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Abstract
In this paper we XYZ

1 Introduction

Let (X,dx) be a metric space.
We adopt the notation By (z) for the closed ball of radius § with centre
x € X, and for brevity we refer to closed balls of radius § as d-balls.

1.1 Box-counting dimension

Throughout this paper we will use two quantities to describe the geometry of a
set I C X: for each § > 0 we denote

e the minimum number of §-balls with centres in F' such that F' is contained
in their union by N (F,J), and

e the maximum number of disjoint d-balls with centres in F by N’ (F,0).

We say that F' C X is totally bounded if for all § > 0 the quantity N (F,d) < oo,
which is to say that F' can be covered in finitely many balls of any radius.
These apparently distinct quantities are in fact very closely related:

Lemma 1.1. Let F C X be totally bounded. For all 6 > 0
N (F,26) < N'(F,25) < N (F,§). (1)

Proof. Let x1,...,2N/(Fs) € F be the centres of disjoint d-balls. As each d-ball
Bs (y) can cover at most one of the x;, to cover F' we need at least as many
d-balls are there are x;, hence N (F,d) > N’ (F,§), which is the first inequality
of (1).

Next, with the same points {z;} observe that for each x € F' the distance
dx (z,2;) < 26 for some i = 1,..., N’ (F,d), otherwise the additional closed
ball Bs () would be disjoint from each of the Bs (z;). Consequently, the balls
Bss (x;) cover the set F', hence N (F,d) < N'(F,2§), which is the second in-
equality of (1). O

The familiar box-counting dimensions encode the scaling of these quantities
as 6 — 0.



Definition 1.2. For a totally bounded set F' C X the lower and upper box-
counting dimensions are defined by

. .. .log N (F,¢)
F=1 f——=
dimzp P logd ’ @)
log N (F,9
and dimp F = limsup log N (F,9) (3)
§—0+ —logd

respectively.

In light of the inequalities (1), replacing N (F,d) with N’ (F,¢) in the above
gives an equivalent definition. The box-counting dimensions essentially capture
the exponent s € RT for which N(F,§) ~ §—%. More precisely, it follows from
Definition 1.2 that for all g > 0 and any ¢ > 0 there exists a constant C > 1
such that

Oy~ dimes Fre < N(F, ) < 0§~ dims Fe VO<§<d  (4)

For some bounded sets F' the bounds (4) also hold for ¢ = 0 giving precise
control of the growth of N(F, ). We distinguish this class of sets in the following
definition:

Definition 1.3. We say that a bounded set F' C X attains its lower box-
counting dimension if for all 5o > 0 there exists a positive constant C < 0
such that

N(F,8) > Co~dimes I’ for all 0<6< d.

Similarly, we say that F attains its upper boz-counting dimension if for all
do > 0 there exists a constant C > 1 such that

N(F,5) < o~ dims F forall 0<6< 6.

We remark that a similar distinction is made with regard to the Hausdorff
dimension of sets: recall that the Hausdorff measures are a one-parameter family
of measures, denoted H?® with parameter s € R*, and that for each set F' ¢ R"
there exists a value dimy F € R*, called the Hausdorff dimension of F, such

that
HE(F) = (o) s<d?mHF
0 s>dimgF.

For a set F' to have Hausdorff dimension d it is sufficient, but not necessary,
for the Hausdorff measure with parameter d to satisfy 0 < H? (F) < co. Sets
with this property are sometimes called d-sets (see, for example, [4] pp.32) and
are distinguished as they have many convenient properties. For example, the
Hausdorff dimension product formula dimgy (F x G) > dimg F' 4+ dimy G was
first proved for sets F' and G in this restricted class (see Besicovitch & Moran
[2]) before being extended to hold for all sets (see Howroyd [6]).

1.2 Homogeneity and the Assouad dimension

The Assouad dimension is a less familiar notion of dimension, in which we are
concerned with ‘local’ coverings of a set F: for more details see Assouad [1],
Bouligand [3], Luukkainen [8] Olson [9], or Robinson [13].



