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1 Introduction and History

Work of Jacobson, Morozov, Kostant and Mal’cev showed that for every nilpotent element in a Lie algebra
g, there exists an s[(2) triple with this element as its “positive nilpotent element”. In fact it is shown that
there is a one-to-one bijection between nilpotent orbits in a Lie algebra and Lie algebra homomorphisms
¢ : sl(2) — g up to inner automorphism by G, where g = Lie(G). Now, by considering the induced maps
® : SLs — G given by these Lie algebra homomorphisms ¢ and taking the quotient of G by the image
®(SLy) of the induced map, we obtain a plethora of homogeneous spaces.

Given two simple Lie groups G and G’ and two copies of ®(SLs), say H C G and H' C G’ induced from
nilpotent orbits of g = Lie(G) and g’ = Lie(G’) respectively, we may ask whether X = G/ 7 and X' = G//H/
are homotopy equivalent, that is, if there exists amap f: X — X’ and a map g : X’ — X such that go f and
f o g are homotopic to the identity map on X and X' respectively. In the case that G # G’ this question can
almost always be answered via a dimension argument alone, since the homogeneous spaces will be compact
manifolds of differing dimension each with non-trivial cohomology in top degree. One interesting family of
exceptions is when G = B,, and G’ = C,,. In fact, the focus of this report will be when n = 6, as here we
have dim(Bg) = dim(Cs) = dim(FEs) = 78, where Eg is the rank 6 exceptional Lie group.



We begin our task of comparing homotopy types of these homogeneous spaces by computing the rational
homotopy groups, this will only have a chance of being successful in the case G # G’, since the rational
homotopy groups of the homogeneous space will not depend on the chosen non-zero nilpotent orbit. Next,
we will compute some of the lower homotopy groups (with coefficients in Z), and it is here that we make use
of the so-called Dynkin index. These lower homotopy groups along with the Dynkin index will allow us to
determine that the majority of homogeneous spaces are not homotopy equivalent to any other.

However, for a small number of spaces the question of whether they are homotopy equivalent to any
other will still not be answered, and we will find ourselves solely in the case of comparing the homotopy
types of homogeneous spaces where the simple Lie group is equal, that is, comparing homogeneous spaces
where G = G’. To do this we will look to utilise the K-theory of each of the spaces, and use the fact that
two spaces with differing K-theory cannot be homotopy equivalent. This allows us to show that in all but
three cases, different homogeneous spaces of G = Bg, Cs or Eg are not homotopy equivalent.

Homogeneous spaces have been the subject of study by many mathematicians, dating back as far as 1929
when Cartan developed the theory of (relative) Lie algebra cohomology as a tool to study these spaces. In
1958, Bott and Samuelson studied a more specific family of spaces called Symmetric spaces in their paper,
“Applications of the theory of Morse to Symmetric spaces”, [2]. In 1974 Aloff and Wallach studied a particular

family of spaces, namely the 7—manifolds S U(3>/T1, where T is a closed connected 1 dimensional subgroup
of SU(3) in [1]. These spaces have since been named “Aloff-Wallach” spaces. Shortly after, although
completely unrelated, in 1975, Minami published his paper “K groups of symmetric spaces 1", [14], which
successfully calculated the K groups of symmetric spaces via use of a spectral sequence, which we will also
make use of.

2 The theory of nilpotent orbits and the motivating example

In this section we collect results on the theory of nilpotent orbits in (semi-)simple Lie algebras. This theory
will be a key component in producing the homogeneous spaces we wish to compare. We will then give the
motivating example of nilpotent orbits in type A,, = sl,,11. This section follows [3], particularly chapters
3.5 and 8.4.

Throughout this section G is a simple Lie group with simple Lie algebra g. We let ad : g — gl(g) denote
the adjoint representation of g and Ad : G — GL(g) denote the adjoint representation of G. We also let
5[(2,C) have standard basis {h, z,y} satisfying Lie bracket relations [h, z] = 2z, [h,y] = —2y and [z,y] = h.
Definition 2.1. Let X be a linear operator, then we say X is nilpotent if X™ = 0 for some n € N.
Remark 2.2. It is well known by the preservation of the Jordan decomposition (see [10, Chapter 6.4]) that
X € g is nilpotent if and only if ¢(X) is a nilpotent operator as an element of gl(V') for any Lie algebra

homomorphism ¢ : g — gl(V). In particular when ¢ = ad, we have that X € g is nilpotent if and only if
ad(X)™ = 0 for some n € N.

As g is the Lie algebra of G, there exists a natural action of G,q on g given by the adjoint representation
of G. Thus for any element X € g we may define the orbit Ox of this element with respect to the action of
Gad, that is Ox = {X’ €g:9gXg' = X' for some g € G}. In particular, when X is nilpotent we say that
Ox is a nilpotent orbit.

Definition 2.3. We say that {H,X,Y} C g is a standard triple in g if the relations [H, X] = 2X,
[H,Y] = —2Y and [X,Y] = H are satisfied.

Observe that a standard triple {H, X, Y} C g is equivalent to a non-zero Lie algebra homomorphism
sl — g, given by ¢(x) = X,¢(y) = Y and ¢(h) = H, letting Hom™ (sly, g) denote the set of non-zero
homomorphisms from sl; to g we see that we have a bijection

{standard triples in g} +— Hom™ (sly, g).

One sees that both of these sets are invariant under the obvious action of G,q, and to this end we define
the following set:

Atriple = {Gad—conjugacy classes of standard triples in g}

= {Gaa-conjugacy classes in Hom™ (s, g) }.



We now define the following map, and this leads to the crucial theorem.
Q: Apipe — {non—zero nilpotent orbits in g}; Q({H, X, Y}) — Ox.

Theorem 2.4 (Theorem 3.2.10, [3]). The map Q is a one-to-one correspondence between the set Ayipre and
the set of non-zero nilpotent orbits of g. In particular we have a bijection of sets:

{non-zero nilpotent orbits in g} — {Gad-conjugacy classes in Homx(slg,g)}

Definition 2.5. For each sl, triple {H, X, Y} C g,let Oy = {H' € g: gHg~' = H' for some g € G}. Then
Op is called a distinguished semi-simple orbit.

Corollary 2.6. There exists a one-to-one correspondence between the nilpotent orbits and the distinguished
semi-simple orbits of g.

By the above corollary, each nilpotent orbit Ox comes with an associated semi-simple orbit Op. After
choosing a canonical element H € Op, which we will discuss in the specific cases of interest later, we may

label the Dynkin diagram of g by assigning the value a(H) to each simple root «, called a weighted Dynkin
diagram. Thus, we may view nilpotent orbits via their weighted Dynkin diagrams.

2.1 The motivating example - nilpotent orbits in Lie algebras of type A,,.

We now see the above theory in practice through the motivating example of nilpotent orbits in A,. We
begin with the following definition:

Definition 2.7. Given a positive integer n, let P(n) denote the set of partitions of n. For example,
P(5) = {[5], [4.1], (3,2}, [3,17], [22,1], [2,1°], [1°] }.

For any positive integer i, we may construct the 7 X ¢ matrix:

0 1 0 0 0
0 0 1 0 0
Ji = Co IR
0 00 ... 01
0 0 O 0 0

It’s easy to see that J; is a nilpotent element of sl;, now given any partition [dy, ..., di] of n, define

Jo 0 0 ... 0 0
0 Joy 0 ... 0 0
X[dl,m,dk] = :
0 0 0 ... Jy, O
0 0 0 ... 0 Jy

J; is called the elementary Jordan block of size i, we see that X4, . 4,] is a nilpotent element of slg, 1. 4, =
sl,. We have (SLy,)aq = PSL,. With this we define the nilpotent orbit Og, . 4, by

O[dl,...,dk] = PSLTL : X[d],...,dk]‘

Given two different partitions [dy,...,dx| and [cq,...,¢], observe that there orbits are different by the
uniqueness of the Jordan normal form. Moreover, we have that the GL,,, SL,, and PSL,, conjugacy classes
in sl,, coincide (see [3, Chapter 1.2]), therefore if X € sl,, is a nilpotent element then there exists a partition
[dy,...,dy] such that X4, . 4, € Ox, In this case, we write Ox = O, ... 4,]- This gives us the very useful
result:



Proposition 2.8. [3, Proposition 3.1.7] There is a one-to-one correspondence between the nilpotent orbits
of sl, and the set P(n) of partitions of n. The correspondence is given by:

Joy 0 ... 0 0
0 Jsy ... 0 0
[di,...,dg] <— PSL, - | : S : :
0 0 ... Jy, O
0 0 ... 0 Jg

Having now classified the nilpotent orbits of sl,, via partitions of n, we now wish to find explicit formula
for the sly triple {Hq4,, .. a,]s X[d;.....dx]> Y]dr.....dr]} @ssociated to the nilpotent element Xig, . 4,). Given a
fixed positive integer r, we define the map p, : slo — sl,.1 given by:

r 0 0 ... 0 0
0 r—2 0 ... 0 0
pr(h):
0 0 0 -r+2 0
0 0 0 0 —r
01 0 0 0
0 0 1 0 0
pr(x) =
0 0 0 1
0 0 0 0
0 00 ... 0 O
i 00 ... 0 0
prly) =11 1 oo
0 00 ... 0 O
0 00 ... ur 0

where p; = i(r + 1 —14) for 1 <14 <r. We have the following standard result.
Lemma 2.9. [3, Lemma 3.2.6] p, is the unique irreducible representation of sly of dimension r + 1.

