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1. [2 points] Let G be locally profinite and V € Smo.. Show that if Fj, F, € H(G) then (F; x ) xv =
Fi x (F, xv). Hence show that H(G) is a ring.

Solution: We compute

(F#Fy) 0 = /g (B E)(g)(g-0)dn(g) (def of star product)
[ ([ BmE D au) ) s -0) dute) (def of F + )
= [ R ([ R0 s-o)dn(s) ) dur) (Fubini)
= | R ( /g ) g v)dy(g’)) du(h)  (translation-invariance)
= [ Rn- ([ B - 0du(s) ) dutn) (linearity)

= | _ B0 (h (Brx0)) dp(h) = Fx (Frx0). O

(Here the appeal to Fubini’s theorem is overkill — the integral is just a finite sum, so the inter-
change of order of integration is obvious.)

Taking V to be H(G) itself with its left-regular action of G, we deduce that the star product is
associative. Since all the other ring axioms are obvious, this shows that H is a ring.

2. Let G locally profinite, K < G open compact. We say that V € Smo is K-spherical if VX generates
V as a G-representation.

(a) [1 point] Show that if V is irreducible and K-spherical, then VX is a simple # (G, K)-module.

Solution: It suffices to show that for any w,v € VK with w # 0, the vector v lies in the
H (G, K)-span of w. Since V is irreducible, the G-translates of w span V, hence we can write
v as a finite sum v = Y}, a;g;w.

Foreachi € {1,...,r}, write the double coset KgK as a finite disjoint union |_|;i1 Kgihi; for




hi; € K. Then we have
ai ai
Z f[KgiK]w = Z - Zgihijw
i M i Mg
:Z%Zg,-w (as w € VK)
i M
= Zaigiw = 0.
i

Thus v € H(G, K) - w as required.

3. [2 points] In the notation of §3.2 of the lectures, prove the identity

T+T = [K(%9)K]+(q+1)s.

Solution: We know that G = | |, ez K (‘%a c(?h ) K; and the support of T » T is clearly contained
az>b
in the set of matrices lying in M»,>(O) and having determinant in @O*, so we must have

T+T=c [K(50)K| +ea [K(§)K]

for some constants ¢ and ¢;.

Evaluating c; is easier: as shown in lectures we have
¢i= Lo (K(29)YKNyK (@1 0)K
i = umh 01 Vi 0 1

where 7| = (‘%2 ?), Yo = (‘g (g) Since 7 is central (and K contains the permutation matrix

(94)) we have 72K (9" ) K = K72 (9,1 ) K = K(§9) K, 5072 = (K (§9) K)/u(K) =
g + 1 (using the set of coset representatives given in lectures).

Some of you gave similar arguments for c1, but it is easier to look at how everything acts on the
trivial representation: T x T acts as multiplication by (g + 1)2, and {K (‘%2 9 ) K} as multiplication
by q(q + 1), so we deduce

P+29+1=(*+q)c1+(@+1)=c; =1

An alternative, rather slick solution by Lambert A’Campo (Imperial) was to compare how both sides acted
on I(x, )X, where x, ¢ are arbitrary unramified characters. If x(©) = a, (@) = B, then one finds

that K (‘%2 ?) K acts as ga® + qB? + (9 — 1)aB, so we must have

q@+ B =c1 (90> + 9B + (g~ 1)ap) + conp

forall a, B € C*, from which the result follows immediately.

4. Let x, 1 be unramified characters of F*, for F a nonarchimedean local field, and I the Iwahori
subgroup of GL;(F) (cf. §3.4).
(a) [2 points] Compute the matrix of U = [I (£ 9) I] on I(x, )" in the basis (f1, f2), where f;(1) =
1,f1(w) =0and fg(w) = 1,f2(1) =0.



(b) [1 point] Hence show that U is not diagonalisable if y = .

Solution: Let f € I(x,¢)!,andlet g = (99). We have Ig] = | l,c0/00 (§ 1)1, s0
@ a
01

U-f) () =T Hx) =L fF(x(F1))-

a

Thus
(U-£) (1) =q- (Jo"2x(@)) - f(1) = 4"/2af (1).

On the other hand
(U-f)w) =3 F((32)-

The term for a = 0 this is just ¢/ f(w), whereas for a # 0 it is
F(5Y%) (-49)) =4 2af (1),

so (U-f)(w) = (g% —q72)af(1) + q'/2Bf(w). So in the basis (fi, f») we have the
matrix gives the matrix

ql/le 0
(ql/z _ q—l/Z)a 41/2,3 :
In particular, if & = B then this matrix has minimal polynomial (X — «)? and is therefore
not diagonalisable.

(c) [1 point] Show that the I-invariants of the Steinberg representation are 1-dimensional. How
does U act on (St)!?