Definition 1.4. A set F C X is s-homogeneous if for all 5o > 0 there exists a
constant C' > 0 such that

sup N(Bs (z) N F,p) < C(6/p)° Vé,p with 0<p<d<dy. (5
el
Note that we do not require F' to be bounded in order to be s-homogeneous,
but minimally require each intersection By (z) N F to be totally bounded. This
trivially holds if X has totally bounded balls, which is to say that every ball
Bs (x) C X is totally bounded (for example, in Euclidean space X = R").
The following technical lemma gives a relationship between the minimal size
of covers of the set Bs (z) N F for different length-scales, which will use in many
of the subsequent proofs.

Lemma 1.5. Let F C X. For all §,p,7 > 0 and each z € F

N (Bs (z) N F,p) < N (Bs (z) N F,r)sup N (B, (x) N F, p) (6)
el
Proof. The only non-trivial case occurs when p < r < §. Further, if M :=
N (Bs (x) N F,r) = oo then there is nothing to prove. Assume that M < oo and
let z1,...,2m € F be the centres of the r-balls B, (x;) that cover B (z) N F.
Clearly

B[;(x)ﬂFC UBT((I}j)ﬂF

j=1
S0

M

N (Bs (x) N F,p) <Y N (B (z;)NF,p)
j=1
< Msup N (B, (z) N F, p)
zeF

which is precisely (6). O

It will be useful to observe that in some cases s-homogeneity is equivalent
to (5) holding only for some &y, which is easier to check.

Lemma 1.6. If F' C X is totally bounded or X has totally bounded balls then
F C X is s-homogeneous if and only if there exist constants C,8, > 0 such that

sup N(Bs (z) N F,p) < C (6/p)° Vo, p with 0<p<d<éd. (7)
z€F
Proof. The ‘if’ direction is immediate from the definition of s-homogeneity. To
prove the converse we let dg > 0 and x € F' be arbitrary. If o < §; then there
is nothing to prove, so we assume that dy > d;. Suppose 9, p lie in the range
0<p<d; <d<dy. From Lemma 1.5 with r = d; we obtain

N(B5 (x)mFap) SN(B& (x)mFa51)SggN(B51 (x)vap)

< N (B; (x) N F,61) C (61/p)°
< N (Bs(z)NF,61)C(8/p)° (8)



which follows from (7) and the fact that § > d;.
Now, if X has totally bounded balls then it follows from (8) that for 0 <
p <6 <5< dy

N (Bs(z) N F,p) < N (Bs, (0),61)C(8/p)"
and trivially for §; < p < § < §p that

N (Bs (x) VF,p) < N (B; (z),p) < N (Bs, (x) ,61) < N (Bs, (0),61) (6/p)°
as §/p > 1. Consequently, with Cs, = N (Bjs, (0),d1) max (C,1) we obtain

sup N (Bs (z) N F, p) < Cs, (6/p)° Vé,p with 0<p<d<d,
el

which, as §p > 0 was arbitrary, is precisely that F' is s-homogeneous.
Next, if F' C X is totally bounded then it follows from (8) that for 0 < p <
0h <6< (50

and again for §; < p < § < §p that

N (Bs (z) N F,p) < N (F,6,) (5/p)° .

Consequently, the constant C’ = N (F, 1) max (C, 1) is sufficient to extend (7)
to all 0 < p < § < do, so we conclude that F' is s-homogeneous. O

Corollary 1.7. If F' C X is totally bounded then F is s-homogeneous if and
only if there exists a constant C' such that

sup N (Bs (z) N F,p) < C(6/p)° Vé,p with 0<p<é.
zeF

Proof. The ‘if’ direction is immediate from the definition. Conversely, we see in
the above proof that the constant C’ does not depend upon the upper bound
dg, so the inequality is valid for all p, § satisfying 0 < p < 4. O

Definition 1.8. The Assouad dimension of a set F' C X is defined by
dimy4 F':= inf {5 eR": Fis s—homogeneous}

It is known that for a bounded set F' C R" the three notions of dimension
that we have now introduced satisfy

(see, for example, Lemma 9.6 in Robinson [13]). The inequality (9) also holds
for totally bounded subsets in general metric spaces.

