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1 Recalling

Let X be a scheme, it is reduced at x € X if the stalk Ox , is a reduced ring (it has not nilpotent elements)
A scheme is reduced if it is reduces at all points

Example. Spec(k[z]/(z?)) is not reduced.

Varieties are always reduced.
A scheme is irreducible if it is irreducible as topological spaces.
A scheme is integral if it is reduced and irreducible.

Example. Spec(k[t]/f(t)) is integral where f is a irreducible polynomial.
Spec(A x B) is not integral. A, B # 0.

A scheme is called normal at x € X if Ox , is a normal domain (i.e, it is integrally closed in its fraction field)
A scheme is normal if it is normal at all points in X

Remark. (Easy to prove) A normal scheme is connected
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Example. The scheme y? = 23 — 22 (a loop) is not normal.

A scheme is Dedekind if it is normal and locally Noetherian of dimension 1. (By dimension, we mean the Krull
dimension, i.e., the maximal length of a chain of irreducible closed subschemes)

A scheme is Regular at z € X, if Ox , is regular, i.e. Ox , is a local ring, m, its maximal ideal, Ox ,/m, = k,
then dim Ox , = dimy, (m,/m2)

A scheme is regular if it is regular at all points

Example. The above example is not regular.

Let f : X — Y be any morphism of schemes. Let V C Y be affine open, U C f~1(V) to be affine open,
then Ox(U) is an Oy (V)-algebra. If f is quasi-compact and for all U,V as before, Ox (U) is finitely generated as
Oy (V)-algebra then f is of finite type.

A morphism is called finite if for all V C Y open affine, f~1(V) C X is affine and of finite type as modules.

A morphism is called flat if f# : Oy, f(2) = Ox . is a flat morphism of rings, i.e., Ox , is flat as Oy, y(,)-module.

Definition 1.1. Let & be a filed, and X a k-scheme of finite type. Let k be an algebraic closure of k. X is smooth
at x € X if the points lying above it in X are regular points.
X is smooth if it is smooth at every points.

Definition 1.2. Let f: X — Y be a morphism of finite type, suppose the rings are locally Noetherian, f is smooth
at ¥ € X if it is flat and X,y — Speck(f(x)) is smooth at =.



2 Models

The following definition varies from author to author, but this is the “most general” definition (with the least
assumption made, e.g. connected irreducible etc)

Definition 2.1. Let k be a field. A curve over k is a k-scheme of finite type, whose irreducible components have
dimension 1.

Definition 2.2. Let S be a scheme, a curve over S is a flat S-scheme whose fibers are curves over the corresponding
residue fields.

From now on: let S be a Dedekind scheme. Let K = K(.5) be its field of rational functions.

Definition 2.3. A fibred surface over S is an integral projective flat scheme over S, X — S, of dimension 2.

Definition 2.4. Let C be a smooth, projective, connected curve over K. A model C over S of C is a normal fibred
surface, C — 5, together with an isomorphism C, = C (where 7 is the general point on 5)
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Definition 2.5. A rational map Y --» X is an equivalence class of maps (U, fy : U --» X)) where U is open, f is

a morphism. Two maps are equivalent if they agree on a non-empty open intersection of their domain

Definition 2.6. A regular fibred surface X — S is minimal if every birational map Y --» X of regular fibred
surfaces is a birational morphism.

Minimal regular model

Theorem 2.7 (Liu, 9.3.21). Let X — S be a reqular fibred surface with generic fiber X, of arithmetic genus > 1.
Then X admits a unique minimal model over S up to unique isomorphism.

The arithmetic genus is 1 — xx(Ox). (where X is the Euler characteristic)

Jacobian Criterion. Let k be a field, X an affine variety, closed. X C A} (with local coordinated T4, ...,T,),
x € X(k), a=V(I). Let Fy,...,F, to be generators for I. The Jacobian J = <8T € Myxn(k). Then

X is reqular at x if and only lf rtkJ, =n—-dimOx .
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3 Examples

Let C = Spec(Q[z,y]/(y* — 23 + 49)), this is a curve. Construct a regular model over Z.
Let us tryX = Spec(Z[z,y]/(y* — 23 +49)). Reduce y? — 23 + 49 modulo 7, we have y? = x® which has singular
point. Let m = (z,y,7) then dimg, (m/m?) = 3 > 2. Hence the scheme X is not regular at m.

