BOUNDS ON THE GROWTH OF HIGH SOBOLEV NORMS OF SOLUTIONS
TO 2D HARTREE EQUATIONS

VEDRAN SOHINGER

ABSTRACT. In this paper, we consider Hartree-type equations on the two-dimensional torus and
on the plane. We prove polynomial bounds on the growth of high Sobolev norms of solutions to
these equations. The proofs of our results are based on the adaptation to two dimensions of the
techniques we had previously used in [49, 50] to study the analogous problem in one dimension.
Since we are working in two dimensions, a more detailed analysis of the resonant frequencies is
needed, as was previously used in the work of Colliander-Keel-Staffilani-Takaoka-Tao [22].

1. INTRODUCTION.

1.1. Statement of the problem and of the main results: In this paper, we study the 2D

Hartree initial value problem:

1) iug + Au= (V* [ul*)u, € T?or z e R, t € R
ulg—o = ® € H*(T?), or ® € H*(R?), s > 1.

The assumptions that we have on V are the following:

(i) V e LY(T?), or V € L'(R?), respectively.
(i) V > 0.
(iii) V is even.

The Hartree equation arises naturally in the dynamics of large quantum systems. It occurs in
the context of the mean-field limit of N-body dynamics when we take V to be the interaction
potential [30, 48]. It makes physical sense to consider this equation both in the periodic, and in the
non-periodic setting.

The equation (1) has the following conserved quantities:
M (u(t)) ::/|u(x,t)|2dx, (Mass)

B(u(t) = 5 [ IVulw0)Pda+ 5 [V < [uP) (o, Olue.t)Pd, (Energy).

The region of integration is either T? or R?, depending whether we are considering the periodic or
the non-periodic setting. The fact that mass is conserved follows from the fact that V' is real-valued.
The fact that energy is conserved follows from integration by parts, by using the fact that V is even
[14].

By using the two conservation laws, and by arguing as in [33], we can deduce global existence
of (1) in H! and a priori bounds on the H' norm of a solution, in the non-periodic setting. By
persistence of regularity, we obtain global existence in H®, for s > 1. Hence, it makes sense to
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analyze the behavior of ||u(t)||gs. A similar argument holds in the periodic setting, whereas here,
we need to use periodic variants of Strichartz estimates [3].

Given a real number z, we denote by x4+ and z— expressions of the form = + ¢ and = — €
respectively, where 0 < € < 1. With this notation, the result that we prove for (1) on T? is:

Theorem 1.1. (Bound for the Hartree equation on T?) Let u be the global solution of (1) on T2.
Then, there ezists a function Cs, continuous on H'(T?) such that for all t € R :

@) @)l o) < Co(@)(L+ )™ [l 72)-

Similarly, in the non-periodic setting one has:

Theorem 1.2. (Bound for the Hartree equation on R?) Let u be the global solution of (1) on R2.
Then, there ezists a function Cs, continuous on H'(R?) such that for allt € R :

(3) u(®) | e z2y < Co(@)(1+ [H) 5| @ - gy.

Heuristically, we expect to get a better bound in the non-periodic setting, due to the presence of
stronger dispersion.
In the non-periodic setting, let us formally take V' = 4. Then, (1) becomes:

() iug + Au = |u*u,r e R2,t € R
uli—o = ® € H*(R?), s > 1.

The Cauchy problem (4) is also known to be globally well-posed in H?® [32]. We will see that the
proof of Theorem 1.2 holds when we formally take V = §. Hence, we also deduce the following;:

Corollary 1.3. (Bound for the Cubic NLS on R?) Let u be the global solution of (4). Then, there
ezists a function Cs, continuous on H'(R?) such that for allt € R :

(5) [u®)llrr(r2y < Cs(@)(L A+ L) 7P| 17 (re)-

This improves the previously known bound |[u(t)||zs < (1 + [¢])35]|®| 5+, for all s € N. This
bound was proved in [16]. As was mentioned in the introduction, after the submission of our paper,
it was proven in [29] that (4) scatters in L?, which implies that (5) can be replaced by a uniform
bound in time.

Similarly, we can take V' = § in the periodic setting. However, in this way, we obtain the bound

Il zs < (14 [¢])5T||®|| s, which had been proved for all s € N in [55].

1.2. Motivation for the problem and previously known results: The growth of high Sobolev
norms has a physical interpretation in the context of the Low-to-High frequency cascade. In other
words, we see that ||u(t)||g= weighs the higher frequencies more as s becomes larger, and hence its
growth gives us a quantitative estimate for how much of the support of |i|? has transferred from
the low to the high frequencies. This sort of problem also goes under the name weak turbulence
[1, 2, 54].

By local well-posedness theory [6, 14, 33, 53], it can be observed that there exist C, 79 > 0,
depending only on the initial data ® such that for all ¢:

(6) [u(t + 70) || s < Cllu(®) =
Iterating (6) yields the exponential bound:
(7) [u()]lrs < Cre®I.
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Here, C1,C5 > 0 again depend only on ®.

For a wide class of nonlinear dispersive equations, the analogue of (7) can be improved to a
polynomial bound, as long as we take s € N, or if we consider sufficiently smooth initial data. This
observation was first made in the work of Bourgain [4], and was continued in the work of Staffilani
[51, 52].

The crucial step in the mentioned works was to improve the iteration bound (6) to:

(8) [t + 7o)+ < lu(®)|ms + Cllul®)llz"

As before, C, 79 > 0 depend only on ®. In this bound, r € (0, 1) satisfies r ~ % One can show
that (8) implies that for all ¢ € R:

(9) [u(@)l|me < C(@)(1+[t])7

In [4], (8) was obtained by using the Fourier multiplier method. In [51, 52|, the iteration bound
was obtained by using multilinear estimates in X **-spaces. Similar estimates were used in the work
of Kenig-Ponce-Vega [40] in the study of well-posedness theory. The key was to use a multilinear
estimate in an X*’-space with negative first index. Such a bound was then used as a smoothing
estimate. A slightly different approach, based on the analysis in the work of Burq-Gérard-Tzvetkov
[11], is used to obtain (8) in the context of compact Riemannian manifolds in the work of Catoire-
Wang [13], and Zhong [55].

