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14th January 2019

If I <SL,(Z) and L is a subfield of C, we define M (T, L) to be the L-subspace of My (T') consisting
of forms with g-expansion coefficients in L, and similarly S (T, L). For f € My (I') and ¢ € Aut(C), we
let f7 be the formal g-expansion ) o (a,)q", where f =} a,q".

1. [1 point] Prove the formula relating the global Kirillov function to g-expansions, a,(f((§%),—)) =
n'er(nx).

Solution: We compute that for f € M;; we have

¢r(nx) = a1 (f(('59), —))
=a(F((§%) (59),-))
=a(F((5%) (59),-))
= (f((g(l))'_) [kt (3(1))_1)

From the definition of the weight k,  action, we have
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2. [1 point] Let IT be a cuspidal automorphic representation of weight (k,t), and f € Si(I'1(N)) its
normalised new vector. Show that if f transforms under the diamond operators (d) via the character
e: (Z/NZ)* — C*, then the central character of the automorphic representation IT is the character
|| - ||2*~*¢, where ¢ is the adelic character attached to ¢ (as in Q7 of Sheet 1).

Solution: We saw in lectures that the action of (wO‘ 7%) corresponds to £F=2(¢) under the

identification (S,)1(N) = §(Tj(N)). Thus the central character of II has to map @, to

¢%=2t¢(¢) for all but finitely many primes ¢, which is also true of the character | - |*~*¢. By the
uniqueness assertion of Sheet 2 Q7a these two characters of A; /QZ, must be the equal.

3. [*] Let x be a quadratic Dirichlet character, and I1 a cuspidal automorphic representation such that
[T = I1® x [NB: such examples do exist]. Let x’ # x be another quadratic Dirichlet character. Show
that the representation IT' = IT® x’ satisfies IT 2 IT} for a set of primes £ of density > 3.



4. [2 points] Show (without using Shimura’s rationality theorems) that if f € M ; then the function
F(2,7) = F({¢9) g —7) isalso in My, and that (g f)* = g - f*.

Solution: Clearly f*(g, —) has moderate growth, and since exp(27ti(—T)) = exp(27iT), the
locally-uniform convergence of the g-expansion of f shows that f* is holomorphic in 7. [Alterna-
tively, one can check directly from the Cauchy-Riemann equations that if h is holomorphic on D C C

then T — h(T) is holomorphic on D.]
Fory € GLy (Q) setv* = (') 7 (4'?). Then

fflrgt)=f

Ify 1= (‘gg),then (v) 1 = (fc ;b),so this is
)

g =) = (ad —be)'(ct+d) " f(('}) & 1)
= (& =) ke v (1)
Thus f transforms like a modular form under the left action of GL; (Q). Finally (g- f)*(¢',7) =

(- 51 (1)) g',—7) = f*(¢'g, T), which implies in particular that f* is fixed by right-translation
under any subgroup fixing f, so f* € M and the map f — f* is GLy(Ay)-equivariant.

(ad — bc)t(c‘f—kd)—kf((_o1 ?

5. [2 points] Let f € 5;(Q), for some k, t € Z, so that the Kirillov function ¢ of f takes values in
Qo and satisfies a(gbf(x)) ¢r(x(c)x) for all ¢ € Gal(Qw/Q). Show that the same is true of the

Kirillov function of (214) f, for any a € A; ,b € Ay. [You may not use Shimura’s theorem that S ;(Q) is

GLa(Ay)-stable.]

01
By hypothesis ¢ (x(c)ax) = ¢s(ax)” so it suffices to prove that 6(bx)” = 6(x(c)bx) forall b, x, o
We may take b = 1 without loss of generality.

Solution: We have 4)<8 i,>f()(((f)x) = 0(x(0)bx)¢s(x(c)ax), and 4)(u b>f(x)‘7 = 0(bx)  ¢s(ax)”.

For any given x € Ay, 8(x) is a root of unity of order R, where R is the order of x in the torsion
group Af/z =2 Q/Z.

By the definition of the cyclotomic character x, we have G(x) = G(x) where m is any integer
congruent to x(¢) mod R. However, we also have 8 (xx(c)) = 6(mx) (since (m — x(c))x € Z);

50 0(x)™ = 0(x(0)x).

6. [3 points] Let N > 1. Define

SHT1N), Q) = {f € SuT1(N), Q(En)) : £ = (x(0))f Yo € Gal(Q(en)/Q) }-

(a) Show that S (I'i(N), Q) spans S(I'1(N)) over C.