Observe that for a given partition [dy, ..., di] of n, we have

k
Xlidy,..ds] = @ pd;—1(x)
i=1

and therefore we have

k k
Hiyg,.,...an) = @Pdi—l(h)y Yidy,...d] = @pdi—l(y)'
i=1 i=1

Example 2.10. Let [2,2,1] € P(5) be a partition of 5, then we have an sly—triple in sl5 given by:

01 0 0 O 1 0 0 0 O 0O 0 0 0 O
0O 0 0 0 O 0O -1 0 0 O 1 0 0 0 O
X221 =]10 0 0 1 0f,Hp21y=(0 0 1 0 0f,Ypey=|(0 0 0 0 0
0 0 0 0 O 0O 0 0 -1 0 0 01 0O
0 0 0 0 O 0O 0 0 0 O 0 0 0 0 O

We conclude this section by discussing how to label the Dynkin diagram for nilpotent orbits of sl,,. From
the proceeding discussion we have that

H[d1,<-~7dk] = diag(d1 —1,.,—di+1,do—1,...,—do+1,....dp, — 1,... —dp + 1).



We now define fl[dl _____ 4,] to be the diagonal matrix with the same entries as H|g,
in rearranged into decreasing order. For example,

.....

1 0 0 0 O 1 0 0 O 0
0 -1 0 0 O B 01 0 O 0
H[272,1] = 0 0 1 0 0 gives H[2,271] = 0 0 O 0 0
0 0 0 -1 0 0 00 -1 0
0 0 0 0 O 0 00 0 -1
It is very well known that a basis of simple roots for sl, 11 is given by {ai}jzl, o; = Ly — L;11 where
hiy 0 0 O 0
0 hs 0O O 0
L; 0 0 0 0 = h; for alliE{l,Z,...,n—l—l}.
0 0 0 h, 0
0 0 0 0 hpp

Then for a given H € 5l,41 defined as above, we may label the Dynkin diagram of sl,, ;1 as follows:

ar1(H) aq(H) an_l(ﬁ) an(]fI)
O O O O

We will denote the weighted Dynkin diagram as above by A (a1 (H),...,on (ﬁ)) , and may write OA(

a1 (H),....an ()
to denote the orbit with this weighted Dynkin diagram. We now see an example of a weighted Dynkin diagram
for the partition [2,2,1] of 5 i.e. the weighted Dynkin diagram associated to the orbit Ojp21) = Ox, ,

100 0 O
010 0 O
Example 2.11. For the partition [2,2,1] of 5, we saw that fI[Q’QJ] =10 0 0 O 0 | and so the
0 00 -1 0
0 00 0 -1

weighted Dynkin diagram is

0
O—O—0O0—=0
and therefore we have O35 1] = Oa(0,1,1,0)

2.2 Nilpotent orbits in Lie algebras B, (s and Es and the associated homoge-
neous spaces.

In this section we give a classification of the nilpotent orbits in types Bg, Cg and Eg. This section closely
follows [3, Chatper 5]. We first give the following two results.

Theorem 2.12 (Theorem 5.1.2 [3]). Nilpotent orbits in B, = $02,11 are in one-to-one correspondence with
the set of partitions of 2n + 1 in which even parts occur with even multiplicity.

Theorem 2.13 (Theorem 5.1.3 [3]). Nilpotent orbits in C,, = sp,,, are in one-to-one correspondence with
the set of partitions of 2n in which odd parts occur with even multiplicity.

Example 2.14. For By = s05 we require partitions of 5 such that even parts appear with even multiplicity.
There are exactly four of these, namely {[5], [3,1?],[22,1], [1°]}.



For B,, we obtain the weighted Dynkin diagram as follows; given a partition d = [d1, .., dg] of 2n + 1, let
si = (d; — 1,d; — 3,...,—dy + 3,—d; — 1). Form the list H by concatenating the s; for each i € {1,...,k}.
Now let H be the rearrangement of H such that a 0 comes first, follows by the remaining non-negative
terms in decreasing order, followed by their negatives, denote this list H = (0, hy, ..., by, —h1, ..., hy), then
the weighted Dynkin diagram of the orbit Oq4 of B, is

h1 — hg hg — hg hn72 - hnfl hnfl - hn hn
‘) () 5
Q / / : ‘

For C,,, the process is essentially the same; given a partition d = [dy, .., dg] of 2n, let s; = (d; — 1,d; —
3,...,—dy +3,—d; — 1). Form the list H by concatenating the s; for each i € {1,...,k}. Now let H be the
rearrangement of H such that non-negative terms come first, in decreasing order, followed by their negatives,
denote this list H = (hy, ..., A, —h1, ..., hy), then the weighted Dynkin diagram of the orbit Og of B, is

hi— ha ho — hs hn—2 —hp_1 hp_1—hy 2h.,
M M
O W, ) ()

Example 2.15. The partition [5,4,4] € P(13) corresponds to a Bg nilpotent orbit. We have s; =
(4,2,0,—2,—4), ss =s3=(3,1,—1,-3), and so H = (4,2,0,—2,-4,3,1,—1,-3,3,1,—1, —3). Rearranging
this as described above gives H = (0,4,3,3,2,1,1,—4,-3,-3,—2,—1,—1), therefore the weighted Dynkin
diagram is

1 0 1 1 0 1
O—O—Q0C—=0 — )

and we have 0[57474] = OA(l.,O,l,l,O,l)'

Nilpotent orbits in Fg do not have such a straightforward classification, it was nevertheless achieved
through work of Dynkin, Bala and Carter [3, Chapter 8] via the study of so-called parabolic subalgebras. In
particular, Fg orbits do not have a labelling by partitions, but are instead labelled by the isomorphism class
of the subalgebra. We merely give the table of nilpotent orbits of Eg, which can be found in Appendix A,
or alternatively in [3, Chapter 8.4].

Now, we know that any nilpotent orbit O in g corresponds to a Lie algebra homomorphism ¢ : sly — g,
this induces a Lie group homomorphism ® : SLs — G which further produces a homogeneous space /g Ly
We now begin our attempts to determine the homotopy type of such spaces where G = Bg, Cg and Fg.

3 The rational homotopy groups

Rational homotopy theory was first discovered by Quillen and Sullivan, what makes the theory of rational
homotopy groups so appealing is that the groups are often very easily computed. However, it has the
disadvantage of losing some information about the homotopy groups, in particular, it removes all torsion
elements.

Given a topological space X, we define the rational homotopy groups to be 7. (X,Q) = 7(X) ® Q. One
immediately observes that for any two topological spaces X,Y we have

(X, Q) 2 1(Y,Q) = m(X) % m(Y).

Note that the converse need not hold. With this in mind, we show that for any nilpotent orbits of G = Bg
or Cg we have G/ SLy 2 Eﬁ/ SL, by showing that the rational homotopy groups are different. To do this we
must first discuss the theory, which may be found in [5], particularly Chapter 12, and the article of Reeder



titled ”On the cohomology of compact Lie groups”, see [17]. Given a smooth manifold M we may consider
the functor
Agr : smooth manifolds — commutative cochain algebras

taking a smooth manifold to it’s cochain complex of differential forms with differential, d, given by the
exterior derivative. i.e. letting Q*(M) denote the space of i—forms on M we have

Aqr(M) =05 Q) & ' (M) L Q2(M) & ..

We now introduce a special type of commutative cochain algebra known as a Sullivan algebra.

Definition 3.1. A Sullivan algebra is a commutative cochain algebra of the form (A V,d) where

o V = {VP},>, that is V is positively graded, and where AV denotes the free graded commutative
algebra on V.

o V=, V(k) where V(0) C V(1) C ... is an increasing sequence of graded subspaces such that

— d=01in V(0)
— d(V(k)) C AV(k—1) for all k> 1
Definition 3.2. Let (A, d) be a commutative algebra, then
e A Sullivan model for (A,d) is a quasi-isomorphism (that is, a map inducing an isomorphism on
(co)homology groups) m : (A V,d) = (A,d) from a Sullivan algebra (A V,d)

o If M is a smooth manifold then a Sullivan model for the commutative algebra Agr(M) is called a
Sullivan model for M.

e The model is called minimal if im(d) c ATV - ATV

We now give two examples and a theorem which will play a key part in determining the rational homotopy
groups of our spaces.

Example 3.3 (Minimal Sullivan model for odd dimensional spheres). Let k be odd, we have

R ifx=0,k
H*(S*,R) = H*(Aqr(S%)) =
0 else.