An alternative iteration bound, based on the use of the upside-down I-method, which was used
in our previous work [49, 50|, gave better polynomial bounds for solutions of nonlinear Schrédinger
equations on S' and R. The main idea was to consider the operator D, related to D* such that
|1Dul| 2 was slowly varying. This is the technique which we will apply in the present paper as well.

In the case of the linear Schrédinger equation with potential on T¢, better results are known. In
[7], Bourgain studies the equation:

(10) iug + Au = Vu.

The potential V' is taken to be jointly smooth in x and ¢ with uniformly bounded partial deriva-
tives with respect to both of the variables. It is shown that solutions to (10) satisfy for all € > 0
and all t € R:

(11) [u) ][ Ss.e.e (14 [t])°

The proof of (11) is based on separation properties of the eigenvalues of the Laplace operator on
Te.

Recently, a new proof of (11) was given in the work of Delort [25]. The argument given in
this paper is based on an iterative change of variable. In addition to recovering the result (11)
on any d-dimensional torus, the same bound is proved for the linear Schrédinger equation on any
Zoll manifold, i.e. on any compact manifold whose geodesic flow is periodic. So far, it is an open
problem to adapt any of these techniques to obtain bounds like (11) for nonlinear equations.

If we knew that (1) scattered in H®, we would immediately obtain uniform bounds on ||u(t)|| g=.
However, in the periodic setting, no scattering results have ever been proved, and one doesn’t expect
them to hold due to limited dispersion. In the non-periodic setting, there are several known scatter-
ing results due to Ginibre-Ozawa [31], Ginibre-Velo [34, 35, 36], and Hayashi-Naumkin-Ozawa[38],
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and more recent results due to Miao-Wu-Xu [41] and Miao-Xu-Zhao [42, 43, 44, 45, 46], but none
of them are strong enough to imply scattering in H® for (1) on R2. For a detailed explanation, we
refer the reader to Remark 4.6.

Let us mention that after the submission of our paper, Dodson [27] proved that the two-
dimensional non-periodic cubic NLS scatters in L?. This is a continuation of his work in three
and higher dimensions [28] with subsequent extensions to the one-dimensional case [26]. A persis-
tence of regularity result shows that Dodson’s result indeed implies scattering in H® of the defocusing
cubic NLS, which formally corresponds to taking V = § in (1). We give a detailed proof of persis-
tence of regularity for scattering in Appendix B. To the best of our knowledge, there are no known
scattering results for the full range of potentials V' taken in (1). In the periodic setting, scattering
is not expected. In fact, in the work of Colliander-Keel-Staffilani-Takaoka-Tao [24], it was proven
that the defocusing cubic NLS can’t scatter in any H*.

We finally mention that the problem of Sobolev norm growth was also recently studied in [24],
but in the sense of bounding the growth from below. In this paper, the authors exhibit the existence
of smooth solutions of the cubic defocusing nonlinear Schrédinger equation on T?, whose H® norm
is arbitrarily small at time zero, and is arbitrarily large at some large finite time. One should note
that behavior at infinity is still an open problem. However, it is good to note that the equation (4)
on T? has non-trivial solutions which have all Sobolev norms uniformly bounded in time. Similarly
as on S1 [49], given o € C and n € Z?, the function:

u(, 1) = ae—iloltgitna) =l

is a solution to (4) on T2 with initial data ® = ae’™® . A similar construction was used in [10]
to prove instability properties in Sobolev spaces of negative index. A similar argument shows that
there exist solutions to (1) with the same property.

1.3. Techniques of the proof. As was mentioned in the previous section, the main idea is to define
D to be an upside-down I-operator. This operator is defined as a Fourier multiplier operator. By
construction, we will be able to relate ||u(t)|| s to ||Du(t)| L2, so we consider the growth of the latter
quantity. Following the ideas of the construction of the standard I-operator, as defined by Colliander,
Keel, Staffilani, Takaoka, and Tao [17, 18, 19], our goal is to show that the quantity ||Du(t)|%,
is slowly varying. This is done by applying a Littlewood-Paley decomposition and summing an
appropriate geometric series. Let us remark that a similar technique was applied in the low-regularity
context in [18].

As in our previous work [49, 50], we will use higher modified energies, i.e. quantities obtained
from ||Du(t)||2, by adding an appropriate multilinear correction. In this way, we will obtain
E?(u(t)) ~ || Du(t)||3., which is even more slowly varying. Due to more a more complicated
resonance phenomenon in two dimensions, the construction of E? is going to be more involved
than it was in one dimension. In the periodic setting, E? is constructed in Subsection 3.3. In the
non-periodic setting, E? is constructed in Subsection 4.3.

We prove Theorem 1.1 and Theorem 1.2 for initial data ®, which we assume lies only in H*(T?)
and H*®(R?), respectively. We don’t assume any further regularity on the initial data. However,
in the course of the proof, we work with ® which is smooth, in order to make our formal calcula-
tions rigorous. The fact that we can do this follows from an appropriate Approximation Lemma
(Proposition 3.2 and Proposition 4.2).

Organization of the paper:

In Section 2, we give some notation, and we recall some facts from Harmonic Analysis. In Section
3, we prove Theorem 1.1. Section 4 is devoted to the proof of Theorem 1.2. In Appendix A, we
prove local-in-time bounds for (1) on the torus. The techniques mentioned in Appendix A apply to
prove analogous bounds for (1) on the plane.
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2. NOTATION AND KNOWN FACTS.

