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In this article we shall consider the classical problem on the relationship between equi-
librium states for different potentials. Moreover for any two Holder continuous potentials,
we shall give a geometric construction for transforming the Gibbs measure for one poten-
tial into the Gibbs measure for the other potential. The construction presents a new way
to think about Gibbs measures complementing known constructions using, for example,
periodic points [1] or homoclinic points [4].

We will work in the general setting of Smale spaces. Recall that a uniformly hyperbolic
diffeomorphism has a local product structure by local stable and unstable manifolds (see
[2]). A Smale space is an extension of the uniformly hyperbolic diffeomorphisms in the sense
that we only have a compact metric space X and a homeomorphism f : X — X satisfying
a local product structure determined by an appropriate bracket map [-,-] : X x X — X.
Additionally, subshifts of finite type are a class of examples of Smale spaces and our
work provides a unified approach to equilibrium states covering both uniformly hyperbolic
diffeomorphisms and subshifts of finite type without any use of Markov partitions.

To describe our construction, let GG; be a Holder continuous potential and consider a
measure fi¢;, = jy 5, supported on a piece of unstable manifold Wy'(z) with the conditional
Gibbs property defined in §2. Intuitively the conditional Gibbs property gives a uniform
bound on the measure of unstable Bowen balls of the form

/ﬁCLH (Bdu (y7 n, 6))
eSnG1(y)—nP(G1) ’

where y € Wg(z), € > 0 small, S,Gi(z) = Y120 Gi(f'x), P(G,) is the pressure and
By, (y,n, €) denotes the Bowen ball in W*(x) with respect to the unstable metric on W*(x).

We can now give a brief overview of our construction for Smale spaces. Starting from
a conditional Gibbs measure for a Holder continuous function G;. We then define a se-
quence of reference measures which are absolutely continuous with respect to g, and
have the appropriately chosen density eS»G2®)=5:G1(¥) for a continuous Go. Taking av-
eraged pushforwards of the sequence of reference measures, the weak™ convergent limits
are equilibrium states for Go. The precise statement can be found in Theorem 2.5. One
way to view Theorem 2.5 is as a geometric method which transforms the Gibbs measure
for Gy into the Gibbs measure for GG5. The illustrative Example 2.7 provides an explicit



calculation demonstrating the transformation of the (1/2,1/2)-Bernoulli measure into the
(p, 1 — p)-Bernoulli measure using Theorem 2.5 for the full shift on two symbols.

Theorem 2.5 can also be viewed as a new way to construct the equilibrium state for any
continuous function G5 starting from the equilibrium state for a reference Holder potential
G1.  Moreover, Theorem 2.5 extends the construction in [9], where the authors study
uniformly hyperbolic attractors and therefore exhibit the important property that there is
an induced volume on unstable manifolds, to non-attracting uniformly hyperbolic systems.

The proof of Theorem 2.5 relies on a growth estimate on a piece of unstable manifold
which relates the pressure of two continuous potentials GG; and G5. This result is of
independent interest and its statement can be found in Lemma 3.1.

1 Definitions

We now state the definition of a Smale space which is based on §7 in Ruelle’s book [11].
The definition has multiple technical conditions so we provide a couple of enlightening
examples that illustrate these conditions.

Let X be a non-empty compact metric space with metric d. Assume there is an € > 0
and a map, [-, -] with the following properties:

[ A{(z,y) € X x X d(x,y) <e} > X

is a continuous map such that [z, x] = x and

[z, 9], 2] = [z, 2], (SS1)
[z, [y, 2]] = [z, 2], (SS2)
fzyl) = [f (), f(W)], (S53)

when the two sides of these relations are defined.

Additionally, we require the existence of a constant 0 < A < 1 such that, for any x € X
we have the following two conditions: For y,z € X such that d(x,y),d(z,z) < € and
ly, x| = x = [z, z], we have

d(f(y), f(2)) < Ad(y, 2); (S54)
and for y, z € X such that d(z,y),d(x, z) < € and [z,y] = = [z, 2], we have
d(f~H(y), f71(2)) < Md(y, 2). (SS5)

Definition 1.1. Let X be a compact metric space with metric d. Let f : X — X be a
homeomorphism and |-, -] have the properties SS1 — SS5 above. Then we define the Smale
space to be the quadruple (X, d, f,[-,-]). If f : X — X is also topological mixing then we
call (X,d, f,[,-]) a mizing Smale space.