Let ¢ € H* (AdR(Sk)) be a generator, and let w € (AdR(Sk)) be a cochain representative of ¢, that is
¢ = [w], where [—] denotes the class of a cochain in cohomology. Then

m: (/\{e},()) — Aar (S%)

where deg(e) = k and m(e) = w is a Sullivan model for S*. Note, im(d) = im(0) =0 =eAe e ATV ATV so
the model is minimal. We remark that via the use of a slightly modified functor (of which details are omitted)
we may obtain an almost completely analogous minimal Sullivan model for S* in which the homotopy groups
are over Q, as opposed to R.

Example 3.4. Let (A V,d) be a minimal Sullivan model for a path connected space X and (A W,d) be a
minimal Sullivan model for a path connected space Y, then (A V,d) ® (A W, d) is a minimal Sullivan model
for X xY.

We now turn our attention to determining minimal Sullivan models for compact connected Lie groups.
We begin with a definition, along with a couple of results from which the desired Sullivan models will follow.

Definition 3.5. A H-space is a topological space X, along with an element e € X andamap p: X x X — X
such that p(e,e) = e and the maps = — p(z,e) and x — p(e, ) are homotopic to the identity map = +— =
through maps sending e to e. In particular, a Lie group is a H-space.



Lemma 3.6. [5, Chapter 12, Example 3] Let X be a H-space, then X has minimal Sullivan model of the
form (AV,0).
Theorem 3.7. [6, Theorem 3C.4J[H. Hopf] Let G be a compact connected Lie group. Then G has the

rational cohomology of a product of odd dimensional spheres, that is, H*(G,Q) = H* H G2di—1 Q) .

As promised, we obtain the following description of minimal Sullivan models of compact connected Lie
groups.

Corollary 3.8. G has minimal Sullivan model ( \{e24,—1},0) where deg(ezq,—1) = 2d; — 1.

Proof. We know by the lemma that G has minimal Sullivan model (/A V,0) for some graded vector space V,
so it remains to determine what V is. To begin, it is a standard result that

H* (Hs%l,@) = {I c{2d; —1,...2d, — 1} : szi —1= k} .

% el

Now, one observes that ( /\{e24,—1},0) shares the same cohomology, thus V must be A{e24,—1}. O

In fact, a stronger statement holds, namely that G has the same rational homotopy type as a product of
spheres, this is a well know result, and in our case is easiest to see as a consequence of the following result.

Proposition 3.9. [5, Chapter 17] We have a bijection
{rational homotopy types} s {isomorphism classes of minimal Sullivan algebras over Q}.

In particular, G and HSzd"'_l are rationally homotopy equivalent.
i

Proof. For the in particular part, observe that for k,l odd we have (/\ek,O) ® (/\el,O) ~ (/\(ek,el),O),

thus G and H 524i=1 have isomorphic minimal Sullivan models. O

7

This immediately gives us the rational homotopy groups of G.

W*(Gy@) = T« (H SQd’i_l’Q> _ HW* (SQdi_l,Q) _ {é)@ if x = 2dz —1

else.

(2

We now wish to determine the d; for G = Bg,(Cg and Eg. We first recall some definitions from Lie
theory. Let G be a Lie group of rank [, with maximal torus 7. Then T is acted on by the Weyl group W =

N (T)/Z(T) via conjugation, where N(T') and Z(T') denote the normaliser and centraliser of T', respectively.

Let g = Lie(G@) and t = Lie(T") be the Lie algebras of G and T, and let S = S(t*) be the symmetric algebra
on t*, then there is a natural action of W on S induced from the action of W on T'.

T 0 0
0 o ... 0
Example 3.10. Let G = SL,,(C), then G has maximal torus T = . . e, =1
0 0 0 =z,
and W = S, acts by permuting the z;. That is, for 0 € S,,0 - 2; = 24(;. Next, we have Lie algebra
hy 0 ... O
0 hy ... O
g=-sl,(C)andt= . L :hi+hs+ ...+ hy, =0 » . Wehave that W acts on t by permuting
0 0 0 hy,

the h;. Next, define linear functionals €; € t* by ¢; - diag(hy, ..., h,) = h;, note that we have the relation
€1+ ¢&2+ ... + &, = 0. Observe that for o € W, o acts on ¢; by 0 - &; = 5-1(;).

Write S = S(t*) = (C[sl, -~-a5n]/(51 Fote,) then we have o - ZCZ- ng,..sfl” = Zci 5?71(1)'“5?41(@'



We now have the following result:

Theorem 3.11. [17] Let G be a compact connected Lie group, then the cohomology ring H*(G,Q) has
generators in degrees 2d; — 1, where d; are the degrees of the fundamental invariant polynomials of S(t*)W,
the space of polynomials in S(t*) which are invariant under the action of W.

Example 3.12. Continuing from our previous example, where S = C[{':l""’sn]/(g1 T ten) W have
fundamental invariant polynomials given by

Fk:6’f+...+5ﬁ for2>k >n.

These can be readily checked to be W—invariant. To check that they form a complete set of fundamental
invariant polynomials takes more work, but nonetheless is true, as can be seen in [9, Chapter 3.9]. Thus we
have

Q ifx=3,5,7,....,.2n—1

0 else.

7. (SLa(0),Q) = {

The degrees of the fundamental polynomials for G = Bg,Cs and Eg are given as follows [9, Table 1,
Chapter 3.7].

Type Degree of fundamental invariant polynomials
Bg 2,4,6,8,10,12
Cs 2,4,6,8,10,12
Eg 2,5,6,8,9,12

Thus we have 7, (Bg, Q) = 7. (Cs, Q) # 7. (Es, Q). Finally, observe from our example we have

Q ifx=3
0 else.

7T>x<(SL2((C)7(@) = {

and so we conclude this section with the following result.

Proposition 3.13. For any nilpotent orbit of G = Bg, Cg or Eg with induced copy of SL2(C) C G we have:

B __(C o ifx=7,11,15,19,23
”*( Y SLa(C) @) ””( 6/SLz(C)’@) a {0 else.

Q if*=9,11,15,17,23
T (EWSLQ((C) ) Q) = { ‘

0 else.

Therefore, for any induced copy of H = SLy(C) in Bg or Cg, and any induced copy of K = SLs(C) in Eg,
we have

Be/g o Fo/ge or CG/H 2 B

where ~ denotes the homotopy equivalence of two spaces.

Proof. The map ® : SLy(C) — G induces a non-zero map P, : m3(SL2(C)) — m3(G), which gives an
isomorphism between m3(SL2(C),Q) and m3(G,Q). The result now follows from the corresponding long
exact sequence. O

The computation of the rational homotopy groups has enabled us to distinguish between homogeneous
spaces of Fg and homogeneous spaces of Bg or Cg. However, it does not help us compare homogeneous spaces
of Bg and (Y, or indeed compare two homogeneous spaces arising from nilpotent orbits of the same G. Thus,
in the next section we compute some lower homotopy groups (with coefficients in Z) of our homogeneous
spaces in hopes of finding another invariant.



4 Homotopy groups and the Dynkin index

In this section, we compute some of the lower homotopy groups for homogeneous spaces G/S Lo where
G = Bg,Cs or Eg. We will find a purely algebraic way to compute the third homotopy group of our
homogeneous spaces, which will turn out to depend on the nilpotent orbit.

4.1 First computations of the homotopy groups of homogeneous spaces

To begin, we recall some definitions and results from algebraic topology.

Definition 4.1 (Exact sequences). Given A, B,C groups/rings/modules over a ring and f : A — B and
g : B — C morphisms we may form the sequence

O%ALB%C%O.

We say this sequence is (short) exact if im(f) = ker(g), f is injective and ¢ is surjective. Furthermore, given
objects A, As, ..., A, and morphisms fo : 0 — Ay, f1, fo, -y fu—1, fn : An — 0 between them we say the

sequence

N L I L I L

is (long) exact if im(f;) = ker(f;41) for 0 <i<n —1.

Example 4.2. The following are examples of short exact sequences:

¢ 052 Z 57, —0forn>1is exact, since ker(1) = im(n) = nZ.

e Let G be a Lie group and H C G a closed Lie subgroup. Then:
0—+H—->G— G/ 7 —0

is exact, where the maps are the obvious ones.

We now state a result on obtaining a long exact sequence of homotopy groups from certain short exact
sequences of spaces.

Lemma 4.3. Letp: E — B be a (Serre) fibration with B path connected and fiber F. Then we have a long
exact sequence of homotopy groups

e = WZ(F) — 777(E) — 7T7,(B) — Tl'i_l(F) — 7T'i_1(E) — 7T7;_1(B) — s = 7T0(F) — 7T0(E) — 7T0(B) —0

where we note that the maps on my are not group homomorphisms, but are exact in the sense that the relevant
kernels and images are equal.

Remark 4.4. We merely remark that for G a Lie group and H C G a Lie subgroup, p : G — G/ ‘g with
fiber H is a fibration. Thus for H connected! the conditions on the above lemma hold, in particular for
H = SLy(C) the conditions hold.

Finally, before we calculate homotopy groups of our homogeneous spaces, we give a table of the lower
homotopy groups of Bg,Cs and Eg. The fact that mo(G) = 0 and 73(G) = Z are standard results. Also
7.(SLa), m«(Bs) and 7, (Cp) are fairly standard, using that 7, (SLy) = m.(S%), Bs = SO(13) and Cs = Sp(2n).
Finally, the groups m.(Eg) can be verified in [2, Chapter III.2, Theorem V].

