
 

Lecture 6
We are trying to understand the local structure
of Kms in particular the links of vortices
We had 1k ca lk v lleto

we identified lk Crt with the geometric realization
of the poset G of forests in G
where v Cg G and a forest is a union of
internal edges with no cycles

Prop If G has a separating edge
then I lolol l is contractible

If G has a loop e then

1961 1016 ell
E If G is connected with no loops
or separatingedges then

I G I e y gun 2



We use the Poset Lemmafrom last
time and induct on vCGI te G

Fixe anedge of G Last time snored
e a loop TECH_ECG e

e separating HIGH contractible

left to consider G with no loops or sep edges

let Ie OI Ie all forests except e5

Defoe field Me if ee 9
4 i feel 4
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image forests uet centaury e
forests in G e e YS
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by
induction

link e forests containing e
e E forests in Gye e VI
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by
induction
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Major Vietoris VanKampen
III is Cutat 2 dimensional and

grid fold
3 connected

That was the lowerlink What about the
upper link

Here it's useful to use the sphere complex
description a vertex o is a complete
sphere system 5

if M S union of punctured 3 balls
pieces Pa P c K 31 Pi S3 Hz B3

Then be s sphere systems containing S

You em add spheres independently in each piece

so be CSI ISCRY IS E 1
Where ftp spheresystems in Pi So
just have to understand SCP for P
a punctured 3 ball with b boundary spheres
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If a sphere SCP is not isotopic to a

boundarysphere disthens is determined

up to isotopy by a partition y
go Ob3 into 2 Pieces

joy

5 ftp se is a sphene system in SCP
if the partitions are pairwisecompatible
ie theyhave'sides A B s t AnB O

F 5 Hisass3

Slide compatible sad compatible
kids compatible
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Let SCP spheresystems in P ordered bye
Prop 17 53 1,1133 IS pile Usb

4

Pf Induct cub b y 121 595
p

bI4 lets 9,9 9 g 8
Db

3 j O 0

Let Esc SCP spheresystems compatible wis
Then S Es Sus Es s are poset maps

s Es satisfying the PosetIemma showily

Es Ept
Scp Es systems containingsomespheres

s that separates 0 fromOz
d ie crosses

size 4
Ifs crossest Defee te size of s to
be te felts in te side containing02
Note a system can contain at most one sphere

of each size and size E b 2



If d has size 2 define pls by
pushing a off of 0 gpes

let Esb
2

Esu systems containing some
s ofmaximal size b 2

b 2 b Z b 2
Now So Is Es

S Es SupCsi Suplay s

n is

are posetmaps satisfying to Poset lemma
with image in Ss
so 2 2

is contractible too



Now for each k 33

Ej Ej Ulsystems containing
k k

s of size K J
Then E E Sj

S Supls dopest 01

has imagery Esk ept
What's left

3
SCP Es Systems containing A'cfsiee2

crossings
There are n 2 sachs o
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ynletP'ioutsideof si o o
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Then
Ile si spheresystems compatible ly s i

sphere systems in PE
e Y Sb

5

byinduction

I
S

o

sn

vsb s

s p t

i Van Kampen Mayer Vietoris

give 1Scp a Vsb Yu
Now put this all together to
determine the link of s e k n s



Prof alle s e ygn
2ts

I
be G Decs this

It S cuts M into K pieces it
corresponds to a graph wiln k internal
vertices and 151 internal edges with
K ISI l n

514 2 SHRI 4 VsbCPH 4

Y Sk
2

Sbi 4 Vsb 4

Exercise Finish the proof
use b t by 21st s

K ISI I n

and Usa Usbe gatbt I



Next The spine encodes Anis in a
very

strong way if n 3

We will continue to think of Kaos as a
simplicial complex instead of a cubecplex

Any elf of Anis gius a simplicial
automorphism Kms Kms

so we get a map
A n s Aat Kus

theorem This map is an isomorphism

This is a combinatorial analog ofRoyden's
theorem for Teichmatter space

Royden Mod Sgs Isan Tgs
is an isomorphism where the metric on

Tgs is the Teich milter metric



For simplicity we will stick to s o

Observe

If lk G and lk Cs are both non empty
then diam Ille S1 2

since Decs lk Cs beds
If s is minimal then llets ble G

has diameter 6
proof

feels Deals
Since S is minimal M S

is connected ie has one piece g a
pre 8 133 90 O e O O

02h0

Let s i be In sphene Q.dz dit dit Ozu 402N E 2 2n 2

and si Gan.dz ditdit da i 9 c 3 2n 2

Them S 3 Az San 23 areboth Maxine
and S Ssd S'm23 spheresystems



They are incompatible in fact every sphere in S
is incompatible with every sphere in Sl

s

So to get a path frm S to S need to go
first to subsystems Cey a singlesphere

S Es si Es s

s and s are not compatible so can't find
a path oflength E 4
Can find a sphere a compatible with both

s Es Es vs I s E s us si Es s

dian Z 6



If S is a maximal spheresystem tore

lkcst lk.SE oICG Gtnivalut

e edge not aloop not a seepedge
T max tree not containing e 32 edgesHc
exists b c e is notseparating

rk 3

There is no forest 4 i To Y se so ACTe 33

YY any forests set Yay 409 not forests
Take e e4 cell art eoe a forest
Then 41 y

I I d14,4724
e eve e

works as long as 141,14432
If 4 e Y e

n73 F vortex w adj to a

w

U w r wt U o

Thou e

e f f f
is apathof
length4

3 E dian 4 always



Proof of theorem
he t f Kus Ku s be a simplicial

automorphism
Since it takes links of valves to links of

vertices it must take
minimal systems roses noses

maxind systems a trivalentgraph's trivalentgraphs