In our paper, we denote by A < B an estimate of the form A < CB, for some C > 0. If C
depends on a parameter p, we write A S, B. We also write the latter condition as C' = C(p).
We are taking the convention for the Fourier transform on T? to be:

fin) = [ f(@)e @M dg.
'H‘Z

On R2, we define the Fourier transform by:

Here n € Z? and ¢ € R

On T2 x R, we define the spacetime Fourier transform by:

u(n,T) = / / u(z, t)e M gty
T2 JR
On R? x R, we define it by:

u(g, 1) = /Rz/RU(x,t)e_M’f)‘i”dtda:.

Let us take the following convention for the Japanese bracket (-) :

(x) == /1+|z|%

Let us recall that we are working in Sobolev Spaces H*(T?) on the the torus, and H?®(R?) on the
plane, whose norms are defined for s € R by:

1l o= (3 1F ) Pm)) %,

nez?
and

lolle ey = ( [ | IFOP(©a)*,

Let us define:

H>®(T?) := () H(T?).
s>0
and

H>®(R?) := (| H*(R?).
s>0

An important tool in our work will also be X** spaces. We recall that these spaces come from
the norm defined for s,b € R:
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llull x5 (T2 xr) == ( Z / (n, 7)[2(n)>* (1 + |n|?)?Pdr) 2.
nez? R
and

luleoony = ([ | [ 6P+ I drae)

When there is no confusion, we write these spaces just as H* and X*?.
In our proofs, we will frequently have to use Littlewood-Paley decompositions. Given a function

u € L?(T?) and a dyadic integer N, we define by uy the function obtained from u by restricting its
Fourier transform to the dyadic annulus |n| ~ N. Hence, we have:

u = E UN-.
N

We analogously define vy for v € L?(R?).

Having defined the spaces in which we will be working, let us recall some estimates which we will
use in our analysis.

2.1. Estimates on T?. By Sobolev embedding on T?, we know that, for all 2 < ¢ < 0o, one has:

(12) lullza S llullwr-

From [37], we know that on T?:
(13) ull s, S ol os g
(A similar local-in-time estimate was earlier noted in [3].)

By definition, one has:

(14) lullzz, = llullxo.-

From Sobolev embedding, it follows that:

(15) lullzge, S llull av, 3+

If we take the 14 in (13) to be very close to 1, we can interpolate between (13) and (14) to
deduce:

(16) lull = S Nl gor 3

Similarly, we can interpolate between (13) and (15) to obtain:

(7) ll e S el sy

Let ¢ < d be real numbers, and let us denote by x = x(t) = X[c,q (t). One then has, for all s € R,
and for all b < %:

(18) Ixull e S llullxses
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The proof of (18) is the same as the proof of Lemma 2.1. in [49] (see also [12, 20]). From the proof,
we note that the implied constant is independent of ¢ and d. We omit the details.

We can interpolate between (14) and (15) to deduce that, for M > 2, one has:
(19) lullppr, < Nlull o3+
Furthermore, from Sobolev embedding in time, we know that:
(20) lullgerz < llull yo.z+
We can interpolate between (14) and (20) to obtain:
(21) lullzare < llull o1+
An additional estimate we will use is:
(22) lulls . S Nl gy
The estimate (22) is a consequence of the following:

Lemma 2.1. Suppose that Q is a ball in Z? of radius N, and center ng. Suppose that u satisfies
suppu C Q. Then, one has:

gzt

(23) s, S N2 lull o1

Lemma 2.1 is proved in [6] by using the Hausdorff-Young inequality and Hélder’s inequality. We
omit the details.

To deduce (22), we write u = ) 5 un. By the triangle inequality and Lemma 2.1, we obtain:

lullzs, <ZHuNHL4 <ZN lunll o3+

1
SO worlunlcaeas S lul g g
N

We can now interpolate between (13) and (22) to deduce:

(24) lullrs, S lullxeron,
whenever i <b < %—l—,sl > 1—2b;.
By using an appropriate change of summation, as in [6], we see that (24) implies:

Lemma 2.2. Suppose that u is as in the assumptions of Lemma 2.1, and suppose that by,s1 € R
satisfy % <b < %—4—,81 > 1—2by. Then, one has:

(25) lullzs, S N*Hlullxo.e -
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2.2. Estimates on R%. We note that all the mentioned estimates in the periodic setting carry over
to the non-periodic setting. However, there are some estimates which hold only in the non-periodic
setting, which express the fact that the dispersion phenomenon is stronger on R? than on T2. Such
estimates allow us to get a better bound in Theorem 1.2 than the one we obtained in Theorem 1.1.

The first modification is that, on the plane, (13) is improved to:

(26) lullzs, S lull yo.3+

Consequently, one can improve (16) to:

(27) lull - < Mlull o5

On the plane, we will use the following estimate:
(28) lull 2+ S Ilullxoros-

(28) follows from (26), the fact that [ullp2 = [ul|x0.0, and interpolation.
Furthermore, a key fact is the following result, which was first noted by Bourgain in [5]:

Proposition 2.3. (Improved Strichartz Estimate) Suppose that Ny, Na are dyadic integers such
that Ny > N, and suppose that u,v € X0’%+(R2 x R) satisfy, for all t: suppu(t) C {|¢| ~ N1},
and supp®(t) C {|¢| ~ No}. Then, one has:

g
(20) e, S el o g o o g
1

An alternative proof (in the 1D case) is given in [17].
Let us note the following corollary of Proposition 2.3.

Corollary 2.4. Let u,v € XO’%+(R2 x R) be as in the assumptions of Proposition 2.3. Then one
has:

NG
(30) leolizery S~ il Il o
1

Proof. We observe that:

1 1
luvl|peerz < lullpsorallvflpeers S N7 |lullzso 2 Ny [[v]|Loer2

11
(31) S N12N22||UHX0,%+”U||X0,%+-

~

In order to deduce this bound, we used Bernstein’s inequality, and the non-periodic analogue of
(20).

