
Galois Cohomology (Study Group)

1 Cohomology of Arithmetic Groups and Eichler - Shimura Isomor-

phism

In nice cases we can de�ne an arithmetic group as follow. Let K be a number �eld. �An arithmetic group is a
subgroup of G(K) that is commensurable with G(OK). (Where G is the general linear group)�

Remark. Γ1 and Γ2 are commensurable if Γ1 ∩ Γ2 have �nite index in Γ1 and Γ2. This is an equivalence relation

Example. GLn(OK), SLn(OK)

In particular, we will work with SL2(Z), PSL2(Z) and �nite index subgroup of them.
Let Γ ≤ SL2(Z) be of �nite index. We want to have a Γ-module so that we can consider cohomology.

De�nition 1.1. Vk(C) = {homogenous degree k polynomial in C[X,Y ]}. We will say that this has �weight� k+ 2.

This has a Γ-action de�ned by: for γ =

(
a b
c d

)
∈ Γ

P |γ(X,Y ) = P (aX + cY, bX + dY )

Aside: You can de�ne the other action by P |γ(X,Y ) = P (dX − cY,−bX + aY )

Note. V0(C) ∼= C

Fact. For Γ ≤ SL2(Z) of �nite index we have that Hi(Γ, Vk(C)) = 0 for all i ≥ 2. (This use M-V and the fact that
SL2(Z) ∼= C4 ∗C2

C6)

So we are interested in H1(Γ, Vk(C)). Recall the space Mk(Γ) = {f : H → C : (f |kγ)(z) = (cz + d)kf(γz) =
f(z)∀γ ∈ Γ} and Sk(Γ) ⊂Mk(Γ).

De�nition 1.2. The space of antiholomorphic cusp form Sk(Γ) consists of functions f(z) := f(z) with f ∈ Sk(Γ)

Eichler - Shimura Isomorphism. Let k ≥ 2 and Γ ≤ SL2(Z) be of �nite index. We have the map

Mk(Γ)⊕ Sk(Γ)→ H1(Γ, Vk−2(C)) (†)

is an isomorphism.

To de�ne the map, we need to introduce some more notation. Fix z0 ∈ H, let f ∈ Mk(Γ) with k ≥ 2 and
g, h ∈ SL2(Z). De�ne

If (gz0, hz0) :=

ˆ hz0

gz0

f(z)(Xz + Y )k−2dz ∈ Vk−2(C)

If (gz0, hz0) :=

ˆ hz0

gz0

f(z)(Xz + Y )k−2dz ∈ Vk−2(C)

The map (†) is de�ned as
(f, g) 7→ (γ 7→ If (z0, γz0) + Ig(z1, γz1))

One needs to check that this map is independent of the choice of z0 and z1 (and it is in fact an isomorphism)
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De�nition 1.3. We de�ne the parabolic cohomology group (or cusp cohomology) via the kernel of the restriction
map in

0→ H1
par(Γ, Vk(C))→ H1(Γ, Vk(C))

res→
∏

c∈Γ\P1(Q)

H1(Γc, Vk(C))

where Γc is the stabilizer of the cusp c in Γ.

In weight 2 we can do this topologically. Let YΓ = Γ\H, then YΓ = k(Γ, 1) (as described in Matthew's talk).
Hence H1(Γ,C) ∼= H1(YΓ,C), but we are actually interested in the Borel - Serre compacti�cation of YΓ, call itXΓ.
Then H1(YΓ,C) ∼= H1(XΓ,C) and we de�ne the cusp cohomology as

0→ H1
cusp(XΓ,C)→ H1(XΓ,C)

res→ H1(∂XΓ,C)

Hence topologically, H1
cusp(Γ,C) = {f : Γ→ C|f vanishes at every cusp}

Proposition 1.4. The Kernel of the composition of the Eichler - Shimura map with the restriction map

Mk(Γ)⊕ Sk(Γ)→ H1(Γ, Vk−2(C))→
∏

c∈Γ\P1(Q)

H1(Γc, Vk−2(C))

is equal to Sk(Γ)⊕ Sk(Γ)

Corollary 1.5. If Γ ≤ SL2(Z) has �nite index, then H1
par(Γ, Vk(C)) ∼= Sk(Γ)⊕ Sk(Γ)

1.0.1 Hecke Operators

We now restrict ourselves to Γ0(N) =

{
A ∈ SL2(Z) : A ≡

(
∗ ∗
0 ∗

)
mod N

}
and Γ1(N) =

{
A ∈ SL2(Z) : A ≡

(
1 ∗
0 1

)
mod N

}
.

