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1 Introduction and Basic Definitions

Algebraic geometry starts with the study of solutions to polynomial equations.
e.g.: {(z,y) € C?: y? = 23 — 22 + 1} (an elliptic curve)
eg: {(z,y,w,2) €C* x4+ y+2+w=0,2 + 2y + 3z = 0} (Subspace of C*)

The goals of this module is to understand solutions to polynomial equations “varieties”. That is
properties, maps between them, how to compute them and examples of them. Why would we do that?
Because varieties occurs in many different parts of mathematics:

e.g.: A robot arm: any movement can be described by polynomial equations (and inequalities)
e.g.: {(z,y) € (Q\ {0})?:2* +y* =1} = 0 (by Fermat’s Last Theorem)
Algebraic geometry seeks to understand these spaces using (commutative) algebra.

Definition 1.1. Let S be the ring of polynomial with coefficients in a field k.
Notation. S = klxq,..., 2]

Definition 1.2. The affine space is A™ = {(y,...,yn) : y;i € k}. That is k™ without the vector space
structure.

Definition 1.3. Given polynomial fi,... f. € S the affine variety defined by the f; is V(f1,..., fr) =
{y = (y17' . 7yn) S An : fz(y) - OV'L}

Example. V(22 + y* — 1) = circle of radius 1
Note. Two different sets of polynomials can define the same varieties.
Ezample. V(z+y+2z,2+2y) =V(y— 2,2+ 22) = {(2a,—a, —a) : a € k}

Recall: The ideal generated by fi,...,f, € Sis I = (f1,...,fr) = {> i hifi : hy € S}. Tt is
closed under addition and multiplication by elements of S.

Lemma 1.4. V(f1,....fr) ={y € A" : f(y) =O0Vf € (f1,..., fr)}. Thusif (f1,...,fr) ={g1,---9s)
then V(fi,.... fr) =V(g1,...,9s)-

Proof. We show the inclusion both ways:

C: Let y € V(f1,..., fr). Then fi(y) = 0V¥i, so let f =377, hifi € (f1,..., fr), then f(y) =0.
D: Conversely if f(y) = 0Vf € (f1,..., fr) then f;(y) =0Vi. Hence y € V(f1,..., fr). O

Notation. If I = (f1,..., fr) we write V(I) for V(f1,..., fr).

Definition. Let X C A™ be a set. The ideal of function vanishing on X is I(X) ={f € S: f(y) =
Ovy € X}

Example. X = {0} C Al. Then I(X) = (z).
Note that I C I(V(I)). To see this we have f € I = f(y) =0Vy € V(I) = f € I(V(I)). On the
other hand we don’t have always equality.
e.g., I = (x?) € k[z], then V(1) = {0} C A", so I(V(I)) = (z) # (a?).
eg, k=Rand I = (22 +1). Then V(I) =0 so I(V(I)) = (1) = Rz] # I*.



2 Grobner Bases

Question: Given fi,..., fr, f € S, how can we decide if f € (f1,..., f.)? That is: given generators for
I(X) how can we decide if f vanishes on X7

Example 2.1. en=1k=Q. Is <332 — 3z + 2,22 —4x+4> = <x3 — 622 4 122 — 8,22 —5x+6> =
(x —2)7 Yes since we are in a PID so we can use Euler’s algorithm to find the generator. This
is a solved problems

e Any n and f1,..., f- are linear

—Isy—ze{z+y+z,2+2y)? Yes.

— Is 5w +3w0—Tx4+8x5 € (w1 + 2 + X3 + T4 + x5, 321 — Txg + 925, 221 + 324) = (f1, f2, f3)?
If f € (f1, f2, f3) then f =afi +bfs + cfs for a,b,c € k. So the question now becomes: is

111 1 1
(5,3,0,7,8) erow [3 0 0 -7 9|2
200 3 0

To solve this we use Gaussian elimination from Linear Algebra

As we seen from the above examples, we need a common generalization. This is the Theory of
Grobner bases.

Definition 2.2. A term order (or monomial order) is a total order on the monomials (polynomial in
one variable) is S = k[xy, ..., x,] such that:

1. 1 <z* for all u#0
2. 2% < 2V = TV < VTV for all w € N™.
Several term orders:
Lexicographic order X" < XV if the first non-zero element of v — u is positive.
Example. f =322 —822% + 9y'%. If z > y > 2, then 2% > 2% > ¢!° (since if v = (2,0,0),u =

(1,0,9) then v — u = (1,0, -9).

deg(X™) < deg(X")

Degreelicographic order X% < X7V if .
& grap {X“ Clox XV if deg(X*) = deg(X")

Example. f = 322 — 822° + 9y'°. Then z22° > 10 > 22.

deg(X™) < deg(X?)

Reverse lexicographic order (revlex) X2 < XVis . . . 1
the last non-zero entry of v — u is negative if deg(X") = deg(-

Example. f = 322 — 8xz° + 9y'". Then y'° > 22° > 22,

Definition 2.3. Given a polynomial f = > ¢, X" € S and a term order <, the initial term of f is
¢y X ¥ with XV > X for all u and ¢, # 0. This is denoted inc(f).

Definition 2.4. The initial ideal of I with respect to < is in<(I) = (in<(f) : f € I)

Warning: If I = (fy,..., f,) then in.(I) is not necessarily generated by (in<(f1),...in<(f.)).
e.g., Let I = (x +y + 2z, + 2y) and let the term ordering be z > y > z. Then in.(I) = (z,y).

Definition 2.5. A set {g1,...gs} isa Grobner basis for I'if {g1,...,9:} C Tandinc(I) = (in<(g1),...,in<(gs))-

The point of this is that long division by a Grobner basis decides the ideal membership problem,
that is, is f € (f1,..., fr)?

Definition 2.6. A monomial ideal is an ideal I C S generated by monomials X*.



Lemma 2.7. Let I be a monomial ideal, I = (X" :u € A) for some A C N". Then:
1. XV €I if and only if X“| X" for some u € A.

2. If f => ¢, X"V €I then each X" with ¢, non-zero is divisible by some X for U € A, hence they
lies in 1.

Proof. Note that part 1. is a special case of part 2.

Since f € I we can write f =Y h, X" with u € A, h, € S and all but finitely many are 0. Let us
expand the RHS as a sum of monomials. Then each term is a multiple of some X" so lies in I, hence
the same is true for the terms of f. O

Theorem 2.8 (Dickson’s Lemma). Let I = (X" :u € A) for some set A C N", then there exists
ay,...as € A with I = (X%, ... X%).

Proof. The proof is by induction on n.
n=1: We have I = (X*) for U = min{U : U € A}, this uses the fact that N is well ordered

n > 1: Name the variables of the polynomial ring x4, ..., z,_1,y.. Let J = <X“ : 35 > Owitha¥yl € I> C
k[z1,...,2,_1]. By induction hypothesis J = (X%1,... X%:) where (a;;, m;) € A for some
m; € N. Let m = max(m;). For 0 <1 <m—1,let J; = (X" :a%y' € I) Cklzy,...,zp_1].
So again by induction we have that J; = <xb”, e 7xbr(l)> where by, € N*~1 and 2%<y! € I.
We now claim that I = <xblsyl 0<li<m—-1,1<s< r(l)> + (x%iy™i 11 <5 < s).
Indeed if 2%y’ € I, if j < m then 2% € J; so x%:|z" for some b;s so xb=y’|zy’. If j > m
then 2% € J, so there is a; with X% |X" so X% y™i|X“yJ. In particular, every monomial
generator of I lies in (z"=y!, 2%iy™7) so the ideals are equal and I is finitely generated.
For each of the finite number of generators we can find a; € A with X% dividing the
generator (using the previous lemma).

O
Corollary 2.9. A term order is well ordered (every set of monomials has a least element)
Proof. If not, there would be an infinite chain X*“1 > X% > . . Let I = (X% :i > 1) C k[zq,...,z,),
then by Dickson’s lemma I = (X" ... X%is) for some iy < i3 < -+ < i5. In particular for j > i
there exists [ such that X“i|X%. Thus X% = X% X% but then X% < X% because 1 < X". This
is a contradiction. O

Corollary 2.10. Let I be an ideal in k[xy,...,x,] then there exists g1,...9s € I with inc(I) =
(in<(g1),...,in<(gs)). Hence a Grobner basis exists.

Proof. By definition in< (1) = (in<(f) : f € I). By Disckson’s lemma, there exists ¢1,...,9s € I with
(inc(g1),...,in<(gs)) = inc(I). O

2.1 The Division Algorithm

Input: f1,...,fs,f €S, < the term order

Output: Expression of the form ) . , h;f; +r where h; €S and r =

deyX™ with {c, #0=

X" is not divisible by in.(f;)Vi}, such that if inc(f) = ¢, X" inc(hifi) =
€y, X" then X" > XViVi.

Step 1: Initialize hy=---=h;,=0,r=0,p=f.
Step 2: While p # 0 do:
i=1

Divisionoccured = false
While 2 < s and Divisionoccured = false do:

If inc(f;)|in<(p) then:

p=p— i1rI11<<((;1-)) fi




Divisionoccured = true

Else:
1=1+1

If Divisionoccured = false then:
r=r+in(p)
p=p—inc(p)

Step 3: Output: hy,...,hs, 7.
Example 2.11.

Input: fi=z+4+y+z, fo=3x—2y, f=5y+32z, < lex (z<y<2)
Step 1: hy =0, ho =0, r=0, p=>5y+3z.
Step 2: i=1
Divisionoccured = false
does in.(f1)|in<(p)? Yes:
hi =043
p=5>5y+32)—3-(v+y+z2)=-3x+2y
Divisionoccured = true
Step 2: i=1
Divisionoccured = false
does in.(f1)|in<(p)? No:
1=2
does in<(f2)|in<(p)? Yes:
ho =0+ —1
p=-3c+2y+(-1)-3z—2y)=0
Divisionoccured = true
Step 3: Output: h; =3,ha=—-1,r=0

Note that the division algorithm depends on the ordering. (In the above example if © > y > z then
the output is by = hy = 0 and r = 5y + 32)

Proposition 2.12. The above algorithm terminates with the correct output .

Proof. As each stage the initial term in.(p) decreases with respect to <. Since < is a well-order, this
cannot happen an infinite number of times, hence the algorithm must terminate.

At each stage we have f = p+>_ h; f;+r, where h; f; and r satisty the condition, so when it outputs
with p = 0, the output has the desired correct form. O

Proposition 2.13. If {g1,...,9s} is a Grobner basis for I with respect to <, then f € I if and only
if the division algorithm outputs r = 0.