For completeness, we recall Bernstein’s inequality [53]. Namely, if 1 < p < ¢ < oo, and if
f € LP(R?) satisfies supp f C {|¢| ~ N}, then one has:

2 2
(32) 1fllzg S N>~ a [ fll -
We interpolate between (29) and (31) and the Corollary follows.
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In our analysis, we will have to work with x = X, +,+5)(t), the characteristic function of the time
interval [to,to + ¢]. It is difficult to deal with y directly, since this function is not smooth, and since
its Fourier transform doesn’t have a sign. Instead, we will decompose x as a sum of two functions
which are easier to deal with. This goal will be achieved by using an appropriate approximation
to the identity. We will use the following decomposition, which is originally found in the work of
Colliander-Keel-Staffilani-Takaoka-Tao [17]:

Given ¢ € Cg°(R), such that: 0 < ¢ <1, [p ¢(t)dt =1, and A > 0, we recall that the rescaling
¢ of ¢ is defined by:

o(t) = 5 0(5)

We observe that such a rescaling preserves the L' norm:

loallcy = llollzs-

Having defined the rescaling, we write, for the scale N > 1:

(33) x(t) = a(t) + b(t), for a:= x * dn-1.

In Lemma 8.2. of [17], the authors note the following estimate:

(34) 1)1 oys S N F oy
(The implied constant here is independent of N.)
On the other hand, for any M € (1, +0c0), one obtains:

1Bl Lar =[x = x* dn-1llppr < lIxllzar + lIx * dn—rllppr
which is by Young’s inequality:

<ixllepr + Ixllppllon—llry = 2lxllpy = C(M, x).

If we now define:

(35) bu(t) = /R 1b(r) €t dr.

Then the previous bound on [|b[|,» and the Littlewood-Paley inequality [29] imply:

(36) b1l Lar < C(M, x) = C(M, D).

To explain the fact that C(M,x) = C(M,®), we note that x is defined as the characteristic
function of an interval of size d, and d, in turn, depends only on ®.

We will frequently use the following consequence of Proposition 2.3

Proposition 2.5. (Improved Strichartz Estimate with rough cut-off in time) Let u,v € XO’%‘*(]R2 X
R) satisfy the assumptions of Proposition 2.53. Suppose that Ny 2 N. Let uy,v1 be given by:
= o), 6 o= o)
Then one has:
1
(37) luronllze, S —2lull oy [0l oy -
N?
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The same bound holds if
uy = |uf, v = |(xv)]-
Proposition 2.5 follows from Proposition 2.3, Corollary 2.4, the decomposition (33), and the esti-

mates associated to this decomposition. We omit the details of the proof. An analogous statement is
proved in one dimension in [50]. The only difference is that on R?, the coefﬁcient on the right-hand

side of (29) is 1 , instead of 1 , and hence we obtain the coefficient 122 on the right-hand side
N2 NZ2 NZ2
of (37).

We also must consider estimates on the product uv, when u and v are localized in dyadic annuli
as before, but when we no longer assume that Ny > Ns.

By using Hoélder’s inequality and (26), it follows that:
(39) luollze < lllzs Iolzs . S loll oy 0] oy

We note that (31) still holds. We now interpolate between (31) and (38) to deduce:

(39) ol 2 2 S NOFNGHlul oy ol og s
An additional form of a bilinear Strichartz Estimate that we will have to use will be the following
bound, which was first observed by Colliander, Keel, Staffilani, Takaoka, and Tao [22]:

Proposition 2.6. (Angular Improved Strichartz Estimate) Let 0 < Ny < Ny be dyadic integers,
and suppose 6y € (0,1). Suppose v; € XO’%“‘,j = 1,2 satisfy: suppt; C {|¢| ~ N;}. Then the
function F defined by:

F(t,x) ;:/// / ettntma)tilesitealy e en)1<0001 (61, T1)02(E2, T2)dE1 dEadridTo
R JR JR2 JR2

obeys the bound:

1
L? ., ~ Y0 IV 0,2+ 11021 0,1+
(40) 1Fls. < 03 Nnll o g el

For the proof of Proposition 2.6, we refer the reader to the proof of Lemma 8.2. in [22].

Let us give some useful notation for multilinear expressions, which can also be found in [17, 21].
Let us first consider the periodic setting. For & > 2, an even integer, we define the hyperplane:

Iy = {(n17...7nk) S (Zz)k ny+ -+ ng :0}7
endowed with the measure §(ny + - -+ + ng).
Given a function My = My(n,...,ng) on I'y, i.e. a k-multiplier, one defines the k-linear func-

tional A\i,(My; f1,..., fx) by:

k
Me(Migs frso ooy fo) = | Mi(na, ... HJ? (n)-

Ty

As in [17], we adopt the notation:

(41) Ae(My; f) == Xe(Mis £ fo -, f5 F)-

We will also sometimes write n;; for n; +n;.
In the non-periodic setting, we analogously define:
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Fk: = {(5175516) € (RQ)k : 51 ++£k = O}a
In this case, the measure on I'y is induced from Lebesgue measure d¢; ---dé,_1 on (R2)F~1 by
pushing forward under the map:

(1, &1) = (E1yo o G, =€ — - — 1)

Finally, let us recall the following Calculus fact, which is often referred to as the Double Mean
Value Theorem:

Proposition 2.7. Let f € C?(R). Suppose that x,n,u € R? are such that: |n|,|p| < |z|. Then,
one has:

(42) [flz+n+p) = fla+n) = fl@+p) + f@)] < llullV2f @)l

Here || - || denotes a matrix norm on 2 x 2 matrices. The proof of Proposition 2.7 follows from
the standard Mean Value Theorem.

