



































































































































Recall that we introduced complex
valued found last time and I aleuined
Aunt this was a natural language
forcomplex analysis I will prove
2 results which make this connection






































































































































Example fry f ut i v is a holomorphic

function then def Had2 asf valued cfound

def Iffdy t Iftdy ti Iffdis ti dffdy
4 ti Hay dxtftfytiafyydy

fftitfyfdxtifky.it dy
ICR

CI ti IH dxtiffft.it dy
f dy t i f dy
f DXtidy f dit

CR I dt

H Ey y
I

cute that the derivative frome analysis
now appears in theformof a Cform The
1 form makes explicitreference to a particular
coordinate Z Relevantwhen we want to change






































































































































our local coordinate titre Leibniz
antition the result looks obvious but
hides some actual content

Note that the natural context for
asking whether a particularfunctioning
linear anti derivative is asking
whether gdz is exact

If gdz df then f g






































































































































Theorem d fdz o iff faatisfies
the Cauchy Riemann equations
dffdt xdxt2fydy ndY
4

dfrdZ

If gg
tiGYdxtFydDndx
i t

dxtfIydy Ady

ydxt ydy Ady
2 dyndy
ti Ey dyady

ti thy dirty
Eydie dy

Zay Ia dxrdy iffy If dMdy






































































































































0 since

the Cauchy Riemann equation

EEE.isafI
Arif gio holomorphic than
gdt is closed g has an

anti derivative if the closed
form gdz is exact






































































































































Wath 3510 Day 28 pullback commateacoithd

halutalityaftheettercinderciatrie
Calaouirportuitformanifolda

Theorem

Daya 000 dCG w Cdw

Tuncturicene deff w DuGt

daff a Cdf FmIaEk

ft g
Defoe

µµ µ
d

Cm
Rewards
GCuj Gj Gj uj means
GCdujy dGj g Eaij






































































































































J s Gy Cray

Want to show that dGj duj means

dGj G Cduj
do dG forarbitrary

Otomo
Coordinates

Coorduinticuj

is






































































































































Now consider 0 Waithe akov
a da d f

If we write f II fedXI Suffices
to prove the result for each component
function since both sides are linear
for consider f f dXI






































































































































Gt df Gt dfadye GCdf rG due

d f nG due e dueD
dca f a G dyell G dad

d f A dG xi l detox

d f nd ki n duin

I d Gtf h daie d Ain

dCG fr due da D
d Cfdx

dCo f n dude l d uit

d Gtf n dree edu id dai
Ue RdTei z d due k
t

Ui r U iz l dTrick

t.de fi du J
GT COD Workafarfunaltouat

Worksfor1forms rival f forma are dt






































































































































One highlightof a course on formsis
a major generalizationof the fundamental
theorem of calculus called the generalized
stores Theorem Thisworks in all dimensions
and formanifolds and has theform

findw Samo
weeniboletterboundary M

Ctb the warrant we only need a 2 dim
version which I am assuming is familiar

Gauss Theorem Jet lick
be a subsurface with boundary
and w a t form there

inherits
Idg SI

yo touentation






































































































































Choose a direction
on su so that when

facingforwardyour
left bandpoints into U

If w cady t bdy then aw Efdy idy
8 dady

Fx Ea dxedy
AofufIi y dMdY Jgudxtbdy

Example

Second criterionfor exactness
Homotopyinvariance Wuiding member

urge
Hun a boyhomertoadisk

If u is simplyconnected them and 9Tom
with dw o on a then w df






































































































































application D
Jet ro 8 a b X hetero curves

with the same atertuigand endingpoints
2o and Z flien To curl 8 are

bountrypic if there exists a mph ofthe

rectangle caidxlo.it into X with
htt D Tofte p 105

UH 1 Tilt 4 8 Zi

Yi a
w f

f To

Claim If Ucp and co is a

1form with dw o if roads ore

homotopianithuaworththen

S.io'S.io






































































































































Prof Consider h w on B

We leave d h w Jyj du Jpg O

Soby Savaii ltcm

J.gg
w J dCh w O

s Js w t f wI yw o

Is Hot J h u o

t t

f w t Jj o

so f ow Saw
R ore valued

Cor If w is a closedform on U then
w defines a homomorphism from it a Rose

c forumCor If w is closed and the induced map






































































































































is trivial tuneo is exact

Proof If In this same fog e o

for any loop W
since any loop is homotopic to

a

constant loop This is one of our
criteria for iterates


