to give:

_exp [-B (K + U+ [, pv(2)V(z)dr)]
pv = NIZx(B, N)

(4.1)
where K is the kinetic contribution and U is the internal energy.

We know from above ((1.1))
A V] =B TS,

Rd JAN A

where in the last line we use the definition of Shannon entropy from Notation 3.3 of [1]
S = —k’B/ / Pv landXNdPN.
Rd JAN

Thus AQN [V] is also a functional of py, Alpy]. Given a new potential V' we can define a

new probability density

exp [—8 (K +U+ [, pv(z)V'(z)dz)]
NIZ\(B,N)

pvr = (4.3)

where Z} (8, N) is the appropriate normalisation, we do not have to change K and U as
they are un-affected by the external potential. With this new probability density we are

able to give a similar functional A
A[pV’] = / / Py (K + U + / ﬁv(l‘)V(l‘)dl’ + 6_1 lan/) dXNdPN
R JAN A
= A[pv] + ﬁil / / [pV’ h’lpv/ — pv hlpv]dXNdPN (44)

Re JAN

We now consider the last term. First we state the easily proved inequality
Infz] <z -1 Ve >0

which has equality if and only if x = 1. Using & = py+\py then multiplying by —py and

integrating we can obtain the Gibbs’ inequality after realising that both py and py/ are

probability densities. The Gibbs’ inequality is

—/ / Pv lnpvdXNdPN S —/ / Pv hlpV/dXNdPN (45)
Rd JAN Rd JAN

with equality if and only if py = pys. Thus we can see from (4.4)

Alpv] < Alpv/] pv # Py (4.6)

12
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Using the definitions of py and py+ ((4.1) and (4.3)) as well as the equation for the free
energy (2.8) we see that

—ﬁ / / Pv landXNdPN —/ / Pv <K+ U+ / V )dXNdPN
Rd J AN Rd JAN

— ANYIV] + 7 In[NY]

_5—1// pvlnp'vdXNdPNz/ / pv K+U+/V’(:v)ﬁv(x)dfv dXndPy
Rd JAN R JAN A

— ANV + B I[N

where the integral over py for the last two terms in both cases is ignored as they are not

functions of py and py is normalised.

Hence using the Gibbs’ inequality (4.5) we have

Aqus%ﬁw+[ﬁwm—v<m%<Mx

where we have used that the one particle density pfxll)v(a:) is the ensemble average of py .

Changing the primed variables to un-primed and vice versa we have
AV AW+ [ V) = Vi@l e

for both these equations to hold we must have

Vi(z)=V'(z).

This means that for a given one particle density, the potential is unique.

Therefore given our equation for AAN (4.2) and our definition of pv we can see that
A is a uniquely defined functional of the trial density ,0(12, or pMn, A=A [p AN( )]
and thus by (4.6) that the equilibrium density corresponds to the minimum value of the

functional A.

We therefore know that:
54 o ()]
Spii ()
The trail density and therefore implicitly our free energy depend on V'(z) to avoid this

we define a new quantity

Fux [pf&,(:c)} AAN[“) (x)} /A V(@) (z)dz

13
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for a given system py is uniquely determined by pgxljz, (x) (see equation 68 [15]). So Frg

is a unique functional of density and our formula (1.2) is justified.
Although in principle this means that we can express the free energy as a functional

of the one-particle density and an additional term in any case, in reality analytical forms

of Fyk are rarely known and we have to approximate this functional.

14



Chapter 5

The Ideal Gas

5.1 The Ideal Gas in the Canonical Ensemble

We now consider the case of the ideal gas which has the simplest possible internal interac-
tions (i.e. none). In this case unusually we can find a relatively uncomplicated analytical
form of the free energy as a functional of the one particle density.

This follows pages 24-25 of [1]. Consider a non-interacting gas of N identical particles of

mass m in d dimensions contained in a box A C R? of finite volume. If an external force

V' acts on the system then the Hamiltonian of this system is (using again (2.2) and (2.3))

N N
1
HYx (Xn, Px) = 5 § P+ E V() (X, Py) €Ty (5.1)
=1 =1

following (2.4) where
Ty = (A xRY)Y. (5.2)

We have for the partition function (comparing to the calculations in [1] we have set h = 1)

N!

_ % (/A exp [=BV (2)] dx)N (/R exp {—g—fj] dp1>N

where we have used the property of the exponential to split up the integrals to a spatial

ZA(B,N) = i/ exp [—BH v (Xy, Py)] dXnydPy
Ta

integral and a momentum integral. We can also use this to split up the momentum inte-
grals, which means we can use any of the d-dimensional momentum vectors so we choose

to use p;.

We can then define
zg(dz;) = da; exp [V (z;)] (5.3)

15
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thus
2M(dXy) = z5(day) ... z5(day) (5.4)

and we define

_ (/A 25(dx))N. (5.5)

27Tm) 2 Nd
B

where we have used for each component of the momentum the appropriately rescaled

We thus find

1

Z5(B,N) = 2 (M) ( (5.6)

- NIY
standard formula for the Gaussian integral. We define

(Y
“(%) :

We can now write the partition function in a simpler form

205, = 5 (5 if))N. (5.7

We use this to derive the free-energy

AR V) = —% In [, (8, N)]

= 8 (In[Nl] + NdIn A — N1n[z (A)]). (5.8)

5.2 The Density Functional Form

Given the Hohenberg-Kohn theorems we seek a free energy of the form
A WV) = Fui [0 @)] + [ o)V (@) (5.9)
A

Using the definition of the one-particle density as the functional derivative of the free

energy (see Subsection 3.1.3), we have

(1) () — N exp [V ()]
pAN( ) P (A) .

This relation allows us to re-write the external potential as a function of the density we
state it here for clarity

1
P (2)2(A)

V(z)=—-B8""In [ I

16
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Thus we can find an expression for external potential dependent term in the expression

for the free energy (5.9)

/pANU v)dz = —4~ / A ( [M
= -5 /A pix(z) In [p(j])v(:c)] dz — B7'N1n [Z%\)}

where in the second line we have used that z and N are independent of x and that the

dx

integral of the density over the phase space is N.

We can thus now re-write the free energy

AN V] = 871 (In[N1] 4+ Ndln \) + /A P (2)V (2)da + /A P9 (z)In [pg?v(x)] dz

—B'NInN
_ g (Ndlnwr/p‘;)v( )In [p( (z )} d:z:—N—I—O(lnN))

A

+ /Apg\lz)V (x)V(z)dx

where in the second line we have used Stirling’s approximation [10]

1
v/ N — | <NI<V N — — :
2r NN* exp[—N] exp [12N+ 1] < N! < V27 NN™ exp[—N]exp {12]\7} (5.10)
to give
InN!'=NInN—-N+O(InN). (5.11)
If we normalise the density
o AR
o P (@)
P\ (@)
A
= 5.12
i (5.12)

then we can give the free energy per particle

FW) = (de / 5(x) n [p(z)N]dz — 1+ O (“}VN)) ; / )V ().

