

































































Lecture 2

Last time we introduced two models for
automorphisms of free groups based on two

spaces
X finite connected graph with X Efn
Auf Fu to HECK b 2 Erase stretch
Out Fa to H E X in notesfromlecture I

X doubled handlebody Mn n
8 5

I DG to Diff X b Aat Fa I
27
2 To DiffCX OutCfa I

generatedbyDehntwists in 2 spheres
Laudenbach's theorem

Used Mn to prove Whitehead'stheorem
Defined the star graph of a set of words
thm Wis Wn is a basis for Fn
Star graph has a cut vertex otherthan b




































































Didn't have time to show youhow to use
this It leads to an algorithm to
decide whether we n Wn is a basis

ie whether ai Wo is an automorphism
This is spelled out in the notes to lecture 1
which are online including an example

Exercise Read this Now take three

arbitrary sets of words in 3 letters
and decide whether they are bases

I can now define the groups A n s

Amo to HE Mn OutCfn
Dehntwists

A n i to HEC Mn b Aut Fn
Dehntwists

For getting the basepoint gives the map

A at Cfn outCfn

Pushing b around a loop in Mn gives
an inner automorphism of TicMn b Fu
























































Instead of a basepoint b can think of a tiny
hole ie remove a 3 ball 133 from Mn
A n AatCfa to HE Mn 133 0133

hequivs fixing0133
The map A n i A n o is induced by

Mn 133 Mn
To get An s remove s balls

m Mon
n s Mn 133 woot

Ams to HE Mn s OMn s DT

filling in any ball gives an inclusion

Mn s s Mn s I inducing a map
A n s An s i

with kernel Fn IT Mn s

If s s l there is a section actually
s l sections

An s i A n s inducedby
Mn s I M n s



c I e I

Iterating get
s l fI Fn Ans A atCfa I

9 Fn Ans Outta 1

But there is no section at the last
step A attn OutCfn

There are finite subgroups of out Cfa
that do not lift to Aat fu

In the graph model take a rose with
n petals and leaves

an at a an D univalentRn s k
vertices11.7 i s

Define
An s to HE Rn s Q



Outer space On with action of outta

Do all On s with actionof Anis at once
Sphere systems in Mn s

An embedded 5 Mms is non trivial
if it does not bound a 133 and is not
isotopic to a boundary component

Isotopy classes of embedded 2 spheres are

compatible if they have disjoint representatives

The sphere complex Sms is the simplicial
complex with

vertices isotopy classes Is of nontrivial
2 spheres

K simplices ok compatible collections of
KH distinctisotopyclasses
Dols spheresystem

A point in q can bespecified by giving its
barycentric coordinates ie

p Wolff tWISid Wi EIR o SWE l

p e interior if all wi are o



of M2 o vertex

2simplices
d

WI

jzW
Ki

NO

so

Exercise And more 1 simpliceswiln So as a vertex



A set ofcompatible isotopy classes of 2 spheres
is complete if there are representatives
to In that cut Mn s into punctured
balls

ftp.uw incomplete

ftp.uwo complete

ftp.uwo maximal Exercise Howmany4 gpheres are theren a maximalsystem
Definition On s is the union of opensimplices

of Gol Isis in Sn s such that
Sol Is is a complete sphere system

Any diffeomorphism of Mms takes sphere systems
to sphere systems preserving completeness
ie have an action of to DiffMms d on Sms Ons

East Dehn twists act trivially on 2 spheres
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so get an action of to Hf Mn.si An s

on Sms On s

Another description of 0ms
space of marked metric graphs Cg Gl
wwe

G is a graph with s leaves labeledb n s

OG leaves
All non leaf vertices are at least trivalent
Internal edges of G haveweights wi
with Ewi L

g RmsPms G G is a label preserving
homotopy equivalence

g G n g G if there is a label

preserving isometry G d G f Gidi
st fog g by a CGOG Gidi
label preserving homotopy joy ofHeilRms 0ms 6,08

Rms



f e An s acts by realise f as a map Rns Rns

Then g G f gof G

Exercise Show this gives a well defined action

of Anis

This was the original description of On Outer

space ofrank n On o

Relation between the descriptions Hatcher

complete
sphere systems marked graphs

one vertex in each component
one edge for each sphere

noise msn.ci
nEo o nE o



marking
Fix a minimal completesphere system
Identify its dualgraphwith Ru s

i

ns Sutton
starting on aO component

Each loop in the green graph is homotopic to a path
in Rn k l rel d This gives a homotopy equivalence
h GOG Rukia We take its
homotopy inverse for g
The red graph identifies it Mn k with
Fn so loops in the greengraph with
elements of Fn

Markedgraphs complete sphere systems
Choose a point pe in each
internal edge e
Fatten G to H n sixD2

Pe De disk

leaf di disk Pi onOH
Double It but not the Pi
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a'q.az x 2 Mmk
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the resultingmanifolds are diffeomorphic
choose a diffeomorphism realizing g fixing
Pull back the spheres to get a sphere system
in Mn K

Theorem On k is contractible Anik acts
properly lie with finite stabilisers

proof A Hatcher for k o
using sphere systems