We also note that SLy(C) is simply connected, thus m1(SL2(C)) = 0. We now give an example of

calculating some homotopy groups of our homogeneous spaces G/ SLy before giving a table of results.

1For Lie groups, connected and path connected are equivalent.
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ST, (C) By Ce Es
o 0 0 0 0
T3 7 Z 7 7
T4 Zo 0 Zo 0
5 ZQ 0 ZQ 0
6 Z12 0 0 0
7 s Z Z 0

Example 4.5. Let G = Bg, then the projection p : Bg — B(VSLQ with fiber SLy(C) gives a long exact
sequence

-+ = 77(SLa(C)) — m7(Bg) — 77 (B6/SL2) 5 76(SLa(C)) — - - — m2(Bg) — 72 (BeySLg) o

In particular we have:

7 (SL2(0)) 1 (SL2(C))
= —~
° 0 — ma(Bg) — o (BG/SLQ) — 0 = (BG/SLQ) =my(Bg) =0
73 (SL2(C)) 73(Be) 72 (SL2(C))
A~

a A= B —~~
o .. — VA — Z —>7r3< 6/5L2)—> 0
where d : Z — 7 will be discussed shortly.

= 73 (BG/SLQ) =%z

It is a routine exercise involving short exact sequences to verify the following table:

B E,
%SL, CG/SLQ %SL,
o 0 0 0
Z Z Z
3 27 VA7, V7.
4 0 Ly by = 0
0 if b4 =
ZQ @Zg or Z4 if (b4,b5) = (1,1)
s Lo Zs if (bs,bs) = (1,0) or (0,1) Lo
0 if (bs, bs) = (0,0)
76 /22 {0 if bs = 1 /2

where the values d, by and bs are given as follows:

e d represents the map d : Z — Z from 7w3(SL2(C)) = Z to w3(G) = Z for each of G = Bg, Cg and Fg.

e by represents the map by : Zo — Zg from m4(SLa(C)) = Zs to m4(Cs) = Zoa.

e b5 represents the map bs : Zo — Zg from 75(SLa(C)) = Zs to 75(Cs) = Zoa.

Our first point of investigation will be the map d : Z — Z, and as we will soon see this map does depend
on which nilpotent orbit we choose. Therefore this will provide us with our first tool to compare homogeneous
spaces internally, that is, compare homogeneous spaces of the same Lie group G. We will then investigate
b4 and bs, as this will give us a way to distinguish between the spaces BfVS Ly(C) and CfVS Ly (C)-
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4.2 The Dynkin index

The value of d : Z — Z turns out to be given by the so-called Dynkin index of a sly(C) subalgebra in a
simple lie algebra g. We begin by discussing what the Dynkin index is how to compute it, before discussing
how it is related to the homotopy groups of our homogeneous spaces. This sections closely follows [16], as
well as [15].

Let g be a simple finite dimensional algebra of rank n, and let h be a Cartan subalgebra with set of roots
A C h*. Choose a set of positive roots AT and a set of simple roots II. We normalise a non-degenerate
g—invariant bilinear form (-, -) on g by requiring that (3, 8) = 2 for any long root 8 € A where, by abuse of
notation, (-,-) denotes the induced non-degenerate bilinear form on h*. We denote the normalised bi-linear
form on g by (-, ).

Example 4.6. Let g = s(3(C). Then h = {diag(hi, ho,h3) : hy + ha + hs =0} and II = {ay, as} with
a1 = €1 — €9 and ag = €5 — €3 where we define €; € h* by

hi 0 0
E; 0 hg 0 = hz
0 0 hs

A g—invariant non-degenerate bilinear form on g gives an isomorphism from b to h*. As we know, all roots
in A C b* have the same length. Thus we require (a1, 1) = 2. This is equivalent, due to the isomorphism
1 0 0 1 0 O
g; «— h; to requiring that 0 -1 0),{0 -1 0 = 2, thus we see that (X, X)y = tr(X?).
0 0 O 0 0 O

Definition 4.7. Let ¢ : s — g be a homomorphism of simple Lie algebras. For any z,y € s, the bilinear
form (z,y)to(¢(z), ¢(x))4 is proportional to (z,y)s, and the index of ¢ in g is defined as

(9(2),9(y))g
(7,9)s .

In particular, when s C g is a subalgebra, we say the index of s in g is

ind(s 2 g) =

. (l’, y)g
ind(s — g) = .
( ) (7,9)s
Finally, if (, V) is a representation of g then we define the index of the representation to be
_ tr(p(x)?)

ind(g, V) = ind(g 2 sl(V)) (.0,

The Dynkin index enjoys the following two nice properties:
e Multiplicativity: If s C h C g are simple Lie algebras then we have
ind(s < b) - ind(h — h) = ind(s — g).

e Additivity: If Vi, V4 are two representations of g then we have

ind(g, V1 & V2) = ind(g, V1) + ind(g, V2)

Before stating how one computes the index for sly subalgebras of g, we state the following very useful
consequence of the multiplicative property. Let s C g be a subalgebra, and let V' be a representation of g,
then we have ind(s, V)
ind(s
ind(s = g) = ———+.
e, V)
Recall from Section 1 that sl subalgebras in g, up to conjugation by G, are in one-to-one correspondence
with nilpotent orbits in g. Moreover, for the classical Lie algebras these nilpotent orbits were classified by
partitions. Following [16], for a partition d = [dy, ...,dy], let A;(d) denote the corresponding G,q—orbit of
the sly-subalgebra of g. We have the following result:
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Theorem 4.8. [16, Theorem 2.1] Let Ai(d) € g be an sly-subalgebra with associated partition d =
[dy,...,dg], then we have

o ind(Ai(d) = sp) = 3 <di s 1)

=1

<.

"
o ind(4;(d) < s0) = %Z <di 3+ 1>

For the exceptional Lie algebras, and in particular for eg, the Jordan normal form of each nilpotent
element X is determined in [12, Table 5]. Using this, we may assign a partition to each sly-subaglebra of
¢s. Lastly, we have ind(eg — 50(27)) = 6, and this along with the previous theorem allows us to compute
the indices of the sly-subalgebras of ¢g. The indices of all sl, subalgebras of bg, ¢ and ¢g may be found in
Appendix A.

The following remarkable theorem relates the Dynkin index of a subalgebra to the third homotopy group
of the corresponding homogeneous space:

Theorem 4.9. [15] Let G and H be connected simple compact Lie groups with H C G and suppose
d =ind(h < g) is the index of b in g, where g = Lie(G) and h = Lie(H), then we have

3 (G/H) = Z/dz-

Before applying the above theorem to our cases of interest, we first investigate the maps by and bs from
the table of homotopy groups to conclude that for any H = SL, C Bg and H' = SLs C Cg we have
Bo/pr ot Co /.

Let fprin : SL2(C) — Cg be the induced Lie group homomorphism given by the inclusion sly C bg with
index 1, known as the principle map. Also define m,, : SL2(C) — SL2(C) by m,,(A) = A™ for all A € SLy(C).
Note that m,, is not a group homomorphism, but it is a perfectly good map of topological spaces. We have
the following result

Proposition 4.10. Let ® : SLy(C) — Cg be the induced Lie group homomorphism given by an inclusion
sly C ¢ with index n, then we have homotopic maps (of topological spaces) ® =~ fprin © My, that is

77*((1)) = 71—>!<(fprin o mn) = 71—*(fprin) O Ty (mn) =n- 71—>!<(fprin)-
Moreover, we have mi(fprin) = 1 for k < 5, so the maps on the 3rd 4th gpd 5th
determined by the Dynkin index.

homotopy groups are

Proof. We have two things to show, firstly that ® ~ f,.in © my,, and secondly that mp(fprin) = 1 for k < 5.
For the first, it is well known that any compact Lie group deformation retracts onto its maximal compact
subgroup K, in the case of G = SLy(C), we have K = SU(2) = S3, the 3-sphere. We have by definition of
the index, that m3(®) = n = 73(fprin) - m3(my,), and by definition of 75 that ® ~ fyin 0 my,.

For the second part we reproduce the proof supplied by Michael Albanese, [8]. We begin by noting that
SLy(C) = SU(2) = Sp(1), so our induced map m.(SLz(C)) Jorin, m(Cs) may be thought of as a map
. (Sp(1)) = m.(Sp(6)). Also, note that since m4(C,,) = 75(C,) = Za, showing that m4(fprin) = 75(fprin) =1
is equivalent to showing that the maps are isomorphisms. Now, Sp(n) is the quaternionic unitary group,
and so it acts transitively on S4"~! C H", with stabiliser Sp(n — 1). Fix = = (0,0,...,0,1) € H", let

61 ;)), and p : Sp(n) — H" be given by
2

p(A) = Az. Then we have a fiber bundle Sp(n — 1) — Sp(n) 2 §47=1 which induces a long exact sequence
in homotopy groups:

in : Sp(n — 1) — Sp(n) be the inclusion given by i(A) = (

e e (817 S e (Sp(n — 1)) S5 e (Sp(n)) B mu(STY) = mesy (Spln — 1)) — ..

