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ABSTRACT. We discuss the asymptotic distribution of the directions in homology of periodic
orbits of Anosov flows. We obtain a limiting measure which is either a Dirac measure on a
single point or is fully supported. In the latter case, we relate the result to a more general
equidistribution problem.

0. INTRODUCTION AND RESULTS

Let M be a compact smooth Riemannian manifold and let ¢, : M — M be a transitive
Anosov flow. Such a flow has a countable infinity of (prime) periodic orbits v with length
I(y). Write n(T") = #{v : I(y) < T}; then a classical result of Margulis [8],[9] states that
7(T) ~ T /h($)T, as T — +oo, where h(¢p) > 0 is the topological entropy of ¢.

A more delicate problem is to understand the distribution of periodic orbits with respect
to the homology group H;(M,Z), which we suppose to be infinite. To simplify notation,
we shall work modulo torsion and, in addition, suppose that a basis has been fixed so that
we may write Hy(M,Z) = ZF for some k > 1. Then, for o € H,(M,Z), we may try to
study m(T, ) = #{v: l(v) < T, [v] = a}, where [y] denotes the homology class of ~.
There is a basic dichotomy which may be characterized in terms of the winding cycle (or
asymptotic cycle) &g € Hq(M,R) associated to the measure of maximal entropy of ¢ [14].
If &g = 0 then, for some constant C' > 0 (independent of «),

()T

7T(T, Oé) ~ CW,

as T' — +o0, (0.1)

while if ®y # 0 then (T, «)/mw(T) tends to zero exponentially fast, as T — +oo.

In this paper we shall study the distribution of directions of homology classes. If [y] # 0
then we define 6(y) to be the projection of [y] to (Hy(M,R)\{0})/R*, the set of (non-zero)
directions in Hy(M,R). It is convenient to parametrize these directions by S¥~! = {x €
R* : ||z||2 = 1}, where || - ||2 is the usual 2-norm. (Recall that there is a fixed isomorphism
between H;(M,R) and RF.)

In [3], Fried introduced, for an arbitrary flow on a compact manifold, the set Dy, C S k=1
of homology directions for the flow. (Actually, Fried allows the zero direction.) Roughly
speaking, these correspond to the normalized homology classes of long almost closed orbits.

Typeset by ApS-TEX



Fried showed that ¢ has a global cross section if and only if D, is contained in an open
hemisphere in S¥~!. In the Anosov case, we have the alternative characterization

Dy ={0(7) : [v] # 0},

the closure of the set of directions of periodic orbits, and it follows from results in [15] that
either Dy = SE=1 or Dy is contained in an closed hemisphere in Sk=1In particular, if
®y =0 then Dy = Sk =1 but the converse is not true.

We wish to understand the asymptotic distribution of the directions 6(y) within Dy.
Let dg(,) denote the Dirac measure at 6(); we shall consider the behaviour, as T — 4-o0,

of the measures )
T
Ye = T > So- (0.2)

I(v)<T
[v]#0

(One knows that #{v : l(y) < T, [y] # 0} ~ 7(T), as T — 400, so the normalization in
(0.2) is appropriate.)

Theorem 1. Let ¢ : M — M be a transitive Anosov flow. The measures l/g; have a
weak™ limit vy, as T — +o0.

(i) If ®g = 0 then vy has full support on S*=1. More precisely, there is a norm | - | on
Hi(M,R) (obtained from an inner product) such that, for a Borel set D C S*~! whose
boundary has zero measure,

y _ VOlk(S(D) N BH'H)
¢ VOIR(BH.”)

where S(D) = {\w : w € D, X\ > 0} is the sector based on D and Bj. is the unit ball for
|- [I-

(1i) If @y # 0 then vy is equal to the the Dirac measure at ®o/||Pol|2-
The definition of the norm || - || is given in section 1.

Remarks.