Proof. The division algorithm writes f = >_ h;g; + r, where no monomial in r is divisible by in.(g;).
Thus f € I'if and only if r € I. Now if 7 # 0 then in(r) ¢ inc(I) = (in<(g1),...,in<(gs)), sor ¢ I.
Hence r = 0 if and only if r € 1. O

Corollary 2.14. If {g1,...,9s} is a Grobner basis for I then I = (g1,...,9s)

Proof. We have (g1,...,9s) C I by the definition of Grobner basis. If f € I, then we divide f by
g1,---59s to get f=> h;g; +r, but r =0. So we have f € {(g1,...,9s), hence I C {(g1,...,9s)- O

Corollary 2.15 (Hilbert Basis Theorem). Let I C S be an ideal. Then I is finitely generated.

Proof. We know that I has a finite Grobner basis (since monomial ideals are finitely generated). By
the previous corollary, this Grobner basis generates I O

Definition 2.16. A ring R is Noetherian if all its ideals are finitely generated.

Hence the Hilbert basis theorem says S is Noetherian. Note that there is a standard algorithm (the
Buchberger algorithm) to compute Grobner bases.

Definition 2.17. A reduced Grobner basis for I with respect to <, is a Grobner basis of I which
satisfies:



1. Coeflicients of in<(g;) is 1
2. No in<(g;) divides any other-way
3. No inc(g;) divides any other term of g;.

Such a reduced Grobner basis exists and is unique. With this we can check whether two ideals are
equal. To do this we fix a term order and compute a reduced Grobner basis for I and J.



3 Zariski Topology

Recall that a topological space is a set X and a collection § = {U} of subsets of X called open sets,
satisfying:

1.Ooeo
2. Xeb
3. UUU €fthenUNU' €6
4. If U, € 0 for a € A, then U, U, € 0.
A set Z is closed if its compliment is open.
Definition 3.1. The Zariski Topology on A™ has close set V(I) for I C S an ideal.

Example. In A', under the Zariski Topology, the closed sets are finite set, A or (). (A = V(0) and
0 =V(9))

Recall: If I, J are ideals in Sthen I+ J={i+j:i€l,j€ J}, whileIJ=(ij:i€l,j€J). In
terms of generators, if I = (f1,..., fs) and J = (g1,...,g,) then I +J = (f1,..., fs,91,...,9s) and
IJ=(figi :1<i<s,1<j<r).

Proposition 3.2. Let X =V (I) and Y =V (J) be two varieties in A™ then:
e XNY =V({I+J)
o« XUY =V(INJ)=V(LJ)

Proof. e Let ye XNY. Then f(y) =0forall felandg(y)=0foralgeJ. So(f+g)(y)=0
for all f € I and g € J. Hence by definition y € V(I + J).
Conversely: let y € V(I 4+ J), then h(y) = 0 for all h = f + 0 with f € I, hence y € V(I).
Similarly h(y) =0 for all h =0+ g with g € J, hence y € V(J). Soy e X NY.

e Let ye XUY. Thenye XoryeV. If y € X then f(y) =0Vf e l,so f(y) =0VfelInld,
hence y € V(I NJ). Similarly if y € Y then g(y) = 0Vg € I, so g(y) = 0Vg € I N J, hence
yeV(InlJ).

Let y € V(IJ). Then h(y) = OVh = fg with f € I,g € J. Thus h(y) = f(y)g(y)Vf € I,g € J.
Suppose y ¢ Y, that is there exists g € J with g(y) # 0, then f(y) =0Vf € I, hence y € V(I) =
X. Thus we have y e X UY. So V(IJ) C X UY.
Note that INJ 2 I1J so V(INJ)C V(IJ) (This follows from the general fact I C J = V(J) C
V(J))
We have shown V(INJ) CV(IJ) C XUY CV(INJ), thus they are all equal.

O

In fact, if {X,, : a € A} is a collection of varieties in A” with X, = V(I,,), then N, X, = V((Ul,)).
Challenge question: What goes wrong with arbitrary union.

Corollary 3.3. The Zariski topology is a topology on A™.

Note: This topology is weird compare to the Euclidean topology, for example it is not Haussdorf
and open sets are dense.

3.1 Morphism

Definition 3.4. A morphismisamap ¢ : A" — A™ with ¢(y1, ..., Un) = (D1 (Y1, -, Un)s- s P (Y1, -+, Yn))
where ¢ € klz1,...,zp].

Example. ¢ : A2 — A2 defined by ¢(z,y) = (2% — y?, 2% + 22y + 3y?).

Morphism plays the role of continuous functions in topology. Questions: are all continuous functions
morphism? No.



x+1 z¢Q
x rzeQ
want this, hence why we restrict to morphism.

Example. f(x) = . This is a continuous function in the Zariski topology. We don’t

Definition 3.5. For f € k[z1,...,2n], ¢ : A™ — A™ the function f o ¢ € k[z1,...,z,] is called the
pullback if f by ¢.
Note. ¢*f = fo .

Recall: a k-algebra is a ring R containing the field k. A k-algebra homomorphism is a ring
homomorphism ¢ with ¢(a) = aVa € k.

Lemma 3.6. The map ¢* : k[z1,...,2m] = k[z1,...,2,] is a k-algebra homomorphism
° ¢7(1) =
e ¢7(0) =
e ¢o*(a) =aVa €k
e ¢*(fg) =" (f)o"(9)
* ¢*(f+g)=9"(f) +¢"(9)
Proof. Exercise O

Note: The polynomial ring is the ring of morphism from A" to Al.

Definition 3.7. The coordinate ring k[X] of a variety X = V(I) C A" is the ring of polynomial
functions from X to Al.
Equivalently: k[X] = {f € k[z1,...,2,]}/ ~ where f ~ g if f(y) = g(y) for all y € X.

Note. f(y) = g(y)Vy € X if and only if (f —¢)(y) = 0Vy € X, that is, if and only if f — g € I(X). So
k[X] = k[z1,...,z,]/I(X) and in particular k[X] is a ring,.

Example. o X =V (2? +y? — 1) then k[X] = k[z,y]/ (2% +¢y* — 1)
o X =V(23) C A! then k[X] = k[z]/ (z) 2 k.

Definition 3.8. Fix X = V(I) C A". Two morphism ¢, : A" — A™ are equal in X if the induced
pullback ¢*,¥* : k[z1,...,2m| = k[Z] = k[z1,...,z,]/I(X) are equal.

Definition 3.9. A morphism ¢ : X — A" is an equivalence class of such morphism.

Example 3.10. Let X = V(22 +y? — 1), ¢ : A2 — Al defined by ¢(z,y) = 2* and ¢ : A2 — A!
defined by ¢(x,y) = (y* — 1)2. We claim that ¢ = v on X since ¥* : k[z] — k[z,y] is defined by
z +— ot while ¢* : k[z] — K[z, 9] is defined by z — (y? — 1)2. But k[X] = k[z,y]/(z* + y*> — 1), and in
there 2% = (y? — 1)2, hence ¢* = ™.

Lemma 3.11. If ¢,¢ : A™ — A™ are equal on X then ¢(y) = ¥ (y) for all y € X.

Proof. If ¢(y) # 1 (y) for some y € X then they differ in some coordinate i. Then z;(¢(y)) # 2z (¥(y)),
so ¢*zi(y) # ¥z (y). Hence ¢*z; — ¢*z; ¢ I(X), so the pullback homomorphism ¢* and ¢* are
different. O

Definition 3.12. Let X C A" and Y C A™ be varieties. A morphism ¢ : X — Y is a morphism
¢: X = A™ with ¢(X) CY.

Example. Let X = Al and Y = V(cy —3?) C A3 and let ¢ : A! — A3 be defined by gb( ) = (t,t2,13).
Then ¢* : k[z,y, 2] — k[t] is defined by z + ¢, y + t? and z — t>. Since t#3 — (t2)2 = 0, ¢(A!) C Y,
so ¢ is a morphism from A — Y.

Proposition. Let X C A", Y C A™ be varieties. Any morphism ¢ : X — Y induces a k-algebra
homomorphism ¢* : k[Y] — k[X]. Conversely given a k-algebra homomorphism from k[Y] — k[X] is
¢* for some morphism ¢ : X — Y.



Proof. Let ¢ : X — Y be a morphism. Since ¢(X) C Y we have f o ¢(z) = 0Vz € X and

f € I(Y). Hence ¢*f € I(X)Vf € I(Y), therefore the induced map ¢* : k[z1,...,2m] — k[X] =

k[z1,...,2,]/I(X) factors through k[Y]. So given a morphism ¢ : X — Y we get ¢* : k[Y] — k[X].
Conversely given a k-algebra homomorphism « : k[Y] — k[X] it suffices to find a k-algebra homo-

morphism a* : k[z1,...,z,] = k[z1,...,2,] for which we have a commutating diagram
klz1,- .., Zm] i>k[x1,...,mn]

[

kY] = k[X)
Then @ will be a morphism A" — A™ with @(X) C Y. We construct such a* as follow. Let
g; be any polynomial in k[z1,...,x,] with i%(g;)) = a(i}(z)). Set a* = g; and extend as a k-
algebra homomorphism. (g; exists since the map % is surjective). This defines a* : klz1,..., 2m] —
k[z1,...,2,] and i% o &*(z1) = a0 i} (2;) by construction, hence the diagram commutes. O

Example 3.13. Let ¢* : k[t] — k[z,vy,2]/(2? — y,2® — 2). Then ¢*(t) = z and ¢*(t) = v + 2% — y is
the same. This is ¢* for ¢ : V(22 —y, 2% — 2) — A! defined by ¢(z,y,2) = z (or ¢(z,y,2) =z +2%—y
as while they are different morphism they agree on X)

So to sum up: Morphism ¢ : X — Y are the same as k-algebra homomorphism of the coordinate
rings ¢* : k[Y] — k[X]. note that the homomorphism goes the other way! (contragradient).

Exercise 3.14. If X %V % Z with X % Z. Then o* : k[Z] — k[X] is ¢* o ¥*.

Definition 3.15. An isomorphism of affine varieties is a morphism ¢ : X — Y for which there is a
morphism ¢! : Y — X with po ¢! =idy and ¢~ 0 ¢ = idx.
An automorphism of an affine variety is an isomorphism ¢ : X — X.

WARNING: A morphism that is a bijection needs not be an isomorphism.

3.2 Images of varieties under morphism

That is, given ¢ : A™ — A™ what is ¢(X)?