One notices that we have 7, (54" 1) = m441(S*" 1) = 0 for k£ < 4n — 3 and so it immediately follows that
(in)s : T(Sp(n — 1)) = 7 (Sp(n)) is an isomorphism for k < 4n — 3.
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Now let ¢ = iy, o ... 0 @9, then i : Sp(1) — Sp(n) is the standard inclusion map A — <61 I 0 ) and
2n—2

ix = (in)x 0 ... 0 (i2)«. Observe that for m > 2 we have 4,5 < 4m — 3 and so

(im )« : ma(Sp(m — 1)) = 74(Sp(m)) and (im )« : w5(Sp(m — 1)) — 75(Sp(m))

are isomorphisms, and since a composition of isomorphisms is also an isomorphism we have that
is : ma(Sp(1)) = ma(Sp(n)) and i, : w5(Sp(1)) — w5(Sp(n))
are isomorphisms, as required. O

Corollary 4.11. For all sly-subalgebras of bg and c¢g with associated homogeneous spaces B6/SL2((C) and
C B C
%SL,(C) we have ¢ gr, () # Y SL,(C):

Proof. From the proposition we have by = bs (mod 2) since by and bs are determined by the parity of the
Dynkin index. In either case we have 75 (OEVSLZ((C)> % T5 (BG/SLQ((C)) and so B(S/SLQ((C) o C6/SL2((C).
O

With this corollary we have now determined that no two homogeneous spaces with differing G, where G =
Bg, Cg or Eg are homotopy equivalent. We now turn our attention to internal comparisons of homogeneous
spaces, and conclude this section with an immediate but sizable result following from the theorem relating
the Dynkin index and 3.

Proposition 4.12. Labelling homogeneous spaces by their associated weighted Dynkin diagram of the sly
subalgebra we have:

e The only possibilities for homogeneous spaces of Bg to be homotopy equivalent are:

— A(0,2,0,2,0,0) and A(1,0,1,1,0,1)
~ A(2,0,2,0,0,0) and A(2,1,0,0,0,1) and A(0,1,1,0,1,0)
— A(2,1,0,1,0,0) and A(0,2,0,0,0,1)
— A(2,2,0,0,0,0) and A(0,2,0,1,0,0)
— A(0,2,0,0,0,0) and A(1,0,0,0,1,0)
— A(1,0,1,0,0,0) and A(0,0,0,0,0,1)
— A(2,0,0,0,0,0) and A(0,0,0,1,0,0)

o The only possibilities for homogeneous spaces of Cg to be homotopy equivalent are:
- A(2,0,1,0,0,0) and A(0,1,0,0,1,0)
- A(2,1,0,0,0,0) and A(0,1,0,1,0,0)

e No two homogeneous spaces of Eg are homotopy equivalent.

Proof. Compare Dynkin indices from the tables in Appendix A, the lists in the proposition are the only
nilpotent orbits with the same Dynkin index. O

The Dynkin index has proven to be an excellent tool in distinguishing between our homogeneous spaces,
however we still have nine cases (including a triple comparison) to consider. Higher homotopy groups do not
appear to have a useful invariant in the same way 73 did, and so we turn our attention away from homotopy
groups in hopes of finding a new invariant, and thus begins our discussion and computation of the K-theory
of our indistinguishable orbits.
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5 The K-theory of a homogeneous space

We now introduce our final tool for distinguishing between homogeneous spaces, the K-theory of the space.
First we review the definition of a vector bundle. A nice reference for an introduction to vector bundles and
K-theory is [11].

5.1 Defintions and terminology

Definition 5.1. Let X be a topological space. A vector bundle on X is a space E with a surjective map
p: E — X such that p~!({z}) is a vector space for each € X and p satisfies a “locally trivial” condition,
that is, for each € X there exists an open neighbourhood U, containing z such that p~}(U,) =2V x U,
for some vector space V.

Example 5.2 (The trivial bundle). Let X be a space and V a vector space, we may form the bundle
E =V x X with projection p: V x X — X the projection onto the second factor. This is clearly a vector
bundle, called the trivial bundle. If dim(V) = n then we denote this bundle by &,.

Example 5.3. Let X = St € R?, E=TS! and p: E — S! such that p(T,,S') = z, that is, F is the tangent
bundle of S*. We show that F is a vector bundle. By definition of E, for each = € S, p=({z}) is a vector
sapce, namely the tangent space at . We must show that p is locally trivial. Let (-, ) denote the usual inner
product on R? and let U, = {y € S : (x,y) > 0}, roughly speaking, U consists of the points on S! which
are less than a quarter of the circumference away from z in both directions. Now define ¢ : p~1(U) = R x U
by projecting the tangent plane for each y € U to the tangent plane T, S' of x. This gives the required
isomorphism, since 7,5 and T,,S! are not orthogonal for (z,y) # 0.

Remark 5.4. One has direct sums and tensor products of vector bundles, which behave as one would expect.

We now introduce two separate equivalence relations on the set of vector bundles of a space X as follows,
let E7 and E5 be two vector bundles of a space X, we say E; is stably isomorphic to Fs, written F ~g Fs,
if 1 ®e, ~ Ey®e, for some n € N, similarly, we say that Ey; ~ Es if By @ e, =~ Es @ e, for some m,n € N,
where =~ denotes an isomorphism of vector bundles and we recall that ¢, is the trivial bundle of dimension
n.

Proposition 5.5. If X is a compact Hausdorff space, then the set of ~ equivalence classes of vector bundles

on X forms an abelian group with addition given by the direct sum, &. This group is called the 0% reduced
K-group of X, and denoted K°(X).

Given a compact space X we may also form the abelian group K°(X), called the 0" K-group of X,
consisting of formal differences E; — E5 of vector bundles F, and Ey on X, with the equivalence relation
E,—FE{=Ey,— E), < E, & E}~g E;® E{. This group has the addition property

(Ey —E))+ (B2 —Ey) = (E1© Ey) — (B, © E—2)

with the zero element given by the equivalence class of E — E for any vector bundle E. Furthermore, K°(X)
can be given a multiplication, realising it as a ring, this multiplication is given by

(Ey — E})(E2—FEy) =E,®Fy — E\® E), — F{ ® B2 + E| ® E},

with multiplicative identity 1. Observe that every element of K°(X) can be expressed as E — g, for some
n, as given B’ — E" it is a fact that we can find a bundle F such that B ® F =¢,,. Set E = E' @ F, then
we have B/ — E" = E — ¢, in K°(X).

We now define a map K°(X) — K°(X) by sending E — ¢,, to the ~-equivalence class of E. One checks
that this is well defined, surjective and has kernel {e,,, — e,} = Z. In fact, if one chooses a base point
zo € X and considers the restriction of vector bundles K°(X) — K°(z¢) & Z, one obtains an isomorphism
K%X)~ K(X)®Z.

We know have the following result, which gives us a key corollary in distinguishing homogeneous spaces
up to homotopy.

15



Proposition 5.6 (Theorem 7.2 [11]). Let X be a compact space, and fo, f1 : X — Y be two homotopic
maps. If E is a vector bundle over Y, the the pullback bundles f§(E) and f{(E) are isomorphic.

Corollary 5.7. Let X andY be homotopy equivalent compact spaces. Then K°(X) = K°(Y) and K°(X) =
KOY) .

Recall that given a space X, we may define the suspension of X, denoted SX, given as follows:

sx =X x[0, 1]/(X x {0}, X x {1})

We may then define, as in [11], K~*(X) = K°(SX). It is often useful to define the 1% K-group in
the unreduced case too, and in fact the correct defintion here is K~'(X) = K~'(X). Furthermore, these
K-groups are Z, graded, so K2*+(X) = K*(X) for all k € Z, and similarly for the reduced K groups. This
gives the following result.

Corollary 5.8. Let X and Y be homotopy equivalent compact spaces, then K*(X) = K(Y).

We now briefly discuss some definitions and results regarding equivalent K-theory, before turning our
attention to methods of computation of K-groups. For this part we follow [18, Section 1]. Let G be a group,
we say a topological space X is a G-space if X admits a continuous G-action G x X — X. To begin, we
define a G-vector bundle.

Definition 5.9. Let G be a group, and X a G-space then a G-vector bundle on X is a G-space E together
with a map p: F — X such that

e pisa G—map, that is, g- p(§) =p(g- &) forallge G, £ € E.
e p: F — X is a vector bundle, in the usual sense.

e for any g € G and z € X the group action g : E, — E,., is a map of vector spaces, where E, ="! (y)
forallyeY.

Now comes a very significant example which will be at the heart of our computations of K-groups of
homogeneous spaces.

Example 5.10. [Homogeneous vector bundles, [18]] Let G be a group, H a closed subgroup (closed in

the topological sense) and let X = G/H, the coset space. Let p : E — X be a G-vector bundle, and let
Eo ="! (eH), where eH € X denotes the identity coset. Then one sees that Ey is a H-module, which turns
out to determine E completely.

