Density Functional Theory:

Deriving Phase Field Crystals !

Simon Bignold
Supervisor: Christoph Ortner

University of Warwick

March 25, 2013

[MATS]

Wittkowski et al, arXiv:1207.0257, 2012

Simon Bignold Supervisor: Christoph Ortner



Model

Helmholtz Free Energy
One Particle Density
Introduction to DFT
Ideal Gas

Gradient Expansion
PFC

Further Work

[MIATS]
Dlo cli

Simon Bignold Supervisor: Christoph Ortner



Model
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We have a fixed number of particles N with positions x; € A C RY.
For convenience we define

XN:(Xl,...,XN)G/\N

and
3 1
 kgT’
with Hamiltonian
N
U
Hau(Xn) = Y balxi—x) + > Ui(x)
1<i<j<N i—1
——
inter-particle interaction U external potential

Ui : RY — RY is the external potential U, : RY x RY 5 R is the
interaction potential between particles. EEEEPSRC
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Canonical Gibbs Ensemble

let [p = (/\ X ]Rd)N and equip it with the Borel o -algebra on
I'A.Then the probability measure 7/€N € P(A, Bp) with density

exp[—BH 4 (Xn)]
NIZ\(B, N)

is called the canonical Gibbs ensemble.

Pﬁ,N(XN)

Here Zx(3, N) is a normalisation factor known as the Partition
Function.

B, N,/ Hexp[ BUI(x) [  expl-BU(xi — x)]dXn.

1<i<j<N
MESEPSRC
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http://www2.warwick.ac.uk/fac/sci/maths/people/staff/stefan_adams/lecturenotestvi/cdias-adams-30.pdf

Free Energy
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Helmholtz Free Energy

Free energy is minimised at equilibrium if temperature is held

constant.
We can also show 2

F//B\N[Uﬂ = B In[Zx(8, N)]

— 5 /\ll!//\Nl_[lexp[—ﬂUl(x;)] [T exel-BUs(x — x)ldXn

1<i<j<N
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One-particle Density
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One-particle Density

Three ways of doing this
e Integrating out N — 1 Variables

= N/.../piN(XN)dxz...de
A A

e Average over d-functions

,05\1,3( ) = I\/'Z/\,6’IV//\NZ5 X — X;) exp[ ﬁHU1( )} dXn

e Functional Derivative

(1)()() _ 5fé\N[Ul]
PN sUL(x)
PR(x)dx = N REEPSRC
A AN [D0]C Iemmmreeney

Simon Bignold Supervisor: Christoph Ortner



Introduction to Density Functional Theory
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Introduction to DFT

We want to express free energy as the sum of a functional of
one-particle density only and another term.

Ui(x) is a conjugate variable to the one-particle density p( )( ).
Since free energy is a functional of the external potential, we can
use a Legendre transform to re-write the free energy.

F' ] = mf) |:FHK [5(x / Ur(x ]

Frk is known as the Hohnberg-Kohn functional and the infimum is
over the space of absolutely continuous probability measure having
Lebesgue density.
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Functional Taylor Expansion

We can split the Hohnberg-Kohn functional into two parts an ideal
gas part and an excess part

N 1 N 1 N 1
FN 05 = FAlo(] + Fh e [0l

We assume the existence of a reference density p.r and expand
the excess functional around this

Frir[0\0] = F1 axclprer]

+Z nl/ /A P el (xl,...xn)f[Ap(x,-)dx,-

5pﬂ x1) 6p5 (xn) s

where \
Ap(x) = p (X) = pref
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Ramakrishnan-Yussoff approximation

If the deviations from the reference density are small
Ap(x) <1

we can curtail the Taylor series. We chose to ignore terms higher
then i = 2 the i =1 term vanishes as our potential is symmetric.
Thus we have

Pt = el =57 [ [ e@a0)nt)apte)ddr

where
§2FA (1)
c®@(x1, %) = -8 exclPpi] (x1,x2)
5" (x1)p})" (x2) )
3
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|deal Gas
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Ideal Gas

In this case the internal potential, U,, is zero

2060 = 7 | [ epl-pV1ax

z(N)

Thus the free energy can be written as

FY (] = 71 (In[NY] = Nin[z(A)]) -
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Density Functional Form

We seek to re-write the free energy in a density functional form.