Warning: ¢(X) needs not to be a variety. For example X = V(zy —1) C A! and ¢ : A2 — A!
defined (z,y) — z. Then ¢(X) = A\ {0}. (REMEMBER THIS EXAMPLE!). Notice that the closure
of #(X),is ¢(X) = Al L

Another question is: Given X C A" and ¢ : A" — A™, how do we compute ¢(X). We use
the following clever trick: let X C A™, first we send = — (x,¢(z)), then project unto the last m
coordinates, i.e., ¢(X) is the composition of the inclusion of X into the graph of ¢ with the projection
onto the last m coordinates.

This breaks the problem into two parts:

e Describe the image of X — A" x A™

e Describe 7(Y) for Y C A™ x A™, where 7 is the projection onto the last m coordinates.
For part 1, the image of X = V(1) is V(I) NV (z; — ¢i(x)) CA" x A™ = (21, ..., Tn, 21, -, Zm)

Example. Let ¢ : A2 — A? defined by ¢(x,y) = (x +y,2 —y) and let X = V(22 — y?). Then the
graph of X in A2 x A% is V(2% — 42,21 — 2 —y, 20 — 2 +y) C (2,9, 21, 22). Then ¢(x,y) = (21, 22)
Theorem 3.16. Let X C A™ be a variety and let ¢ : A™ — A™ be the projection onto the last m

coordinates. Then m(X) =V (I(X) Nk[Tn—m+1,---,Tn))

Note. We'll soon show that if k = k then we can replace I(X) by I. But it is not true otherwise, for
example, consider k =R and X = V(22y? +1) C A? and 7 : (z,y) — y. Then X =), 7(X) = () and
I(X) = (1). But <x2y2 + 1> N kly] = (0)



Proof. 1f f € I(X)Nk[Zpn—m+1, ..., Tm] then f(y) = 0Vy € X, 50 f(Yn—m+1,---,Un) = OV(Yn—mt1,---Yn)
with y € X, hence f(n(y)) = 0Vy € X and thus n(X) C V(I(X) Nk[Zpn—m+1s---,Zn])-

Conversely if g € I(m(X)) then g(Yn—m+1s---,Yn) = OVy = (y1,...,yn) € X. So g € I(X) N
El@n—m+1s---,2n] so I(m(X)) C I(X) Nk[Tp—m+1,-..,Tn]. But since 7(X) = V(I(w(X)) this shows

V(I(X)NVk[Tp—mi1,- .-, 20]) C7(X). O
This leaves the question: Given I C k[z1,...,2p, 21, - ., Zm] how can we compute I Nk[z1, ..., 2;,]?
The answer is to use Grobner basis.
Recall: the lexicographic term order with =1 > -+ > x, > 21 > -+ > 2z, has z%z" > % 2v if

(u — u',v — v') has first non-zero entry positive.

Proposition 3.17. Let I C k[x1,...,2,] = S and let G = {q1,...,gs} be a lexicographic Grobner basis
for I. Then a lexicographic Grobner basis for INk[Xp_m1, ..., Ty is given by GNK[Tp—mi1,. .., Tn] =
S’ i.e., those elements of G that are polynomials in Tp_mi1,--.,Ty-

Proof. GNS' is a collection of polynomials in 7NS’; so we just need to show that {inciex(g) : g € GNS') =
inciex(INS") € 5. Let f € INS’. Then incjex(f) € inclex(I), so thereis g € G with incjex(g)|in<iex(f).

Since f € S, inc1ex(g) is not divisible by x1, ..., 2, and thus g € S’. Hence incjex(f) € (inciex(g9) : g € GN S,
so GN S’ is a Grobner basis for I N S’. O

The next question is: Given X = V(I), what is I(X)?

Hilbert’s Nullstellensatz. If k = &, then I(V(I)) = /I, where \/T is the radical of I. (Denoted
r(I) in Commutative Algebra)

Proof. This proof will come later in the course.
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4 Sylvester Matrix

Given f, g € k[z], how can we decide if they have a common factor?

Definition. f = 52° + 62* — 23 + 222 — 1 and g = 72° + 823 — 322 + 1.

Or f = axr+b,g = cx + d. In this case we have that f, g has a common factor if and only if
a b
c d
such that an 4+ bm = 1. This naturally leads to the next proposition.

= 0. Notice the analogy with Z, that is, n,m € Z have a common factor when there is no a,b

Proposition 4.1. Let f = Zi:o a;x’ and g = Z;n:O bjz? be two polynomials in k[z]. Then the
following are equivalent.

1. f,g have a common root, i.e., there exists a € k such that f(a) = g(a) =0

2. f,g have a non-constant common factor h

3. There does not exists A, B € k[z] with Af + Bg =1

4- (f,9) # kla]

5. There exists A, B € k[z] with deg(A) <m —1,deg(B) <1 —1 and Af + Bg = 0.

Proof. 1= 3: If f(a) = g(er) =0 and Af + Bg =1 then A(a)f(a) + B(a)g(a) =1=0+0=1
which is a contradiction, hence no such A, B exists.

3= 4 Suppose (f,g) =1 = k[z], then 1 € (f, g) so there exists A, B € k[z] with Af + Bg=1

4=2: If (f,g9) # klx] then, since k[z] is a PID, the ideal (f,g) = (h) for some h € k[z] non-

constant. So f,g € (h) that is, f = fh, g = gh and thus f, g have a non-constant common
factor.

2=15: We write f = fh, g = gh and set A= g and B = ,f_ Then Zf + Eg =0 and ﬁ, Esatisfy
the degree bound.

5= 2 If ﬁf + Eg = 0, then every irreducible factor of g divides Ef, since k[z] is a UFD. Since

deg(g) > deg(A) at least one irreducible factor must divide f. Hence f and g have a
common factor.

2= 1 If f, g have a non-constant common factor h, let a be any root of h, then f(a) = g(a) = 0.
So f and g have a common root.
O

Part 5 is the key idea here. Given f =Y a;2* and g = Y bjz’/ with 0 <i <l and 0 < j < m, write
A=y" et and B = Zi‘_:%) djz? where ¢;,d; are undeterminate coefficients.

0 = (Cmfll‘m_l et Co)(al.%‘l + -4 ag) + (dlilxl—l o do) (D™ + -+ -+ bg)
= (cm,lal + dl,lbm)x“‘m_l + (Cmflalfl + em—oa; +dj—1by—1 + d172bm)xl+m_2 + -4 (C()a() + dob())

Thus all the coefficients of 27 are zero. Remember that a; and b; are given, so we have a set of linear
equations in the ¢ and d variables. We can count that we have [ + m variables and linear equations.
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This gives the following matrix

a; 0 . bm 0
aj—1 aj o bm—l bm
aj—2 Qj—1 T bm—o  bm—1
ag bo

m l

There exists non-zero ,ZL B if the correct degree with A f+ Eg = 0 if and only if the determinant of
this matrix is zero.

Definition 4.2. Let f = Zizo az’ and g = 377" bja? be polynomials in k[z] with a;, by, # 0. The
Sylvester matriz of f,g with respect to x is the (I +m) x (I + m) matrix

ap 0 e bm 0
aj—1 a; e bm,1 bm
aj—2 Q-1 . bm—2 bm—l
Syl(f,9,2) =
ap bo

m l

The determinant of Syl(f, g, ) is a polynomial in a;,b; with integer coefficients. This is called the
resultant of f and g and is denoted Res(f, g, ).

Example. Let f = 22 + 3z +a and g = 2 + b. Then

Syl (f,gx) =

L W
o o=
= O

so Res(f,g,7) = b*>—(3b—a) = b> —3b+a, so f and g have a common factor if and only if a = 3b— b.
Theorem 4.3. Fiz f,g € k[x], then f,g have a common factor if and only if Res(f,g,x) =0
Proof. This is what the previous work has been about. O

Example. f =22 +22+1,g=2?>+3z+2

Syl(f,g,2) =

O~ N =
N = O
O W
N W= O

We see that (r3 —r1) — (ro —r1) —r4 = 0, so Res(f, g,z) = 0. (In fact the common factor is x + 1)
f=ar?>+br+c,g=f =2azx+b

a 2a 0
Syl(f,g,z)=|b b 2a
c 0 b

So Res(f, g,x) = ab® — 2a(b? — 2ac) = —ab? + 4a*c = —a(b?® — 4ac)
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Notice how in the second example we nearly ended up with the discriminant of a quadratic equa-
tions.

Definition 4.4. Let f = Zli:O a;x'. Then the discriminant of f, disc(f) = %Res(f, 1 x)

Proposition 4.5. The polynomial disc(f) lies in Zlag,...,a;]. The polynomial f has a multiple root
if and only if disc(f) = 0.

Proof. Note that the first row of Syl(f, f',z) is (a;,0,...,0,la;,0,...,0) so a;|Res(f, f’,x) and thus
disc(f) € Z[ag, - . ., ]

Since deg(f) =1 and a; # 0, we have disc(f) = 0 if and only if f and f’ have a common root, so
we just need to check that this happens if and only if f has a multiple root. Fix a root a of f and
write f = (x — )™ f where f(a) #0. Then f/ =m(z — o)™ 1 f + (z — a)™f, so f'(a) =0 if m > 1.
If m =1 then f'(a) = f(a) 0. So « is a root of f’ if and only if « is a multiple root of f. O

Generalizations:

1. More variables:

Given f,g € k[z1,...,x,], write f = Zé:o a;ri and g = ZT:O bjx{ where a;,b; € k[za,...,2,)
and ag, by, # 0. Then Res(f, g,z1) = det(Syl(f, g, z1)) € k[z2,...,zn].
Note. We can think about f, g as polynomials in k(xa,...,z,)[z1] (fields of rational functions).

So this is a special case of the first one. In particular, either Res(f,g,z1) = 0 or there exists
A,B € k(zy,...,x,)[z1] with Af + Bg = 1.

Example. A= ARes(f, g,z1), B= BRes(f,g,x1) are polynomials in k[x1,xa,...,x,] so ﬁf +
Bg = Res(f,g,z1). A and B comes from solution to

Cm—1
0
co
Syl(f, g =
y (f g 1}1) dy_y
: 1
do
Cramer’s rule states Ax = b, x; = % where A; is A with i*" column replaced by b. By

Cramer’s rule, the ¢; and d; have the form polynomial is s, ...z, /Res(f, g, z1). So ARes(f,g,x1)
is a polynomial in k[zq, ..., x,]

As a corollary to all of this we have that Res(f,g,z1) € (f,g) Nk[za,...,z,]. This is a cheaper
way to do elimination/projection.