3. THE HARTREE EQUATION ON TZ2.

3.1. Definition of the D-operator. As in our previous work [49, 50], we want to define an upside-
down I operator. We start by defining an appropriate multiplier:

Suppose N > 1 is given. Let 0 : Z? — R be given by:
(43) o) = | (F) i Inl = N
1L, if [n| <N

Then, if f : T? — C, we define Df by:

(44) Df(n) :=0(n)f(n).
We observe that:
(45) IDfllz Ss (1 fllas Ss NP DSl e

Our goal is to then estimate | Du(t)||rz , from which we can estimate ||u(t)||g= by (45). In order
to do this, we first need to have good local-in-time bounds.

3.2. Local-in-time bounds. Let u denote the global solution to (1) on T2. One then has:

Proposition 3.1. (Local-in-time bounds for the Hartree equation on T?) There exist § = 6(s, E(®), M(®)),C =
C(s,E(®),M(®)) > 0, which are continuous in energy and mass, such that for all to € R, there
exists a globally defined function v : T? x R — C such that:

(46) U|[t0,to+5] = U|[t0,t0+5]-
(47) [0l 1.3+ < C(s, E(®), M(P)).

(48) D]l o34+ < Cls, E(®), M(®))|[Du(to)]|2-
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Proposition 3.1 is similar to local-in-time bounds we had to prove in [49, 50]. Since we are working
in two dimensions, the proof is going to be a little different. Our proof of Proposition 3.1 is similar
to the proof of Theorem 2.7. in Chapter V of [6]. For completeness, we present it in Appendix A.

As in [49], Proposition 3.1 implies the following:

Proposition 3.2. (Approzimation Lemma for the Hartree equation on T?)
If @ satisfies:

(19) {u + A= (V x [uf2)u,

u(z,0) = &(x).

and if the sequence (u'™) satisfies:

(50)

iugn) + Au™ = (V * [u(™|?)u(™)
u™(z,0) = @, ().

where ®,, € C*°(T?) and ®,, RN D, then, one has for all t:

The mentioned approximation Lemma allows us to work with smooth solutions and pass to the
limit in the end. Namely, we note that if we take initial data ®,, as earlier, then u(™ (t) will belong
to H°(T?) for all t. This allows us to rigorously justify all of our calculations. Now, we want
to argue by density. For this, we first need to know that energy and mass are continuous on H'!
The fact that mass is continuous on H' is obvious. To see that energy is continuous on H', let

1= ﬁ + ﬁ Then, by Holder’s inequality, Young’s inequality, and (12), we obtain:
| [V % (wrua))usuadal < Vs (v vl
< IV llzslluall pa+ lluzll 2+ [lusll L2ar [[uall 2as
(51) S Nl llwz o lfusl e [luall g

Continuity of energy on H'! follows from (51).

Now, by continuity of mass, energy, and the H® norm on H?, it follows that:

M(®,) = M(®), E(®,) = E(®), |Pnllzs = [|P|a-

Suppose that we knew that Theorem 1.1 were true in the case of smooth solutions. Then, for all
t € R, it would follow that:

[u™ (@)l 7r= < Cls, by B(®n), M(@n))(1+ [t)*F | @0 -,

The claim for u would now follow by applying the continuity properties of C' and the Approximation
Lemma. So, from now on, we can work with ® € C°°(T?).
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3.3. A higher modified energy and an iteration bound. As in [49, 50], we let:

E'(u(t)) := [[Du(t)|72
Arguing as in [49, 50|, we obtain that for some ¢ € R, one has:

4 (u(t)) = e > ((0(n1))* = (0(n2))* + (0(n3))* = ((0(n4))?)

dt
ni+nz+nz+ns=0

~

(52) V(n3 + na)i(ny )i(ne)t(ns)i(ny)

As in the previous works, we consider the higher modified energy:

(53) E?(u) := E'(u) + Ay (My; u)

The quantity M4 will be determined soon.

The modified energy E? is obtained by adding a “multilinear correction” to the modified energy
E! we considered earlier. In order to find %EQ (u), we need to find %)\4(M4; u). If we fix a multiplier
My, we obtain:

d
M- —
dt/\4( 4,u)—

—ida(My(|n1 > = naf* + |ns|® — [nal?); u)

—i Z [Mi(naas, na, ns,m6)V (01 + n2)
ni+nz+nz+ng+ns+ng=0

~ ~

—My(n1, naza, s, ne)V(ng + ng) + Ma(ni, ng, naas, ng)V(ns + na)

~

(54) —M4 (nl, no, N3, TL456)‘7(TL4 + n5)] ﬂ(nl)a(nz)ﬂ(ng)ﬁ(n4)ﬂ(n5)u(nﬁ)

We can compute that for (nq,ne,n3,n4) € I'y, one has:

(55) |77/1|2 - |n2|2 + I’ﬁ/3|2 — \n4|2 = 2n12 - N14.

We notice that the numerator vanishes not only when nis = ni4 = 0, but also when ni2 and
n14 are orthogonal. Hence, on Ty, it is possible for |ng|? — |ng|? + |n3|? — |n4|? to vanish, but for
(0(n1))? — (0(n2))? + (0(n3))? — (0(n4))? to be non-zero. Consequently, unlike in our previous work
on the 1D Hartree equation [49, 50], we can’t cancel the whole quadrilinear term in (52). We remedy
this by canceling the non-resonant part of the quadrilinear term. A similar technique was used in
[22]. More precisely, given 8y < 1, which we determine later, we decompose:

'y =Q, UQ,.
Here, the set €2, of non-resonant frequencies is defined by:

(56) Q= {(n1,n2,n3,n4) € T43n12,n14 # 0,|cosZ(ni12,n14)| > Bo}
and the set ,. of resonant frequencies €2, is defined to be its complement in I'4.