The action of G on E gives a map « : G x g Ey — E, where G X g Ey is the space of orbits of G x Ey under
the H action given by (h, g,v) — (gh™!, hv). If we define a G-action on G x g Eq by (g, ¢’,v) = (g9’,v) then
one checks that « is a G-map. In fact, it is a homeomorphism, and we can explicitly construct it’s inverse.
For details see [18].

Conversely, if H is locally compact, and Ej is any H-module, then G x g Ej is a G-vector bundle on X,
thus H-modules are in correspondence with G-vector bundles over X = G/ -

Given a group G and a G-space X, we define the G-invariant K-theory of K2(X) (or just Kg(X), since
we will have no need for high G-invariant K-groups) analogously to how we defined K°(X) of a space X,
except we use G-vector bundles in place of vector bundles.

In particular we have the following result, which follows immediately from example 5.10.

Lemma 5.11. Let G be a group, H C G a closed subgroup, then
Ko (%) = R(H)

where R(H) = Z[V . Vs a finite dimensional representation of H] and where V denotes the equivalence

class of V under the relations V.~ W <= V = W as H-representations and V. + W ~ VO W. In
particular we have

o K¢(G) = R({e}) = Z with an isomorphism given by [V] — dim(V').
(] Kg({e}) = R(G)
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5.2 The Kunneth spectral sequence in equivariant K-theory

We have now defined the K-groups and reduced K-groups for a space X and seen that if two spaces are
homotopy equivalent, then they have the same K-groups. This suggests a way to distinguish between our
homogeneous spaces, however to do this we need a way to compute these groups. This is achieved via the
so-called Kunneth spectral sequence in equivariant K-theory, first discovered by Hodgkin, [7].

We begin by stating the main result, which can be found in [14]. We note that “collapses” here means
that all differentials d,. vanish for r > 2.

Theorem 5.12. Let G be a compact connected Lie group such that w1 (G) is torsion free and H a closed
subgroup of G, then the spectral sequence

*,0
E2

TOTE(G) (KG( KG (G/H>

)
Toriye, (2, R(N)) — K* (%)

collapses, where Z is the R(G) module given by action R(G) x Z — Z; [V] -1 = dim([V]). We write Z so as
not to confuse it with the trivial module.

By grading considerations we see that

KO (G/H> @E% 0

K1 (G/H) _ @Egkﬂ,o.
k=0

Thus, we wish to compute the Tor groups above, we begin with the definition of a Koszul complex, details
of which can be found in [4]

Definition 5.13. Let R be a commutative ring and M a free R—module of finite rank r. Then given a
R—linear map s : E — R we define the Koszul complex of s as:

r r—1 1
K(s): 0 NE2s NEZ=S 25 AE2S R0

k
where Dy(e; Aea A... Neg) = Z(—l)”ls(ei)el AN Nei—1 Negpr N+ Aeg.
i=1

Note that we have A" E=~ R, \' E = E and dy = s.
The following result is a specific case of [Theorem 16.5, [13]].

Proposition 5.14. Let R be a polynomial ring over a ring k with indeterminates x1, ..., x,. Let s : R™ — R
be given by s = (x1, ..., x,), then:

n n—1
K(@rown) = K(5) =0 \R* 25 \ R" 2225 25 R 5 R0

is a free resolution of R/(xl )"
sy b

It is well known that for compact simply-connected Lie groups G, the representation ring R(G) is a
polynomial ring in rank(G) indeterminates. Thus, for G = Bg, Cg or Eg we have R(G) = Z[x1, ..., ], where
x; are the fundamental characters and moreover we have R(SL2) = Z[t]. Observe that given a subgroup
H C G, R(H) is a R(G)—module via restriction, that is

R(G) x R(H) — R(H)
(X ¥) — Xl -¥
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where - denotes multiplication of characters in R(H). From now on, G is B6, C6 or F6, and H = SL2. Let
d; = dim(z;), the i*" fundamental representation of G, then we have

5 Dlx yeeey &
7, = [21 6]/(1-1 —dy,...,x6 — dg)

as R(G) = Z[z, ..., z¢]—modules. Thus we have a free-resolution of Z given by
6 Do. A D D D
0— /\Z[J)l, ...,.736}6 —6> /\Z[J?l, ...7376]6 —5> A —2> Z[]}l, ...,1‘6]6 —1> Z[th ...,566] —0

k
where Dy = (21 — dy, ..., x6 — dg) and Z[z1, ..., 2] := @ Zlz, ..., xg).
We wish to find a canonical way to write the differentials D;, and for this we require a canonical basis of
N Z[x1, ..., 26]% as a Z[x1, ..., zg)-module. Firstly, Z[xz1, ..., x6]° has basis {ey, ..., e}, and in order to use this
to define a canonical basis of the exterior powers we define a lexicographic ordering on the exterior powers.

Definition 5.15. Let e;, A .... Ae;, and e;; A ... Aej, be two elements of N Zlzy, ..., z6]°, we say that
e, A .... A e, comes before ej, A ... Aej, if e; = j; for ¢ < m for some 1 <m <6, and e, < Jp-

With this ordering we may give a canonical ordered basis to each exterior power, and this along with the
6
fact that /\lc Zlwy, ..., x6]0 = Z[z1, ..., xﬁ](k) gives us the following form of the free resolution:

D D: D 5 D
0— Z[Il, ...,IE@] = Z[.’El, ...,1‘6]6 =2 Z[I’l, ...,11?6]10 = Z[l’l, .y T

6

where, D; is viewed as a (i_l) X (?) matrix, for example

Dy = (z1 — dy, 22 — do, ..., x6 — dg)

r5 — ds Te — dg 0 0 0 0
—(.’134 — d4) 0 Te — d(,‘ 0 0 0
0 —(1‘4 — d4) —(.235 — d5) 0 0 0
Tr3 — d3 0 0 Te — dG 0 0
0 T3 7d3 0 *(SU{, *d5) 0 0
0 0 I3 — d3 T4 — d4 0 0
—(1'2 — d2) 0 0 0 Teg — dg 0
D5 = 0 —(%2 — dg) 0 0 —(1‘5 — d5) 0
0 0 —(2132 —d2) 0 1‘4—d4 0
0 0 0 *((132 7d2) 7(1’3 7d3) 0
T — dl 0 0 0 0 Te — d(;
0 T, — d1 0 0 0 —(.%'5 — d5)
0 0 Xrq1 — dl 0 0 Ty — d4
0 0 0 xr1 — dl 0 —($3 — d3)
0 0 0 0 Ty — d1 To — d2

Remark 5.16. One may view the full complex with explicit matrices given for all differentials on SageMath
with the following code. I was unable to name my indeterminates “z; — D;” without returning an error, so
one should read “x; — D;” instead of xi if they run the code below.

#SageMath version 9.2
R.<x1,x2,x3,x4,x5,x6> = ZZ]]

K = KoszulComplex (R, [x1,x2,x3,x4,x5,x6])
ascii_art (K)
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To compute Tor}(G) (Z, R(H)) = Tor*R(G) (Z Z[t]), we apply the functor — ® Z[t] to our free resolution

of Z. We observe that (= ® Z[t])(D;) = Dslzpy, that is, the functor applied to D; can be explicitly viewed
as replacing all z; inside the matrix by x;|zp, the restriction of x; to Z[t]. By an abuse of notation, we
also write D; for the restriction Dj|z), where there will be no confusion as to whether we mean D; or it’s
restriction. After applying the functor we have

0— Z[t] 22 z[1)° 2 22 70 22 70 25 7)) — 0

with homology groups Eg 0 = Z[t]/im

(Dy) and E;O = ker(Di)/

im(D;i1) for1 <i¢<6.

5.3 An example of calculating Tor groups and formation of a complex over Z.

We now calculate the Tor groups for a specific orbit to see how the calculation goes. Then compute various
modifications of the Tor groups for orbits in Proposition 4.12 to try distinguish them.

Example 5.17. For our explicit example, we will compute the complex for the ® : SLy, — Bg with associated
Dynkin diagram A(2,0,0,0,0,0). 2 We begin by finding the restriction of the fundamental characters x; of
Bg to SL2, using SageMath or otherwise, one obtains that the first fundamental character z; is given by

21 =hi 4+ hi ha + hythy + hythy + by ths + hy PhE 4+ 1+ hshg 2 + hahs ' 4 hghy ' + hohg ' + hihy ' 4+ by

The weighted Dynkin diagram A(2,0,0,0,0,0) tells us how the torus 7! C SL, acts on the roots of Bg,
to determine the action on the weights we apply C~!, where C' denotes the Cartan matrix of Bg, we have

-1

2 -1 0 0 O

0
3 -1 2 =1 0 0 0 (2) g
0 0 -1 2 -1 0 0 0 5
c! ol=10 0 -1 2 -1 0 ol =15
0 0 0 -1 2 -1 0 0 5
0 o 0 0 -1 2 =2 0 )
0O 0 0 0 -1 2

This now gives us a map

T' ¢ SLy — T% C By
v — (%)

which in turn gives us z1|sz, = 72 + 11 + 72. Now we wish to write x1|sz, in terms of the fundamental
character ¢ of R(SLy) = Z[t], that is, the character of the fundamental 2 dimensional representation of
SLy. We begin by observing that t = v +~v~!, and so z1|sz, = t? + 9. Next, evaluation of z;(hy, ..., hg) at
(1,1,1,1,1,1) will give us the dimension of the character (note that setting v = 1 or ¢t = 2 in z;|gr, also
gives the dimension), we obtain d; = 13. Finally, we get 1 —d; = t?2 — 4. Below is a table giving all %S0y,
D; and factored x;|sr, — D; for 1 < i < 6, note that ¢t — 2 is always a factor of x;|sr, — D;, since evaluation
of z;|s1, at t = 2 is precisely D;.