As we know that N can be written as the integral of pgjj)v(x) over A (Subsection 3.1.1) so
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5.2. THE DENSITY FUNCTIONAL FORM CHAPTER 5. THE IDEAL GAS

we can now remove all reference to NV in the leading order terms
AQN V] =p" /Ap}\N(x) (In [pjn(2)] +dIn XA — 1) dz + /Ap/lxN(x)V(x)dx +O(InN)

and the free energy per particle is
FA v =57 (dm + / j(z)In [pgl)v(x)] dz — 1) + / 5(2)V(z)da
A A

In N
o=
In the thermodynamic limit N — oo the final term vanishes. This means that although

we are able to express Af}N [V] as a functional of p(;,3 (x) plus an extra term, even in this

case a simple form exists only in the thermodynamic limit.

18



Chapter 6

Tonks (as

6.1 General Case

Given our success in obtaining a DFT form of the free energy in the ideal gas case we
now consider a slightly more complicated internal energy. To this end in this chapter we
consider a way of obtaining the configurational part of the free energy for a hard-core gas
in one dimension. The main objective of this chapter is to show that even in this case we

have to make major simplifications.

Following pages 120-124 of [14] we define a pair potential W, such that

00 for |z; — x| < a (hard-core)
Wa(zi —x5) = (v, —x; —a)  for a < |z; — x;] < 2a
0 for |z; — z;| > 2a

In the case v = 0 this reduces to the Tonks (hard-core) gas. However we retain this
formula to allow greater generality. A more general form of ¢ ( which we call the decreasing

potential) that we could also use is

1
Y(r; —x;—a) = m > 0.
! (lzi = 2] —a)™

This has the advantage that it covers a larger range of potentials and can be chosen
to more closely mimic the Lennard-Jones potential which is a commonly used potential

(equation 3 of [2]).

Since we are in one dimension the particles lie along a line. Since the particles have
diameter a the distance between nearest neighbours is at least a and thus the final line
ensures that the contributions from next nearest and further neighbours vanish. This

statement relies on the one-dimensional nature of our product.
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6.1. GENERAL CASE CHAPTER 6. TONKS GAS

We now give the general formula for the configurational partition function (which we
write as Za con(5,V) = 3(L)):
N
=N / / H exp [—W, (z; — z;)] H exp [-8V (x;)]dxy ... dzy

1<i<j<N =1

The integral (i.e. 3N! )is just N! times the integral over the regions 0 < 77 < zy < -+ <
xn < L which is obtained by placing the particles in order and re-naming to obtain the
N!. Such a partitioning only exists in one dimension as this is the only time we can order

particles along a line.

We now know the configurational partition function can be written as

/ /N 2)a /@_aﬁexp [—BY (x; — 21 — a)]

=1

X Hexp —BV (x;)]dxy ... dey

=1

since the jth particle cannot be in the region from 0 to (j — 1)a since at least this region
must be occupied by the first j — 1 particles. W, has reduced to ¢ as we have eliminated
the possibility that particles over-lap. We now only consider particles that are adjacent

as next neighbour and higher neighbour interactions are excluded.
We now introduce the local variables
yi =x; — (j — 1a, [*=L— (N —1a. (6.1)
Since our external potential is translation invariant we have
Vias) = Vigs).

In these variables we can re-write the configurational partition function as

@ YN
B(Z“)Z/O dyf exp [-8V (y%)]/o dyfr_yexp [=8V (yx_1)] exp [=8¢ (v —yx_1)] -

a

/0 "yt exp [~V (5] exp [ B4 (45 — 92 (6.2)

We now introduce a co-ordinate system that depends only on the difference between the

positions of the particles in the local co-ordinate system

Ay =10 —y%, i =Y — Y- (6.3)
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6.1. GENERAL CASE CHAPTER 6. TONKS GAS

From these equations we can deduce that

=) M
j=0

In this system the configurational partition function can be written as

2%

o 1o
309 = / A% exp [~ BV (I* — A%)] / AN exp =BV (I = Xy — X% ,)]

N
N-1
-8V (za -> Agvj)]
=0

17— Z Af
x exp [—BY (\y_1)] - ./0 =2 dAfexp
x exp [0 (A)] (6.4)

It is unclear how to proceed in the case of a general external potential, however in the
case of zero external potential this can be seen to be the convolution integral of N — 1

exponentials and two constant functions 1. Where the convolution of f and g is defined

(f * 0)(t /f g(t — 7)d

Remark 1. We can also make some progress in the case of the-load potentials, this is

as

considered in Appendix A.1

We now use the definition of the Laplace transform of a function f (see equation (1)
Chapter 1 of [12]). If f(¢) is piece-wise continuous on 0 < ¢ < oo and f(s) is of exponential
order i.e.

A, A >0 st |f(t)] < Kexp|At]

then the Laplace transform is given

F(s) = / exp|—st]f(t)dt s > 0.
0
The Laplace transform of the convolution is denoted H(s) where h = (f * g)(¢)
H(s) = F(s)G(s) (6.5)

where G(s) is the Laplace transform of g(t) (see page 55 of [12]).
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6.1. GENERAL CASE CHAPTER 6. TONKS GAS

We recall that the Laplace transform of one is given as
> —st
/ exp|—st]ds = [m}
0 —5

VA

Using this and that our initial variable is spatially dependent, this suggests that our vari-

able s is proportional to density.

Defining the Laplace transform of the configurational partition function 3(I%) as Z(s)
and the Laplace transform of exp[—f1(A*)] as K (s) then using (6.5) we have:

Z(s) = /0 " explsi®]3(1%)di®
= /OOO exp[—sl®] (1 * 1% exp[— B (A")] x exp[—By(A?)] . .. exp[— B (A")]) dI*

=52 [K(s)]" (6.6)

More explicitly .
K(s) :/o exp[—sA?] exp[—BY(AY)]dA°. (6.7)

A large selection of possible Laplace transforms is given in, for example, Appendix B of
[12].