We now define the multiplier My by:
(57)

((0(1))%=(0(n2))>+(0(n3))* ~(0(na))?) Vv
M4(n17 ng2,ns, n4) =

[n1]2=|n2]2+[n3]2—[n4|?

c (n3 + ny),if (n1,n2,n3,14) € Ly

0, if (nl,ng,ng,n4) € Q,.
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Let us now define the multiplier Mg on I'g by:

Mg (n1, na,n3, 14, n5,16) := My(ni2s, na, n5,16)V (1 +n2) — My(n1, naza, ns,n6)V (na + nz)+

~ -~

(58) +My(n1,m2,n345,16)V (03 + n4) — My(n1,n2,n3,1456)V (14 + 15).
We now use (52) and (54), and the construction of My and Mg to deduce that !:

d

ZE? -
e C)
> ((6(n1))2=(8(n2))*+(0(n3))* = (0(n4))*) V (n3+na)i(n1 )u(ne)i(ns)u
ni+ne+nz+ngs=0,|cosZ(ni2,m14)|<Bo
+ > Mg (n1,m9,13, 04, 5, 16 )i(n1 ) () i(ns)u(na)i(ns)u(ne)
ni+nz+nz+ng+ns+ng=0
(59) = I +1I.

Before we proceed, we need to prove pointwise bounds on the multiplier My. In order to do this,
let (n1,n2,m3,n4) € I'y be given. We dyadically localize the frequencies, i.e, we find dyadic integers
Nj s.t. |nj| ~ Nj. We then order the N;’s to obtain: Ni > Ny > Nj > Nj. We slightly abuse
notation by writing 0(N;) for (N7, 0).

Lemma 3.3. With notation as above, the following bound holds:
1 1

60 My = O(5 ——=50(N)O(V3)).

( ) (60(N1)2 1) ( 2))

Proof. By construction of the set 2,,, and by the fact that |17| < 1, we note that:

(0(n1))* — (6(n2))* + (6(n3))* — (6(n4))?|
In12l|n14|Bo
Let us assume, without loss of generality, that:

(61) ) < |

(62) [n1| > |nal, [n3|, |nal, and [nia| > |n14].
‘We now have to consider three cases:
Case 1: |nq| ~ |nia| ~ |ni4]

In this Case, one has:

o L Om)? 1
M470(60 |n1‘2 )7O(ﬁO(N1*>2

O(NT)O(N3)).
Case 2: |nq| ~ |ni2| > |ni4|

2
We use the Mean Value Theorem, and monotonicity properties of the function % to deduce:

ny 2
(63) (9("1))2 - (9(”4))2 = (9(711))2 —(0(n1 — n14))2 = O(|n14|m)_
(8(n2))? — (0(ns))* = (B(ns +n14))* — (B(nz))? =

(64 Omil sup  EE) — 0 A,

N<|z|<|na | |2

ISince (8(n1))2 — (6(n2))? + (0(n3))2 — (8(n4))% = 0 whenever n1s = 0 or n14 = 0, the terms where n12 = 0 or
ni4 = 0 don’t contribute to the first sum. We henceforth don’t have to worry about defining the quantity cos(0, -)
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Using (61), (63), (64), and the fact that |nis| ~ |n], it follows that:

a0y 11 .
A44_.0(|n1P50) _(D(ﬁO(Aqv29(AG)0(Ag))

Case 3: |n1| > |nia|, |n14|
We write:
(6(n1))?=(6(n2))*+(8(123))* —(8(n4))* = (8(n1))?~((n1—n12))* +(8(n1—112—114))*—(0(n1—n14))*.
By using the Double Mean-Value Theorem (42), it follows that this expression is O (% In12||ni4l).
Consequently:

1 1

My =O(=——=0(N)O(NS)).
4 (BO(Nl*)2 ( 1) ( 2))
The Lemma now follows.
O
Let us choose:
1
(65) o~ -

The reason why we choose such a By will become clear later. For details, see Remark 3.6.
Hence Lemma 3.3 implies:

N
66 My = O(50(N7)O(NS)).
( ) 4 ((Nik)g ( 1) ( 2))
The bound from (66) allows us to deduce the equivalence of E* and E?. We have the following
bound:

Proposition 3.4. For each fixed time t, one has:
(67) E' (u(t)) ~ E*(uf(t))-
Here, the constant is independent of t and N, as long as N is sufficiently large.

Proof. We fix a time t, and we write E7(u) instead of E7(u(t)), 7 = 1,2 for simplicity of notation.
We estimate E?(u) — E'(u) = A\y(My;u). By construction, one has:

[Aa(My;u)| S > | Ma(n1,n2, 13, na)|[@(n1)|[@(n2)|[@(ng) |[a(n4)]-
ni+nz+nz+ngs=0
Let us dyadically localize the n;, i.e., we find N; dyadic integers such that |n;| ~ N;. We consider
the case when N1 > Ny > N3 > Ny. The other cases are analogous. We know that the nonzero
contributions occur when:

(68) Ny ~ Ny > N.

Let us denote the corresponding contribution to As4(My;u) by In, N, Ns,n,- We use Parseval’s
identity and (66) to deduce that:

N  — =~ ~ =
[INy, N2 Na e S > w2 | Pun, (m)l[Du, (n2)[[in, (ns)[[un, (n4)].
ni+nz+nz+ns=0,|n;|~N; !

Let us define F : j =1,...,4 by:

F1 = ‘DUN1‘7F2 = |DUN2|7F3 = |ﬂN3|7F4 = |ﬂN4|.
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By Parseval’s identity, one has:

N .
v v S 3z [ FiFsFiFuds
i Jr2
which by an L2, L2, L%°, L2 Holder’s inequality is:
N
S yellFlczllF2 ]z 1F5 ] oo | Fal e
i

Furthermore, we use Sobolev embedding, and the fact that taking absolute values in the Fourier
transform doesn’t change Sobolev norms to deduce that this expression is:

N
S e lFllz 1 F2 )z 1Bl g | Eallgae S JzIPuns ez 1D ez s e llumi ll i S
1 i

N
1DulZz lullfy S <= E" (w)-

< S —
N{™

~ NQ,

1
Here, we used the fact that [|ul|z: < 1.
We now recall (68) and sum in the N; to deduce that:

1E2(u) = B (u)] = [\a(Masu)| S

~ Nl_ El(u)'

The claim now follows.