Proposition 4.6. Fiz f,g € k[z1,...,x,] for degrees I, m in x1 respectively. If Res(f,g,x1) €
k[xa, ..., xn] is zero at (cz,...,cpn) € k"= then either aj(ca, -+ ,cn) = 0 or by (ca,...,cn) =0
or 3c1 € k such that f(c1,...,cn) =g(c1,...,cn) =0.

Proof. Let f(x1,¢) = f(x1,¢2,...,¢,) € k[x1] and similarly let g(z1,c¢) € k[x1]. If neither a;(c),
bm(c) = 0 then f(x1,c¢) had degree | and g(z1,c¢) has degree m. So Syl(f(z1,¢),g9(x1,¢,),x1)
is Syl(f, g, 1) with ca, ..., ¢, substituted for s, ..., z,. Thus Res(f(x1,¢),g(x1,¢),z1) = 0, so
f(x1,¢) and g(x1,c) have a common root ¢; € k. Hence f(ci,co,...,cn) = glci,coy...\cn) =
0. O

2. Resultants of several polynomials.

Given f1,..., fs € k[x1,...,x,] we introduce new variables ug, ..., us and let g = ug fo+. .. usfs.
Write Res(f1,9,71) = Y. ha(T2,...,2,)u® with a € N*~' We call h, € k[zo,...,7,] the
generalised resultant.
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Example. Let fi =23 +32+2, fo=2+1, fs =2 +5. Then g = up(z + 1) + uz(z + 5) and

1 wus +ug 0
Syl(f,g,z1) = |3 w2 +b5uz wup+us
2 0 ug + dus

so Res(f1,g,71) = —4usug + 12u3. Hence hy 1 = —4 and hg o = 12.
Lemma 4.7. The polynomial h,, lies in (f1,..., fs) Nk[za,...,xy]
Proof. Write Res(f1,g9,21) = Af1 + Bg for A, B € klug, ..., us,21,...,2T,]. Write A = > A u®
and B = Y Bgu? for A,,Bs € k[z1,...,2z,). Then Res(fi,g,71) = Y hou® = > (Aaf1 +
> o Ba—e fi)u®. So ho = Aafi+ > Ba—e. fi € (f1,--., [s). Furthermore h, € k[zo,...,2,] by
construction. O

4.1 Hilbert’s Nullstellensatz

Consider 7 : A™ — A™ projection onto the last m coordinates. We saw 7(X) = V(I(X)Nk[Zn—m+1;s - - -, Tn])-
The question is what do we add then we take the closure? Given y € n(X) is y € 7(X)?

Theorem 4.8 (Extension Theorem. ). Let k = k. Let X = V(I) C A" and let 7 : A" — A™™! be
projection onto the last n—1 coordinates. Write I = (f1,..., fs) with f; = gi(xa, ..., xn)xivi—&—l.o.t. inx;.
Let (ca,...,cn) € V(I Nk[xa,...,z0]). If (coy..-ycn) € V(gr,...,9s) € A" then Iy € k with
(c1y...,cn) € X.

Example. X = V(zy — 1), fi = 2y — 1,91 = 2. Then the theorem say if ¢; € V(0) = A! and
c1 ¢ V(z) then there exists co with (¢1,c2) € V(zy — 1). Note that V(0) comes from (zy — 1) N k[z].

Note. I CI(X)soINklza,...,x,) CI(X)NEk[x2,...,z5] s0 V(INk[za,...,z,]) D 7(X). How useful
this is depends on the choice of the generators of I. The theorem talks about I, not I(X), so this
brings us closer to the Nullstellensatz.

Proof. s = 1: In this case f = gi(xa,...,7,)2Y + Lo.t.We have (f) N k[zs,...,z,] = (0), and
(cay .. cn) €V NE[xa,. .., xy]

Case1l. N #0: gi(c1,...,¢,) # 0, then f(x1,c9,...¢,) is a polynomial of degree N in
1 so has a root ¢ in k.

Case 2. N =0 then g1 = f1, so if (ca,...,cn) € V({f) Nk[za,...,2,]) = V(f) CA"!

s =2 The (previous) proposition shows that if gi(ci,...,¢,) # 0 and go(ca,...,c,) # 0 then
the desired c¢; exists. Suppose (co,...,cn) ¢ V(g1,92) then without loss of generality
gi(ca,...,cn) #0. If ga(ca, ..., c,) # 0 then ¢y exists. Otherwise replace fo by fo + 2 fi
for N > 0. This does not change the ideal (f1, f2) and it does not change (ca,...,¢,) ¢
V(g1,92) = V(91,91). Then the proposition implies there exists ¢; with fi(c1,...,cn) =
fg(cl, ‘e Cn) =0.

s> 3: Also assume g (ca, ..., c,) # 0. Replace fo by fo+a f1 for N > 0 if necessary to guaran-
tee ga(c) # 0 and deg, (f2) > deg, (fi) for i > 2. Write Res(f, > ;_,uifi,z1) = Y hau®.
Since hy € INk[z3,...,x,] we have hy(ca, ..., ¢,) = 0Va. Thus Res(f, Y uifi,x1)(ca, ... Cnytt, ... Us)
is the zero polynomial.
By construction the coefficients of the maximal power of 21 in f; and in > u, f; are g; and
g1u1, SO are non-zero are (ca,...,c,). Thus 0 = Res(f, > wuifi,x1)(ca, ..., Cnyur, ... ug) =
Res(f1(z1,ca,...,¢n), > uifi(x1,¢,...,¢n),21). Thus there exists F € k(ua,...,us)[z1]
with deg, F' > 0,F|fi(z1,¢c2,...,¢,). Write F' = F/g where F = kfug,..., us, z1],
g € klua,...,us]. Then F divides fi(zi,ca,. . ¢n)g(ug, ... ,us). Let F” be an irredu-
cible factor of F with positive degree in 1. Then F”|f1(x1,ca,...,c,). Thus it does not
contain any u;. So F”|> w;fi(xi,ca,...,¢,) but F” € k[z1] thus F”|f;(x1,ca,...,c,) for
2 <i¢<n. Then F"|fi(x1,ca,...,cpn) for all 1 <4 < s. Then choose a root ¢; of F”. Then
F'’(c1) =0s0 fi(c1,...,cn) =050 (c1,...,cn) € X

O
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Weak Nullstellensatz. Let k = k. Suppose I C k[x1,...,,] satisfies V(I) = 0, then [ = (1) =
klxy, ..., z5].

Proof. We use an induction proof on n.

n =1 I=(f) Ckl[r1]. If f ¢ k there exists o € k with f(«a) =0so V(I) # 0. Thus if V(I) = 0,
I'={(f)=).

n > 1: Let I = (f1,..., fs) and suppose V(I) = (). We may assume deg(f;) > 0 for all i. Let the
degree of f; be N. Consider the morphism ¢ : A” — A" given by ¢* : k[z1,...,2m] —

klz1, ..., 2n] with ¢*(z;) = 2z; + a;21 with a1 =0 and a; € K for i > 1.
Note: ¢* is an isomorphism, since the matrix is

1 00 0
a 1 0 0
a3 0 1 0
a, 0 0 ... 1

is invertible. (¢*)71(2;) = z; — a;z;. This means that 1 € I if and only if 1 € ¢*(I), and
¢~ (X) = V(¢*(I)) = 0. (This is because V(¢*(I)) = {y : ¢*f(y) = 0Vf € I} = {y :
fooly)=0Vfell ={y:o(y) e V(I)}.)

Let fi = Y c,a%. Note that ¢*(f1) = c(az,...,a,)z" + lLo.tin z; where c(ag,...,a,) is
the non-zero polynomial in as, ..., a,, i.e., c(ag,...,a,) = Z|u\:N ¢y [Jay". Thus we can
choose (az,...,a,) € k"~ ! with c(as,...,a,) # 0. (Exercise: this holds because the field
is infinite)

Then gy € k, 50 V(g1,...,9s) = 0 for ¢7(fi) = gizl* +Lo.t. Let J = ¢*(I) Nk[z1,. .., 2n],
then by the extension theorem, if (co,...,c,) € V(J) then there exists ¢; € k with
(c1,...,¢n) € V(¢*(I)). Thus V(J) = 0 and by induction J = (1), so 1 € ¢*(I) and
solel.

O
Note that is 1 € I, we can write 1 = > A; f; with A; € k[z1,...,z,].
Nullstellensatz. Let k = k. Then I(V(I)) = V1.

Proof. Let f™ € I, then f™(z) =0Vx € V(I) so f(z) =0 for all z € V(I). Hence f € I(V(I)), thus
VI CI(V(D))

For the reverse inclusion, suppose f € I(V(I)) andlet I = (f1,..., fs) and I= (fi,-- s s, 1—yf) C
k[z1,. .., 2p,y]. Now that V(I) = @ sinceif fi(z1,...,2) = -+ = fo(21,...,2,) = Othen f(z1,...,2,)
0sol—yf(x1,...,x,) # 0Vy. So by the Weak Nullstellensatz we have that 1 € I. So there ex-
ists p1,...,ps,q € k[x1,...,2n,y] with 1 = > pifi + ¢(1 — yf). Regard this as an expression in
k(z1,...,%n,y) and substitute y = %, then 1 = Zpi(xl,...,xn%)fi. Choose m > 0 for which
pi(@i, . xnp) f™ € Klwr,.. @] then f™ = Y(pi(z1,...,207)f™)fi, hence f™ € I and thus

feVI
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5 Irreducible Components

(There is some cross-over with commutative algebra here, revise both!)

Definition 5.1. A variety X C A" is reducible if X = X; U Xy with X7, X5 non-empty varieties in
A™ and Xl,XQ ; X
X is irreducible if it is not reducible.

Example. e X =V(z,y) CA? then X = V() UV (y).
o V(2% +y?—1) C A? is irreducible but it is not trivial to prove. We will prove this later.
e X C Al is reducible if and only if 1 < |X| < 0o

e X =V(f)isahypersurface in A”. Let f = cf}" ... f@ where ¢ € k and f; are distinct irreducible
polynomials. Then V(f) =V(f1)U---UV(f,). Claim: If » > 1 then V(f) is reducible. We just
need too show that V(f;) # 0,X for all i. Now V(f;) # 0 since 1 ¢ (f;). If V(f;) = X
then V(f;) € V(f;) for some j # i. Hence f; € I(V(f;)) = \/f; = (f;) (exercise). So
fjlfi which contradicts f;, f; being distinct irreducible. Actually V(f;) are all irreducible, so
X =V(fi)U---UV(f.) is a decomposition into irreducible.