From Chapter 7 of [12] we know that the inverse of the Laplace transform can be given

as:

1 M
f(t) = —]{ exp[st]F(s)ds if IM > 0,k > 0 s.t. |F(s)| < = given R = |s|
27 Je RF
(6.8)
where ¢ is the contour integral and C' is the Bromwich contour (defined on page 201
of [12]). The conditions on |F(s)| are required to use this contour integral form of the

inverse. Thus we can write a new form for the partition function

31 = L exp[sl®]s 2 [K (s)]V " ds. (6.9)

2m Jo

Comparing to (6.8) we see that
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6.1. GENERAL CASE CHAPTER 6. TONKS GAS

Hence
‘[K(s)]]“‘ < MR, (6.10)

Thus we require that [K (3)]N71 increases at a less than quadratic rate.

Remark 2. This is not what [14] says but the calculations in (6.10) suggests this less

restrictive requirement

We now re-write the integrand of (6.9) as an exponential of a function ¢ so that

g(s) = In |explsl]s 2 [K(s)]"
=sl+(N—-1)InK(s) —2Ins. (6.11)
We expand ¢ around its saddle-point (sg) up to second order (this assumes that we are

not far from the saddle point |s — sg| < 1). Given that s is proportional to density this is

equivalent to our density being close to the uniform density po.

g (50) (5 = so) +0(s—s0)°

2

g (s0) (s = s0)° +0(s—s0)°

2

9(s) = g(s0) + g'(s0) +

= g(s0) +

where in the second line we have used that at the saddle point the first derivative (¢'(sg))

vanishes.

We can now derive the saddle-point condition (using (6.11))

g (so) =1+ (N-1)

—0 (6.12)

and the second derivative of g

g"(s0) = (N —1) ([;/ézo; - g&’;) + 8302 (6.13)

Following Section 4.6 of [14] we consider the method of steepest descent. We will demon-

strate that ¢g(s) has a minimum along the real-axis in the cases we are considering,.

If we assume g is complex differentiable, which is equivalent to assuming K(s) is com-
plex differentiable (which can be shown in all the cases we are considering), then by the
Cauchy-Riemann equations the minimum along the real-axis is a maximum along the

imaginary axis and thus we have a saddle-point. We can write s = x4 4 iys and thus
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6.2. HARD-CORE CALCULATION CHAPTER 6. TONKS GAS

S0 = Ts, + 1Ys, shifting the contour so that it is parallel to the y, axis we have

307 = - ]40 explg(s)]ds

2mi
1 Tsq+i00 1" _ 2
~ Q—m,exp[g(so)] /xso_ioo exp {g (80)<; 50) } ds (6.14)
using the contour parallel to the y, axis
1 ] " 2
~ s-eloteol] [ e [—%} dy, using s — s0 = iy
™ —0o0

1

< oaltel (o (1))
27g"(s0) N

where the form of the error can be seen, at least in the hard-core case, by appropriate use

of the formula in [5] and the formula becomes exact in the thermodynamic limit.

To obtain the configurational free-energy we need

ANV = =B In[3(1)]
~ -1 (g(so) — %m [2mg" (s0)] + In [1 + 0 (%)D (6.15)

6.2 Hard-Core Calculation

Using (6.13) and (6.11) in (6.15) and the definition of [* (6.1) we have an expression for the
configurational free energy (which we relabel ANF = A?{Zon so the a and N dependence

is clear)

1
ANL & g1 (SOL (N = 1) [0+ In K (50)] — 215y — 5 Inf27]

[ R v eo(R)]) o

We can use the definition of [* to re-write the stationary point condition ((6.12)) is

L+ (N-1) [—a—i— I;éjg))} —830:0 (6.17)
If we consider the hard core gas then ¢ = 0 and thus
K(s) = /000 exp|—st]dt
_ % (6.18)
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6.2. HARD-CORE CALCULATION CHAPTER 6. TONKS GAS

which clearly satisfies our assumption of complex differentiability. Thus using (6.11) we

have
g(s)=Ils—(N+1)Ins

since along the real axis s = x; we can graph this and show there is a minimum. Alter-
natively we can see that at low s the logarithm dominates so g(s) — oo as s — 0 and at
high s the linear term dominates so g(s) — oo as s — 0o at ¢g(1) = [ < co so somewhere

in the range s > 0 there is a minimum.

We state here for reference the first and second derivatives of K evaluated at sg

-1
K'(s0) = El

2
K//(SO) — 8_8

using these and (6.17) we can re-write the stationary point equation as

N+1
S0

L—a(N-1)=

which allows us to give an equation for the stationary point

N +1

I—a =T (6.19)

Sp —

Using the derivatives of K we can see

1
=
Hence using (6.13)
N-1 2
/"
T =T
CN+1
=
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6.2. HARD-CORE CALCULATION CHAPTER 6. TONKS GAS

With this, the equation for K (6.18), the equation for free energy (6.16) and (6.19) we

can give an expression for the configurational free energy

1 1 N +1
ANE ~ g1 (30L+( 1) [=soa —Insg] —2In sy — = In[27] — = In {( i )]
2 2 802

N - )]—(N+1)lnso—%1n[27r]_lln{Ntl]

2 S0

so[L — (N — )]—Nlnso—%ln[QW]—%ln[N"‘l]"‘ln{1"'0(%)])

1 1
~ -1 N+1—N1n[N+1]+N1n[L—a(N—1)]—§1n[27r]—§1n[N+1]

o)

the limit of zero hard-core is given as

/‘\A

lim ANL ~
a—0

1 1
-1 (N+1—Nln[N+1]+Nln[L]—éln[Qﬁ]—iln[N—i-l]

—B
ufieo(2)))
~ [t (N—I—l—Nln {Nzl] — %ln[Qﬂ] — %ln[N+1]+ln [1+O (%)D :
(6.20)

We wish to consider the ideal gas, with no external potential, we expect the configurational

free energy (following (5.8)) to be given as
At =57 W [NY = NIn[JA])).

We recall Stirling’s formula (which is exact in the thermodynamic limit) (5.11). We see

that this should lead to an approximate formula as

APt = —p7t (N — Nln [%] — %m[zﬂ — %m[N]) +0 (%) .

We now calculate the approximate configurational free energy per particle for the ideal

gas

J—"éV’L:—;[AéV’L
N 1 1 1
— _pn-1 _ R R o .
= -0 (1 ln{L} 2N1n[27r] 2Nln[N]>+O(N2).
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6.3. THE DECREASING POTENTIAL CASE CHAPTER 6. TONKS GAS

We take the thermodynamic limit, this means N, L — oo and N/L becomes the density
p . We therefore have the exact formula in the thermodynamic limit
Fih = lim F*

N—o0
L—o00

— —B7" (1~ Infg)). (6.21)

We now look at the zero hard-core limit of the configurational free energy per particle
using (6.20)

: .1
lim FVF = lim — AN+
a—0 a—0 N

< (N“_m ey _me_meﬂHm[How)_

N L 2N 2N N

We can now find the thermodynamic limit

. . NL _ _p-1(1 _
gljrrgo lim 7, A7 (1 —1Infp))

which is exactly the same as the ideal gas (6.21).