(i) An analogue to (0.1) holds (albeit with a smaller growth rate) provided that ¢ is
homologically full, i.e., that the natural map from the set of periodic orbits to Hy(M,Z) is
a surjection [15]. This also has a characterization in terms of the vanishing of winding cycles
associated to a rather natural class of measures. Under certain restricted circumstances,
stronger results hold: asymptotic expansions for 7(7', ) [1], [5],[13] and central and local
limit theorems for 7(7T', ) /7(T) [2],[7],[16]. The norm mentioned in Theorem 1, explicitly
identified in [5], appears in these results, a summary of which may be found in the second
author’s survey in [9].

(ii) It follows from [15] that ¢ is homologically full if and only if Dy = S¥~1. Since there
are homologically full flows for which &3 # 0, Theorem 1 shows that, in particular, the
support of v, is not necessarily equal to Dy.

Theorem 1 may be rewritten as a statement about closed geodesics whose homology
classes lie within a sector. Let Sz(D) = S(D) N ZF be the set of homology classes lying in
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the sector based on D. For any A C Z* | let n(T, A) = #{v : I(y) < T, [y] € A}. Then
part (i) of Theorem 1 is equivalent to the statement that

. m(T, 52(D))
1 ————= =1(D). 0.3
A D) ©3)
Furthermore, we can reinterpret v4(D) as the density of Sz(D) with respect to the norm
| - ||, where the density dj. (A) of a set A C ZF is defined by

_ o o€ A lof <7}
dtd) = I e ZF  al < v} (0.4)

(whenever the limit exists). One can then view Theorem 1(i) as an equidistribution prop-
erty of the periodic orbits: the proportion lying in Sz(D) converges to the density of
Sz(D). In fact, we shall show that the analogue of (0.3) holds whenever the limit in (0.4)
exists. Part (i) of Theorem 1 will then follow as a consequence.

Theorem 2. Let ¢, : M — M be a transitive Anosov flow such that o = 0. If A C ZF
is a set for which the density d).(A) exists then

Remark. A prototypical example of a transitive Anosov flow with ®¢ is the geodesic flow
on the unit tangent bundle M = SN of a compact Riemannian manifold N with negative
sectional curvatures. Then, if dim N > 3, H{(M,Z) = Hy(N,Z), while if dim N = 2,
the two first homology groups agree up to torsion. In this setting, periodic orbits of the
flow are in a natural one-to-one correspondence with (oriented) closed geodesics on N
which preserves length and homology. Hence, under this hypothesis, Theorem 2 holds for
closed geodesics. This result was recently obtained by Petridis and Risager in the case
where N is a compact hyperbolic surface [12]. A variation of their technique, taking as
its starting point the analysis in [16], can be used in the case of surfaces with variable
negative curvature and higher dimensional manifolds for which the metric is 1/4-pinched.

We shall now outline the contents of the paper. In section 1, we discuss winding cycles
associated to Anosov flows and their relationship to thermodynamic formalism, in par-
ticular defining the norm || - ||. In section 2, we relate this theory to periodic orbits and
state the results we need on their distribution and prove Theorem 1(ii). In section 3, we
use these results to prove Theorem 2. The proof relies on convergence of certain Gaussian
sums to a density; this follows from a technical lemma proved in section 4.

Notational comment. Given functions f(7') and ¢(T") > 0, we shall write f(T) ~ g(T)
if limy 100 f(T)/9(T) = 1, f(T) = o(g(T)) if imp_, 4o |f(T)|/g(T) = 0, and f(T) =
O(g(T)) if there exists C' > 0 such that |f(T)| < Cg(T).

We are grateful to Frangois Ledrappier, who asked the second author about the distri-
bution of “homology directions” for periodic orbits.
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1. Anosov FLows AND A NOorRM ON HOMOLOGY

Let M be a smooth compact Riemannian manifold and let ¢; : M — M be a C! flow.
We say that ¢ is an Anosov flow if there is a continuous splitting TM = E° & E* @ E¥,
where E° is the line bundle to the flow and where, for constants C' > 0 and A > 0,

(1) ||[Dg¢(v)|| < Ce=||v]|, for all v € E¥ and t > 0; and
(2) [|[Dp—t(v)|| < Ce=|jv|, for all v € E* and t > 0.