Theorem 5.2. Let X C A" be a variety. Then X = X7 U---UX,., where each X, is irreducible. This
representation is unique up to permutation provided it is irredundant (i.e., X; ¢ X; for any i # j)

Proof. For this theorem, we use the fact that k[xy,...,z,] is Noetherian, in particular, that there is
no infinite ascending chain I1 C I C I3 C ... of ideals in k[z1,...,z,].

Existence: If X is irreducible then we are done. Otherwise write X = X; U X5 where X1, X5 are
proper subvarieties. Again if both are irreducible then we are done. Otherwise we can write X; =
X11UX12 and X = Xo1 U X9 where X;; are proper subvarieties of X;. Iterate this process. We claim
that this process terminates with X = UX; (Finite union). If not we have an infinite descending chain
X 2 X7 2 X351 2 X111 2 ... This gives a reverse containment I(X) C I(X;) € I(X11) € .... This
chain must stabilize, SO I(Xlll...ll) = I(X111,,_11111) but V(I(Xll...lll) = X11_“11Whi(}h contradicts
the proper inclusion of varieties. Since V(I(V(I))) = V(I). Hence the decomposition process must
terminates.

Uniqueness: Suppose X = X3 UXoU---UX, = X{U---U X, are two irredundant irreducible
decompositions. Consider

XnXx) = X|
= (XHu---uUX,)NnX;
= (XN (X))U-- U (XN (X))

Since X! is irreducible, there must be j with X; N (X/) = X/, so X] C X;. The same argument shows
that there is k& with X; C X, so we have X] C X; C X,. Since the decomposition is irredundant,
X] = X| = X},. This construct a bijection between {X,} and { X/}, hence r = s and the decomposition
is unique up to permutation. O

Note: This was a topological proof. A topological space with no infinite descending chain of closed
set is called Noetherian (note how this is the “opposite” condition to Noetherian ring). Noetherian
topological spaces have irreducible decompositions.

Theorem 5.3. Let X C A" be a variety. The following are equivalent:
1. X 1s irreducible
2. The coordinate ring k[X] is a domain

3. I(X) C klx1,...,x,] is prime.
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Proof. 2 <= 3: Recall k[X]| = k[z1,...,2,]/1(X). Soif f,¢g € k[X] satisfy fg = 0 then there are
lifts f,g € k[z1,...,2,) such that f,g ¢ I(X) and fg € I(X). Same argument works the
other way round.

1=3: Suppose I(X) is not prime, that is, there exists f,g ¢ I[(X) with fg € I(X). Let X; =
V(f)NX and X5 =V (g)NX. Since f,g ¢ I(X) then X;, X5 C X. However X; U Xy =
V(HNX)UV(gNX)=((V(fHuV(g)NX =V(fg)Nn X = X since fg € I(X). So X
is reducible.

3=1: Suppose X = X; U X, with X; and X5 proper subvarieties. Then I(X) C I(X;),I(X) C
I(X3) (To see this take V(_) of both side then V(I(X;)) = X;). So we may choose f €
I(X))\I(X) and g € I(X2)\I(X). Now fg € I(X1)NI(X3),s0 V(I(X1)NI(X2)) C V(fg).
But V(I(X1) N I(X2)) = V(I(X1)) UV(I(X2)) = X1 UXs = X. So fg € I(X) so I(X) is
not prime.

O

Remark. Some text reserve the word “variety” for irreducible varieties and call what we call varieties
“algebraic sets”.

Warning: If X = V(I) is irreducible, this does not imply that I is prime, just that I(X) is. This
about I = (22, zy?) C klz,y).

Theorem 5.4. Let k = k (this condition is unnecessary as there exists a commutative algebra proof
which show this theorem holds for k # k. See Commutative Algebra notes, this is the whole theory of
Primary Decomposition). Let I = /I (a radical ideal) in k[x,, ..., x,)], then I = Py N ---N P, where
each P; is prime. This decomposition is unique up to order if irredundant.

Proof. Let X = V(I) and let X = X3 U---U X, be an irredundant irreducible decomposition. Let
P, = I(X;) which is prime by the previous theorem and let P = NP;. Then V(P) = UV (P;) = UX, =
X. So VP =1I(X)=1I If f* € P for some m > 0 then f™ € P, for all i, so f € P; for all i. Hence
fenP;, =P and thus VP = P. So I =NP,

Uniqueness follows from the uniqueness of primary decomposition. O

The next question to come up is how can we determine the P;, that is the prime decomposition of
radical ideals.

Definition 5.5. Let I, J be ideals. Then the colon (or quotient) ideal is (I : J) = {f € klz1,..., 2] :
fg=IVge J} CI.
Example. Let I = (22, 2y?) and J = (z). Then (I : J) = {f : fg € (e, ay®) Vg€ (x)} ={f : fz €
(@, 2y?)} = (z,9?)

Theorem 5.6. Let I = /I and let I = NP; be an irredundant primary decomposition. Then the P;
are precisely the prime ideals of the form (I : f) for f € klx1,...,z,].

(1) fer
P fé¢P '
So (I: f) = Nygp,Pi- Fix P;, since P; ¢ P; for any j # 4, we can find f; € Pj\P;. Let f =[], ; f;
then f € ﬂJ;éle\Pz So (I : f) = Pl

Conversely if (I : f) = P is prime for some f, then P = N¢gp, P; (as NP; = [[ P; so P = P; for some
i. In more details P C P; for all i. If P C Pfor all ¢ then we can find f; € P,\P, so f =[] fi € NR\P
which is a contradiction. So P = Pjfor some i) O

Proof. Notice: (I: f)=(NP;: f)=N(P; : f). Now for any prime P we have (P : f) =

Example. Let I = (zy,xz,yx), then V(I) = union of z,y,z axes = V(z,y) UV (z,2) UV (y,z). So
I = (z,y)N{(x,z)N{y,z). We want to see the theorem in action, so notice that (I : z) = (x,y),(I :
y) = (x,z) and (I : ) = (y,z). Warning: (I : z +y) = (z,zy) (not as obvious.)

Let I = (% —2y* —z). Then (I :2®> +y*> — 1) = (z) and ([ : ) =(2® + y? — 1).

Note. If X|Y are varieties in A" then (I(X) : I(Y)) = I(X\Y). To see this: fix x € X\Y,sincez ¢ Y
there is g € I(Y) with g(z) # 0. Soif f € (I(X) : I(Y)) then f(z)g(x) =0, so f(z) = 0 and thus
f € I(X\Y) . Conversely if f € I(X\Y) and g € I(Y) then fg € I(X) so f € (I(X) : I(Y)). Hence
(X\Y) = VI(X) : 1(Y)).
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5.1 Rational maps

How can we decide if X is irreducible? This is hard in general! We use the following trick. If ¢ : Y — X
is surjective and X = X; U X, then Y = ¢~ 1(X;) U¢~1(X3). Now both sides are closed and proper if
both X; and X5 are. So if X is reducible then sois Y. Or if Y is irreducible then so is X.

Definition 5.7. A morphism ¢ : X — Y of affine varieties is dominant if M =Y

Example. Take ¢ : V(zy — 1) — A! defined by (x,y) — z. This is not surjective but it is dominant.
Proposition 5.8. A morphism ¢ : X =Y is dominant if and only if ¢* : k[Y] — k[X] is injective.
Example. k[z] — k[z,y]/ (zy — 1), z — = (linked to the previous exampled) is injective.

Proof. A morphism ¢ : X — Y induces a homomorphism ¢* : k[Y] — k[X]. Now ¢(X) C Z CY (Z
a variety) if and only if there exists g € I(X)\I(Y) with g(¢(z)) = 0Vx € X, so ¢*(g(x)) = 0Vz € X.
Hence ¢*g € I(X) and thus the image of ¢ in k[Y] is non-zero but is mapped to zero by ¢* so ¢* is
not injective. O

Proposition 5.9. If ¢ : X = Y is dominant and X is irreducible then so is Y.

Proof. Since ¢ is dominant, the map ¢* : k[Y] — k[X] is injective. Since X is irreducible, we have
k[X] is a domain, and thus so is k[Y]. Hence Y is also irreducible. O

Definition 5.10. A rational map ¢ : A™ --» A™ is defined by ¢ (1, ..., 2,) = (P1(1, ..., Zn)y ooy O (X1, ...

with ¢; € k(z1,...,x,) (the field of rational functions)
Example. ¢ : Al -—» Al defined by ¢(z) = %

Warning: ¢ is not necessarily a function defined on all of A™. Write ¢; = g— for fi,9; € k[z1,...,2y)
and let U = {z € A" : g;(z) #}. Then ¢ : U — A™ is well defined. Notice that U is an open set
(U =A™\V([Ig:))- In the above example ¢ is defined on U = {z € Al : z # 0}.

Note. A rational map induces a k-algebra homomorphism ¢* : k[z1,...,2m] = k(z1,...,2,) defined
by z; — ¢;. Conversely any such k-algebra homomorphism determines a rational map.

Example. Let ¢ : A! — A2 be the inverse stereographic projection, that is, defined by ¢(t) =
(iz—;}, %) It is a rational map from A! to V(2% +y? — 1). It is defined on A' \ +i and the image
V(a? +y* = D\{(1,0)}.

Definition 5.11. Let Y C A™  a rational map ¢ : A --» Y is a rational map ¢ : A" — A™ with
@*(I(Y)) =0,s0 ¢* : k[Y] = k(x1,...,2p).

Example. Let ¢ : A — V(22 + y?> — 1) be the inverse stereographic projection. Then ¢*(z) =
g—ﬁ, ¢*(y) = 7o Hence ¢* (2% +y? — 1) = (% —1) =0, so ¢ is indeed a rational map.

What about rational maps ¢ : X --+ A™? We recall that a morphism X — A™ was an equivalence
class of morphism A™ — A™. But we have some problems: consider X = V(z) C A2 and ¢ : A% -—-» A3
defined by ¢(z,y) = (22, ;—y,y?’). Then ¢ is define on U = {(z,y) : z,y # 0}, ¢ is not defined at (x,y)

for any (x,y) € X. The solution to this is to allow rational maps that are defined on enough of X.

Definition 5.12. Let R be a commutative ring with identity. An element f € R is a zero-divisor if
there exists g € R with g # 0 such that fg = 0.

Definition 5.13. Let ¢ : A™ --» A™ be a rational map with ¢; = % where f; and g; have no common
factors. Then ¢ is admissible on X if the image of each g; in k[X] is a non-zero divisor.

Example. ¢ : A% --» A3 ¢(z,y) = (22, ﬁ,y?’) is not admissible on V(z).