6.3 The Decreasing Potential Case

We now refer to our other potential choice of ¢)(A?)

1
Y(r; —x;—a) = m > 0.
’ (i = 2] = a)m

The Laplace transform we seek is then

K(s) = /O " explsA7 exp {— : j)m} A

It can be shown that

where
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6.3. THE DECREASING POTENTIAL CASE CHAPTER 6. TONKS GAS

This means we can formulate bounds for the modulus, real and imaginary parts of K (s)

exp|—[] /100 exp[—sA/|dA\| < |K(s)] < /000 exp[—sA‘]dA\?
espl ) || ZE | < e <[22
W < |K(s)| < %

We now know (from (6.11))
g(s) =1ls—2lns+ (N — 1) In K(s)

as s — 0 the logarithmic terms dominate and g(s) — 0 . We can see that g(1) < oo.
As s — oo the linear term dominates and g(s) — oo. This means that at some point we

have a turning point i.e. a stationary point.
We can also see this by directly graphing the function. Below we give the graph for

m = 2 where we have taken a system of N = 99 particles with [* = 1 (obtained using
Mathematica).

)

Figure 6.1: graph of g(s) for the decreasing potential where we have chosen m = 2
N = 99 and [* = 1. The existence of a minimum is clear. As we know the function is
smooth the distortions visible may be a result of numerical issues or too low resolution.

We have shown how hard it is to obtain an explicit formula even when the potential

chosen is very simple and we have confined ourselves to one dimension.
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Chapter 7
One-Dimensional Hard Core System

So far we have only made progress in a direct analysis of the hard-core case for a limited
number of external potentials, thus we present another attempt to obtain the explicit
free energy in the one-dimensional hard-core case. We start by considering a discrete
formulation and take a continuum limit to obtain a continuous formula. Again we have to
constrain to one dimension to make any progress. In this section we are again considering

only the configurational free energy.

7.1 Discrete Analogue

In line with Section 3.1 of [11] we start with a discrete system in one-dimension. In this
case we have a line in one-dimension with a finite number (M) of sites along the line. We
also have a finite number of particles (N). In general we want to calculate the probability
of obtaining a configuration of the fluid system with the particles occurring at site s acted

upon by the external potential V;. This is denoted by

ZA,con(ﬁa N)_l exXp <_6 Z ps‘/s>

where the probability of finding a particle at s is given by p, (the occupation number).

7.1.1 Uniform System

In the uniform system with no interaction, where the particles have zero length. The

probability of finding a particle at s is the same for all s i.e.

ps =p Vs
N
= M VS.

We can now construct the probability of a configuration of the fluid with uniform oc-

cupation number. To do this since our particles have zero dimension and are uniformly
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7.1. DISCRETE ANALOGUE CHAPTER 7. 1D HARD CORE SYSTEM

distributed, each site is either occupied or un-occupied with a probability independent of
the occupancy of the adjacent sites. Thus the system follows a binomial distribution of
N particles over the M sites

Zaeonl B, V) exp [BNV] = V(1 = )

7.1.2 Non-Uniform System

We wish to consider a non-uniform system where each site can have a different density.
Our system of M sites is now a product over all the sites, where each site is either occupied
or unoccupied independent of adjacent sites. This means that each site can be chosen as
a binomial system with number of particles p; i.e.

P (1 — /)S)l_ps

taking the product over all the M sites is

M-—1
1 _
ZA,con(B; N>_1 exp <_ﬂzps‘/;> - ﬁ H pss (1 - ps)l P :
s " s=0

7.1.3 Finite Range System

We now want to consider the case where our particles have a finite size m. This means
that if a particle is at site s then the sites s —m to s +m can-not be occupied as particles
on those sites would over-lap with the current particle. This means a total of 2m + 1 sites
are un-occupied for each particle. Our sites are now no longer occupied independently
of each other, if we wish to construct a binomial distribution as above we must find two
independent probabilities that sum to one. Since we are building up from the left we only
need to condition on the sites to the left of our site. For a site s to be occupied we need
sites s — 1 to s — m to be empty. Since a site can either be occupied or unoccupied, the

probability of having a hole at s is

pr(s) =1 — ps.

We can build this up iteratively by subtracting the probability of a particle at each site
until we reach the site s — m. So the probability of having un-occupied sites from s — 1

to s —m denoted P;_7" [unoccupied] is

P~ [unoccupied] = 1 — Z Ps—1-
I=1
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We now consider the probability of the site s being occupied given that the sites s —m
to s — 1 are un-occupied. This is independent of the probability of its conjugate (i.e. one

minus this probability) and is given using conditional probability by

Ps s
PS7T" [unoccupied] '
1- Z Ps—1

Thus if we take the number of successful site occupations as ps and the total number as

1-— Z ps—i - We have the binomial distribution for each site.
=1

m
Ps 1- E Ps—1 — Ps
=1

ps m 1- E Ps—I

_ Ps 1=0
1_Zpsfl 1_210871
=1 =1
_ poe ( tm(s))ktm(s)

where

ti(s) = Zps—m-i-l- (7.1)

We can then take the product over all M to give:

M-1
Znon(B ) eXp( 52 0 s>—NiH i ’i))uml@ (1= t(s) 07
s=0 - m—1

which is similar to equation 28 of [11].

Using (2.8) we can now find the free energy of the discrete system. To do this we first

re-arrange (7.2) to give the configurational partition function

Zncon(B, N) (Nl H (1—tn [; Pt e) (1- tm(s))l_tm(s)> exp <—5;PSVS> :

31



7.2. THE EXPLICIT CASE CHAPTER 7. 1D HARD CORE SYSTEM

We can now easily calculate the configurational free-energy
A eonlV] = =87 In[ZA(8, V)

1 1 P L—tm(s) B
="'l (N'H(l—t RS (1= tm(s)) ™ )

X exp (—5205%)

=5 (Z ps [BVs + I p] + (1 = tm(s)) In[1 — £ (s)]

(1 =ty () In[L — t1(s)] — In N1). (7.3)

7.2 The Explicit Case

We now have a formula (7.2) for finding the partition function and we wish to find the
limit in the continuous case. In this case the density is still a bounded function but both
the number of sites and the number of particles are now infinite. We note that (7.2) can

be re-written

which we for convenience now re-arrange as

Zyeon(B, N)™' = exp (ﬁZps ) i H ( 1—tm i )))”S (1_#5_1(8»1_%(8)'

If we assume that the limit of the sum is the integral and the limit of the discrete p, is

1)
AN

largely un-altered

a continuous p, y (z) then the formula splits into the product of three parts. One that is

exp <5zs:ps‘/s> Aﬁl (mys : (7.4)

one which depends only on N
(7.5)

and the final part, a product of parts that depends on the probability that site s is

occupied given that sites s — 1 to s — m are un-occupied.