Solution: Recall that the Steinberg representation is defined as the kernel of the map
(-2 0177 = 16

(the trivial representation of G), given by integration over the quotient B\G. Since [ is
compact, passing to [-invariants is an exact functor, so we have an exact sequence

0—Sth = I(]-|V2, -7V = (15)! = 0.

In the notation of part (a) we have & = |@|'/2 = q71/2, 8 = q'/? [this way round!]; so we see
that I(] - |'/2,|-|~1/2)! is 2-dimensional, with U acting with eigenvalues 1 and g. On the
other hand, (1¢)" is clearly 1-dimensional and the action of U is given by summing g coset
representatives each of which acts trivially; so U acts on (1) as multiplication by g. So we
can conclude that St is 1-dimensional and U acts on it as the identity.

[Nobody got this question fully correct, so you should all go over your work carefully and make
sure you understand where you went wrong. A common mistake was to guess that the map
I(|-|V2, |- |7Y2) — 1 was given by f — f(1) + f(w) —it is in fact f — f(1) + qf (w), but
you don’t need to know that.

One can also argue using the alternative description of St as the quotient of I(| - |~/2,| - |1/2) =
C*®(B\G) by the subrepresentation of constant functions. For this approach, one needs to take
w = q"/2,B = q~V/2, and recognise that the subrepresentation we are quotienting out by is the
span of f1 + fo, which is the U = q eigenspace; so the other eigenspace — the span of f», on which
U acts as /2B = 1 — surjects onto St' ]

5. Let V be an irreducible infinite-dimensional representation of GL,(F), and 6 a smooth character of
(F,+) which is trivial on O but not on @ 'O.



o* 0

0 1) if and

(a) [2 points] Justify the claim made in lectures that v € V is invariant under <

only if its Kirillov function ¢, is supported on O and constant on cosets of O*.

Solution: We saw in lectures that ¢(a b)v(x) = 0(bx)¢,(ax). Since v — ¢, is injective, it
01

0
F* and 0(bx)¢$o(x) = ¢po(x) forall b € O,x € F*. The first condition is exactly that ¢, be
constant on cosets of O, so we must show that the second is equivalent to having support
in O.
On one hand, suppose ¢ is supported in O. If x ¢ O, then the relation ¢(x) = 6(bx)p(x) is
obvious since both sides are 0. If x € O, then bx € O for any b € O and hence 6(bx) = 1;
so if ¢ has support in O, then we have ¢(x) = 0(bx)¢(x) forallb € O and x € F*.
Conversely, suppose ¢(x) = 0(bx)¢(x) holds for all x € F* and b € O. We are given that
there exists some y € @ 'O with 6(y) # 1. For any x ¢ O, we have b = x 1y € O; and
hence ¢(x) = 0(bx)p(x) = 0(y)¢(x) which forces ¢(x) = 0. Hence ¢ is supported in O.
[Note that it is not true that 0(y) # 1 for every y & O, as some of you believed; this implication
holds if F = Qy, but not for more general local fields.]

follows that v is invariant under ( o (19) if and only if ¢, (x) = ¢o(ax) foralla € O, x €

(b) [1 point] Show thatn >1,v € VY, and o' = [U, (99) Uy] - v, then for all x € O we have

¢o (a) = q¢o(@a).

Solution: We compute thatif g = (9 9) then UygUy = [seo/0 (§ ) Un, and hence
Pl g,)o(¥) = ) 0(ax)dy(@x).
a

If x € O then the 6 terms are all 1 and hence we obtain g¢, (@x).

7. Let N > 1 and let x be a homomorphism (Z/NZ)* — C* (a Dirichlet character modulo N).
(a) [1 point] Show that there exists a unique smooth character x : Q% \ A? — C* such that for

almost all primes /, the restriction of x to Q; is unramified and maps a uniformiser to x(¢).

(b) [1 point] Show that the restriction of x to Z* is given by the composition

5 X x X' X
7" — (Z/NZ) ~Z - C”.

Solution: First we show existence. We have AfX =7" x QZ, and this is even an isomor-
phism of topological groups if Q%, is given the discrete topology (and Z* its usual profinite
topology). Hence restriction to Z* gives a bijection between smooth characters of A? trivial
on Q;O, and smooth characters of Z*.

We define y to be the unique character whose restriction to Z* is the inflation of x. For any
prime / { N, and any uniformizer @, at ¢, we have

x(@g) = x(t7 @) = x(¢~' mod N) ™! = x(¢),

since /1@, is in Z* and maps to £~! mod N in the quotient (Z/NZ)*. In particular Xx(@y)
is independent of the choice of @/, so X |Q>< is unramified, and it has the specified value on

the uniformizer. This shows the existence part of (a) and the character constructed clearly
also satisfies (b).