Using the functional derivative of the free energy we can find the
one-particle density

(1) () = Nexp[=BU(x)]
AN z(N) ’

Re-arranging we can find an expression for the external potential

PR (x)z2(A)

Ui(x) = =7 1In N
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DFT Free energy

We therefore find
[ Adeuneoax =57 [ A [pe0] ax-s-win | =0

4

We recall a generalisation of Stirling's approximation

\/2NﬂNe #<Nl<\/z/\/ﬂN L
™ e TP N1 ==V e ) TP N

Using this and that [, pg\l,\?(x)dx = N we can re-write the free
energy as

M) = /p(AlN’ Inf)(0] — 1) dx

/pAN x)dx 4+ O(In N).
By oRC
*Robbins, The American Mathematical Monthly 62:1, pages 26-29,1955
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The Small Deviations Regime

The part of the ideal gas functional not associated with the
external potential is

Fald =5 /pf\lN) In[p{ ()]—1)dx

If we know the reference density is constant and the deviation from
the density is small we can re-write the density as

pgN(X) = pref(]- + w(X))

Inserting this into our ideal gas equation we have

,:d[ (1)] 5_1/pref(1 +1(x)) (In[prer (1 + ¥(x))] — 1) dx
A

Simon Bignold Supervisor: Christoph Ortner



Taylor Approximating the Ideal Gas

Using the Taylor expansion of the logarithm is

f/\,l:'ld[pg\lle] = }—,é\,l:'ld[pref]
2 3 4
+5_1Pref//\ao¢(x) + 1/1(;() - 1/1(2) + 1/1(12)
+ 0 (¢(x)°) dx

where
ap = In [pref]
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Gradient Expansion
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Small Deviation Regime

If we use the same approximation for the density in our expression
for the excess energy

B exc[p/\N] = fﬁ,exc[pref] pref/B //C(2 (X17X2) (Xl)w(X2)dX1dX2
where we have used that

Ap(xi) = prerib(x)

Using the definition of a convolution we have

FN O = FY (orer] — 2B / %) Ga)(a)da
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Fourier Expansion

Using that the fourier transform of a convolution is the product of
the fourier transforms of the functions in the convolution

Pt = Fleclprrl =™ [ 57 @000 wlx) b

we expand c(® as a Taylor series around k = 0 and use that odd
terms vanish by symmetry of c¢(?)

B exc[Ul] - Fﬁ exc[pref] prefﬁ /3 Z C2mk2mw(k)] (Xl)dxl

Using that
§[KPmI0)] = (~1)7 92me(x)

we have

,B exc[p/\N] = fﬁ,exc[pref] prefﬁ /d} X1 Z C2mv w(xl)ggm
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PFC
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Approximate Functional

We can re-combine our ideal gas functional and our excess energy
functional to give

Frk [PE\I/\?] = Frk[pref] — prer B /AT/J(Xl) > cmVPM(x)dx
m=0

+ B8 prer //\ aoh(x) + OJ° b’ + veo*

2 6 12
+0 (1/1(x)5) dx

following > we curtail at fourth order in both 1 and the gradient.
The functional minus the part evaluated at the reference density is

2
1 _
APl = <87 [ 000) 3 canVP )b
A m=0
_ P(x)? P(x)3 p(x)*
+ B lpref/ a0y (x) + (2) - (6) + (12) dx
A By oRC

SStefanovic, Grant and Elder, Physics Review B, 75, 064107, 2007 ‘
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PFC Functional and Equation

discarding the linear terms we have
2

_ X

AFHK[pg\ll\}] ~ B 1pref//\Aw(2)

B w(g)3 N w(1>;)4 i

The classical PFC functional is given by an appropriate choice of
constants and absorbing the cubic term as

() VZ(x) + C(x)VH9(x)

" 7 74
Forclil= [ (V412508 + Uas

The PFC Equation is given ® by H™! gradient flow

2 5]"P~Fc[7z]
6 (x)
= V2 (V2 +1)° 5 - 60+ °)

5Wirth and Elsey, Pre-print, 2012
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for the choice § = 0.9 and @ = 0.5 on a 67 x 4v/37 domain with
periodic boundary conditions we obtain a hexagonal lattice

by altering the value of 1) we can obtain a constant density domain
(¢ > 0.5) or a striped pattern (¢ < 0.5).
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Further Work

My Website
Defects
Surface Energy

Optimisation
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