In essence Smale spaces are systems that exhibit a local product structure given by |-, -]
and this product structure can be used to define local stable and unstable manifolds.
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Definition 1.2. For sufficiently small 6 > 0 one can define the stable and unstable mani-
folds through x € X by

Wi(z) ={y € X : y=[z,y] and d(z,y) <},
Wi(x) ={y e X :y=1y,z] and d(z,y) < 6}.

From SS54 and SS5 we have that the stable and unstable manifolds are equivalently
characterised in terms of the behaviour of forward and backward orbits,

Wi(z) ={y € X : d(f"z, f"y) < 0,Vn = 0},

and
Wi(zx) ={ye X : d(f "z, fy) <6,Yn > 0}.

1.1 Examples

The conditions SS1—.555 are perhaps best understood with illustrating examples, namely
hyperbolic diffeomorphisms and subshifts of finite type.

1.1.1 Locally maximal hyperbolic diffeomorphisms

Let f : M — M be a C'** diffeomorphism on a compact Riemannian manifold and let
X C M be a closed f-invariant set.

Definition 1.3. The map f : X — X is called a (locally mazimal) hyperbolic diffeomor-
phism if:

1. there exists a continuous splitting Tx M = E° @& E* and C' > 0 and 0 < X\ < 1 such
that
[IDfE*| < CX" and || Df"[EY|| < CA"

forn >0;
2. there exists an open neighbourhood U of X such that X = Nuez f"(U);
The unstable manifold theory due to Hirsch and Pugh in [5] shows that uniformly

hyperbolic systems are in fact Smale spaces.
1.1.2 Subshifts of finite type

Let A be a k x k matrix with entries consisting of zeros and ones and let A(4,j) denote
the (i, 7)th entry of A.

Definition 1.4. We define the one and two sided shift space X and ¥4, respectively, by

Sh={z=(@)F €{l,....k}*" : A@n, 2n1) = L,n € Z7},
Ya={z=(x,)",€{l,....k}* : A(zp,7041) = 1,n € Z}.
Define the two (one) sided shift map, o : X4 — X4 (0: X5 = X4) by o(z,) = i1
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When A(i,7) =1 for all i, 7 € {1,...,k}, these are called full shifts.
For \ € (0,1) there is a metric on X4 defined by d(z, y) = \* where k = inf{|n| : z, #
Yn} (and on X7F there is a metric d(z,y) = A* where k = inf{n : @, # y.}).

Definition 1.5. For each m,n € N, we denote by
[icmsesin) = {2 =(2,)% 0 €Xa - Ty =iy, ..., Ty =ln}

a cylinder in X4 where i_y,, -+ i, € {1, k} and A(j,i41) =1 for —-m < j <n —1.
Similarly, for each n € N, we denote by

[i0y -y in) = {z = (x) €XF : ®o =10y, Ty = in}

a cylinder in X% of length n where ig, -+ i, € {1, ,k} and A(ij,ij41) =1 for 0 < j <
n—1.

For two sequences, x,y € Y4 such that o = yo, the product map [-,-] is given by
[LQ} = (.. Y—2,Y-1,T0, 71, T2,... ).

For the subshift of finite type an unstable manifold through z € ¥4 is simply the
elements of ¥4 which have the same past as z. We will denote = by the sequences that
have the past, (x,)% i.e., the terms agree for indices n < 0. Stable manifolds are similarly
defined with a fixed future i.e., the terms agree for indices n > 0.

2 Constructing equilibrium states

We begin by recalling the following standard definition.

Definition 2.1. Giwen a continuous function G : X — R

P(G) :=sup {h(u,f) + /Gd,u s = f-invariant probability}
is the pressure of G, where h(u, f) denotes the entropy of . Any measure realizing this

supremum 1s called an equilibrium state for G.

For Smale spaces every continuous potential G has at least one equilibrium state [13].
If G is Holder continuous then the equilibrium state is unique [11].
We require the following notion of a conditional Gibbs property.