It remains to show uniqueness. If 77 is any smooth character of A; trivial on Q% and
satisfying the stated conditions, then (by smoothness) there must be some M such that
11|z~ factors through (Z/MZ)*. Without loss of generality we may assume N | M. By
Dirichlet’s theorem, every class in (Z/MZ)* contains infinitely many primes; hence the
character of (Z/MZ)* obtained from 1 must in fact agree with the map (Z/MZ)* —

-1
(Z/NZ)* X Cx.

8. [2 points] Let F be a number field. If v is a (finite) prime of F, we denote by F, the completion of F
at v, and O, the ring of integers of F,. Show that for any given prime v of F, we may find an element
v of SL,(F) such that

e the image of y in SL,(F,) lies in the double coset SL,(O5) ((DU ;1 ) SLy(Oy);
e the image of y in SL,(Fy) lies in SLy(Oy,) for all primes w # v.
Hence show that SL,(F) is dense in SLy(Afp f).

[Hint: the above double coset in SLy(Fy) also contains (é ‘”il ).]

Solution: Let £ be the rational prime below v. From the density of F in Af ;, we can find an

element x € F which has valuation —1 at v and > 0 at all other primes. Then y = (} ¥) works; it

is clearly integral away from v by construction, and it must be in the above double coset, because
v does not have matrix entries in O, but @,y does.

Let C be the closure of SL(F) in SLy(Af¢). It is clear that C contains SL,(OF) by a result
from lectures, so in particular C is a union of double SL,(OFr)-cosets. We have shown that
( @ 051 ) € C for every prime v, and since C is a group, it contains all the powers of this element.
From the Cartan decomposition, C contains SL,(F) for every F; so it is the whole of SLy(Aff).

9. Let N > 1,and let U = {g € GL(Z) : ¢ = (§i)mod N} and U’' = {g € GLy(Z) : g =
(37) mod N}.
(@) [1 point] Show that both Y(U) and Y (U’) are canonically isomorphic to the classical modular
curve Y1 (N) = T1(N)\H.

Solution: We showed in lectures that if U is any open compact in GLy(A) and g1, ..., &r €
GLy(Ay) are such that the elts {detg;};—,., are coset representatives for Af /QZ,, then
every x € Y(U) has a representative of the form (g;, T), for a unique i and some T € H
unique modulo GL; (Q) N g;Ug; .

In this case, we have det(U) = Z*, and since A; /QZ%,Z* = {1}, we can take r = 1 and

¢ = id to see that Y(U) = I'\H where I' = U N GL; (Q), which is clearly I'i(N). The
argument for U’ is identical.

(b) [1 point] Show that, for £ a prime not dividing N, right-translation by (‘?f (g[ ) € GLy(Ay) acts
as the diamond operator (£) on Y(U), and as (¢)~! on Y(U').

Solution: If we choose any a,b € Z such that a/ — bN =1, then

e (5 ) (5 8)eu




As points of Y (U) we have

W0 (Ta)=(Ta) D

If we use U’ in place of U, then we need to replace (£ %) with (4 !). The condition

al — bN = 1 implies that a = £~! mod N, so this matrix represents (¢/~1).
[The condition £ + N was accidentally omitted from the question, but if ¢ | N the operator () is not
defined.]

10. [2 points] Let My ; be the GL,(Af)-representation of modular forms, as in Chapter 6 of the lectures.
For f € My, and s € R, consider the function f; : GLy(Af) x H — C defined by

fs(g,T) = f(g, )| detgl]*.

Here ||x|| = [, |x¢| is the normalised absolute value on AfX-. Show that f; € My ;.

Solution: We need to check the following;:

(i) fs(g, —) is holomorphic and bounded at the cusps for any g € GL2(A¢);

(i) fs is stable under right-translation by some open subgroup of GL;(Ay);
(i) fs(18, =) = fs(8, = )lks+s7 " for v € GL; (Q).

Part (i) is obvious since f;(g, —) is a scalar multiple of f(g, —).

For part (ii), let U be any open compact fixing f. Then the image of U under x — || detx|| is an
open compact subgroup of R, hence it’s trivial; so || detu|| = 1 for all u € U. Thus U fixes f;.

For part (iii), we have ||x|| = 1/x for x € Q~, so

fs(rg, —) = | detglI°f(vg, —)
= || detygl*f(g, =)k
= (dety ") fs(g, ey
= fS(gr_>|k,t+s’Yfl-

[ For (ii), it suffices to arque — as several of you did — that U’ = {u € U : || detul|| = 1} is open,
e.g. because it contains U N GLy(Z). However, the above argument shows that we always have U’ = U.]