If, in addition, ¢ has a dense orbit then we say that ¢ is transitive. A prototypical example
of a (transitive) Anosov flow is the geodesic flow on the unit-tangent bundle SN over a
compact Riemannian manifold N with negative sectional curvatures.

We shall suppose that H;(M,Z) is infinite, so that H;(M,R) = R*, for some k& > 1.
Let My denote the set of all ¢-invariant probability measures on M. The homological
distribution of the periodic orbits described in the next section is intimately related to a
family of real homology classes associated to elements of M. For u € My, we define
the winding cycle (or asymptotic cycle) ®, € H;(M,R) as a functional on the (de Rham)
cohomology H!(M,R) given by

®, (o)) = [ w(¥)dn

where w is a closed 1-form in the cohomology class [w] and X is the vector field tangent
to ¢. (The fact that p is ¢-invariant ensures that ®, is well-defined.) We write By =
{®, : p e My}. (In the case of geodesic flows, By is the unit ball for the Gromov-Federer
stable norm on homology [10].)

An important invariant describing the complexity of the orbit structure of ¢ is the
topological entropy h(¢). For Anosov flows, h(¢) > 0 and it is related to the (measure
theoretic) entropies h(p) of measures in My by the variational principle:

h(¢) = sup h(p).

neMy
There is a unique measure py € My, called the measure of maximal entropy, for which
this supremum is attained. We write ®q = ®,,; this winding cycle will play a particularly
important role. We note that ®g lies in the interior of By.

More generally, we define a (real analytic) function b : int(By) — R by h(p) =
sup{hg(p) : ®, = p}. Clearly, h(Pg) = h(¢) and if p # Py then h(p) < h(¢); in par-
ticular, Vh(Py) = 0. In fact, it is a well-known result that b is strictly concave and that
H = —V?2h(D) is positive definite [2], [9], [15]. In the case &g = 0, we define the norm
| - ||, which appears in Theorem 1, by ||p||> = {p, Hp). In particular,

b(p) = h(¢) = llpll*/2 + Olol). (L.1)

We also define ¢ > 0 by 0=2% = det H.
We also define a pressure function p : H*(M,R) — R by p([w]) = P(w(X)), where the
pressure P(f) of a continuous function f : M — R is given by

HEMy

P(f) = sup {h(u) +f fdu} .
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If f is Holder continuous then this supremum is attained for a unique element, which we
call the equilibrium state of f. When [w] = £, we shall write ¢ for the equilibrium state
of w(X). (If £ = 0 then pg is the measure of maximal entropy, agreeing with the notation
above.)

In the language of convex analysis, —h and p form a Legendre conjugate pair. More
precisely, Vb : By — R% and Vp : R? — By are inverses and

h(p) =p((Vp) () — (VD) (p),p)-

We write £(p) = (Vp) ' (p). Then V2h(p) = (V2p(£(p)))~" and b(p) = hg(ue(p))-

Remark. As pointed out by the referee, the above analysis only applies directly when ¢
is a C'7¢ flow. In this case, the functions w(X) are Holder continuous and the usual
thermodynamic formalism applies. However, if ¢ is only C! then a modified approach may
be used, based on the symbolic model for ¢ as a suspended flow over a subshift of finite
type 0 : ¥ — X. Let {T1,...,T,,} be the set of Markov sections which define ¥. Choose
a point zg € M and, for each ¢ = 1,... ,m a path ¢; from zy to T;. Also, for each ordered
pair (4,7),4,j = 1,...,m, choose a path ¢;; from T; to T;. Adjusting the paths slightly, we
may suppose that all endpoints in a given section agree. We define a function F : ¥ — ZF
by F((24)5% _oo) = [Cap © Capar © €], the homology class of the composition. Then F is
locally constant and so, in particular, Holder continuous.

Now consider the roof function 7 : 3 — R and the vertical flow o] on the suspension
space X" = {(z,s) : z € £,0 < s < r(z)}/(z,r(z)) ~ (cz,0). It is easy to construct a
Holder continuous function f : ¥" — R such that

r(x)
/ f(x,s)ds = F(x).

