

































































Lecture 7
Recap
we are studying the spine Kms of 0ms with
its action by Aniswe are thinking of Kaos as a simplicial
complex We have two ways of
describing a vertex

A marked graph gRn G
A complete spheresystem S E Mus

In general lk r lk.co Dear
we proved

lk.fr E V spheres
lk Co e Y spheres but here

was a mistake in class with the
induction It's fixed in te notes
please read

leeco e VS
4tscexeiii.fi




































































Aus ads on Kms by simplicialautomorphisms
we are proving thenap Ams Autons

is an isomorphism

For sinolicity take s O and don't
use separating spheres ledges

define the height of v

spheres inv n vortices in G 1

so roses have height 0
maximal systems hae height 2n 3

An elf of A no out Cfr preserves
homeomorphism type i p preserves
height




































































For surjectivity suppose f ka s ka is a
simplicial automorphism Wewant to show f
is realized by the action of some 4 e out fu

Byconsidering the diameter of links we
have

f takes minimal systems
to minimalsystems
roses to roses 7

a f takes maximalsystems to
maximal systems
trivalent graphs trivalentgraphs

Prep f preserves the pose't order
iz s a s f s of S1
Since f takes edges to edges either
f s cfcs or f Csb fCs

Weclaim 5 has more roses in its link

than S doesBa




































































Any minimal R C S is also in S
If S e s l s then
there is a minimal R c s
contamys which is non eeparaty

since f takes roses to roses wemusthave
f S c f Csi

Ed f preserves the numberofspheres in
a sphere system S

PI Put S in a maximal chain

sung S C CSam So C S i C C San 3
The position of S in tub chain determines
the number ofspheres in S

smtnshpasaeng.pk
eres si has nto

Weknow f sendsthis to another chain
f Smi C r f G C c fl Saax

SO fCs has the sane position some of
spheres




































































Prof f preserves the homeomorphism typeof
systems with ntl spheres

1 2 vertex graphs

The linkof curtains exactly Koroses

a _at btk I

so caradyget out to another 2 vertex graph
in k non loop edges

Ai

kff.gg I
3 vertex graphs connectedto tais

spheres n P t spheresMPL
an f
a

P has 2atk Occupants

HIT Pz has 2aztk Occupants




































































Claim b

It a punctured ball P has b
boundary components then it

1contains 2b b l

isotopy classes of non trivial spheres
pf these are determinedbythe party can

of the set ofb boundary spheresinto two parts each with 32 spheres

I L subsets of boundary spheres

L 2b 2 b b

T T T T
allsubsets 0 qq.gg one elf b Celts

p pm
k

9 contains 19ft lait i Ha
29 1 spheres that were

So there are 229 4 za kg pseparating
in Mn

zartk l f za z K l

29 l 292 1




































































n n separating spheres in Pi H Ps
2k 224 2292 29 t I I 2qt2kt2az 2

al

now a tat k I N

KCB
i AD

as

2 229 t 22 29 292 t n 2

The following exercise finishes theproof
Exercise Let ai au e IN and suppose

d a taz aft a and

2k 229 2292 129 294 2 422912292 29429dg

then a az3 Eai a'd

Ef The Nielsen graph is

the 2 vertex graph






































CI f takes marked Nielsen graphs
to marked Nielsengraphs

A Nielsen system is he corresponding sphere
system

q Mj
There are two components ofM S one is

3 ZuHE p S3 133 the other is EP

Frontiere f takes roses to roses
Dutch acts transitively on roses
So after composing f with 4 e out Cfn
we may assume f fixes a rose R

Next show that composing with some

4 E Stabat R wemay assume f fixes
all Nielsen graphs f Nielsen
systems Rus in the simplicial
star of R



Fact You can get from R to anyother rose R by a path in Ku
that only contains roses and
Nielsen systems
R Rus R R us R

Ruff Hoda
meowEEE.it

iEIIstRstRistRzstrl

Need to show

f fixes all Nielsen graphs in

stCR f fixes alf clyster



f fixes stCRIn step
f fixes Ri

f fixes R and at Rr at R
f fixes at C R

continuing alongthe path we get
f fixes stCR

since f foxes at R for every Rt

f is the identity
Each step is proedbyeither producing

a homeomorphism hairy to desiredeffect C an elf of cat fins

or cautery roses or other graphs
in Dds to see that they hue
to be fixed



Exercise Not required see how
far you can get with the vestof tie
proof Then try it for s s o



all Nielsen systems in et R
are fixed hgf
all of st R is fixed lyfe

Each step is proedbyeither producing
a homeomorphism hairy to desiredeffect C an elf of artful

or cautery roses or other graphs
in Dds to see that they hue
to be fixed

Exercise Not required Seehow
far you can get with the vest of tie
proof Then try it for s s o



It is clear we won't get anywhere
close to most of the topics I listed
in the first lecture

Instead I would like to return to te
Euler characteristic TT Ans

We saw to calculate It And it's
enough to calalale X cont Fa

We gotthe formula
eco

X out fu 2 Fatal
GeGen
finite

where Gcn connectedgraphs in
all vertices at least
trivalent
X G l n

and E G e E
forests

f J et
yo G

Cincluding 0



In the exercises you played a little with
CLG

Haesaremore

Exercise sign TCG ED where fcaliste
ofedges in a max foresting

so it is not even obvious what the sign ifTncaetfn

But you can calculate for small values
ofa

Ef n 2 G O O OD

q o 2 I

IAatff 8 12 8

ICouth G tf
2 tZy zy

A 3 8 n 4 o res 3470



A 12 IT x 2000

Always 0
growingveryfast

Borinsky proved off 0 alwaysI grows new turn
exponentially fast

IT is closely related
to te g function

analyticcant f f G Sent

To understand his proof need to
say a little about asymptotic
ftp.andmssf funehws.cudgaaaty
we already talked about f functions

n Ch D so Tcmth mum

TCH SEEe tdt convergesfor
Re x o

can be analyticallycontinued to Q
has simple poles at non pos integers



satisfies TCxti Xcx

In particular

For fixed K define 4kW x K

then fig
lin Thtk
X's TH K

Len 1K
x s H K Dax K D

lui 1 0
x a X K 1

A sequence offunctions 4kW SE

bi 4 2 0 is called
Xtra 4kCx

an asymptotic scale 4kt grows



much slower then 4k with x

A series Akkad is called

an asymptotic expansion for fCx

if fad q4dx t old next
u

ft Zak 464 O

ao led fo

are fig j9
ftp.flxtoayadlo o

gig ao



fCxtao4o x o

qua

hi f al
x su 961

etc so he coefficients in te

asymptotic expansion are
determined by f and E 45
ie if an asymptoticexpansion
exists it is unique