TilSL, D; TilsL, — Dj
249 13 (t—2)(t+2)
11t + 34 78 11(t —2)(t +2)
55t2 + 66 286 55(t — 2)(t + 2)
165t% + 55 715 165(t — 2)(t + 2)
330t — 33 1287 330(t — 2)(t +2)
32t + 32 64 32(t — 2)

2This orbit was chosen as it is the first on the list of comparisons, it is no easier or harder to compute than any other orbit.
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Thus, we have complex

0 Z[t] 2% 718 2 25z 22 7[5 25 Z[] — 0

where the D; are given by substituting expressions for x;|sr, — D; from the table into the matrices, for
example

di = ((t —2)(t +2),11(t — 2)(t +2),55(t — 2)(t + 2),165(t — 2)(t + 2), 330(t — 2)(t + 2), 32(t — 2)).

In general, since Z[t] is not an Euclidean domain, or even a P.I.D, calculating the homology groups is not
a straightforward task. However, calculating Eg 0 g usually manageable, albeit not so useful on it’s own. In
this example one sees that

EYY = Tor’ = Z[t]/im(pl) = Z[t]/(SZ(t —2),(t—2)(t+2))

As alluded to in the example, calculation of the Tor groups over Z[t] would be a messy endeavor, and so
instead we look to modify the complex so as to make the homology groups easier to calculate, whilst still
ensuring that the resulting groups are a homotopy invariant. Our first modification is tensoring the complex

by — ®z(y Z[t]/(t —a) otherwise known as evaluation of the complex at t = a for some a € Z. We observe
that if all Tor groups are isomorphic for two different orbits then their evaluations at any a € Z will be
isomorphic. Letting K*|=, :== K*® Z[t]/(t —a) denote the resulting K-groups after evaluation at t = a, we
have

Lemma 5.18. Let H,H' C G be two copies of SLo with associated Dynkin Diagrams N\ and /\'. Then
Cry=Gry — K- (G/H) ~ K+ (G/H,) — K* (G/H) o & K (G/H/) liea for all a € Z.
In particular, if there exists an a € Z such that K* (G/H) li=q 2 K* (G/H/> lt=q, then G/H 3 G/H/

Remark 5.19. We know that the K-theories are isomorphic as rings, however for the lemma to hold we
would require that the Z[t]—module isomorphism sends ¢ — ¢, this seems very likely since ¢ represents the
2—dimensional irreducible representation of SLs, so it does hold some concrete significance.

Remark 5.20. Using lemma 5.21 below, which in fact holds for all Dedekind domains, in particular for
F,[t], for some prime p, one could rephrase the lemma by instead applying — ®z Fp[t], thus only requiring
the isomorphism between K-theories to be one of rings, not of modules. Through good choices of p, one can
arrive at similar conclusions to the ones found in the remainder of this section.

Given a complex 0 — Z[t] 2% Z[]° 22 ... Z[]° 2% Z[t] — 0 we write C(t = a) for the complex

02 25726 25 726 257 50 given by evaluating at ¢ = a. Once again, by abuse of notation, we
write D; for D;(t = a). This is a useful construction due to the ease of computing homology groups as given
by the following lemma.

Lemma 5.21. Let K(ay,...,a,), a; € Z denote the Koszul complex of free Z-modules

07 Brygn Proty g(020) P2y 0 g(5) P2yge Dy g
with differentials D; given by setting x; = a; in the differentials of K(x1,...,x,). Setting Dy = D, —o we
have .
(n: )

ker(D; _
er( )/im(Di+1) - Cng(!l1,-~7an)’
J

=1
the cyclic group of order ged(ay, ..,an), for all 0 < i < n. In particular, when n = 6, K*|;—, is completely
determined by gcd(x1|5L2 —dy, ...y x6lsL, — d6)|t:a.
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Proof. Let P = {p prime : p divides one of the a;}. Given p € P, let Z,) = {% € Q : p does not divide b}
denote the localisation of Z at p. Let K(a,...,an;Z,)) be the Koszul complex over Z,y. It is clear that
for any units u; € Z,), we have that K(ai,...,an; %)) and K(u1a1, ..., Unan; Zg)) are quasi-isomorphic
via the obvious chain map, in particular, they share the same homology. Thus, by choosing the wu; such
that w;a; = pki for some k;, and without loss of generality assuming that k; < ... < k,, we obtain that
H, (K(al7 ooy O Z(p))) = H, (K(p’Cl , ...,pk";Z(p))).

By inspection of the differentials D;, and using that for indeterminates x;, K(x1, ..., z,)is exact to guide
us, we observe that ker(D;) is spanned by the columns of D;y; containing a “p¥*” term, and there are
precisely (”;1) of these, namely the number of ways to choose i values from {p"*2,...,p*»}. Moreover, if
v € Zé\;) is such a column, we note that p’% ‘v € Zé\;) is in the kernel of D;.

Combining both of these observations gives us that

('n;l) (n;l)
ker(D;) . _ Z _ Z
/i (Di1) @ (p)/pk1 Zp) 26:91 (p)/gcd (P*, . p™) Z iy

i=1
Finally, a direct sum of these local rings gives us the required result. O
Remark 5.22. In fact, this holds for any Dedekind domain, the proof is very similar.

Example 5.23. Returning to our example of calculating the complex associated to the orbit with Dynkin
diagram A(2,0,0,0,0,0) of Bg, recall that we had

Z1lsp, —d1=({t—2)(t+2)
To|sp, —da = 11(t — 2)(t + 2)
x3|lsr, — ds = 55(t — 2)(t + 2)
alsn, — da = 165(t — 2)(t + 2)
x5lsL, —ds = 330(t — 2)(t + 2)
336|SL2 —dg 232(1‘—2).

We have

e For t = 2 the complex is C(t = 2) =0-522575% .. 78% 7 0 and so BVl g =z()

e For t = 3 we have

Z1lsp,(t=a)—d; =3
Talsr,(t = a) —ds = 33
x3|lsr,(t =a) —ds =165
Zalsp, (t = a) —dqg =495
I5|SL2(t = a) —ds =990
x6|lsr, (t = a) — dg = 32.

The complex is C(t = 3) =0 — Z 2% 76 255 .76 24 7 — 0, we have ged(3, 33, 165, 495, 990, 32) =
1 and so all Tor groups are trivial.

One may compute the homology groups for any K(aq, ..., ag) using Lemma 5.21 or more concretely using
SageMath with

#SageMath version 9.2
K = KoszulComplex(ZZ, [a-1,...,a_6])
K. homology ()
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With Lemma 5.18 in mind, for each pair of orbits from Proposition 4.12 we look to find a € Z such that
K~ (G/ H) |t=q differ, thus showing that the two homogeneous spaces are not homotopy equivalent. One
can verify the following table.

Bg comparisons

Orbits being compared t=a ged({zilsr, — di}) | ged({zi|sp, — di})
for LHS orbit for RHS orbit
A\(2,0,0,0,0,0) and A(0,0,0,1,0,0) a=4 4 8
A(1,0,1,0,0,0) and A(0,0,0,0,0,1) a=5 27 9
A(0,2,0,0,0,0) and A(1,0,0,0,1,0) a=3 5 1
A(2,2,0,0,0,0) and A(0,2,0,1,0,0) a=4 4 8

A(2,1,0,1,0,0) and A(0,2,0,0,0,1) - - -

A(2,0,2,0,0,0) and A(2,1,0,0,0,1) a=3 5 1
A(2,0,2,0,0,0) and A(0,1,1,0,1,0) a=3 5 1
A(2,1,0,0,0,1) and A(0,1,1,0,1,0) a=5 27 9
A(0,2,0,2,0,0) and A(1,0,1,1,0,1) a=4 4 8

Thus, for all pairs of homogeneous spaces of Bg listed in Proposition 4.12, the only pair which cannot be
shown to not be homotopy equivalent via evaluation at t = a for some a € Z is the pair A(2,1,0,1,0,0) and
A (0,2,0,0,0,1). For Cg, from Proposition 4.12 we see that there are two pairs of spaces to compare, and
unfortunately these cannot be distinguished via evaluation at ¢ = a for any t = a. We have a refinement of
Proposition 4.12:

Proposition 5.24. Labelling homogeneous spaces by their associated weighted Dynkin diagram of the sly
subalgebra we have:

e The only possibility for two homogeneous spaces of Bg to be homotopy equivalent is:
- A(2,1,0,1,0,0) and A(0,2,0,0,0,1)
o The only possibilities for two homogeneous spaces of Cg to be homotopy equivalent are:

— A(2,0,1,0,0,0) and A(0,1,0,0,1,0)
— A(2,1,0,0,0,0) and A(0,1,0,1,0,0)

e No two homogeneous spaces of Eg are homotopy equivalent.