(b) Show that for any integer ¢ the Atkin-Lehner operator Wy, defined by Wy (f) = fli ( 1(3] ’01 ), is
a bijection

Sk(I1(N), Q) = S (T'1(N), Q).
[Hint: Consider the group {y € GLy(Z) : v = (} *) mod N}.]



Solution: Let U’ the group in the Hint. By a theorem of Shimura stated in the lectures, we have
Skt = Se1(Q) @ C.

Since we have det(U’) = Z* and U’ N GL; (Q) =T1(N), a theorem from earlier in the course

tells us that the map f — f(1,—) is a bijection S};It, =~ S;(T1(N)). Hence if I is the space of
functions {f(1,—) : f € Sx,(Q)Y'}, we have S(T'1(N)) = [ ®¢ C.

I claim that I is precisely the space S} (I'1(N), Q). This clearly proves (a). To prove the claim,
we check that the action of ( H (1)), fora € Z*,on Sk,t(Q)u/ coincides with the classical diamond
operator (a) on Sg(I'1(N)).

Finally we note that ( 1(\)1 _01 ) € GL; (Q) conjugates U into U’, so the action of this matrix gives

a bijection between S ;(Q)Y and Sk,t(Q)ul and thus between Si(I'1(N), Q) and S (T1(N), Q).
This is (b).

7. [4 points] Show that X((16) has 6 cusps, of which 4 are defined over Q. What is the field of definition
of the remaining two?

Solution: By standard complex-analytic theory (see e.g. §3 of Diamond + Shurman), we find
that a set of representatives for the cusps is given by {1, %, %, ’Tl, %, co}. In particular, every
cusp has the form (19) - co for some a € Z. Conversely, if a € Z then the equivalence class of

(19) - 0o depends only on 2 mod 16, and is given by

cusp | values of 2 mod 16

1 (units)

’ {2,6,10,14}
i {4}

-] 12}

5 8}

o {0}

A theorem from the lectures tells us that the image of 7y - co under the action of & € Gal(Qw/ Q)
is given by 1/ - co where *y/ is any element of SL,(Z) whose image in SL,(Z/16) coincides with

that of (X(”) 1) 0% (X(”)_l 1).

[Note that (X(”) 1) % (7((‘7)71 1) is in SLy(Z) but is not in SLy(Z) in general, so it doesn’t make sense

to let it act on P1(Q); we have to choose some ' close enough and act by that.]

Hence if 7 has the form (19), we can take v/ = (¢

x(c)~'a mod 16.

Inspecting the tables of values of 2 mod 16, we see that the cusps {1, 3, &, 00} correspond to
subsets of Z/16Z which are preserved by multiplication by units, so these cusps are defined
over Q. The remaining two cusps i% are fixed by multiplication by units that are 1 mod 4, and
they are interchanged by the action of units that are 3 mod 4, so they correspond to a conjugate
pair of points defined over the quadratic field Q(4) = Q(i).

) where 4’ is anything congruent to

8. [*] Let F be a nonarchimedean local field, and 71y, 7 irreducible infinite-dimensional representations
of GL,(F). Let x, ¢ be any two characters of F* such that x ¢ is the product of the central characters of
the 77;. Show that there is a non-zero homomorphism of GL; (F)-representations 711 ® m, — I(x, ¢).
[Hint: Consider first the case where at least one of the 7t; is supercuspidal.]

9. Recall the functions fo(g,s) and fo(g,s) defined in Jacquet’s local Rankin-Selberg theory. [The
parameter s was omitted from the notation in the lecture, but we include it here.]



(a) [1 point] Show that if Re(s) is sufficiently large that |g 2w ()| < 1, then the integral defining
fo(g,s) converges for all ¢ and ®.

Solution: We defined
folgs) = detgl"- [ o((0,0g)w(B)]H>d*t

We claim that the integral is absolutely convergent under the given hypotheses. It suffices
to assume g = 1. Since |w(t)| = 1fort € O* the absolute-value integral is

)% [ (2@ ) - (g Fw))"

meZ o

For m < 0 the integrand is zero, and for m > 0 the term ® (0, @™t) is just ®(0,0); hence
the integral is bounded by

(finite sum) + (const) - Z (7% |w(=) )™
m>=0

which is finite under the stated hypothesis on s.