Lemma 1.9. If F C X is totally bounded then dimp F' < dimy4 F'.



Proof. Let s > dima F' and let x1,...,2x(p,1) be the centres of balls of radius
1 that form a cover of F'. For all p < 1

N(F,1)
N(Fp) < Y. N (Bi(2;) N F,p) < N (F,1)sup N (By () N F, p)
j=1 S

< N(F.1)C(1/p)

for some C' > 0, hence dimp F' < s. As s > dim 4 F' was arbitrary we conclude
that dlInBFS dimAF. O

An interesting example is given by the compact countable set I, := {n~*} U
{0} € R with a > 0 for which
dimpp Fo =dimg Fo = (1+ )"

but dimy F, = 1.

(see Olson [9] and Example 13.4 in Robinson [12]).

2 Equi-homogeneity

From Definition 1.4 we see that homogeneity encodes the mazimum size of a
local optimal cover at a particular length-scale. However, the minimal size of a
local optimal cover is not captured by homogeneity, and indeed this minimum
size can scale very differently, as the following example illustrates:

Example 2.1. For each o > 0 the set Fo= {n=%}, .y U {0} has Assouad
dimension equal to 1, so for all e > 0

sup N(B () N Fo ) (6/p) 7%
pASY P

is unbounded on §, p with 0 < p < 4.
On the other hand 1 € F, is an isolated point so

CEien}ixja N(Bs () N Fa,p) =1

for all §,p with 0 < p < § <1—27% as Bs (1) N F, = {1} for such § and this
isolated point can be covered by a single ball of any radius.

For a totally bounded set the maximal and minimal sizes of local optimal
covers can be estimated using the following relationships.

Lemma 2.2. For a totally bounded set F' C X and 6, p satisfying 0 < p <6

N(F,p)

522 N(Bs (z) N F,p) < N(F, 48) (10)
and ilelng(Bé (x)NF,p) > m (11)



Proof. Let x1,...,on(Fs) € I be the centres of d-balls that form a cover of F.
Clearly,

N(F,5)
N(F,p)< > N(Bs(x;)NF,p) <N (F,5) sup N (Bs () N F.p).
j=1 S

which is (11).

Next, let 6, p satisfy 0 < p < § and let x1,...,2n/(p45) € F be the centres
of disjoint 46-balls. Observe that an arbitrary p-ball B, (z) intersects at most
one of the balls Bs (x;): indeed, if there exist z,y € B, (z) with « € B; (x;) and
y € B (x;) with ¢ # j then

dx (z;,2;) < dx (z5,2) +dx (z,2) +dx (2,y) +dx (y,2;) <20 +2p < 45

and so z; € Bys (x;), which is a contradiction. Consequently, as F' contains the
union U;V:gF’M) Bs (z;) N F, it follows that

N'(F,46)

N(F7p)2 Z N(B(;(l‘j)ﬂF,p)
j=1

> N (F,46) inf N (Bs () N F, p)

from (1), which is precisely (10). O

We now define equi-homogeneous sets to be those sets for which the range
of the number of sets required in the local covers is uniformly bounded at all
length-scales.

Definition 2.3. We say that a set F' C X is equi-homogeneous if for all 5o > 0
there exist constants M > 1 and cq,co > 0 such that

sup N(Bs (z) N F,p) <M iggN(Bclg (x) N F,cap) (12)
el z
for all 6,p with 0 < p < < dg.
Note that as N (Bs(xz) N F,p) increases with ¢ and decreases with p, by

replacing the ¢; with 1 if necessary we can assume without loss of generality
that o <1< ¢ in (12).

2.1 Equivalent definitions

As with the definition of homogeneity, for a large class of sets it is sufficient that
(12) holds only for some dy.

Lemma 2.4. If F C X is totally bounded or X has totally bounded balls then F
is equi-homogeneous if and only if there exist constants M > 1 and ¢1,c¢2,01 >0
such that

sup N (Bs(x) N F,p) <M irelgN(BcuS (x) N F,cap)
el x

for all p,d satisfying 0 < p < 6 < 65.