=0

Furthermore, if v is a periodic orbit for ¢ then it is covered (possibly not uniquely) by a
o"-periodic orbit 7, lying over a o-periodic orbit {z, oz, ... ,0" 'z} and, by construction,

i)
[ Hoitw 0t = Pla) + Flow) +-+ F(o" ') = 1]

Then we can carry out the analysis described above with ¢ € H'(M,R) = R* identified
with the function (¢, f).

2. PERIODIC ORBITS AND HOMOLOGY

An Anosov flow has a countable infinity of periodic orbits, whose lengths have no finite
accumulation points. If we define 7(T") to be the number of (prime) periodic orbits of least
period at most T then 7(T) ~ eM®)7T /h(H)T, as T — +oo [8],[9],[11].

In the case of geodesic flow ¢, : SN — SN, the (oriented) closed geodesics on N are in
one-to-one correspondence with the periodic orbits for ¢, with the length of the geodesic
equal to the least period of the orbit. (This approach is implicit in the analysis in the
appendix.)
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The distribution of periodic orbits relative to homology has been extensively studied.
To obtain interesting results, we shall suppose that Hy(M,Z) is infinite. To each periodic
orbit 7, we can associate a homology class [y] € Hy(M,Z). We shall work modulo any
torsion in H;(M,Z) and suppose that, after fixing a basis, that [y] € Z¥, where k > 1 is
the first Betti number of M.

As in the introduction, for a € Hy(N,Z), we write 7(T, o) = #{v : I(v) < T, [v] = a}.
Now, however, we shall allow « to depend on T (in a linear way). To continue to take
values in H1(N,Z), we shall define an “integer part” on Hi(M,R). Choose a fundamental
domain F for Hy(M,Z) as a lattice inside Hy(M,R). Then, for p € H;(M,R), define
lp] € Hi(M,Z) by p— |p| € F.

Proposition 1 [2],[7],[15]. Let ¢y : M — M be a weak-mizing transitive Anosov flow. If
p € int(Bg) and a € Hi(M,Z) then

det V20(p) _(e(pp.ar (et 1o 10y €T

W(T704+LPTJ)NW TH/FT

as T — 400,

uniformly for p in compact subsets of int(By). In particular, if p # ®o then w(T, o +
|pT'|)/7(T) tends to zero exponentially fast, as T — +o0.

Remark. If & = 0 then ¢, : M — M is automatically weak-mixing [15]. Setting p =0 in
this case recovers the asymptotic formula (0.1).

The following consequence of the Proposition was first stated by Lalley [6]. It may also
be deduced from a large deviations result of Kifer [4] and still holds if ¢ is not weak-mixing.
. 7]
lim { () <T, H g,
T—o0 7r( ) [(7)

6} =1.
The next result follows from the uniformity in Proposition 1.

Corollary 1.2 [2],[7]. Suppose that &y = 0. Then, for § > 0 sufficiently small,

Corollary 1.1 [4],[6]. For any € > 0, we have

TF2H1 (T, «)
(a/T)eh(a/T)T

lim  sup
T=400 ||a|<oT

-1|-o.

where C(p) = (2m)*/h(p)(det VZb(p)) /2.

The following version of the Central Limit Theorem also holds. (We give the statement
under the condition ¢y = 0, which is the case we need, but the result holds more generally
if we replace [vy] by [y] — T®g.)

Corollary 1.3 [6],[7]. Suppose that ®y = 0. Then, for a Borel set B C R* whose boundary
has zero measure,

m L bl _ Y ez,
o (T 7r( ) { () <T, \/TGG B} (27r)k/2ak/B o



where o¥ = (det V2h(0))~1/2.

We end this section be deducing part (ii) of Theorem 1 from Corollary 1.1. It follows
from this that if S is a sector which includes a neighbourhood of ®(, then

. 1 [
1 - : <T, —— =1.
A Sr# (s < T )
Hence, because S is a sector,
1
li — : <T =1.
A s ) =T ble S

Rewriting this in terms of homology directions, we have that if D C S9! contains a
neighbourhood of ®¢/||®g||2 then

1
lim ———

pam Wm#{v : (y) < T, 0(y) € D} = 1.