Let X = V(22 —y?) C A% and ¢ : A% ——» A defined by (z,y) — ﬁ . Then ¢ is not admissible
on X as x +y is a zero divisor in k[z,y]/(z? — y?). On the other hand v : A% --» A? defined by
b(oy) = (1, 1) s,
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Definition 5.14. Let U be the set of non-zero divisor on a ring R. Note U # 0 since 1 € U. The
total quotient ring (ring under “obvious” multiplication and addition) is as follow

{£:reRsecU}

A
S1

Q(R) = R[U™'] =

2 3 —
52 1f7”182 = T281

(This like the localization in Commutative Algebra)

Example. R =7Z,U =Z\ {0} then Q(R) = Q.
R =klxy,...,2zy] then Q(R) = k(x1,...,2p).

Definition 5.15. If X is a variety, the total quotient ring of k[X] is written k(X) and is called the
ring of rational functions of X.

Note. If R is a domain, U = R\{0}, so Q(R) is the field of fractions of R. So if X is irreducible, k(X)
is the field of fractions of k[X].

Proposition 5.16. Let ¢ : A™ --» A™ be a rational map admissible on a affine variety X C A™. Then
@* induces a k-algebra homomorphism ¢* : k[z1, ..., zn] = k(X). Conversely each such homomorphism
arise from a rational map.

Proof. Write ¢; = f; = g; with f; and g; not sharing any irreducible factors. By hypothesis each g; is
a non-zero divisor on k[X]. So £ is a well defined element of k(X). Thus ¢* : k[z1, ..., zm] — k(X)

9i
given by ¢*(z;) = % is well defined.
Conversely given ¢* : klz1,...,2n] — k(X) write ¢*(z;) = 5—’ for some f;,g; € k[z1,...,x,] with
gi; a non-zero divisor on k[X]. Then ¢ : A™ --» A™ defined by ¢;(x) = f;(x)/g;(x) is admissible on
X. O

Definition 5.17. Let X C A™ be an affine variety. Two rational maps ¢, : A" --» A™ admissible
on X are said to be equivalent on X if the induced homomorphism ¢*,¢* : k[z1,. .., zm] = k(X) are
equal.

Example. Let X = V(2 +y) C A% Let ¢ : A? --» A? be defined by ¢(z,y) = (231%, 35%@) This is
defined on Uy = {(z,y) : y* # 0,3z + 5y # 0}. Let ¢ : A? --» A? be defined by ¥(z,y) = (&, -1).
This is defined on Uy = {(x,y) : © # 0}. These are clearly not the same rational maps but we will
show that they are equivalent on X.

¢* 1 k[z1, 22] = k(x,y) is defined by ¢*(21) = 2:% and ¢*(zq) = 3x2+5”5y. And ¥* : k[z1, 22] = k(z,y)

is defined by ¢*(21) = = and ¢*(22) = —1. Now in k(X) = k[z,y]/(z + y) we have

3z 3z 3

22 22 2

2x _ 29:_
3z +5y @__

So ¢*,* : k[z1, 2z2] — k(X) are equal so ¢, are equivalent on X.
(Check ¢ = on Uy, NUy N X)

Definition. Let X C A” and Y C A™ be affine varieties. A rational map ¢ : X --+ Y is an equivalence
class of rational maps ¢ : A™ --» Y admissible on X.

Corollary 5.18. Let X C A™ and Y C A™ be affine varieties. Then there is a one to one correspond-
ence between rational maps X --+Y and k-algebra homomorphism k[Y] — k(X).

Definition 5.19. A rational map ¢ : X --» Y is dominant if ¢* : k[Y] — k(X) is injective.
Example. Let ¢ : Al ——» V(2% + 3% — 1) defined by ¢(t) = (g—ﬁ, %) Then ¢ is dominant.

Lemma 5.20. If ¢ : X --» Y is dominant and X is irreducible, then so is Y

Proof. Since ¢ is dominant we have by definition ¢* : k[Y] — k(X) is injective. Since X is irreducible,
k[X] is a domain, so k(X) is a field. Hence k[Y] is also a domain and thus Y is irreducible. O

19



Corollary 5.21. V(22 +y* — 1) is irreducible.

Definition 5.22. Let Y C A" be an affine variety. A rational parametrisation of Y is a rational map
¢ : A™ --> Y such that Y = im(¢), i.e., a dominant rational map ¢ : A” --» Y. Such Y are called
unirational.

Note. Unirational varieties are irreducible, by the lemma, and we have k(YY) < k(x1,...,zy).

Definition 5.23. A variety X is rational if it admits a rational parametrisation ¢ : A™ --» X such
that the induced field extension ¢* : k(X) — k(z1,...,2,) is an isomorphism.

Corollary 5.24. X is rational if and only if k(X) = k(z1,...,2,)

Proof. If X is rational then k(X) = k(z1,...,x,) by definition, so we just need to show the converse.
Suppose we have ¢* : k(X) — k(z1,...,2,). Then ¢*|;x) is injective, so defines a dominant rational
map ¢ : A" --» X. Hence X is rational. O

Definition. Let X,Y be irreducible varieties. We say X, Y are birational if k(X) = k(Y) as k-algbera.

Proposition 5.25. If X|Y are irreducible varieties and k(X) = k(Y') then there exists dominant
rational maps X --»Y andY --» X that are inverses.

Proof. If ¢* : k(X) 5 k(Y), then ¢*|; x)is injective, so the corresponding rational map ¢ : Y --» X
is dominant. Similarly ¢*~! induces a dominant rational map ¢! : X --» Y. By construction
¢* o ¢*71 =id |Y-
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6 Projective Varieties.

Definition 6.1. Projective Space P" over a field k is (k"T1\{0})/ ~ where v ~ Av for X € k* = k\{0}.
A point in P" correspond to a line through the origin in k"1,

Notation. [xg: 1 : -z, is the equivalence class of (zg,z1,...,2,) € k"1

Recall: A polynomial f =3 c,x® is homogeneous if |u| = d for all u with ¢, # 0 for some d.

Definition 6.2. An ideal I C k[zg,z1,...,2y] is homogeneous if I = (fi,..., fs), where each f; is
homogeneous.

Example. (723 + 8z122 + 923, 32% + 23) is, (z + 32, 9?) = (x,9?) is.

Definition 6.3. Let f € k[zo,...,2,]. Then f =" f; where each f; is a homogeneous polynomial of
degree i. The f; are called the homogeneous components of f.

Example. Let I be a homogeneous ideal and let f € I. Then each homogeneous component of f is in
I. Idea: we choose g1, ..., gs homogeneous with I = (g1,...,gs). Then we can write f = > ¢, z" fi,
where the f;could be repeated. Then f; = Zj:dcg(zuj)mcg(gi):i cy, TV g; € 1.

Definition 6.4. Let I be a homogeneous ideal in k[zg, 21, ...,x,]. The projective variety defined by
I'is V(I) = {[z] € P": f(z) = Ofor all homogenous f € I'}

Example. o Let I = (2w9 — x1,320 — 22). Then V(I) = {[1:2: 3]} C P3.
o I =(wowy—x?). Then V(I) ={[1:¢t:¢}]:t€k}U{[0:0:1]}

o [ = (xg,21,22) C kl[zg,x1,22]). V(I) = 0. Note that the weak Nullstellenzatz does not apply
here.

o ] = <£L‘0LB3—.’L‘1SL’2,.T()I2—$%7$1$3—$%> C k[xo,x1,79,73). Then V(I) = ([1,t,t%,¢3] : t €
kEU{[0:0:0:1]}. “The twisted cubic”

Note. Points in V(I) correspond to lines through 0 in V(I) C A"l V(I) is called the affine cover
over [.

Definition 6.5. The Zariski topology on P™ has closed sets V(I) for I C k[zo,...,xx)].

6.1 Affine Charts

Definition 6.6. Let U; = {[u] € P" : x; # 0}. We can write « € U; uniquely as [xg:---:1: -+ x,)
(1 in i*® position). U; bijection with A”. P" = U ,U; “affine cover of P*”. We can think of P" =
Uo U {[z] : zg = 0}. See that Uy is a kind of like A" while the set is P"~! sometime called “hyperplane
at infinity”. Fix I homogeneous in k[zg,...,z,] and let X = V(I) CP". Let X NU; = {[z] € P" :
fl@y=0vfell={[zo:-:1:...,2,) €P": f(mg,...,1,...,2,) =0Vf € I} =V (I;) C A™ where
Ii = <f(l’0,...,1,...,l‘n) : f € I> = 1‘3;1:1.

X = LnJ XNU,.
i=0
Is a union of affine varieties. This is called an affine cover, let X U U; are called affine charts.
Example. X = V(zqzy — 2%) C P". Then:
o XNUy=V(ra—2?)={(t,t?) : t € k}.
o XNUy =V(zgzp— 1) ={(t,1):t € k}.
o XNUy=V(xg—2%)={(t*t): t €k}
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Actually X = (X NUp) U (X NUs) in this case. We can think of X as created by “gluing together”
three affine varieties X N Uy, X N Uy, X N Us. This is how abstract varieties are defined (not covered
in this module).

Given an affine variety X C An, we can embed it into P™ by 1dent1fy1n A™ with 1),’ for some 1
= g
(normally 1= O)

Definition 6.7. The projective closure of X C A™ in P™ is the Zariski closure of X C U; C P" in P"
(Assume by default Up)

Example. X = V(xy —2?) = {(¢,t?) : t € k} C A% . The projective closure is the Zariski closure of
{[1:¢:¢?]:t€k}. This adds [0:0: 1]

Question: Given X how can we compute the projective closure in P™?