1
(b) [1 point] Show that whenever f(g,s) is defined, we have fo(—,s) € I <| |°~ 2 127 swl)

Solution: We need to check the following;:

(i) there is some open U such that fo(gu,s) = fe(g,s), forallg € Gand u € U;
(i) fol(84)8,5) = la/dlw\(d) forall (3}) € B.

For (i), we note that if det(u) € O* wehave fo(gu,5) = fu.a(g,5), so it suffices to show that
CZ(F?) is a smooth representation of GL(F). The space C¥(F?) is spanned by indicator
functions of sets of the form (a +P", b+ P"). If a, b are in P~ then this set is preserved
by the open subgroup {u : u = 1 mod p"*"}.

For (ii), we have

Fol(§5) &) = ladF | detgl [ @((0,0) () (bt "

_ |ﬂdls|detgls/ 2 1x
= @ Je PO ANl d

dS
= w(|§)|d|23fq>(8r5)

as required.

(c) [*] Letsy € C. Show that the following are equivalent:
e there exists some ® € C¥(F?) and g € GL,(F) such that f4(g,s) has a pole at s = sp;

11
e the representation I (| 072, |25°w1) is reducible with a 1-dimensional subrepresen-

tation.

Show that if these conditions are satisfied, then the limit

lim (s —s0) - fo(8,5)

S—S0

exists for all g and ®, and as a function of g it lies in the 1-dimensional subrepresentation of

I0...).



(d) [*] Use (c) to show that if at least one of 7r; and 7, is supercuspidal, then L(7ry X 712,) is
identically 1 unless 71 is isomorphic to a twist of 7tp.

10. [2 points] Let F be a nonarchimedean local field. Let 6 be a character F — C* trivial on O but not
on @ 'O, and let u denote the Haar measure on F such that #(O) = 1.

(a) For ¢ € C°(F), define ¢ by
/ ()0 (xu) dp(u).

Show that ¢ € C&°(F), and 4)( x) = ¢(—x).

Solution: We first make a preliminary reduction. Let ¢ € C°(F) and define ® by ®(x) =
¢(ax +b)0(cx) for some a,b,c € F (witha # 0). A change of variable shows that

2~

b(x) = (lal'0(=1)) O(~Lx)g(Lx+£).

Applying this again with ¢ replaced by ¢ and a,b,cbya’ =1/a,b' =c/aand ¢’ = —b/a,
we end up with

b(x) = (o100 /a)) (la]0(~be/a)) 6(~E0)g (G + ) = plax — D)6 (—cx).

The first formula shows that if § € C(F) then we also have ® € C(F). The second shows
that if ¢(x) = ¢(—x), then we also have & (x) = ®(—x).

Since C°(F) is spanned by functions of the form 1p(a + bx), it follows that these two
relations hold for all ¢ E Ceif and only if they hold for the single function ¢ = 1¢.

For this ¢, we have ¢(x) = [,, 0(xu)du(u). If x € O, then the integrand is identically 1, so
the integral is just u(O ) = 1. On the other hand, if x ¢ O then u — 6(xu) is a non-trivial
smooth character of O, so [, 6(xu)dpu(u) is zero. Thus $ = ¢ in this case; in particular, we

have ¢ € C°(F), and $(x) = ¢(x) = ¢(—x). So we are done.

(b) For ® € C°(F?), define & by
&(x,y) = //FXFCID(u,v)G(xU —yu) du(u)dp(v).

Show that & = ®. [Hint: C(F?) is spanned by functions of the form ®(x,y) = ¢1(x)a(y).]

Solution: Letting ® have the form given in the Hint, we compute that
O(x,y) = fr(=y)$a(x) = p1(x)p2(y),

$1(—y). Tterating the argument, we have &D(x,y) =
= ¢2(y), and p2(x) = $1(—x) = ¢1(x).

'S->

where p1(x) := ¢(x) and PZ( ) =
p1(=y)p2(x); but p1(—y) = 2(~y)

11. [3 points] Let k > 0 be an integer, s € C with Re(s) > 1,and ® € C® (A}) Show that the Eisenstein

series EX (g,7,s) and EX (g, 7, 5) transform like elements of Mj x/» under left translation by GL; (Q).
(You may assume that the sums concerned are absolutely convergent.)

Solution: [Everybody who attempted this question got it right, and typesetting it is a pain, so I'm not
going to provide a model solution.]