Definition 2.2. Fory € Wi (z), 0 < e <d and n € N we define the unstable Bowen ball
of radius € by

By, (y,n,€) = {z € W) : dy(f'z, fly) <e for0<i<n-—1}

be the Bowen ball around y € W (x) in the induced unstable metric d, on W (x).



Let u* be a measure supported on a piece of unstable manifold centred at x. We say
that it has the conditional Gibbs property for G if for every small € > 0 there is a constant
K = K(€) > 0 such that, for everyy € Wi(x) and n € N we have,

-1 Hu(Bdu<y?nv 6))
K < eSnG(y)—nP(G) < K.

We write p* = g, if this conditional property holds. We may also write iy o when we need
to emphasis the measure is supported on a piece of unstable manifold centred at x.

Example 2.3. Let f : X — X be a uniformly hyperbolic diffeomorphism. It is shown by
Leplaideur [6] that equilibrium states for Hélder continuous potentials have a local product
structure (see Definition 2.13 [3]). Therefore, equilibrium states for Holder potentials have
conditional measures on unstable manifolds that satisfy the conditional Gibbs property.

Example 2.4. Consider the two sided subshift of finite type o4 : a4 — 3Xa. Bowen [2]
shows we can replace Gy acting on ¥4 by a homologous G, which only depends on ()2,
without any change to the Gibbs measure pug,. We can then define a continuous function
Gy on X1 to be equal to Gy. The Gibbs measure for G on the one sided subshift of
finite type restricted to the sequences, y € ¥ such that xo = yo and A(zo,y1) = 1 has the
conditional Gibbs property for G;. a

2.1 The main construction
We are now ready to state the main construction of this section.

Theorem 2.5. Let (X,d, f,[-,-]) be a topologically mizing Smale space. Let G; : X — R
be a Holder continuous potential and let Go : X — R be a continuous potential. For pc,
a.e. v € X and 6 > 0 small, we can define a family of measures supported on Wi (z) by

Jwpna €O Wdpg, (y)
_ )

Ao (A , n>1, 2.1
where A C X a measurable set. Then the measures
1 n—1
Hn,Go—Gy = E Zfi)‘n,Gz—Gw n =1, (22)
i=0

supported on f"W(x) have weak star accumulation points which are equilibrium measures
for Go. Moreover, when Gy is a Holder function then p, q,-q, converges to the unique
equilibrium state g, .

Example 2.6. In the case where f : X — X s a mixing hyperbolic attractor and G; = p9°°
is the geometric potential then pg, is the SRB measure, jug, is the induced volume on W' (x)
and Theorem 2.5 recovers Theorem 1.2 in [9].
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Next we will see an illuminating example illustrating Theorem 2.5. We consider the
full shift on two symbols and begin with a constant potential corresponding to the (3,1)-
Bernoulli measure. Fixing p € (0,1) (# 1/2) we show with an explicit calculation of
tn,Go—c, that using Theorem 2.5 we can transform the (%, %)-Bernoulli measure into the
(p, 1 — p)-Bernoulli measure.

The (1, 3)-Bernoulli measure is a very well understood equilibrium state for the two
sided subshift of finite type. Theorem 2.5 can be used to explicitly calculate the measure

of cylinders for the equilibrium state of any other Holder potentials.

Example 2.7. Let X = {0,1}% and let o : X — X be the full shift on two symbols given

by 0(zp)nez = (Tni1)nez. Let G1 : X — R be the constant function Gy = —log2, then
the associated unique equilibrium measure is the Bernoulli measure pug, = (%, %)Z. For

p € (0,1) not equal to 1/2, we shall consider the locally constant potential, Gy : X — R
defined at x = (x,)12° o by

Gol) = logp o =20
’ log(1—p) x=1.