Let § > 0,v be as in Proposition 3.1. For ¢ty € R, we are interested in estimating:
to+0 d to+9 d
E%(u(to +6)) — E*(u(to)) = / —E?(u(t))dt = / — E?(u(t))dt.
to dt to dt
The iteration bound that we will show is:

Lemma 3.5. For alltg € R, one has:

B (ulto + 6)) — F2(uto))] < ~

< = P2(u(to))

Arguing similarly as in [49, 50], Theorem 1.1 will follow from Lemma 3.5. We recall the proof
for completeness.

Proof. (of Theorem 1.1 assuming Lemma 3.5)
The point is that we can iterate the following bound (obtained from Lemma 3.5):

E(ulto +0)) < (14 13- EX(ulto)

~ N1~ times with a uniform time step, and the size of E?(t) will grow by at most a constant factor
(and not as an exponential function in t). We hence obtain that for T~ N~ one has:

1Du(T) 2 S D22
By recalling (45), it follows that:

[w(T) s S N°|(| @] o
and hence:
(D) lers ST ®lers S (1+T)*||®|are

~

This proves Theorem 1.1 for times ¢ > 1. The claim for times ¢ € [0, 1] follows by local well-
posedness theory. The claim for negative times holds by time-reversibility.
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We now have to prove Lemma 3.5.

Proof. (of Lemma 3.5)

Let us without loss of generality consider tg = 0. The general claim will follow by time translation,
and the fact that all of the implied constants are uniform in time. Let v be the function constructed
in Proposition 3.1, corresponding to ty = 0.

By (59), and with notation as in this equation, we need to estimate:

& ~ ~ ~
/0 ( > ((0(n1))*=(0(n2))*+(0(13))*~(0(na))*) V (n3+14)0(111)0(n2)0(n3)v(na) +

n1+na+nz+ns=0,/cosZ(ni2,n14)|<Bo

+ ) Mg (1, mz, ng, g, w5, 6 )0(n )0 (n2)0(ns o (na) (53 () ) dt =

ni+nz+nz+ng+ns+ng=0
§ 5
:/ Idt+/ IIdt =: A+ B.
0 0

We now have to estimate A and B separately. Throughout our calculations, let us denote by
X = x(t) = X[0,6)(t)-

3.3.1. Estimate of A (Quadrilinear Terms). By symmetry, we can consider without loss of generality
the contribution when:

[n1] = [nal, [nal, [nal, and [na| = [nl.
We note that when all |n;| < N, one has: (0(n1))? — (6(n2))? + (6(n3))* — (0(n4))*> = 0. Hence, we
need to consider the contribution in which one has:
[n1| > N, |cosZ(ni2,n14)] < Po.

We dyadically localize the frequencies: |n;| ~ Nj;j = 1,...,4. We order the N; to obtain N; >
N5 > N3 > Nj. Since n; + ng + n3 + ng = 0, we know that:

(69) N} ~ Nj 2 N.

Let us note that N1 ~ Ny. Namely, if it were the case that: N7 > Ns, then, one would also
have: N1 > Ny, and the vectors ni2 and ni4 would form a very small angle. Hence, cosZ(ni2,n14)
would be close to 1, which would be a contradiction to the assumption that |cosZ(ni2,n14)| < Bo.

Consequently:

(70) Ny~ Ny~ Nf > N.

We denote the corresponding contribution to A by An, v, n,,n,- In other words:

AN17N2,N3,N4 =

§
/ > ((6(n1))* = (B(12))* + (6(13))* — (6(124))*) V (n3 + n4)
0 ni+na+nsg+ngs=0,|cosZ(ni2,n14)|<Bo
U, (1) 0N, (n2) 0, (13)0 v, (n4) .
Arguing analogously as in the proof of Lemma 3.3, it follows that for the n; that occur in the above
sum, one has:

(71) «wmf—mmW+wmm%wmemem@=owumm“?ﬁﬁmy

1
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By (70), it follows that |ng|, |n4| < Ni. Consequently:

[n12| = [n3a| < |na| + |na| S N3

One also knows that:

[n1a| < |na| + nal S N7

Substituting the last two inequalities into the multiplier bound (71), and using Parseval’s identity
in time, it follows that:

w e OINT)O(NS)
| AN No Na, N | S > / N3Ny W
ni+n2+nz+na=0,|cosZ(n12,n14)|<Po T1 T2+ 73 +74=0 1
|5N1 (nlle)H%'Nz (77'277-2)”5]\73 (713,T3)‘|(X@)~N4(7’l4,74)|d7j-
1 - o~ - ~
S w > / |(Dv) v, (1, T)|[(DO) N (2, 72) || (V) Ny (n3, 73) | (X0) v, (R4, T4) dT;.
1 T1+7T2+73+74=0

ni+nz2+nz+ns=0
Let us define Fj;j =1,...,4 by:

Fy = (Do), |, Fa = [(DU) N, Fi = [(VU) N, Fa o= | (x0) vl
Consequently, by Parseval’s identity:

1 -
|AN1,N2,N3,N4| S N*/ F1F2F3F4dxdt
1 JRJT1?
By using an Lﬁw, Lﬁw, Lf;, L?’; Holder inequality, the corresponding term is:
< 1
< 3y Bl Pl Pl I Pl

By using (13), (17), (16), and the fact that taking absolute values in the spacetime Fourier transforms
doesn’t change the X norm, it follows that this term is:

S Ny [Dvn, HX0+,%+ [Dun, ||X0+,%+ v, ||X1+,%+ [ (xv) w, ”XO*’%’

By using frequency localization and (18), this expression is:

1 9 9 1
S W||D”HXO,%+||U||X1,%+ S W

In the last inequality, we used Proposition 3.1. By using the previous inequality, and by recalling
(67), it follows that:

EY(®).