(1 . #5_1(8))1%(8) . (7.6)
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We now consider each part separately.

7.2.1 Un-altered Part

As M tends to infinity the number of sites s tends to infinity. This means that the sum is
now an infinite sum i.e. an integral over the real numbers in one dimension ( [, dz). Our
discrete functions ps; and V; would in this case now depend on the continuous variable x

so if p&l])v () and V(x) are continuous we can use them to replace ps and V; .

Thus the left-hand side of (7.4) becomes:

o (8 [ V).

From (7.1) we know that in the discrete case

tz(s) = Zps—m-l—l-
=0

which is the sum of the probabilities of sites being occupied from s —m to s. Thus the

continuous version (for a particle at x) is

Since we now have an infinite number of sites the difference between ¢, 1(s) and t,,(s)
vanishes in the limit (provided the density is continuous). This is because in the discrete
case the two sums differ only by the density at s and since this is now only a difference

at a infinitesimal point it can safely be discarded provided p is continuous.

We choose not to evaluate (7.4) directly in the limit but instead evaluate the logarithm
and take the limit, the logarithm of (7.4) is

M M p ps M M p
In |ex <V — = s Vs + JIn | —————
o (120 ) I (=) | oS S [
The limit of this can then be taken to be

o
B/Apg\l,)v(x)V(x)dx%—/ApE\lj)v(x) In [%] dz. (7.7)
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7.2. THE EXPLICIT CASE CHAPTER 7. 1D HARD CORE SYSTEM

7.2.2 N Dependent Part

To approximate (7.5) we first use (5.10) which we re-state for convenience

0 (2 o] 05 0 (2

1
12N +1 12N

We can invert this equation and use the fact that p is a density to give the limit from

(7.5) as
1 1 e \Ja Pk (@)dz 1

7.2.3 Probability Dependent Part

In this case we consider each part of the product separately using the formula in (7.6) for

each of these we take the ps;-th root to give.

(—tm(s)) (I=tm—1(s)

() () ()

For a linear system the probability of site s being occupied if the sites s —m to s — 1
are unoccupied is clearly inversely proportional to the number of sites (M). Since this

probability is given by:
Ps
1—t,

and thus in the limit of large M by rescaling we can see
(l_tmfl(s))

(1 - L) " expl-]

1—tyn1(s)

(1_#5_1(30_1 1

Thus (7.6) becomes simply the exponential function evaluated at minus one. i.e.

and

(A—tm(s))

(1—L) T exp[1]

1— tm_l(S)

Since in our term for the configurational free energy we wish to take the product of N of

these factors. The term we wish to add is
(exp(—1))" = exp (— / p/l\N(ZL‘)dZL‘) (7.9)
A

where we have used that the integral of the density over the space A is equal to N.
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7.2.4 Explicit Free Energy

We can now recombine the limits we obtained above ((7.7) , (7.8) and (7.9)) to obtain a

formula for the logarithm of the inverse of the partition function, explicitly

(1)
(1) pan ()
a5,V = | A3 d“/APAN“l“[(l_Atw]dx

e ) (o (3)) e [ frennd]
_5/pAN dx+/Ap§g()1n[%

+ (/Ap(jg( )dx) In K%)} —%mN—%lano(%)

Using (2.8) we can now calculate the free energy.

+In

dx

A V] =87 I [Za(8, N) Y]
= <5 /A P (2)V (2)dz + / p(3 (2) In

_/Apg(@ In[N]dz — %lnNA%In[Qﬂ +0 (%))

@ (.
/A pix () (V(:c>+611n [’)ANT()] — ' In[1 —tm(x)]> da

BN %1 In[27] + O (%) : (7.10)

(1 —tm(x

P\ (@)
—)) dx

2
using the normalised one-particle density (5.12) we have for the free-energy per particle

FhreonlV] = / @) (V@) + 57 )] — - (1= @) e - 22 (NL)

In the thermodynamic limit the final term vanishes and Stirling’s approximation becomes

exact.

We also note that if we replace N by the integral over space of the one-particle den-

sity then our expression is a functional of the one-particle plus another term as per (1.2).

7.3 Problems

We now note several problems with the formula (7.10) there are three problems we shall

focus on

e This method only works in one dimension.
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7.3. PROBLEMS CHAPTER 7. 1D HARD CORE SYSTEM

e What is the influence of assuming large N7
e Are our limits precise?

The first of these problems is fundamental in the sense that we would really like a higher-
dimensional form for free energy especially for the more realistic case of two or three
dimensions and this excludes us from using the same method to derive such a free energy.
This problem comes from the fact that in one-dimension we can partition the line into
regions that are occupied by particles and those that are not using a grid structure. The
problem comes that in two-dimensions we are looking at particles that exclude a circular
region rather then a region of a straight line, this means we cannot approximate the region

on a finite grid.

The other two problems can be assessed in more detail.

7.3.1 Influence of large N

In Subsection 7.2.2 we considered an approximation of the inverse of N! that is valid at
large N. An alternative way to deal with this is that since our final formula in (7.10) is

N depend we could just alleviate the approximation and use N!. Using (7.7) and (7.9)

I [Z con(B, N)™ 5/;;% dx+/Ap(Al)v(x)1n [%1 dz + In LH
+1n {exp {— /A o (a )dxH

o
= 5/ pf\lj)v z)de — In[N!] + /APE\IJ)V (x)1In [%] dz

/ApAN( )dz.

Using (2.8) we can now calculate the configurational free energy
AbeonlV1 = 870 [Zncon (B, N) ']
pin ()
=41 6/ pxj)v(:n)V(x)dw —In [N + / pg\llz,(]j) In | AN e
A A (1 —tm(x))

/A P )dx>

= [ @ (Ve o [ w)] - 1= 5T - - o)) ao
(7.11)

However as realistic particle systems are likely to have a very large number of particles
usually around 6 x 10? (see page 1 of [1]) and because it has a slightly nicer form we

will generally use (7.10). Also in the thermodynamic limit, for the associated free energy
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per particle, the difference between the two approximations vanish as do the explicitly N

dependent terms in the free energy per particle associated with (7.10).

7.3.2 Precision of the Limits

While the choice of pj\lj)v(x), t™(z) and V(x) are appropriate as limits of their discrete
analogues provided that these are continuous functions. It is also true that the discrete

analogue of the sum over the sites can be reasonable approximated by the integral.