Then the unique equilibrium measure associated to Go is the Bernoulli measure pg, =
(p,1 —p)*. Given any point x = (2,)° €X,

n=—oo

Wi(x) ={y = (Yn)pe—oo © ¥i = x; fori < —1}

and we can identify W(z) = {z_} x X+ where X+ = {0,1}%+ and v_ = (v,),;1_. The
conditional measure pi, on X corresponds to the Bernoulli measure (3, %)Z on Xt. We
can explicitly write

SnCa(y)~Cr(y) _ - L o<t ymop(q _

o p)#{0<1<n 1:y=1}
,uGl [yO; s 7yn71]

where we recall, [Yo, - Yn-1] = {(2)3>_o : 2z = y; for 0 < i < n—1}. By the definition
of A\, we have that

B Jo —i ANWE (x )esnGQ(y)_S"Gl(y)dMul(y)
w0 g, ()

(2.4)

where we have the simplifications, P(G1) = P(Gs) =0 and

- u u G2 Y0y -y Yn—
/ £5nG2(u)=SnG1) gyt () = Z it ([yo, - - 7yn—l])uu2[ 0 1))
WE (Y05 sYn—1] MGl [3/0, cee 7yn—1])

=1




Consider the set A = [z_p, ... 21,20, 21, - -, 2n], for M N € N. We will calculate
i\ (A) forn € N and n > N + M. Notice that for i > M,

Uﬁi(A) = U [Y0s -+ s YimM—1, Z=M, - - -, ZN].
[Y0se-s¥i—nr—1]

We have that S,Gy and S,Gs are constant on [yo,...,Yn—1] S0 we can rewrite the
integral in equation (2.4) as a sum over the cylinders of the same length. For ease of
reading, when the intersection is non-empty, let

o (AN [Yos -y Yno1) = [Yos -+ s Yi M1y Z- M- 2N Yit N1y - - s Y1)
=0, . (A).

for M <i<n— N, We can now simplify equation (2.4) using equation (2.3) as follows.

162 (g, g1 (4)
1 (T4 pns (A)

A= D (o (A)

= Z fics (0 (A) N [Yo, - -, Yn1))

[yO ~~~~~ ynfl]
= U@, (A)
Therefore,
1 n—1
pn(A) = = > 0. a(A)
n =0
1 M-1 1 n—N-—1 1 n—1
==Y o)+ > U*An(A)-f-ﬁ'Z ol (A)
=0 i=M i=n—N
M-1 n—1
1 ; n—(N+ M) 1 ;
= Y o)+ T () 2 Y el
i=0 i=n—N
TH—OO> HGy (A)

This is consistent with Theorem 2.5, we have practised alchemy, transforming pug, into
HG, -
This example also hints at an interesting feature. In the construction of the SRB

measure for hyperbolic attractors [10] there is no need to average the pushforwards of the
induced volume on Wi (x). Example 2.7 shows that even for the full shift on two symbols,



there is a continuous potential such that o' \,, does not converge to the required equilibrium
state. This can be seen with the following calculation.

n u 1% Yoy oy Yn—M—12—M, """ , 2
Or A (A) = Z 1 ([Yos - - - s Ynoni—1, Z—na, - -+ 5 2N])) 32([ 0 M—-1%2—M ~])
luGl([yO?"-7ynfM71fZ—M,"‘ ,ZN])
[y07"'7yn7M71]
- Mél<[ZO7‘“7zN])luG2([Z—M7 s 72—1])
#MGQ(A)

It is an interesting question to ask whether the averaging in (2.2) is required in the
setting of uniformly hyperbolic attractors. Answering this would have important conse-
quences for the rate of convergence to the equilibrium state for Gb.

3 Growth of unstable manifolds for Smale spaces

The proof of Theorem 2.5 relies on the following growth rate result of unstable manifolds.

Lemma 3.1. Let (X,d, f, [, ]) be a mizing Smale space. Let G; : X — R Hélder and
Gy : X — R continuous. For a.e.(ug,) x € X and § > 0 sufficiently small,

n—oo N

1
P(Gy) — P(Gy) = lim — log / (G2 gt (y).
W (z)

Before we prove Lemma 3.1, we recall the following simple property.

Lemma 3.2. Let G : X — R be a continuous potential. For any 7 > 0, there is an € > 0
small enough such that, for any x € X and n € N, if d,,(x,y) < € then

|5,G(x) — S,G(y)| < nT. (3.1)

In the proof of Lemma 3.1 we will use Bowen’s definition of the pressure (see for
example [13]) using spanning and separated sets which is equivalent to the definition given
in Definition 2.1 by the variational principle [12].

