



































































































































A Riemannsurface is a fairly abstract
object like a numberofthings in

modern mathematics

How did Reimann and Weyl come

up with this definition

How do we make sense of it
In whatway is there geometry attached
to a Riemann surface



as in last clans let 5 be the unit sphere
in IR Tet p e 5 ft Tp be the tangent

plane to 5 at the pointp
We can identifyTp with

Tp v eITE i p V 03

Thetangent bundleof 5 is the collectionof
tangent plumes

T 5 Cp v pe 5 veITE p V 03

Note that Tp is a vector space so that

TL 5 is a disjoint union of vector spouses

How does the vector space structure

interact with the Riemann surface
structure on 52
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coliQ 1123 fi 1123

Any dip q Doli tutor a tangent vector w

at q to a tangent vector at p tayEepee
Doli takes a tangentvector at qa to a Tangut
motor at p Bythe chain rule D8 takes
w to Wr

ft T Ue Cq w qEU wiEQ

This Cq wi quick wee

Note that we can reconstruct the
tangent bundle Tl 5 from Tcu and Tcu a

byusingidentifications induced ly ke



For
any Riemannsurface

R we can

construct an abstract tangentbundle TLD

by gluingtogether tangentbundles of
diarra as in this example In the special
awe of 5 we aim identify this abstract
tangent bundle with a concrete tangent
bundleof a smoothsurface in 423

Remark Given two tangentvectors
VW in Tpc 1427 it makes sense to talk

aboutthe angle between them

doa

W r Wp

fierce den is holomorphic it preserved
anglesbetween vectors so the angle
is independentof the coordinate about



This is an exampleof how we think
about and talk about Reimannsurfaced
A property undrea sense for R if it
makes sense in any coordinate chart

Definition Holomorphicfunction between

Riemann surfaces
Tet R and s be Reimannsurfaces with

atlases LolaunB and Kp Vpl
set f R S be a frication

it s

Yolo

TEA Q

for tea 42 and Up as we set



for Ypo f off The domain is theset an

of which this expression
fed U makes sense It can be

empty

Wesay that f is holomorphic if each
function fpa is holomorphic

Example We have defined a map f di from
a f 5 where both of these are

Riemann surfaces Q is an open subset

of a Claim that f is holomorphic
In order to check this we need to

f S2

o id µ
Q a

clock that of toni is holomorphic
and that oliofoHoi ia holomorphic



o old G z ok

o olio id G te ok

Remark Consider wQt_v Cepriori
we have defined two different notions of
what it means to be a holomorphic
function from A to V We leave the classic

definition and the Riemannsurface definition
It is easy to check that these two definitions
are the same

Example3 Jet x and µ be complexnumbers

which are linearlyindependent over IRWe call in a lattice
Jet r Emt nee e u u e 13 T is a group and

it acts on by addition 8 anathed and EE

J 2 wid t U let 2

It al r denote the quotient spaceof this



action and let it Cyr be the quotient

weep Z z if Z 8 for f A set

Uc Qtr is open iff it cu is open in Q

Warning In general the quotientspace
of a topologicalspaceby the action of an
airfinite group can be verynasty
Iet me show that in this case it is nice

Step 1 If T mini wire I then we

can identify Cyr with RYE a t a

S t 5

Step 2 For general f mat uns write
inR2

X and N as column creators and let

fund and let A fitted
ALIT P Since x and u are lewiarly
independent over 112 the matrix A is



wivertilley and A induces a homeomorphism
I HE e TT
t Taining t t 1
THYpimp Man Ryn

Phu homeomorphism include a
qp

homeomorphismfrom Hype to Ryn

So we see that Qtr is homeomorphic to

a torture

We construct an altar on as

follows Swim 2 c Q we can find an

open set u with zew so that he

is disjoint from all its wings

In it a disk of radius less than I had
this property since the distance between

f 0
too centers is greater
than or equal to 1

Teta betheimageof such a disk widest



let 9 It up

Q
04

f I Happ
Qb

Definition We
say that

two Reimann
R S

surfaces are bolomorphically equivalent

if there there is a holomorphic nap
f R S with a holomorphic inverse

Of course f ie conformal so we sometimes

any that Rands are conformally

equivalent



We have constructed a familyof
Riemann surfaces all of which are

topologically equivalent to Tori and
hence all topologically equivalent to
each other

We can ask whether they are conformally

equivalent The answer is no

constructed
We have aplunge number of conformally
distinct surfaces



I Ct w EireES
W I 0,073

Define an equivalencerelation on w ly
z W n un iff for some tox Gw Ctu.tv

note to a 03

Rewards thatthereequivalence alooaea are orbits

of a group action where e us is given thegroup
structurecoming frommultiplication

bydefinitionWritethe equivalenceclassofGuy as aw3
awnotertho

fetap be the set of qinaleneclasses

w Typ

ECG4 few
1B
dos r

HzW1 E if Wto
Cs w O

p ft WJ Ew w t o

A w O



Q 5 If we pull back the atlas on 5

to clip we got U Et w wt03

Ur ft w 2 to

q u 4 ft w E

ch uz 94ft w Ee

Thisgives ap a Reimann surfaceabutalate
Could add additionalcharts g ft wD FIFI ed
definedwhere e dw fo det Ibd to

Thisconstruction ofICP f 5 suggestssymmetries
ofQP withdetto

If A Ibd is any 2 2 complexmatrixytten
themap E EI E preserves the previous

atlas futenmaof the abort 4 alone

we bane aim E Ask E E EEE
9 o Ao 9 G EE d To gives us a linear

functional transformation



pulsinhftwinftittere

origin hate that

this line intersects

every line passing
through except e

Wedefine a chart bywapping each
e to lie pelated to
n a e projectivegeometry

lip Ltg

t