Definition 6.8. Let f = > ¢ 2% € k[z1, ..., 2,]. The homogenization of f is f = Yo x“ng‘ul where
d = max |u]

Let I C k[z1,...,x,] be an ideal. Its homogenization is I= <J7 fe I>

Warning: If 7 = (fy,..., fs) then we do not always have I= <]71, e fs> For example, consider
I=(zy —1,21) C k[z1]. We have I = (1), T = (1) # (x1 — 0, 21) = (1, z0)
Proposition 6.9. Let k = k, [ = /T C k[x1,...,2,]. The projective closure of V(I) C A" via the

identification A" = Uy is V(I) C P
Proof. If z € V(I), f(z) = OVf € I then f(I,z) = 0Vf € I. So [1 : 2] € V(I). So the projective
closure of V(I) is contained in V(I)

Conversely, suppose that f € k[zo,...,2,] is homogeneous with f([1 : z]) = 0Vz € V(I). Then

g=f(1,x) € I(V(I)) =1 =1. Then f = zfg for some k > 0 so since g € I,f € I and thus V(I) is
contained in the projective closure of V/(I). O

Question: How can we compute 1?7 Answer: Let < be any term order with deg(X™) > deg(X"?) =
X" > XV (for example we can revlex). Let G = {g1,...,9s} be a Grobner basis for I with respect to
<. We claim that I = {g1,...,gs).

xu < xU xu ;é ZL‘U

Proof of above claim. Extend < to aterm order < on k[xo, ..., z,] by setting zgx*<x4z? if { b u Y
a < =z

Note that inz(f) = inc(f). Let F € I be a homogeneous polynomial in k[zg,...,z,]. Then
f= ZAU?Z for some f; € I, A; € l[xo,...,x,]. Write f(z1,...,2n) = F(L,21,...,2,) € k[z1,..., 24
Then f = Y A;(1,z1,...,2,)f; so f € I. We know that F = x’gf for some k& > 0 so ing(f) =
zhinz (f) = ak in_(f). Since G is a Grobner basis for I with respect to <, we have that in (f;)|z in< (f)
for some g. Hence inz(f) € (inz(g1),...,inz(gs))- So {gi,...,ds} is a Grobner basis for I, hence it
generates I. O

Proposition 6.10. Let k = k. V(I) = 0 if and only if (xo,...,2,) C V1.

Proof. Let X = V(I) C A", Then V(I) = 0, implies either X = 0 so 1 € I or X = {0} so
<$0a"'axn> C \/T
Conversely if (zg,...,z,) € /I then V(I) C {0}, so V(I) = (). O

Definition 6.11. The ideal (xq, ..., z,) is called the irrelevant ideal.
Let X CP". The ideal I(X) is I(X) = (homogeneous f € k[zg,...,x,] : f([z]) =0Vz € X)
Homogeneous coordinate ring of X C P" is k[xq, ..., x,]/I(X).

Theorem 6.12 (Projective Nullstellensatz). Let k = k. Let I be a homogeneous ideal in [z, ..., x,]

with (xg,...,7,) ¢ VI. Then I(V(I)) = V1.

Proof. Let X =V(I)andlet Y = V(I) C A™*! be affine cover of X. Then I(V(I)) = {f homogeneous :f([z]) =
OVjz| e X} ={f: flx)=0Vz €Y} =I1(YV) =1 O
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Definition 6.13. A projective variety X is reducible if X = X; U X with X1, Xo € X and X7, X»
are subvarietes of X.

Exercise: If X is a non-empty irreducible variety then I(X) is prime.

6.2 Morphisms of projective varieties.

A rational map of degree d, ¢ : P" --» P™ is given by ¢([zg : -+ : xn]) = [po(z0,...,Tpn) = -+ ¢
Om(To, ..., Tn)] where ¢; are homogeneous polynomials of degree d in k[xzo, ..., Z,].

Example. ¢([s:t]) = [s?: st : t?] a rational map P! --» P2 of degree 2. (actually a morphism)
é([s : t]) = [s3 : s : st?] a rational map P! --» P? of degree 3. This is not defined at [s: ¢] = [0 : 1]
(not a morphism)

A rational map ¢ : P™ --» P™ is a morphism if ¢ is defined for all [z] € P™.

Note. We don’t need to use rational functions as we can clear denominators. The polynomials need to
be homogeneous of the same degree to make the map well defined, i.e., independent of representative
of [z] € P™.
¢ is a morphism if and only if V(gg,...,dm) € P™ is empty if and only if (zg,...,z,) C
<¢07 LR ¢m>

Definition 6.14. A rational map ¢; : P --» P™ is linear if degree ¢; = 1Vi.

In that case ¢ is determined by a m + 1 x n + 1 matrix A = (a;;). Then ¢ is a morphism when
rankA = n+1 (or ker(A) = 0). In the case n = m, then ¢ is a morphism if and only if A is invertible.
The set {¢ : ¢([z]) = [Az]for aninvertible (n + 1) x (n 4+ 1) matrix A} = Aut(P"™) forms a group
1 0
0 1
Aut(P") = GLj41 /k* =: PGL, 41 where k* = {\I}

under composition. Note that A; = and A; = B (2) define the same morphism. If fact

6.2.1 Veronese Embedding

Definition 6.15. The morphism ¢ : P! --» P? given by é([zo : 1)) = [ : 28 2y - -+ 2 2] is called
the d™ Veronese embedding.

Y =im(¢) = V(y1yj+1 — Yit1y; : 0 < 4,5 <n—1). Y is called the rational normal curve of degree
d.

Example. There are ("}?) monomials of degree d. To see this, notice that any string of d * and n |

correspond uniquely to a monomial of degree d, for example, * * x| * | * x* correspond to z3x123 while
|| %[+ correspond to x3z3. So the number of the monomials is the number of such strings.

The d™ Veronese embedding of P is P --» P("¢Y)~1 defined by [zo: i an) = [2d xg71x1 :
-+ 2] (all monomial of degree d). The image of ¢ is V(z425 — 2425 : @ + 3 = v + ) where z are
coordinates on k[z, : @ € N*™1 3", = d|. This is a generalization of y; «+ z4—; ;. We prove all of this

in the following proposition

Proposition 6.16. im(¢) is closed and equals V(2423 — 2425 : a+ 5 = 6 +7), where z are coordinates
Elzo € N": > oy =d].

Proof. Let Z = V(2425 — 2425 : a+ B =8+ 7). If 2 = ¢(z) then z425 — 2,25 = 2%2” — 2%27 =0, s0
if a4+ =+ d we have im(¢) C Z.

Conversely we want to consider z € Z and want to find [z] € P™ with ¢([z]) = [2]. We first show
there is ¢ with z4., # 0. To see this, suppose z, # 0 for some « (there must be some such «). Without
loss of generality ag > 0. If ag < % we write 2a = (2aeg + @) + o where ag, o) =0 and > ol =d
(For example if d =5, = (2,2,1) then (4,4,2) = (4,1,0) + (0,3,2))

Then 22 = 230,c0+a2a (here we have o = 8 = a,7 = 2apeg + @,6 = ”). So z, # 0 implies
that zonge0+a 7 0. So after repeated applications, we may assume o > %. Then we write 2a =
deg + (20 — dep), then 2§ = zgey22a—deys SO Zde, # 0. Now set x; = Zd-Deotei for 1 < 4 < n and

2o = 1. Set [/] = o([z]).
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We now show that [z/] = [2] to show this we show 2/ z4e, = zo. We do this by a proof on
induction on Y ", ;. The base case is by definition/construction. The general case follows from
ZaZdey = Za—eiteo?(d—1)eote; 10T @ > 0. Note that this is also true for 2’. Hence 24,2, = zdeOz;eo zl, =

/ / _ / _ Pa—ejteg®(d—l)egtep __
Zdeozafeleeoz(dfl)ngrei - 206*61'+60Z(d71)50+ei = Zdeg = Za- O

6.2.2 Segre Embedding

The Segre embedding realizer P* x P as a subvarieties of P(*+D(m+D=1_We map ([z], [y]) € P"* x P™
to ¢([z], [y]) = ([ziy;] : 0 < i <m0 < j <m).
Proposition 6.17. im(¢) = V(2;;2k — zazk; : 0 < i,k <n,0 < 4,1 < m) where the z are coordinates
on klz;; : 0 <i<n,0<j<m]. (Notice that they are the 2 by 2 minors of a generic (n+1) x (m+1)
matriz (2;)
Proof. Let Y = V(22 — zizij 1 0 < i,k <n,0 < 4,1 <m). If z=¢([z], [y]) then z;zu — zizr; =
YRy — TiyiTey; = 0 so im(¢) C Y.

Conversely, given [z] € Y, without loss of generality, we may assume zgg # 0. Set x; = z;0/200 and

Yj = 20;/%00, To = Yo = 1, and let 2’ = ¢([z], [y]). Then the equation on z;;z00 — zipz0; implies that
[2'] = [2]. O

6.2.3 Grassmannian
The Grassmannian G(d,n) parametrizes all d-dimensial subspace of k™

Example. G(1,n) = P"~! (a one dimensional subspace is a line through 0)
G(n—1,n) =Pt

We’ll describe G(d,n) as a projective variety by the Pucker G(d,n) < p(2)-1, Let vV C k™ be a
U1

d-dimensial subspace. Choose a basis vy, ...,vq for V and write A, = | : | for the d X n matrix with
Vq
rows the v;. Map V to the vector of dxd of Ay in P(g)_l, forexample ¢ : Vi~ (1:3:4:—-1:-2:-2).

We name the coordinates on P(g)_l, xy where I C {1,...,n} and |I| = d. I indexes the columns of
the d x d submatrix of A, whose determinant is ¢(V);

Note. 1. ¢(V) is not the zero vectors, since rank Ay = d, so A, has a non-vanishing minor of size
d

2. If we choose a different basis v{,...,v} for V, then A} = UAy where U is a d x d invertible
matrix (in fact the change of basis matrix). So the Ith minor of A} is det(U). So Ay, A}, gives

the same point in P(2)~!. This means the map p:Viso(V)e P(i)~Vis well defined

3. We can recover V from ¢(V).

Ezample. If (V) =[1:0:0:0:0:0] then V = span

assume AV—(é (1) I :)

Let I be an index with ¢(V); # 0 (this exists by 1). Let B be the d x d submatrix of Ay indexed
by I. Then det(B) # 0. So A}, = B~!Ay has an identity matrix in the column indexed by I. But
then for j & I, (Ay)ji = (V) n (1305}

Question: What does im(¢) look like?

. Since ¢(V)12 = 1 we can

O OO
o o= O

Example. G(2,4) assume that ¢(V)12 # 0 so that we can take Ay = ((1) (1) Z 2), p(V)y=[1:c:

d:—a:—=b:ad—bc]. Note (V) C V(x12234 — X13T24 +T14223). The equation x12234 — T13T24 +214T23
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is invariant (up to sign) under the S; action on the labels, where we set x9; = —z12. This says that
d(V) C V(212234 — 13224+ X14223) any V. Alternatively, we could check the other row reduced forms.

1 0 —=2=
Conversely, if [z] € V(210034 —x13T24+T14223) With 212 # 0, then [2] = ¢(V) for V' = row <0 1 %2

The formula z12234 — T132T24 + T14203 is called a Plucker relation.

For the embedding G(d,n) — pli)-1 we get a Plucker relation PJyJo for all Jy,Jo C {1,...,n}
with |Jy] =d — 1, |Jo] = d + 1.

