
 

Lecture 4
We have Kms spine of 0ms ur actionofAnos

contractible cubecomplex
cocompact
stabilizers are finite properaction
dim 2h 3ts

vertices of Kms completesphere systems in Macs

Thm caller Khrautsov Every finite subgroup
of Anis stabilizes some vertex v

of Kms

Ccr Anis has only finitely many conjugacy
classes of finite subgroups

Since Knis Ams is compact there
is a finite subcomplex De Kms
whose images

corer Kms
a fundamental domain
so Vo h for sore h e A n s Uo e D

and stab o h stab g h



Next I'll give some applications to homology

ThenChu rewicz If G acts freely on a contractible
W complex X

Then HH NG H lol is an invariantof G
Write HMG H CG

XIG is called a kit D for G or a K G l

Every group has a kit 1

Anis does not act freely on Kms but anytorsion free
subgroup does Claim Aus has tffi subgroups

Them BaumslagTaylor The kernel ofthe
map Out Fn Glen27 is torsion free

The Glen D has torsion free subgroups of
finite index Ctffi subgroups

If Let Kp Ker Glen B Gln Kpk
for some p 3 is prime

If Ku is not tension free then there
is some Ae Kn of prime order l
ie A I mo d p Ae I

d a
so A p Bt I C Itp B E I
B 0 modp



I't FB I LFB f FB't t Ve 43

so l pdB Eff Bi a

If d't p tou a B ta exact poverafp
dividing LFB But RHS is divisible

hyp
If d p pdt is the exact parer otp
dividing Lpd B but pm divides
to RHS

p divides I if i 2 is p

p 3 putt divides pH

core Anis has tffisubgps
PI Ker Get GLAD torsion free

Kar Au s Outta torsion free

so take T any tffi subgroup ofGun 277 The inverse imagein An g
is tffi in Anis



Since Anis acts properly on On s ka s

any tffi T
s Ans acts freely so by

Harewicz H Xlr HH s I
i

CI i H C 0 for is 2h 3ts
Hi f is finitely generated for all i

Det G virtually has a givenproperty if
it has a finite index subgroup with that

property

Anis has virtual chronological
dimension VCD E 2n 3 t s

trop if r 3T then cos G 3 ask
Cpf Any chain complex computing HHT

13 also a chain complex for f
or Xfl is a covering space of XK so has
sane dimension

An s contains a free abelian subgroup
of rank 2n 3ts



Eg The subgroup if An generated by
pili Xi Tix and hi i Xi X Xi
is free abelian of rank 2h 2

Exercise Find a free abelian subgroup of
rank 2h 3 5 for any S

Since the r torus T is a Klar l
cd CT r

Ccd VCD Ans 2h 3ts

If you use homology withtrivial national coefficients
the cohomology ofany finite group is trivial
The roof uses the transfer map
G acts freely on contractible X
H L G finite index Hit XX finiever

p induces H G H H inducedby CkH 4G

But there'salso a map H H H G 4G CkH
T ou EF

pFo
composition is 0 3 GHI 0 which is an isomorphism

if HEH HEHl are rational vectorspaces



So if G B finite can take H 217 getIGI

HIGH AHH Q HMG Q
11
0 if 0

Heuristics If G acts on contractible X
properly with finite stabilizers then
rational cohomology thinks it's a freeaction
so H CX GjQ H CG Q

Formally There is a spectral sequence
f e 8 TO Hb stab opI

Gp

HP 8 G
For Q cuffs this colfasses to be line of 0
where it is justthe cellular cochains f XIG

So we can compute the rational Gothamology f
Out Cfn by computing the quotient knlout Cfa

This is feasible for Cuery small n
Easier with the graph picture



Cabe of k n S C S complete sphere
systems

c Scsi all chains you can make from S to S

g S u s u US K

S c S S c S s see CSS SES
Sos old fat 3

14

So 0412

In terms of graphs

Muck S Si In a graph G with r internal

edges K leaves it G Efa
Sisi graph obtained bycollapsing

ei

o n
B

OF



You can only remove so if all components ofM Sisi
are still 1 connected

This corresponds to
You can only collapse ei if it is not a loop
You can only collapse e e if they form

a forest in the graph G

ie in the graph picture a cube in Kms is a

marked graph together with a forest ECG

To compute the quotient need to understand
the stabilizer of a cake

Kms Khitans
marked cube 7 cub

tab cube

In sphere picture we have stab s diffeos mapping
S G S may permute the spheres compcomponents

In graph picture this is combinatorial autos of G
may permute the edges and vertices of G

stab s c s permutes the spheres in S but
must send S

stab Cg G 9 E Aut Glo autos sending 40



egg stab g E 242 23 Kay TEOstab g
E 272 22

Aao

Exercise I Compute the stabilizers of all cabes in Kz
and the cell structure ofKai fautCE

2 Compute the stabilizers in Outts ofthe cubes

FE and FDIW
where u r w is a basis for Fz Draw the

images of these cubes in kz.co cutCfz

3 Compute H Oates Q

It's more tedious to compute It Outcry Q1
and that's about the limit of hand calculation
The answer turns out to be very interesting

Ao E Q
Hy E Q
Hi o i 0,4



The non trivial class in dimension 4 can be
represented by a cycle consistingofthe images
of six cubes

D CED CEI
AAI CED AED
Homology is hard to compute Easier is the
Euler characteristic X 2 Elli rank Hi
because you can compute it on the chain level

X EC if rank Ci
f j din T

The Euler characteristic of a group is the
Euler characteristic of a kCTI D for G

But we don'thave a ktu D for Aa g

X has nice features eg if Y X is

a covering map of finite CW complexes of
degree d ten XCY d Xcx



So if G acts freely andcellularlyan X with finite
quotient and H L G has finite index d
teen X1 Xk is a corericy
map and

X H d X G

X G XIA independent
CGHT ofthechoiceLH

If G only acts properly on X ur finitequotient
but has a Hfi subgroup H

defue I G XCHI
G H

since the intersection ofany two tffi
subgroups is tffi this is independent
of the choice of It

It's called the rational Euler characteristic off
unfortunate name because replacing
27 by IQ and rank by dimension gives
the usual Euler characteristic