Proof of Lemma 3.1. To get an upper bound on the growth rate in Lemma 3.1 we proceed
as follows. Given ¢ > 0 and n > 1, we want to create an (n, ke)-separated set for some
k € (0,1) independent of n and €. To this end we can choose a maximal number of points
yi € f"Wi(z) (i = 1,--- ,N = N(n,€)) so that d,(v;,y;) > €/2 whenever i # j (where
d, is the induced distance on f"W§(z)). By the definition of the Smale space, the map
[ Wi(x) — frWi(z) is locally distance expanding and thus, in particular, the points
xi=f"y; (i=1,---,N = N(n,¢)) form an (n, ke)-separated set.

Now we have constructed {x;}, we can relate these points to an integral. Let By, (y,n, €)
denote the Bowen ball contained within the unstable manifold with respect to the induced



metric d,, then

Z oSnGa(@i) _ Z/ S"GQ(’”i)/vblél(Bdu(% n,€)) " dug, (),

By, (z;,n,€)

_nTZ/ SnGQ ):uqé‘l(Bdu<xi7n76))_1dﬂél<y>,

By, (z;,n,€)

_nT+nP(G1 K~ Z/ SnGg(y)—SnGl(xi)dplé’ (y)
= 1 )

By, (x;,n,€)
—2n7’+nP G1) S Ga(y)—SnG1(y) u
'K § / dpgy, (),
By, (xi,m,€)

> e—2nT+nP(G’1)K—1 QSHGQ(y)_SnGl(y)dlLé ( )
= 1
Wi (z)

In particular: Line 2 uses Lemma 3.2 for G9; Line 3 uses the upper bound of the condi-
tional Gibbs property of ug ; Line 4 uses Lemma 3.2 for Gy; and Line 5 follows from the
maximality of {y;}, in particular W (z) C U; By, (i, n, €). Then letting K (n) = e *""K !
gives

1 1
~log Z1.6,(n, k) > —log (K (n) / eSS WAPE) gy, (y))-
;' ()
Taking a limit as n — oo and € — 0,

1
P(Gg) > —27 4 lim —log/ y )esnGQ(y) 5,G1(y)+nP(G1) du@( ).

n—oo N

Since 7 > 0 is arbitrarily small then,

1
P(G3) > lim —log/w 3nG2(y)=SnG1(y)+nP(G1) d/~L01< ).

_)
nmee (@)

Before starting on the proof of the lower bound we present a simple result.

Lemma 3.3. For any € > 0 there exists an m > 0 such that f"W3(x) is e-dense in X.
In particular, we can assume that X = Uye pmwu(@) W2 (y).

Proof. This is an immediate consequence of the topological mixing assumption and the
local product structure for Smale spaces. ]

To get a lower bound on the growth rate in Proposition 3.1, given e > 0 and n > 1
we want to construct a well chosen (n, 2¢)-spanning set. We begin by choosing a suitable
covering of f"™™MW{(x) by e-balls

By, (yi,€) :i=1,--- /N := N(n+m,e)



contained within the unstable manifold with respect to the induced metric d,, and let A, :=
{y € frmWu(z) : Pz € Wo(frma)\ frmWE(z) with d,(y, 2) < €/2}. We can choose a
maximal set S = {y1, -+, YUN(ntm, } With the additional property that d,(y;,y;) > €/2 for
1 # 7 and y; € A.. By our choice of S we have that

N(n+m,e)

A, C U Ba, (yi, €/2).

i=1
By the triangle inequality we have that

N(n+m,e

)
frmwi@) o | Bawie).
=1

Since By, (f~" ™ (y;),n +m +1,£) N By, (f~ "™ (y;),n+m+1,£) = 0 for i # j, then
the disjoint union satisfies,

N(n+me)