However the splitting procedure we have used seems rather ad hoc it would be nice
to have a better explanation of this. It seems clear that separating of the N! is reasonable
since this does not depend on M but only on N. However we need to consider the other

separation used.
Although this problem gives us an insight into the hard-core problem it again only works

in one-dimension. We now consider an approximation method which we hope will be

more universally applicable.
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Chapter 8
Mayer Expansion

As we noted at the end of the previous chapter the method we used to find an explicit
formula in one dimension for the configurational free energy in the hard-core case will not
work in higher dimensions. Therefore as a first course we will consider an expansion that
we hope will give a good approximation of the partition function. The expansion we will
consider is the Mayer expansion. To demonstrate the use of this expansion we will also

calculate the expansion in the one-dimensional case.

8.1 Mayer Expansion

We know from (2.7) that the partition function can be re-written as a product of the
exponentials of the potentials. We also know from (5.3) and (5.4) that the product of the
exponentials containing the external potential can be re-written using simpler notation.
Thus we note that the configurational partition function (see (2.9)) can be re-written
(using (5.4))

Zneon(B,N) = 1 /A axy) T ew[-pW (- o). (8.1)

Now we consider a way to expand the right-hand side exponential product

[ ew=W(i—z)l= [ |[(ep[=BW (&i—x)]—1)+1

. g
1<i<j<N 1<i<j<N e
si<is s ;)

= Z H f(ri — ;)

Gegn {i,j}eG

where Gy denotes the power set (the set of all subsets) of the set of all pairsin {1,..., N}
and we call f the Mayer cluster. Gy gives us the empty set which gives the one that in
the first line comes from the product of all ones, it then gives all the individual pairs of

numbers 1 to N ( where i < j) which comes from multiplying the Mayer cluster in one of
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8.1. MAYER EXPANSION CHAPTER 8. MAYER EXPANSION

the products and one in all the others. We can continue this for all the other pairs, two
pairs come form the product of the Mayer cluster in two products with the ones in all the

others and so on until N pairs come from the product of the Mayer clusters.

Remark 3. The same formulation of f(x; — x;) is used in Chapters 6 and 7 of [6]. In
Section 7.2 they even consider the hard-core gas. However their work is more concerned
with expressions for pressure, although it contains graphical formulations of f(x; — x;)

which could prove useful in later work.

Remark 4. We would hope that we could extend this methodology to n-body potentials.
In the case of an n-body external potential we could replace f(x; —x;) with f; ., where the
indices correspond to the indices of the particles in the potential. We would also replace
Gy by GY, where G denotes the power set of the set of all n-tuples in {1,...,N}. Then
using {i,...,n} € G in the product we would hope that the formula would be the same.
However we have not verified this as for clarity we have chosen to focus on two-body

potentials which are also very commonly used ([6] only uses two-body potentials).

Using this we can now formulate the configurational partition function using (8.1) to give

ZAcon(B N) ]\1”/ Zﬁ dXN Z H f _J"] (82)

Gegn {i,j}e@G

So far all we have written is without approximation and is also true for all potentials, we
now wish to use the hard-core potential. Using the formulation of W, given in Section
4.1 and the fact that the exponential of W, is unity at zero and vanishes at minus one.

Thus the Mayer cluster is a step function

f (v —x5) = exp [~ W, (27 — ;)] — 1

= —ljo,q (|75 — 24]) -

We can now find a simpler expression for the configurational partition function (8.2)

Znen(B.N) = 57 [ @X0) 30 T Tl =)

Gegn {i,j}€G

IZ/ 25 (dXw) _1)k H Ljo,a) (Js — 24) (8.3)

fg‘gw {i.j}eG
where we can decompose the integral as a sum due to the linearity of integrals.

So we can approximate the configurational partition function using the form given above,
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we would like to be able to discount higher order terms in ;. Ideally this would mean
|11 is a decreasing sequence for our purposes we just require that |Io + I1| > | ZkN:1 Ii| .
This is discussed further in the Appendix B.1.

8.2 Expansion of First Two Terms

We consider the first two terms of the Mayer expansion [y and ;. As stated above (using
(5.5) and (8.3))

this is the no interaction term and thus is the entire expansion (given the preceding di-
visor of N!) in the case of ideal gas. We note that this means that in all our cases our
configurational partition function is the sum of the ideal gas term and extra terms. This
highlights the importance of the ideal gas case and shows that if it dominates we already

have a good density functional approximation.

We now consider the I; term, this gives the interaction between two particles

L= - /N N AX) S o (21 — 23]
A

i#]

N N-2
o <2> 2(A) /A z(dw1)z(dwa) o (|71 — 22) -

If we have translational invariance we obtain

N N-2
In=- <2> 2(A) / 25(d) /hgad(“ B) exp [—BV (z + h)]

where we have taken that xo = x + h where h is a d-dimensional vector and using (5.3)
to recover the exponential in zg(dz2). The higher order terms in k are of higher order in
| B,|, the volume of a ball of radius a and we have thus discarded terms of order O (|Ba|2),
this assumes that the hard core occupies a small proportion of the volume of |[A|. V(z+h)
depends on h which is of order |B,|. It therefore makes sense to expand V' as a power

series in h and discard terms of order A% or higher

V(e +h) = Via) + VV()h+ SV + 0 (hf).
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We can thus write
Lo 2 3
exp [—BV (x 4+ h)] = exp [V (z)] exp [—6 (VV(x)h + §V V(x)h ) + O (|h| )] )

Using the power series expansion of the exponential we can discard more terms due to

their dependence on high powers of h, thus discarding all terms higher than h? we have

exp [=pV(x + h)] = exp [-V (2)]

, 8

X (1 — BVV (z)h + % (BVV (2)h)? = SV2V (@)h? + O (yh|3)) .

We can now give an approximation for the configurational partition function

ZA7con(ﬁ,N) _ Z(A)N o Z(A)N_2 (J;[) /Azﬁ(dﬂﬁ) exp [_ﬁv(x)] /h|< dh
B

1
X (1 — BVV(2)h + 5 (BVV (x)h)? — §AV(x)h2 +0 (\h\?’)) +0 (|B.%).
The zeroth order term in h is

[ saldayexp -5V o) /W dh = [ za(da)exp -5V ()] B

= 225(A) | By o
——

Cc1

the first order term in A is vanishes using that the integral over the modulus of h of an

odd power of h vanishes.

Finally we can give the second order term in h

/A 25(de) exp [~ BV (2) /m dh (% (BYV (2)h)? — gavu)h?)