Consider
y? = 1% — 72
X Blg(X) = { 4T
Tv = yw
uy = v

where u : v : w is projective coordinated. Is X regular? Regularity is local




Y2 =23 — 72

7=zw
X =

Tw = yw

Yy =av
2,2 3 2,2

. . TVt =T —TTw . . .
This gives 7v = yw = zzw = vew = Tv, X; = {7 or in factorisation form X; =

= zw

2?2(v —x+w?) =0
7T—2w=0
only if for all x € X, rkJ = 2. Hence we try to solve the following system

-1 2v 2w

. We use Jacobian criterion J(z,v,w) = (—w 0 —z

). X is regular if and

22(v? — x + w?)
7 —zw

—2vw

—2ux

x + 2w?

and see there are no solutions. Hence X; is regular

v=1
y2 — xS -7
X, = Tu = xw
7 =yw
uy =2
We also see this is smooth regular
w=1
y2 — .’L‘3 -7
7 =
Xs = U=z
Tv=y
uy = TV

Again this is regular

Hence we have that X is a regular model of C' over Z.

We now consider a second example: Let C' = Proj(Q[z,y, 2]/(y*z — 2% + 4923) be a projective curve. We want
to find a regular model over Z.

We try Y = Proj(Z[z,vy, 2]/ (y*>z — 2 +4923). Let us cover Y with three charts Y7, Ys and Y3 which correspond
respectively to z =1,y =1 and z = 1. B

Look at Y7, this is X of the previous example. So again, blow it up to get X.

Y, = Spec(Z[x, 2] /(2 — 23 + 492%)). If we look at the Jacobian, we get J(z,2) = (=3x2,1 + 3 - 492?), so we try
to solve the simultaneous equations

z— a3 +492% = 2(14+492%) — 22 =0
—322 =0
143-4922=0

Hence Y5 — Z is smooth and Y5 is regular

The same calculation for Y3 shows that Y3 is regular
Y regular model is obtained by blowing up Y7 as in the first example.



4 Elliptic Curves

Definition 4.1. An elliptic curve over a field K is a pair (F,O) where E is a smooth projective curve of genus 1
over K, and O € E(K).

Let T' = Spec A be an integral affine scheme.
K be the field of rational functions, K = Frac(Ox(V')) = Ox ¢ where ( is generic point

Definition 4.2. A Weierstrass model of (E,O) elliptic curve over T is a triple (f, W, ¢) where

e f € Alr,y, 2] homogeneous polynomial (called Weierstrass polynomial). f(x,y,2) = y?z + a12yz + azyz? —
2% — a9’z — agx2? — a2

o W =Proj (Alz,y,2]/(f(z,y,2)))
e ¢ is an isomorphism ¢ : E = W Xgpect Spec K with O — (0:1:0)
The Weierstrass model over K is defined similarly

Theorem 4.3. If (E,O) is an elliptic curve and has a Weierstrass module over K, then it has a Weierstrass model
over T.

Proof. Idea: make f integral. Take the affine chart 2 = 1, f(x,y) = ..., K = Frac(A), there exists 0 # [ € A, such
that fi = °f € Alx,y]. Take change or coordinates [z = X and I3y =Y O

Example. Take y? = 23 + 2 over Q, this is the same as v? = u® + 16u.

Given a Weierstrass polynomial, we can define A = disc(f) (it is also the discriminant of the model). The
minimal Weierstrass model is a Weierstrass model which has minimal discriminant. Over Q there exists a minimal
Weierstrass model.

Remark. The minimal Weierstrass model do not need to coincide with the minimal regular model

Example. Let p be a prime in Z and consider Q,. Consider y?z = 2 + 22224423 is integral. A = —28.29. Recall
the valuation v,(n) = ord,(n) = max{m € N : p™|n}, so

8 p=2
vp(A)=<¢1 p=29
0 else

There is a theorem which say if for all p € SpecZ we have 0 < v,(A) < 12, then it is minimal. So X =
Proj(Zlx,y, z,]/(yz* — 23 — 2222 — 423)) is a minimal Weierstrass model. We show that it is not regular. Look at
the affine chart z = 1, m = (z,y,2) then dim(m/m?) = 3 > 2. Hence not regular.