Proof. The proof is substantially the same as that of Lemma 1.6. O

Again, if F is totally bounded then we can find M > 1 such that (12) holds
for all p,d with 0 < p < 4.

In normed spaces with totally bounded balls (such as Euclidean space) there
is an even more elementary formulation that does not require the constants
C1,C2.

Lemma 2.5. Let X be a normed space with totally bounded balls. A set F C X
is equi-homogeneous if and only if there exists constants M > 1, §; > 1 such
that

sup N(B;s (z) N F,p) < M inf N(Bs(x) N F,p) (13)
z€F zeF

for all p,6 with 0 < p <6 < 6.

Proof. The ‘if’ direction follows immediately from Lemma 2.4. To prove the
converse fix o > 0 and let M > 1 and ¢, ¢ > 0 with ¢o < 1 < ¢ be such that

sup N (Bs(x) N F,p) <M irelgN(Bclg (x) N F,cap)
el T

for all 0 < p < § < dp.
First, observe that replacing § by d/c; we can assume that

sup N (B, (x) N F,p) < M iggN(Bé (z) N F,cap) (14)
zeF z

for all 6, p with 0 < p < §/c1, § < ¢109. Note that if p > §/c; then the above
inequality holds trivially, since the left-hand side is 1 and the right-hand side is
at least M > 1; so in fact (14) holds for all 0 < p < § < 1 := ¢10p.

Now, it follows from (6) with r = ¢/c; that

N (Bs () N\ F.p) < N (B3 (2)..6/c2) sup N (Byye, () 11 F.p)

forallz € F, so setting Ny:= N (Bs (z),0/c1) = N (B1(0),1/¢1), which follows
as X is a normed space, we obtain

sup N (Bs (x) N F,p) < Ny SHEN(Bé/Cl (x)NF,p). (15)
el ze

It also follows from (6) that for any r > 0
N (Bs (x) N F,ecap) < N (Bs (x) N Fyr)sup N (B, (z) N F, cap)
el

< N (Bs(x)NF,r) sglp;N (B (), cap)

= N (Bs(x)NF,r)N (B, (0),c2p)

so taking r = p, setting No = N (B, (0),c2p) = N (B1(0),c2), which again
follows as X is a normed space, and taking the infimum over z € F' we obtain

ingN (Bs () N F,cap) < iggN (Bs () N F, p) Na. (16)
xe x



It follows from (14), (15) and (16) that for all p,d with 0 < p < 6 < 4y

N
sup N (Bs () N F, p) < M—- inf N (B; (z) N F, p)
el No zeF

so we conclude from Lemma 2.5 that F' is equi-homogeneous. O

In [11] the authors demonstrate that for reasonable choices of product metric,
the product of two equi-homogeneous sets is also equi-homogeneous.

We will demonstrate that this notion of equi-homogeneity is not overly re-
strictive: it is enjoyed, at least, by all self-similar sets that satisfy the Moran
open set condition.

Self-similar sets are a much studied and canonical class of fractal sets. A
(contracting) similarity is a map f; : R — R? of the form

fi(z) = 0,0,z + B,

where o; € (0,1), 8; € R, and O; € O(d), the set of all d x d orthogonal
matrices. Given a family {f;}7; of similarities, there exists a unique set F,
known as the attractor of this family, such that

F= U fi(F). (17)

(See Falconer [4], for example.)
These sets are easier to analyse when we impose some separation properties,
i.e. we insist that (in some sense) the images of the f; do not overlap. The

simplest such property is the Moran open-set condition: there exists an open
set U such that FF C U, f;(U) CU, and

FO)NH0) =2 when i # ]l

Lemma 2.6. Self-similar sets that satisfy the Moran open-set condition are
equi-homogeneous.