3. PROOF OF THEOREM 2

Let € > 0 be given and choose A > 0 such that

1 / N
- e l7l? /2, < . (3.1)
(2m)k/20% [ pi>a

Provided T is sufficiently large, AVT < 6T, so it follows from Corollary 1.2 that
TF2H10(T, a)

i al<ay | Cla/T)ep@/NT 1' =0
or, equivalently, that
sup Trn(T, a) 1 :o(i).
lal<avT | Cla/T)eb (/DT Tk/2 TH2

Since, for |la| < AVT,
(i) |C(a/T) — C(0)| = O(T~/2), and, using (1.1),
(ii) b(a/T)T = h($)T — ||a||2/2T + O(T~1/2),

we may replace this by

h(d)Tm(T, c) e—llell?/2T gq(e,T)
eh(®)T (210 )R/ 25k Tk /2

sup
lal|<AVT

1
=0 (W) N (3.2)
where e?(@T) € (e=¢T ™% ¢eT™""*) for some ¢ > 0.
Summing (3.2) over a € A with ||a|| < AVT and using the estimate #{a € A : ||a| <
AVTY} = O(T*/?) gives

. Z (h(gb)Tw(T, ) e—||a|2/2Teq(a,T)> .

T—+oco =4 eh(®)T (27T>k/20'ka/2

lal|<AVT
The behaviour of the second term in the summand will follow from Lemma 1 below,

the proof of which is contained in the next section.
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Lemma 1. If A C Z* has density dy.(A) (with respect to the norm || - ||) then

1 2
i —llal®/2T _
A0 G R TR . ¢ = dj (A).
acA
lal|<AVT
We may write
e—llell?/2T ga(e,T) e—llell?/2T e—llal\Q/ZT(etI(a,T) —1)
C;L‘ (27T)k:/20szk:/2 o ; (27T)k/2o.ka/2 + ; (27T)k:/20.ka/2
lell<AVT lell<AVT lell<AVT

and, since |e?(®T) — 1] is uniformly bounded by eT"* _ 1, it follows from Lemma 1 that

|al|?/2T gq(a,T)

=l
, e
TETOO ; (2m)k/2gkTk/2

]| <AVT

=d). (4).

We are now ready to complete the proof of Theorem 2. Given that 7(T) ~ @7 /h(p)T,
as T — +oo, ©(T, A)/m(T) and h(¢)Tw (T, A)/e?T have the same limit. We have

h(p)Tm(T, A) Z h(¢)T7T(T,Oé)+ Z h(d)Tm (T, cx)

oh(H)T - oh(6)T oh(6)T
aE ac
lall<AVT llal>AVT

and, by Corollary 1.3,

, We)Tr(T,0) . h(@)Tn(T, )
O<lmsup >, —For— <,lm >, —Gmr—
acA ladl>AvT

lall>AVT

1 / )l /2
= (& z dZL’
2m)k20% [ p15a

W > lim Z w = dl\ ||(A>
S (&)T :

Hence
lim inf
T—+o0 eh(¢>)T T T—+4oco -
(67
lal| <AVT

and, using (3.1),

o h@TR(T,A) _ WA)Tr(T,a) | W) Tn(T, a)
MRS TR < i ; T TR aze; CSeT
lol| <AVT leel|>AVT

< dH.”(A) + €.

Since € > 0 is arbitrary, Theorem 2 follows.
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4. PROOF OF LEMMA 1
Lemma 1 may be deduced from the following more general result.

Lemma 2. Let || - || be an arbitrary norm on R* and let f : R — R be a continuous
integrable function such that f(t) depends only on ||t|]|. Suppose also that |f| < F where
F :RF — R* is an integrable function depending only on ||t||, such that F(||t||) is decreasing
in ||t|]. If A C ZF has density dj.(A) (with respect to | -||) then

. L o
mkrfmgm fla/x) =dj. (A) /Rk f(t)dt.