U Ba.(f "), n+m+1,e/4) C Wi (x). (3.2)

i=1
We again use the property that f*: fmWg(z) — f"™™W{(x) locally expands distance
along the unstable manifold. In particular, this means that the preimages x; := f~"y; €
fr(Wi(x)) (i = 1,--- ,N) form an (n,2¢)-spanning set. [To see this we use Lemma 3.3,
for any point z € X we can choose a point y € f™(W§(x)) with z € W’(y) and observe
that d(f7z, fly) < e for 0 < j <n.] We can then choose an z; such that d,(y, x;) < € since
f™ is locally expanding along unstable manifolds. In particular, by the triangle inequality

d(f'z, o) < d(fz, fly) + d(fly, fa) < 2

for0<j<n-—1.
We will now use the construction of the points {x;} to get the required lower bound.
We first require the following simple inequality

eSnGz(xi) _ esn+mG2(fim(xi))_SmGZ(fim(xi))

< SnmGa(f7m (i) +ml|G2loc
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For ease of notation, set B(z;) = By, (f ™ (x;),n +m + 1, %). Therefore,

N
E esnGQ(Zi) —
=1
N

sy [ )es”mc“f_’”(”i”ua<E<xi>>-1duz~l<y>
1 B €T

1=

N

S [ e ()i )

=1

< emlGallttmr Z [ e (), ),

S 6m||G2|w+(n+m)T+(n+m+1)P(Gl)KZ/ eSnerGQ() Sntm+1G1(f~ d/“LGl( )

< MlIG2lloo+2(ntm+1)7+(n+m+1)P(G1) KZ/ n+mGz(y)*Sn+m+1Gl(y)dug ().
- 1
B(z;)

Moreover, by (3.2) we can bound

N

Z / esn+mG2 (¥)=Sn+mG1(y) dluél (y> S / €Sn+mG2(y)7Sn+mG1 (y)duél (y) .
1 () W@

Letting L(n) = emlGzllct2(ntm)r+P(GOHIG il [( | e have

Zo,G»(n, 2€) < L(n) / eSrm @)= St G EmIPE) gy, (y)
Wi (x)

and thus

P(Gs) <27+ lim
n—oo 1, +m

log/ ( )eSn+mG2(y)Sn+mG1(y)+(n+m)P(G1)du’él(y).

Again 7 > 0 can be chosen arbitrarily small and so

1
P(Gy) < lim —log/ . )esnG2(y) SnG1(y)+nP(G1) dﬂ@( ).

n—oo 1,

This concludes the proof. O

4 Proof of Theorem 2.5

In this section we will complete the proof of Theorem 2.5. The proof follows the general
lines of the proof of Theorem 1.2 in [9].
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Proof. We begin by observing that If we were to replace the potential Gy by Gs + P(G)
then the measures A\, g,—q, = A Go—c1+P(c)- Thus when we write A, g,—q, we are really
considering A, q,—G,+P(G1)-

By Alaoglu’s theorem on the weak star compactness of the space of probability mea-
sures, the measures fi,, ¢,—¢, have a weak star convergent subsequence to some measure /.
Moreover, for any continuous F': X — R we can bound

‘/Fdﬂn,Gz—Gl _/Fofdlu"’%GQ_Gl

n—1 n—1
1 : 1 Z
N ’ﬁ k=0 /F ° fkd)\n’G2_Gl o k=0 /F © fk+1d)‘n,G2—G'1

2] Flo
n

—0asn— +00

and, in particular, one easily sees that p is f-invariant.
For convenience, we denote

5 (@)
and for A C X let,

KiZGl — / . eSnGz(y)—SnGl(y)—i-nP(G’l)dluél (y)
Wgt(x)n

Definition 4.1. Given a finite partition P = {P}X, we say that it has size ¢ > 0 if
sup; {diam(P,)} < e.

By Lemma 3.2, for any 7 > 0 there is an € > 0 small enough, such that if we choose a
partition P of size € > 0, then for all z,y € A € \/?:_01 f7¥P, we have,
1S, Gr(x) — S,Gr(y)| < nt (4.1)

for k=1,2.

Choosing a partition of size € > 0, for each element of the refined partition we can choose
an x4 € A€ \/Zy f"P. We now find a convenient form for the integral [, Godpin.c,—c, -
First we can write

ey S (G2—G1)(y) u
| Gltnga) = o [ OOmG,
W (z) Ly W ()

and then

i enPlan) - i u
/ | Go(y)dfidnca-c (V) = —are / eI (BmWG, (£ (y))dug, (y).
FiWE (@) Zn Wi (z)
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Recalling the definition of p, ¢,—¢, we can write

enP(G1) B .
/G2(y)d/'l’n,G2G1(y> = W/ (=W G Gy (y)du, (y)

enP(Gl)
Z / e G2=EIW g, Gy (y)dud, (y)
W’u.