We need to de�ne the following objects:

• ∆n
0 (N) = {A ∈M2(Z) : A ≡

(
∗ ∗
0 ∗

)
mod N, detA = n, gcd(a, n) = 1}

• ∆n
1 (N) = {A ∈M2(Z) : A ≡

(
1 ∗
0 ∗

)
mod N, detA = n}

• ∆0(N) = ∪n∈N∆n
0

• ∆1(N) = ∪n∈N∆n
1

From now on ∆,Γ will refer to either the pair ∆1(N),Γ1(N) or ∆2(N),Γ2(N).

De�nition 1.6. Let α ∈ Γ, de�ne Γα = Γ ∩ α−1Γα and Γα = Γ ∩ αΓα−1

Note. Γ, α−1Γα and αΓα−1 are all pairwise commensurable

Notation. If α =

(
a b
c d

)
we let αι =

(
d −b
−c a

)
= det(α) · α−1

De�nition 1.7. Let α ∈ ∆. The Hecke operator τα on a group cohomology is the composite

H1(Γ, Vk(C))
τα //

res

��

H1(Γ1, Vk(C))

H1(Γα, Vk(C))
conjα

// H1(Γα, Vk(C))

cores

OO

where conjα is de�ned by c 7→ (gα 7→ αι · c(αgαα−1)
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We can in fact explicitly write down how τα acts on H1.

Proposition 1.8. Let α ∈ ∆, and suppose that ΓαΓ = tni=1Γβi (which can always be done). Then τα acts on H1

and H1
cups by sending non-homogeneous cocycle c to ταc which is de�ned by

(ταc)(g) =

n∑
i=1

βic(βigβ
−1
σg(i))

where σg(i) is such that βigβ
−1
σg(i) ∈ Γ.

De�nition 1.9. For a positive integer n, the Hecke operator Tn is de�ned as∑
α∈Γ\∆n/Γ

τα

Note. If p is a prime not dividing N , then Tp is τα for α =

(
1 0
0 p

)
.

De�nition 1.10. We can also de�ne the diamond operator for a coprime to N , 〈a〉, as τα where α is such that

α ≡
(
a−1 0
0 a

)
mod N

Proposition 1.11. The Eichler - Shimura isomorphism is compatible with Hecke operators

In particular we have Sk(Γ) ⊕ Sk(Γ) ∼= H1
cusp(Γ, Vk−2(C)) as Hecke modules. Note that H1

cusp(Γ, Vk(Z)) ⊂
H1

cusp(Γ, Vk(C)) and that (as the de�ning diagram make sense), it is stable under the Hecke operators. That is, we

have a lattice (H1/Tor) in Sk(Γ)⊕ Sk(Γ) that is stable under the Hecke operators, so after �xing a basis, we have
that a Hecke operator acts T : Zd → Zd. Hence the characteristic polynomial of a Hecke operator is integral.

Let χ : (Z/nZ)
∗ → C∗ be a Dirichlet character. Then if a C-vector space V admits an action of (Z/nZ)∗ we

de�ne
V χ = {v ∈ V : g · v = χ(g) · v∀g ∈ (Z/nZ)∗}

We de�ne Mk(Γ1(N), χ) as the χ-eigenspace Mk(Γ1(N))χ.

Theorem 1.12 (Eichler - Shimura). Let N ≥ 1, k ≥ 2 and χ : (Z/NZ)∗ → C∗ be a Dirichlet character. Then the
Eichler - Shimura map gives an isomorphism

Mk(Γ1(N), χ)⊕ Sk(Γ1(N), χ) ∼= H1(Γ0(N), V χk−2(C))

Sk(Γ1(N), χ)⊕ Sk(Γ1(N), χ) ∼= H1
cusp(Γ0(N), V χk−2(C))
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