Remark. The condition that f is bounded by an integrable function decreasing in ||¢|
is stronger than is necessary. However some control is needed on the behaviour of f as
|t] — +oo, as there exist continuous integrable functions f for which the desired limit
does not exist.

Proof. We first note that, for any € > 0, we can find R > 0 such that, for all x > 1,

> aF|f(a/z) < (4.1)

aezZF
||e||>zR

This follows from replacing |f| by F' in the above sum and comparing it with the integral
of F(t) over {t: ||t|| > R— 1}.
Thus it is sufficient to prove that, for large R,

. _k .
Jim C;‘ . f(a/x)—d|.||(A)/|t”§Rf(t)dt.
N

We may at this point assume that f is strictly positive. (If not, we can write f in terms
of its positive and negative parts, f = fi — f_, and consider f, + 1 and f_ + 1.)

The case A = ZF is straightforward from the Riemann definition of integration. We
wish to extend this result to a general set A for which dj.(A) exists. For a large integer
n, define the sets

Sy = {te R* : ||t]| < Rn~'};
Sm = {t € R*: R(m — 1)n~t < |t < Rmn_l} , 2<m<n
so that {t : ||¢]| < R} is their disjoint union. We claim that for any m,

o #{aEA:a:_lozESm}
Pl 4):= #{a € ZF:x7la € S } - dH.MA), as e

For m = 1 this is immediate from the definition of the density. For m > 1, we have

P (o 4)= Fl0 €A e ol < Bmn 7} — gt {a € A: a7l of| < R(m —1)n "1}
m (@, A) = #laeZF: x| < Bmn='} —#{aecZF: x ol < R(m—1)n"1}
9




Now, by the definition of d.|, we have

i #{aeA:z7 o < Rmn~'}
oo #{aeZF x| a| < Rmn—1}

Also
lim a"#{aeZ :x7 a| < Rmn~'} = Vol {t: |t| < Rmn~'},

r— 400

which follows from the case A = ZF by letting f approximate the indicator function of
{t: |lt|| < Rmn~'}. Hence, as x — 400, P,,(z, A) converges to

Vol {t: [|t| < Rmn~'}
4-1(4) <v01 {t: [|t]] < Rmn=1} — Vol {t : [|t[| < R(m — 1)n—1}>

Vol{t: |lt]| < R(m—1)n"'} B
~ i (4) (Vol {t: ||t < Rmn=1} = Vol{t : |[t]| < R(m — 1)n—1}> = A (A)-

We now use the fact that f(¢) depends only on ||t||. Together with the assumption that
f is positive and (uniformly) continuous on ||¢|| < R, this implies that for any € > 0, we
can choose n sufficiently large that

max f(t) < (1+¢) min f(t)

simultaneously for all 1 < m < n. In addition, for each such n, we know that if x is
sufficiently large then for all 1 <m < n, dj.(A) — € < Py(z,A) < dj.(A) + €. Then

Z 7 f(a)x) > Z ™% min f(t) > (dy.(A) —€) Z " t%lgi f(t)

teSm

acA acA =Y/
z taeS, z taes,, z taES,
dw”@4)—-6
> — Z 7% fla/z
> S flaf),
=Y/
z la€S,

so, by summing over m,

S ot fafey > WA § k)

1+¢€
acA aczr
lall<zR |a||<zR

Taking © — 400 and using the result for the case A = ZF gives

r— 400 14—6
acA
lall<zR

lim inf " fla/z) > M/ f(t)de.
tI<R

10



A similar argument shows

lim sup Z flajz) < (dy(A) +€) (1+€) / f(t)dt.

z—=+00 [tI<R
IIaH SwR

Since € > 0 is arbitrary, this completes the proof.

/ ot /2 3 (2m)k/2
Rk VdetH’

applying Lemma 2 with f(¢) = e~ I1tI*/2 and T = 22 gives immediately that

Proof of Lemma 1. Since

1 2
i —llal*/2T _
pm (27)F/26*TR/2 D¢ = dj.(A).
a€cA

Finally, increasing A if necessary, we may suppose that A > R and so, by inequality (4.1),

1 lall?
D DR L
acA

lee|| >AVT

This completes the proof.
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