Ga,G1
ny? .
n AEV?:_OI F-ip sH(x)NA

Z (SnGz(JIA) - n7'> / eSn(GrGl)(y)dﬂél ()
Wu

2 G2,G
nZy >t . A
" aevidsoe #=n

1 KG?L{Gl
= -7+ ﬁ Z #SHGQ(‘TA) (42)

Aeyrtpip T

We next consider the entropy of ji,,¢,—,. For A € \/Z:O1 T~"P, consider

log / Sn(G2=CW gL (y) < log (eQ’” / e (G2 gy (y))
W (z)nA Wit (@na

= 2n7 + Sp(G2 — G1)(wa) + log g, (Wi'(x) N A).

Since P has size € then W§(z) N A C By, (x4, n,¢€). Using the conditional Gibbs property

of pug, we have,
pe, (Ws(z) N A) < ¢ o5nGi(wa)-nP(G)

In particular, this shows
log K4 < nP(Gh) + 2n7 + Su(Gy — Gi)(wa) +log K + S,G1(2.4) — nP(Gh)
= 5,G2(x4) + log K + 2nr,
where K > 0 is independent of n and A. Working from the definition of the entropy we

(4.3)

can write
n—1
HAn,GQ—Gl < \/ fhp) - - Z An,G2*G1 (A) 10g AH,GQ*GH (A)
r=0 AeV]Zy fhP
KGQ,Gl K,S?L{GI

n,A

- Z ZG2,G1 08 ZG2’G1
n—1 p_p n n
AeV Zy f~hP

Ga,Gh
G2,G1 E nA G2,G1
Zn - Ga2,G1 lOg KnvA ’

= log
Aeyrtp-rp 70

where the last equality uses that, by definition ) Aeyr-l forp Kgffl = ZG201,
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Using equation (4.3) we have the lower bound

n—1 KG2 G1
Hy, ¢, a, ( \/ f_h73> > 70261 _ Z W (S Ga(za) +1og K + ZnT)
r=0 AeVyzg fp 7"
Ga G
= 7521 _log K — 2nt — Z G2 —a o SnGa(ra).  (4.4)
AeViZy fohp T
Putting together (4.2) and (4.4),
n—1
Hy, ., < \/ f_hp) + n/X Go(y)dpin,cy—cy (V)
r=0 KG2 .
> 705 —log K —2n7 — > —22e=S,Ga(xa)
AeVr—y f=hp T
G2 61
—nr Y 202 — e SnGa(.4)

Aeyrtp-ip 71
= 7929 _log K — 3nr.

We can now use this and an entropy estimate due to Misiurewicz [7] (stated in Lemma 4.5
8]) to write

n—1
qlog Z> 1 — / Gdpin, -, — q(log K + 3n7)<qH), o, ( Vi hP)

r=0
q—1
<nHp,, . o ( \/ f""P) + 2¢* log Card(P),
=0
which we can rearrange to get,
H [P
log Z&2¢1  log K 4+ 3nt  2qlog Card(P Hn,Ga=G1 < =0
g _ log _ 2qlog Card(P) _ +/ Godiin 0.
n n n q X
Letting ny — 400,
log Z&2:G1
P(Gy) = lim 8%
k—o0 Nk
H:U‘nk,Gngl ( Zq:_(é:- sz)
S lim ( —|—/ GQd/Lnk,GQ_Gl) +3T
k—o00 q X
Hﬂ(v;}‘é f-iP)
= +/ Godp + 3T,
q X

14



where we assume without loss of generality that the boundaries of the partition have zero
measure. Letting ¢ — oo,

P(Gy) < hy(P) +/ Gadp + 37. (4.5)

X
Therefore, since 7 can be chosen arbitrarily and p is an f-invariant probability measure, we
see from the variational principle that the inequalities in equation (4.5) are actually equal-

ities (since h,(P) < h(y)) and therefore we conclude that the measure p is an equilibrium
state for Gs. ]
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