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1. Let f and g be nonconstant maps defined in connected domains in C.
Show the chain rule for valence: vfg(w) = vf (g(w)) · vg(w).

2. Let D = {z : 0 < |z| < 1}. Let G be the group generated by
z 7→ z exp(2πi/n) for some fixed n. Identify D/G up to conformal
equivalence.

3. Let D = C − {0} and let G be generated by g : z 7→ z/2. Show that
D/G is a torus.

4. Show that the surfaces C∞, S and CP1 are conformally equivalent.

5. Give C two atlases A1 consisting only of the identity map and A2

consisting of the map h(z) = z̄. Show that A1 and A2 determine
different conformal structures on C but that h : (C,A1)→ (C,A2) is a
holomorphic equivalence.

6. Let S be the metric space defined by S = {(z, w) ∈ C∞×C∞ : z = wn}.
Show that S is a surface and that S ∪ {(∞,∞)} is homeomorphic to
C∞.

7. Derive the identity
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as follows.

(a) Show that the difference d(z) between the two sides is holomorphic
in C and satisfies d(z + 1) = d(z).

(b) Show that d(x+ iy)→ 0 as |y| → +∞ uniformly in x.

(c) Deduce that d is constant and hence zero in C.