PJiJy =y (150X 50X 0
jET
where X;u; =01if j € J; and sgn(j, J1) =#G € J; 11> )+ #(i € Jo 11 < j)
Example. n=4,d=2, J; = {1} and Jo = {2,3,4}. Then PJ1Js = 12234 — T13T24 + T14T23
Definition 6.18. Let I, = (PJiJo : J1,Jo C{1,...,n},|Ji|=d—1,|Ja] =d+ 1) Ck[X; : |I| =d]
Theorem 6.19. G(d,n) =1im(¢) = V(I4,)
Proof. Assignment sheet. O

Question; What are the affine charts for G(d,n)?

Answer: G(d,n) N Uy is V which look like Ay = (I4|A) (where I, are the columns of I and A the
other columns, not that A is an arbitary d x (n — d) matrix). So G(d,n) N U; = A%n—d),

Check: G(2,4) N U2 = V(212234 — T13T24 + T14793) C A®. This is isomorphic to A* since
k@13, T14, T23, 24, T34] /(T12T34 — T13T24 + T14T03) = k213, 214, T23, T2a] = K[A?]

We can think of G(d,n) as (7}) copies of A%"~%) “glue together”. This worked for any field, e.g.,
the real Grassmannian is the manifold of dimension d(n — d). Similarly for C.
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7 Dimension and Hilbert Polynomial

Definition 7.1. A ring R is Z-graded if there is a decomposition (as groups) R = @;czR; with
R;R; C R;i;. The R; are called the graded pieces and f € R; is homogeneous of degree 1.

A graded k-algebra is a k-algebra R with ¢f € R;Vf € R; (so each R; is a k-vector space). Then
k C Ry (normally for our examples Ry = k)

Example. R = k[zy,...,x,], R; are polynomials of degree i.
S = k[xo, ..., 2n], I homegenous ideal. R = S/I then R, = S;/I;.
X C P™ a projective variety, R(X) := k[zo,...,zy]/I(X) is the projective coordinate ring of X.

Definition 7.2. Let R be a graded k-algbera with dimy(R;) < oo for all ¢. The Hilbert Function of
R is Hr(d) = dimy R4 (note Hg : Z — N).

Example. Let R = k[zo,...,x,]. Then Hg(d) = (";d) = (”:d) since a basis for Ry is the set of
monomials of degree d.
S = k[xo,x1,22] and f homogeneous of degree 3. Let R = S/ (f).

[0 [ dimg(S/(f))i = dimy(S) — dimy (f), |

<0 0
0 1
1 3
2 6
7F3 —
i (2*‘24) - 31:_ 192
2

In general we have the following graded short exact sequence:

0 S S S/ (f) —=0

g 9f g g
So dimy(S/ (f))a = dimg Sq — dimy, Sq—3 (assuming d > 1)
How can we compute Hp?

Proposition 7.3. Let I C S = k[zy,...,2,] and let < be a term order. The (image of the)
monomials in S not in the initial ideal of I form a k-basis for S/I. Thus if I is homogeneous

Hg(d) = Hg/in_(1)(d)

Proof. Let f be polynomial in S. Then the remainder of dividing f be a Grobner basis for I with
respect to < is a polynomial g with f — ¢ € T and g = > ¢,z where ¢, # 0 implies ¢* ¢ in(I).
So f =gin S/I and g € span{zV : 2V ¢ in_(I)}, so this set spans S/I. If I is homogeneous and f
has degree d, then so does g, so the set of monomials not in in.(I) of degree d spans (S/I)q. To see
that these sets are linearly independent, note that if f = > ¢,2™ is a linear dependence, then f # 0
but f = 0in S/I, hence f € I and ¢, # 0 = z" ¢ in.(I). Then in.(f) ¢ in<(I) which contradicts
f € I. So we conclude that {z* : z* ¢ in.(I)} is linearly independent so is a basis for S/I. If T
is homogeneous then {z* : deg(z*) = d,z* ¢ in.(I)} is a basis for (S/I)4, as well as a basis for
(S/in<(I))q. So the Hilbert functions are equal. O

This reduces the question to “how can we compute Hg/,,for m a monomial ideal?” The key point
is the following short exact sequence. Let I be a homogeneous ideal and f homogeneous of degree d.
Then we have the following s.e.s

0= S/(I:£)38/1%58/(If) =0

where (I: f)={g€S: fgel}and (I,f)=1+(f). The map ¢ is defined by g — fg while the map
1 is defined by g — g. We check that this sequence is exact.

1. ¢ is injective: If fg € I then g € (I : f)
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2. im(¢) = ker()):
“Cge S, fgel+ (f)soim(¢) C ker(¢).
“D”: Suppose g € ker(y)) then g =i+ hf for i € I. Hence g — hf =i € I,s0 g=hfin S/I, so
g = ¢(h) € im(¢).

3. 4 is surjective since I + (f) D 1.

This short exact sequence is graded, i.e., 0 — (S/(I : f))m — (S/Dmta — (S/(L, f))m+a — 0.
Recall: given an exact sequence 0 — U — V — W — 0 of vector space we have V=2 U @& W. So
dimV = dimU + dim W. In our case dim(S/I)mtq = dimg(S/(I : f))m + dimg(S/(I, f))m+a- Apply
this when I is a monomial ideal and f a variable. Then (I : f), (I, f) 2 I. If f is chosen carefully we
have strict containment, so eventually (I : f), (I, f) are monomial prime ideals, which we know the
Hilbert function of.

Lemma 7.4. Let I = (x;,,...,%;,) € S = k[xzo,...,x,] be prime. Then Hg;(m) = ("/"7°%) =
(m+n75)

Proof. S/I = klx; : j # irforanyk|. This has Hilbert function ("_f:'m) = ("_S+m). This is a

n—s

polynomial in m > —(n — s) O

Example. Let I = (xox3, zox2,z123) C S = klxg, x1, T2, 23]. Let us choose f = xg. Then (I : f) =
<$2,l‘3> and (I, f) = <.130,.7J1.T3>. So HS/I(d) = HS/@Z’M)(d - 1) + HS/@O’wle)(d). Take f = z;.
Then ((wo,z123) : 1) = (20, x3)and ({zo,r123),71) = (To,71). So Hg/r(d) = Hg/(zy zq)(d — 1) +
HS/(xo,x;»,)(d — 1) + HS/(mU,ﬂcl)(d) =d+d+d+1=3d+ 1. This is valid for d > 0.

Theorem 7.5. Let I be a homogeneous ideal in S = klxg,...,x,]. Then there exists a polynomial
P € Q[t] such that Hg,;(d) = P(d) for d > 0.

Proof. Since Hg/; = Hg/in_ (1), we may assume that I is a monomial ideal. The case I is a monomial
prime was the lemma. The proof is by Noetherian induction.

Given a monomial ideal I that is not prime, we may assume that the theorem is true for all
monomial ideals containing I. Choose a variable x; properly dividing a generator of I. This must
exists since I is not prime. Then (I : x;),(I,x;) 2 I. By induction there exists P, P, € Q[t] with
HS/(Ix,)(d) = Pl(d) for d > 0 and HS/(L%)(d) = Pg(d) for d > 0. Then Hs/](d) = Pl(d— ].) +P2(d)
for d > 0 and this is a polynomial in d. O

Definition 7.6. Let X C P" be a projective variety. The polynomial P := P, of the theorem for
I =1(X) is called the Hilbert Polynomial.

Let X C P™ be a projective variety. Then the dimension of X is the degree of the Hilbert
Polynomial.

Example. 1. If V C k" is a subspace of dim(d+1) then P(V) C P" is a subsvariety of dimension
d

2. X = twisted cubic =image of ¢ : P! — P3 defined by [to,t1] — [t3,t2t1,t0t2, 3] = V(zozs —
T122,ToTe — o3, 2123 — 23) = V(I). inc(I) = (zox3, 2072, 173) (Where zg > 1 > 13 > x3).
Then from the previous work we have Hy[xo,...,2z3]/inc(I) =3d+ 1 for d > 1, so dim(X) =1

There are many different (equivalent) definition of dimension. Proving they are equivalent is non-
trivial. For example, for X C A™ we can define dim(X) to be the dimension of the projective closure
of X (See Eisenbud Commutative Algebra, Chapters 8-13)

7.1 Singularities

How close is a variety to a manifold?
Let X =V(f) C A™. Fix a € X. What is the tangent plane to X at a?

Example. en=2

- X =V(y—f(x)), for example X = V(y—2?). The tangent line at a is (y—az) = %Ll(x—al)
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d,

ar
— X =V (f(z,y)), for example X = V(y2 + 22 — 1). The slope is & = — 4z, Tangent line is
’” P

d
y—ag = %Ll(x— ai). So %(y—ag) = —%(m—al) = %(y—ag) + %(x —ayp) =0.

en=3 X =V(@®+y?+22-1),a=(1,0,0), the tangent plane to X at a is spanned by

2z 2
(0,1,0),(0,0,1), ie., fe=1}. Vf(a) = |2y | ioo=[0] =22 —2=0.
2z 0

The tangent space to the variety of f at a is To(X) = {(y1,---,Yn) : D dd:{i la(yi —a;) = 0}. This
is a hyperplane with normal vector V f(a) unless Vv f(a) =

0
Example. X = V(z* — 4?), a = (0,0). Then ¥ f(a) = (ffy) o = (g) S0 Too(X) = {(y1,1») :

3

0y; + Oyo = 0} = A%, If a = (1,1) then Vf(a) = (_2 .50 T 1) (X) = {(y1,92) : 3y1 — 2y2 = 0} =

{yz = %yl}

Definition 7.7. X = V(f) is singular at a point a € X if the tangent space to X at a is not a
hyperplane.

Let X C A", fix a € X. The tangent space to X at ais T,(X) = a+{(y1,.- -, yn) : D dd—£|a(yi—ai) =
0Vf e I(X)}, Le., Tu(X) = NpxcvnTa(V(S))-

Example. o X =V(2?—y,2®—2)and a = (1,1,1). Then T,(X) = {(v1,y2,¥3) : 2y1 — y2,3y1 —
ys =0} +(1,1,1) = (1,1,1)+ span of (1,2,3)

o X = ‘/(:L'2 - yz,xz,yz) = V(.’E - yvz) U V(l' +yvz) U V(x,y)

— a=(1,1,0) then T, = {(y1,¥2,y3) : 2y1 —2y2 = 0,y3 = 0} + (1,1,0) = span(1,1,0)

— a=(1,-1,0) then To(X) = {(y1,y2,¥3) : 2y1+2y2 = 0,y3 = 0}+{1, —1,0} = span(1, —1,0)
— a=(0,0,1) then T,(X) = span(0,0,1)

— a=(0,0,0) then T,(X) = A®.
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