Proof. Let T = {1,...,n}, define Z* = |J;__, Z", and for a = (i1,...,in) €T
let
fa:fi1o"'ofin7 Oa:Oi1"'Oin and Oq = 04y "+ 04

For n > 2 we denote (i1,...,ip—1) by &'. Let omin = min{o; : ¢ € T} and

n = diam(U). For 6 < opinn define

"

Ss={a€Z:o,n<d<oun}
Note that n > 2 for any a € S5. Moreover, for a, 5 € S5 we have

fU)NfsU) =2 when  a#8. (18)
This follows from the open set condition as we now show.
Write
a=(i1,...,0n) and B=(1,-yJm)

and assume without loss of generality that m < n. Let k be the smallest integer
such that i, # ji. Such a k exists because if not, then a #  would imply m < n



and consequently that o, < og. This would imply that § < oo < ogn < 9,
which is a contradiction. If & = 1 then ¢; # j; and the open set condition
implies that

faU)N f5(U) C fi, U)N [, (U) = 2.
If k > 1 define v = (41,...,ix—1) and again
fa(U)N f(U) C fyo fi, (U)N fry 0 f3,(U) = f1(9) =

Thus we have shown that (18) holds.
We next claim that

F=J fa(F)  where  fo(z) = 0404(x) + fa(0). (19)

a€ESs

This follows from (17) and induction. Given x € F choose i; € Z such that
x € f;,(F). Assume that = € f;, o--- o f; (F); then f_1 ) f;l( ) e F
implies that we can choose i1 € Z such that fi? o fil(x) € fi (F). It
follows that « € f;, o---o f;, ., (F). Given the sequence iy chosen above, there
is exactly one choice of n such that a = (i1,--- ,4,) satisfies oo < § < oW .
We conclude that « € f,(F) for some a € Ss, which completes the proof of the
claim.

We now use (18) and (19) to show that F' is equi-homogeneous. Let z € F

9)
be arbitrary. Then x € f,(F) for some « € S5 and consequently
diam(fo(F)) = oadiam(F) < o,n < 6,

which implies that f,(F) C Bs(x). It follows that

Bs(x)NF = Bs(x) N | f3(F) 2 Bs(z) N fo(F) = fulF).

BESs

Therefore
N(Bs(z) N F,p) = N(fa(F),p) = N(F,p/0a) = N(F,c1p/d)
where ¢ = 1/0min implies that
inf N(Bs(z) N F,p) > N(F,c1p/9).
Now let As = {a € S5 : Bs(z) N fo(U) # @ }. Then o € A; implies that

faU) € By diamy. @) (%) S Bas(x).

Therefore by (18) we obtain

A(Bas(@) 2 A fal0)) = 3 A(ful)

a€A; acAs
= MU) Y (0a)? = AU)(8/c1) card(As)
a€As

where A is the d-dimensional Lebesgue measure. Consequently

N(Bs(z)NF,p) < > N(fu(F),p) = > N(F,p/oa)

a€As a€As
< card(As)N(F,np/d) < MN(F,np/d)



where M = (2¢17)¢\(By(z))/A(U). Tt follows that

sup N (Bs(z) N F,p) < MN(F,np/9),
zeF

which completes the proof of the theorem. O

2.2 Equi-homogeneity and the Assouad dimension

For equi-homogeneous sets F' we obtain from (10) an upper bound for the maxi-
mal size of the local coverings sup,cp N(Bs () N F, p) in terms of the minimum
number of sets required to cover F'. In fact, with this bound we can precisely
find the Assouad dimension of equi-homogeneous sets provided that their box-
counting dimensions are suitably ‘well behaved’, which is the content of the
following theorem.

Theorem 2.7. If a totally bounded set F' C X is equi-homogeneous, F attains
both its upper and lower box-counting dimensions, and dimpg F' = dimpg F, then
dimAF = dimB F = dimLB F.

Proof. As F' attains both its upper and lower box-counting dimensions and these
dimensions are equal it is clear from Definition 1.3 that there exists a constant
C > 1 and a ég > 0 such that

1 ) .