Unfortunately, as remarked, Lemma 5.21 extends to complexes over F[t], for fields F. This, along with
the fact that computing homology of the original Z[t]-complex is much too messy, means that distinguishing
the remaining 3 pairs of homogeneous spaces has not been possible using any methods discussed thus far.
Therefore, despite making significant progress in distinguishing the homogeneous spaces of Bg, Cg and Eg,
a complete result has not been achieved.
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Tables for By, Cs and Ejg orbits

Bg orbits
mi(Bs) ® Q = {E)Q i;ei’;i,sil’ o } — T (BG/SLz) ©Q= {é)Q f)tTlei’v;ils’e”7 ” }
Partition Dynkin diagram Dynkin index
123456
0—0—0—0—0=x0

[13] A(2,2,2,2,2,2) 182
[11,1,1] A(2,2,2,2,2,0) 110
[9,3,1] A (2,2,2,0,2,0) 62
[9,2,2] N (2,2,2,1,0,1) 61
9,1,1,1,1] A(2,2,2,2,0,0) 60
[7,5,1] A(2,0,2,0,2,0) 38
[7,3,3] A(2,2,0,0,2,0) 32
[7,3,1,1,1] A(2,2,0,2,0,0) 30
[7,2,2,1,1] A(2,2,1,0,1,0) 29
[7,1,1,1,1,1,1] A(2,2,2,0,0,0) 28
[6,6,1] A(0,2,0,2,0,1) 35
[5,5, 3] A(0,2,0,0,2,0) 22
[5,5,1,1,1] A(0,2,0,2,0,0) 20
[5,4,4] A(1,0,1,1,0,1) 20
[5,3,3,1,1] A(2,0,0,2,0,0) 14
[5,3,2,2,1] A(2,0,1,0,1,0) 13
[5,3,1,1,1,1,1] A\(2,0,2,0,0,0) 12
[5,2,2,2,2] A(2,1,0,0,0,1) 12
[5,2,2,1,1,1,1] A(2,1,0,1,0,0) 11
[5,1,1,1,1,1,1,1,1] A(2,2,0,0,0,0) 10
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[4,4,3,1,1] A(0,1,1,0,1,0) 12
[4,4,2,2,1] A(0,2,0,0,0,1) 11
[4,4,1,1,1,1,1] A(0,2,0,1,0,0) 10
3,3,3,3,1] A(0,0,0,2,0,0) 8
3,3,3,2,2] A(0,0,1,0,1,0) 7
3,3,3,1,1,1,1] A(0,0,2,0,0,0) 6
3,3,2,2,1,1,1] A(0,1,0,1,0,0) 5
3,3,1,1,1,1,1,1,1] A(0,2,0,0,0,0) 4
3,2,2,2,2,1,1] A(1,0,0,0,1,0) 4
3,2,2,1,1,1,1,1,1] A(1,0,1,0,0,0) 3
3,1,1,1,1,1,1,1,1,1,1] A(2,0,0,0,0,0) 2
2,2,2,2,2,2,1] A(0,0,0,0,0,1) 3
[2,2,2,2,1,1,1,1,1] A(0,0,0,1,0,0) 2
2,2,1,1,1,1,1,1,1,1,1] A(0,1,0,0,0,0) 1
[1,1,1,1,1,1,1,1,1,1,1,1, 1] A(0,0,0,0,0,0) 0

24




Cg orbits

wsa- {2 I (G oq- (2 ran ]
Partition Dynkin diagram Dynkin index
123456
0—0—0—0—0%0

[12] N (2,2,2,2,2,2) 286
[10, 2] A (2,2,2,2,0,2) 166
[10,1,1] A(2,2,2,2,1,0) 165
[8,4] A(2,2,0,2,0,2) 94
[8,2,2] A(2,2,2,0,0,2) 86
[8,2,1,1] A(2,2,2,0,1,0) 85
[8,1,1,1,1] A(2,2,2,1,0,0) 84
6, 6] A(0,2,0,2,0,2) 70
6,4, 2] A(2,0,2,0,0,2) 46
[6,4,1,1] A(2,0,2,0,1,0) 45
6,3, 3] A(2,1,0,1,1,0) 43
[6,2,2,2] A(2,2,0,0,0,2) 38
[6,2,2,1,1] A(2,2,0,0,1,0) 37
[6,2,1,1,1,1] A(2,2,0,1,0,0) 36
6,1,1,1,1,1,1] A(2,2,1,0,0,0) 35
[5,5,2] A(0,2,0,1,1,0) 41
[5,5,1,1] A(0,2,0,2,0,0) 40
[4,4,4] A\(0,0,2,0,0,2) 30
[4,4,2,2) A(0,2,0,0,0,2) 22
[4,4,2,1,1] A(0,2,0,0,1,0) 21
[4,4,1,1,1,1] A(0,2,0,1,0,0) 20
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4,3,3,2] A(1,0,1,0,1,0) 19
[4,3,3,1,1] A(1,0,1,1,0,0) 18
[4,2,2,2,2] A(2,0,0,0,0,2) 14 -
[4,2,2,2,1,1] A(2,0,0,0,1,0) 13
[4,2,2,1,1,1,1] A(2,0,0,1,0,0) 12
[4,2,1,1,1,1,1,1] A(2,0,1,0,0,0) 11
[4,1,1,1,1,1,1,1,1] A(2,1,0,0,0,0) 10
3,3,3,3] A(0,0,0,2,0,0) 16
3,3,2,2,2] A(0,1,0,0,1,0) 11
3,3,2,2,1,1] A(0,1,0,1,0,0) 10
3,3,2,1,1,1,1] A(0,1,1,0,0,0) 9
3,3,1,1,1,1,1,1] A(0,2,0,0,0,0) 8
2,2,2,2,2,2] A(0,0,0,0,0,2) 6
2,2,2,2,2,1,1] A(0,0,0,0,1,0) 5
2,2,2,2,1,1,1,1] A(0,0,0,1,0,0) 4
[2,2,2,1,1,1,1,1,1] A(0,0,1,0,0,0) 3
2,2,1,1,1,1,1,1,1,1] A(0,1,0,0,0,0) 2
2,1,1,1,1,1,1,1,1,1,1] A(1,0,0,0,0,0) 1
1,1,1,1,1,1,1,1,1,1,1,1] A(0,0,0,0,0,0) 0
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Eg orbits

el ln) © 0 = {g@ 1;62251,821,15,17, 23} o (E‘VSL2) ©0 = {;@ z);legrvillself) 17, 23}
Orbit name Dynkin diagram Dynkin index
N
13456
£6 A(2,2,2,2,2,2) 156
E6(al) A(2,2,2,0,2,2) 84
D5 A(2,2,0,2,0,2) 60
E6(a3) A(2,0,0,2,0,2) 36
D5(al) A(1,2,1,0,1,1) 30
A5 A2,1,1,0,1,2) 35
A4+ Al A(1,1,1,0,1,1) 21
D4 A(0,2,0,2,0,0) 28
A4 A(2,2,0,0,0,2) 20
DA(al) A(0,0,0,2,0,0) 12
A3+ Al A(0,1,1,0,1,0) 11
242 4+ Al A(1,0,0,1,0,1) 9
A3 A(1,2,0,0,0,1) 10
A2+ 241 A(0,0,1,0,1,0) 6
242 A(2,0,0,0,0,2) 8
A2+ Al A(1,1,0,0,0,1) 5
A2 A(0,2,0,0,0,0) 1
341 A(0,0,0,1,0,0) 3
241 A(1,0,0,0,0,1) 2
Al A(0,1,0,0,0,0) 1
0 A(0,0,0,0,0,0) 0
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B Code

Unless stated otherwise, all code should be executed in SageMath (version 9.2).

B.1 Main code - finding the SL, restricted polynomials for any orbit

This may be found at https://github.com/DylanJohnston. Note that this code works for all compact
simple Lie groups G, and any orbit/weighted Dynkin diagram, not just Bg, Cs and Eg.

B.2 Koszul complex

To find the Koszul complex K (z1, 22, ...x¢) use the below code, to find the complex in a different amount of
variables, add or remove variables on both the first and second line.

#version 9.2

R.<x1,x2,x3,x4,x5,x6> = ZZ]]

K = KoszulComplex (R, [x1,x2,x3,x4,x5,x6])
ascii_art (K)

B.3 Calculating Homology from complex over the integers.

First define a complex over the integers, for example.

K = KoszulComplex (R, [2,4,6])
ascii_art (K)

Output:
[—4 —6 0] 6]
[ 2 0 —6] [—4]
[2 4 6] [ 0 2 4] [ 2]
0<—COoO<—Cl<—— C2< C3<—0

Now to calculate homology:

K. homology ()

Output:

{0: C2, 1: C2 x C2, 2: C2, 3: 0}

Remark B.1. One notices that homology groups only consist of copies of Cycq(2,4,6) = Co2.
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