_8 /A 205(dz) (BIVV(@)]? — AV(2)) / dhh.

2 Ihl<a

So we now need to evaluate the h integral

[ annt =Bl [ apn e
|h|<a |h|<a

B
‘ 1| ad+2.

T d+2
——

Cc2
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We can now define two functions

Ji(A) = z(A)N 2 (N) ¢

Jo(A) = Sz(A)N2 (27) 02/]\z25(dx) (B IVV (z)|” — AV (z)) .

o |

Then we can re-write the configurational partition function as

Zpeon(B,N) = 2(M)Y = a®Jy —a™2 (V) + O (6> + a*) .

Therefore using (2.8) we can find the free energy

A V] = 57 In [Z(5, V)
=—f"1In [z(A)N}

(N)
2
—B7'In |1 2(A)? <clad + ad+202§ /A z05(dz) (B IVV (z)|” — AV(:U)))

+ O (a3+d + an)

Using that to first order in z In[l1 — x| = —z (to make this assumption we are discarding
higher order terms in a, which are again of order |B,|, the integral does not depend on a

and will be constant for a given external potential) then we have

Agjzon[V] = —% (ln [2(A)] — 2]\;(?\)12 <c1ad + §Qd+262 /A 2op(dx) (5 |VV(;U)|2 _ AV(:C)))>
+0 (@® +a*). (8.4)

The advantage of this form is that we have isolated the potential dependent term and thus
by curtailing the expansion we can obtain an approximate expression for the one-particle

density using the expression given in Subsection 3.1.3.
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We also note that using Subsection 3.1.3

SAAY V] |
<#(x)’ g0($)> = WEZA,COWN (V + SQO($)) |s=0
57 Y LIV + s0(a)lono
>
k=0

Where following (5.8) the momentum part of the free energy is independent of the exter-

nal potential.

If we define py by

N
S
k=0

and thus in this case we can write the one particle density (which following Subsection
3.1.3 is the functional derivative of the free energy with respect to the external potential)

as

pan () =Y pi(). (8.5)

We can see using (8.4) that it is likely that our higher order approximations of the config-
urational free energy will depend on first and higher order derivatives in V. The methods
used in Subsection 3.1.3 imply that in our evaluation of the functional derivative of the
free energy we will obtain first and higher order derivatives of the test function which
may be problematic as we wish to obtain an equation of the form of an integral multi-
plying the product of a function and ¢(x). However since our test function is arbitrary
we can choose p(z) so that it and its derivatives vanish on the boundary and then use

this and the divergence theory to move the derivatives onto the other term in our integral.

Given our formula (8.5) we can now in principle calculate the one-particle density as
the functional derivative of the free energy. This will lead to a one-particle density that
depends on the external potential, which we can re-arrange to make this dependence ob-
vious. Given our formula for free energy (8.4) we should then be able to re-cast it as
a functional of the one-particle density and an extra term (the form given in (1.2)). In
practice however this may be very difficult as the one-particle density will have a very
complex dependence on the external potential and the eventual functional may even de-
pend on the density non-locally and thus further approximations may be needed to find

a suitable functional form.
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This method has the advantage that unlike our previous examples it is applicable in all

dimensions. We hope that this method may also be applicable to other internal potentials.
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Chapter 9

Conclusion

9.1 Summary

We here give a synopsis of the content of this paper. We begin the paper with a brief
summary of the statistical mechanical techniques and definition of the one particle density
required for a consideration of classical DFT in the canonical ensemble. We follow this
with a description of the hard-core model which is our principle example in this paper.
Our introduction concludes with a proof of the Hohenberg-Kohn theorem which states
that we can we give the free energy as a functional of the one-particle density and another

term (as in (1.2)) which justifies our attempts to gain a DFT formulation of the free energy.

Our first example is the ideal gas, here we can find an explicit formula for the free
energy. Our attempts to find an explicit formulation in the hard-core case follows two
main routes both of which are only applicable in one dimension. The first method relies
on the Laplace transform whereas the second method involves computing the free energy

in a discrete case and then taking the continuum limit.

Given that our explicit formula are limited to one dimension and in our Laplace case
are even more limited (see Chapter 6), we attempt an approximation that is applicable in
all dimensions. This approximation is based on the Mayer expansion and we hope that it

will be more generally applicable to different potentials.

9.2 Current Problems

9.2.1 Curtailing the Expansion of ¢(s)

To obtain our explicit form of the free energy in Chapter 6 we wish to write the function
g as a constant term plus a term which is quadratic in s we wish to explore further in
which situations such an approximation is possible. Manipulation of the formula given

in [5] is anticipated to be useful in estimating the error of using the form (6.14) in the
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thermodynamic limit.

9.2.2 The Mayer Expansion

After doing the Mayer expansion we obtain a neat form of the free energy and gave a
way of obtaining the one-particle density. However we have not expressed the free energy
as a functional of the one particle density which is what we would desire. It would be
much better if we could obtain such a formulation. However it is anticipated that this

may require further approximations.

9.3 Further Applications

9.3.1 Grand Canonical Ensemble

We have confined all our considerations to the canonical ensemble, however it should be

relatively straight-forward to adapt our techniques to the grand canonical ensemble.

The definition of the grand canonical ensemble can be found in Section 4 of [1] and
the definitions of the one-particle density are relatively similar in this case. In [7] they

give a demonstration of obtaining the free energy in the ideal gas case.

Re-working our techniques in the case of the grand canonical ensemble may prove useful

because as we mentioned in Section 2.1 this ensemble is often used in current calculations.

9.3.2 Further Potentials

So far we have only considered two model potentials. For our work to be applicable to

real chemistry problems we need to be able to consider a wider degree of potentials.

Our first attempt to go beyond the hard-core potential is in Chapter 6. We have already
constrained our potential so that the Laplace transform of the exponential of exp[— ()]
exists and is less than a stated power of |R|. However there may be greater constraints,
that we have yet to discover, since we have explored the relation between the free energy

and the one-particle density in a few example cases and not in generality.

The second area where we could consider different internal potentials is in the Mayer
expansion. The formulation of the configurational partition function in Subsection 8.1 as
a summation should be more generally applicable. We suggest that the principle problem
in this case may be whether the series can be curtailed and when they can what is the

error associated with curtailing the series.
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9.3.3 Quantum Problems

As mentioned in the introduction DFT was developed in a quantum context and there is

still a great deal of work being currently undertaken on quantum DFT.

