
 

Theorem A function f is meromorphic
au Clos if and only if it is a rational

function
impletionof proof
If eject is a finite pole we can write

as

f z 2 an H ED for 2 near Zj
hi N

The friction fjcz IIwant2 H is

rational and tends to o as z as

suice it only contains negative powers
of Ct Zit

Jet RG If G

Now f R is holomorphic at each
2 s since we havesubtractedoff the negative
powers ofCz z so it is holomorphic in



Furthermore f R is continuous and finite
oatmeal at cs so it is bounded

By foirilles theorem f R is constant air
f ft REA to ff tC

showingthat tia rational



R connected

Theorem Tet R and S be Reimannsurfaced
and suppose that f unit g are endomorphic

wraps of R to S Then either f g
at
everypointof R or f got isolated

points

Remark Weproved this alreadywhen
R and S are domains in Q Wade use

of f g Need tomodify the proof in

general still making use of the

previously proud fact



Proof Pick R If fGHgG then we can

finddeigointablsoff andgains

if z f a a f v

µ to there is a coordinate dart
around 2 andAD arthat of of law
thing fGHgG for 2 cKD

Nowsuppose ft get Iet uleaubd.offa.yg.cz
gka f

I
fokt.to trs

D

Thereis a compactdish I solicit II c g44nFtu

Applying our previous result to tpa
and got we see that the act where



bit ofpoints where f g in Dis consistof
isolated points Sothere are only finitely
many points where fetal in D

Nowlet it be the set of points p inR

which have a whet Np wheref g at finitely
many points in Wp Ais open
set B be the set of points with
nlds where fg throughoutN B is open
A and B are open and disjoint the R A or RD
byconnectivity

Cor If R is a Riemannsurface
then the collectionof meromorphicfunctions
on R other than fat a is a fieldoff12is connected

Proof If fg are meromorphicfunctions
pe R and ftp.gcp t as we can add

unttpty functions so thesetof functions
found a ring Ifglues a dairete setof
zeros we can form tag at apile or



zero of g Ig has a zero or pole so g is

meromorphic

If g dues not live a discretewtfzeros
and Ria connected them g o

If R Riv Rr f E I onRi H Io onRa Fa I l on the f e 014
then f i f o while f fit 0 so fi f ore afrodivisions

Remark There is an interestingparallel betweenfieldsof meromorphicfunctions on Bouianusurfacesand numberfields finitedegreeeternviroof Q

Rewards When R Gcs we can identify
thisfield with the field of functions KEI



Theorem It R S be Riemannsurfaces
and supposeAunt f Ras isholomorphic
but not constant If AcR isopen then
HAS is open

Proof by AcR is open assumeAia antempty

tet wet We have a coordinate chart 4

mapping a nerd of W U to Q

It D be a dish around 48

Y l
VB

Isold
O

Arouse a dish D around oldw so that 4 D c f Vp



Bythe previous thin since f is not
constant it is not locally constant
so tea is not constant Thus fpalD

is open bytheopenmappingthemfor
holomorphicfunctionsfromQ toQ fer YfHeaCoD
is opensince Xp is continuous

If followsthat fat couturier a rebel ofeach
of its points

RNC
Theorem It f be holomorphic but
not constant on a ReimannsurfaceR
Then If I lure our local maximum and

our positive local minimum

Thisfollowsfrom the openwrappingtheorem



ofCp

µ

p

t e

R Sconnected
Theorem If f Rs s is analytic
but not constant and if Ria compact
lture HR S and so S is compact
In particular a holomorphicfunction on

a compact surface is constant

If fire meromorphic on a compactsurface
then fCRI Clos unbauf is constant

Toad behaviour of analyticfunctions
Recall limb if we U a Q and f u a

then Ufcw min we l A Cut to



Can we define it when f maps between

Bienvenu surfaced Is
howthederivativesof ta t tr
fer de depend on andYB fea

Problem If hand gone i l and holomorphic
Them vg.fm w Vg Ehlert Vfucus VaCw

Vf Ww1

Now if f Rss is non constant we can

define Vfcw are Vfcw VfpacoldwD

R g

footed

v

i

ri's th 9 4ps

Vyi foaHdHVd
d aat Tookew

If we clume differentcoordinate charts



the derivativesof tax.neednot be the same
as thoseof tea but the valence will be
the sound

Mudd fortransferring a definitionfrom
holomorphic maps fled Q to Riemann

surfaces