5&deFgNgmng(m-“wF Y0 < 6 < 8. (20)
Next, as F' is equi-homogeneous there exist M > 1 and cj,co > 0 with

co <1 < ¢; such that for all §, p with 0 < p < d < g

sup N(Bs ()N F,p) <M ingN(Bcu; () N F,eap) .
zEF [AS

As 0 < cap < 10 we can apply Lemma 2.2 to obtain

N(Eyesp) _ o (eap)” 0 F
sup N(Bs () N F, p) < M2 2P)  ypep €20)
IGE ( 5( ) p) N(F,4015) (4015)7d1m5F

— Mc2 (401/62)dim3 F (5/p)dim5 F

from (20), so the set F is (dimp F')-homogeneous. Consequently, dimy F <
dimp F, but from (9) the Assouad dimension dominates the upper box-counting
dimension so we obtain the equality dimy F' = dimp F. O

Note that our notion of equi-homogeneous is related to, but distinctly differ-
ent from, the coincidence of the Assouad dimension with the minimal dimension
number dimpa (F') defined by Larman in [7] as as the supremum over all s for
which there exists constants ¢ and dg > 0 such that

in?N(Bg(x)ﬁF,p)zc(é/p)s for all 0<p<d<ip.

S

Corollary 2.11 of Fraser [5] shows that self-similar sets F' that satisfy the open-set
condition also satisfy dima (F') = dimpa (F'). Given that we have just shown that
such sets are equi-homogeneous, this raises the possibility that equi-homogeneity
is equivalent to the condition dima (F') = dimpa (F).

10



However, the generalised Cantor sets that we will construct in Section 3 are
equi-homogeneous but have minimal dimension numbers that differ from their
Assouad dimensions, and we now give a simple example of a set that satis-
fies dima (F) = dimpa (F) but that is not equi-homogeneous. Taken together
these two examples demonstrate that the notion of equi-homogeneity is entirely
distinct from the coincidence of these two dimensions.

Proposition 2.8. Let F = {0,1} U{2™" :n € N}. Then
dlmA(F) = dimLA(F) = 0
but F' is not equi-homogeneous.

Proof. Let § =1/2. Then

Bs(1)NF = {1} implies that ing N(Bs(z)NF,p)=1.
ES

for every p > 0. On the other hand, for 0 < p < 1/4, let K be chosen so that
27Kl < p <27k,

Then K > 2 and
Bs(O)NF2{2™":n=2,...,K}.

Moreover 2~ 71 — 92— = 9—n > 9—K 5 p for n < K implies that at least one
set of diameter p is required to cover each of the K — 1 points above. Therefore

sup N(By(a) N Fop) > K — 1> 80/

zEF log 2

This shows there is no value for M independent of p that could appear in
Definition 2.3 for this set, and so F' is not equi-homogeneous.

Clearly dimpa(F) = 0. The equality dima(F) = 0 is stated as Fact 4.3
in Olson [9] without proof. We include the proof here and remark that the
logarithmic terms that occur in the course of the argument can also be used
to show that F' does not ‘attain’ its box-counting dimension (in the sense of
Definition 1.3).

Let z € [0,1] and 0 < p < § < 1/4. Define

G={27":max(0,z —0) <2 " <p}
and
H={2"":max(p,x — ) < 27" <min(xz +0,1) }.

Then Bs(z)NF C {0,1} UG U H. Now depending on p, z, and ¢ it may happen
that either or both of the sets H and G are empty. As covering an empty set is
trivial, we need only consider the cases when these sets are non-empty.

If G # @ then x — § < p, and it follows that

p—max(0,z — §)
p

N(G,p) < +1<2 (21)

Similarly if H # @ then

1 min(x + 4,1)
N(H,p) < 1 1.
( ’p)_log2 Og{max(p,nc—é)}Jr

11



Ifzx+d>1thena—9§>1-26>1/2. Thus N(H,p) <2. If z — § < p then
r+6 < p+25 <35 <1. Thus N(H,p) < (log2)~t1og(35/p) + 1. Otherwise,
p+0 <z <1—4. On this interval z > log {(z + 6)/(z — 6)} is a decreasing
function. Therefore, in general,

N(H, p) <2log(s/p) + 3. (22)
Combining (21) with (22) we obtain
N(Bs(z) N F,p) <2log(d/p) + 7
Since for every s > 0 there exists C' > 0 such that
2log(d/p) +7 < C(0/p)* for every 0<p<d<l/4,

taking dp = 1/4 in Lemma 1.6 shows that dima (F) = 0. O
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