We suggest that as in the quantum case the constituent terms of the Hamiltonian are
replaced by their corresponding operators it should be simple to obtain an ideal gas
approximation by simple removing the associated operator for the internal energy. The
hard-core gas should also be relatively simple to obtain. The advantage of doing quantum
DFT from our point of view would be that we could obtain a benchmark which would

allow us to compare these two different types of DFT.
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Appendix A

Dead-Load Potentials

A.l The Dead-Load Potential

In this case we assume that each particle has a position z; which is centered around an
equilibrium position #; and we further assume that its displacement from this equilibrium
position is very small i.e. ||z; — #;]| << 1. In this case we can approximate the external

potential at each point by

If we further assume that close to Z; our potential is approximately linear then V(Z;) =

V'(z;)Z; and we can re-write the potential as

thus we can approximate the external potential by

N N

Z V(i) ~ Z XiTi where x; = V'(#;).
i=1

i=1

Writing
Xi =& — &1 §o=0

we have

N N

Z Vi(z;) = Z(fz — &)

i=1 i=1
~ENTN —En—1TN FEN1TN—1 — En—eTN_1 + -+ &axe — 120 + §111

~ ENTy, + fN—1(fL“N—1 - $N) + -+ 51(1‘1 - Iz)

N
~ Z fz‘(xz‘ - $i+1) where 1 = 0.
i=1
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A.2 The Configurational Free Energy

Given our equation (6.4) we seek to consider

exp [—B Z V(z;)

= €Xp _BZ& Ti — xz—i-l

=exp |—f Z Gy — i +a)
i=1

using (6.1)

N
=exp |—f Zfi(a - )\f)] using (6.3).
i=1

Using this we can re-write (6.4) as

19-Xe,
3(") =exp [ ﬁZfz ] / dAy exp [ﬁfNlev]/o dA%_; exp [5€N71>\l]1\7—1}

N
jo— Z AY
x exp [—By (My_1)] /O =2 dAexp [B&iAT] exp [—BY (A])] -

As in Chapter 6 we see that this is the a constant multiplying a convolution of a con-

stant function 1 a exponential function exp[S{yA%] and N — 1 exponential functions

exp[B&AY] exp [=v (AT)].

If F(s) is the Laplace transform of f(¢) the Laplace transform has the property that
the Laplace transform of explat]f(t) is F(s — a) (see Appendix A of [12]). We now find

using (6.6) that the Laplace transform of the configurational partition function is

ﬂ K(s - &)
‘explﬁz’*] (5= Bex)

using (6.7). The methods of Chapter 6 should now be applicable except that g(s) will

become
N

N-1
sl —Ins —In[s — BEN] + Zan(s — B&) — ﬁZfia
i=1

i=1

and thus we expect that the thermodynamic limit may be hard to obtain.
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Validity of the Mayer Expansion

B.1 The Validity of Curtailing the Mayer Expansion

For ease of calculation we first explicitly state the formula for I using (8.3)

Ik:/AN X)) 3 0 TT Tow (s — 5)). (B.1)

Gegn ] cG
Yo {i.d}

Since we have chosen an external potential (V') that split into separate potentials for each

spatial co-ordinates we can write

/AN N(dXy) = </A 25(dx1))N.

This can also be seen to be Iy. For a given k all integrals higher than k are unaffected
as we only have identity functions for k variables and since all variables are treated the

same by integration we can rename and re-arrange. Thus we can re-write [ as:

N—k
I, =C% (/A ZB(de)> / 25(dXy) ( H Tjo,a) (|75 — ;1) -

{i,j}eG
Gegn
|Gl=k

where X}, is the space of k d-dimensional vectors constrained to A and C%; is the number
of subsets of the pairs of numbers 1, .., NV of length k. We have used one of the G € Gy
|G| = k as by re-arrangement all configurations are the same. We have re-named the

variable that does not see the indicator functions as zx as this will never be involved.

C%, is easily calculated since we are pick subsets of length k from the number of pairs Np
then
Np
i - ( k ) |
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The number of pairs is just the number of sets length two taken from the total number

Since we are only interested in the modulus of I we are only interested in

N—k
\I;JZC]’% (/ 25(de)> / ZB (dX%) H Lo, (Jzi — 25]) -
A

{i,j}€G

of particles Np which is given by

Gegn
lG|=k
Thus to prove |I;| < |I;—1| all we have to show is
C’J]if/ ZB (dXy) H Lo, (J2s — z5]) <
{i,j}€G
Gegn
|GI=k
C]]ffl / Zﬁ(d%]\[)/ ka 1) H Ijo,q) (|x; — |)
A Akt {ijyeG
Gegn
|Gl=k—1
The ratio of the coefficients is
Cy  (k=DUN, = (k=1))!
Cck-t kYN, — k)!
N
=P +1 —1.
k
We can thus bound the ratio
1 C
<Ok1§N 1<k< Np.

This decreases as k — N, suggesting we may be able to discount higher order terms in k

as N, will be larger.

We want to show that

Cvk
S5 [ ax) T Toa (= o <
N {i,j}€G
Gegn
IG|=k
/Zﬁ(dl’l)/ A7 AXe) [T Toa (i — 25
A AR {i,j}€G
Gegyn
|Gl=k—1
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which is equivalent to

k

C
cir [, 46%0 T Toa(im =, <

{i,iteq@

GEQN
|Gl=
N/ 50X T Tow (I — 2) <
{i,j}eG
Gegn
|Gl=k
/Zﬁ(dl’]\[)/ ka 1 H I[[Oa] |xz m]l)
A ARt {i.j}eG
Gegn
|Gl=k—1

We begin by giving the formula for a d-sphere of radius a which is

where

Since our d-spheres are all hard and we desire to have them within the space A. Thus we

have A
N
< C’dad
this can be inverted to give
C’dad < 1
Al TN
We know
N(N -1
N, VW 1)
2
If we are in a sufficiently dilute system then
C’dad < 1
A N?
and thus
C’dad <
Al

If we have the indicator function Ijg o) (|#; — ;|) then the maximum amount of the volume

|A| that can be occupied is Cya®. If the external potential is equally distributed across A

52



B.1. CURTAILING THE EXPANSION APPENDIX B. THE MAYER EXPANSION

then
Cx "
22X [ Tow (i —a5)) <
CN " {i.i}eG
GEQN
|G|=
N/ Zﬁ ka H ]I[Oa] |I1—l']’)
{i,5}€G
Gegn

|Gl=k

1
NPEAZB(dxl)[\kl YdXp1) H To.a (s — 2;5]) <

Jastam) [ %) T Toa (=2l

and thus |Iy_1| < |Ix|. Therefore in a dilute system the terms become successively smaller

in k£ and we will be able to curtail the series.

Remark 5. We can also say that higher I, depend on higher powers of the volume of the

d -spheres so if they are sufficiently small the terms will vanish.
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