1 2
(72) |AN1,N2,N3,N4| 5 WE ((I))

Using (72), summing in the N;, and using (69) to deduce that:

(73) Al S —

~ le E2(¢)'
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3.3.2. Estimate of B (Sextilinear Terms). Let us consider just the first term in B coming from the
summand My(ni23,n4,n5,n6) in the definition of Mg. The other terms are bounded analogously.
In other words, we want to estimate:

5 —_—
B .= / > My (n123, na, 05, 16) (V00) (N1 + N2 + n3)0(n4)0(n5)0(ng)dt
0 nitnatnst+ng+ns+ng=0
We now dyadically localize n123, n4, 15,76, i.e., we find N;;j =1,...,4 such that:

|n123] ~ N1, [na| ~ Na, |ns| ~ N3, |ng| ~ Na.
Let us define:

—

&
B](\}1)7N27N3,N4 = / Z M4(n123,n4,n5,n6)(uﬁv)]vl (n1+n2+n3)5N2 (714)%)\]\]3 (’I’L5)’T}N4 (’l’L@)dt
0 ny+notnstngtns+ng=0

We now order the N; to obtain: Ny > Ny > N3 > Nj. As before, we know the following localization
bound:

(74) Ni ~Nj > N.

In order to obtain a bound on the wanted term, we have to consider two cases, depending on
whether N; is among the two larger frequencies or not.

Case 1: N; = Ny or Ny = N3
Case 2: Ny = N5 or N; = N
Case 1:

It suffices to consider the case when Ny = Ny, Ny = N3, N3 = N3, Ny = Nj. The other cases
are analogous. We use (66) and Parseval’s identity to obtain that:

(1)
|BN17N27N3,N4| S

N ~ ~ ~ ~
/ g O(NT)O(NS) [(vov) N, (n1+ne+ns, Ti+72+73)| [N, (14, Ta) || (xV) N5 (15, 75) [V, (765 76) [T
ny4-dng=0" 71+ +76=0 (Nl)

Since |(vov) | < |(vBv)], and since O(NT) ~ 0(ny +na+ns3) < 0(ny)+60(n2)+6(ns), by symmetry,
it follows that we just have to bound:

>

ni+ng=0" Tt +76= O

Z /n+ 4re=0 ( *)

ni+-+neg=0

KN17N2,N3,N4 =

*)2 0(n1)[0(n1,71)|[0(na, 72)|[0(123, 73)[0(No) [Un, (124, 7a) || (V) Ny (55 75) [0, (104, 7a) |dTy S

3 |(Dv)Tna, m)|[0(n2, 72)|[0(ns, 73) || (DB) Ny (4, 7a) || (x0) s (5, 75) [0, (124, 74) ldr.

Let us define the functions Fj;j =1,...,6 by:

Fr = (Do), By = F3 = [0], Fy == |(Dv)n, |, Fs == |(x0) v, |, 1 := [0, |-

LM M g+ 11— LM Holder inequality to deduce that:

t,x) Ht,xy Tt Htx Htao

N
KNy No N5 Na S w2 2z I F N (1Fs  pae, (1Fall o (1F5 ] Lo 1 F6ll -

For M > 1, we use an L?
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By using (19), (17), (16), and the fact that taking absolute values in the spacetime Fourier transform
leaves the X*® norm invariant, it follows that the previous expression is:

N
~ WHDU”X‘W””HXL%+ ||U||X1,%+ ”’DUNQHXM,%— ||XUN3||X0+.,%— ||UN4||X1,%+
1

We use frequency localization and (18) to deduce that this is:

N
S (N*)2||DU||XOO||v||2 IO oy I lows lor g4 0l g+
1
N N
< <___—_ gt
(75) (N*)Q_ ||D HXO 1+||v||X1 3+~ (Nl*)Q_E ((I))

In the last inequality, we used Proposition 3.1.
Case 2: Ny = N3 or N; = Nj.
Let us assume that:

N3 2 Na 2 N1 2 Na.

The other cases are dealt with similarly.
Arguing similarly as in Case 1, it follows that:

X

ni+--+ne=0 1t Te= 0

(1)
|BN17N27N3,N4| ’S

)2 [0(n1, m)|[0(n2, 72)[[0(n3, 3) || (DO) N, (nas a) || (XDV) v, (125, 75) [0, (126, 76) |

We now use an Lt o L%C, L%C, Lf;, Lf;, L2 Holder inequality and argue as earlier to see that this

term is:
< N 3
S (Nik)g||v||X1,%+||DUN2HX0+,%+||(XDU)N3HXOJméfHUN4||XO’O
N N
(76) ~ (N*)Q_ ||DUHX0 1+||v||X1 1+ S WE ((I))

From (75), (76), and (67), it follows that:

N
(N7)2~
We now use (77), sum in the N, and recall (74) to deduce that:

(77) | BNy N Na Na | S E*(D).

(78) B S 5= B (®).

N1
The Lemma now follows from (73) and (78).

3.4. Further remarks on the equation.

Remark 3.6. The quantity By was chosen as in (65) in order to get the same decay factor in the
quantities A and B. We note that the quantity By only occurred in the bound for B, whereas in the
bound for A, we only used the fact that the terms corresponding to the largest two frequencies in the
multiplier ((ny1))? — (0(n2))? + (0(n3))? — (0(n4))? appear with an opposite sign. As we will see, in
the non-periodic setting, the quantity By will occur both in the bound for A and in the bound for B.
For details, see (111) and (119).
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Remark 3.7. Let us observe that, when s is an integer, or when ® is smooth, essentially the same
bound as in Theorem 1.1 can be proved by wusing the techniques of [55]. The approach is more
complicated due to the presence of the convolution potential, but the proof for the cubic NLS can be
shown to work for the Hartree equation too. The reason why one uses the fact that s is an integer
is because one wants to use exact formulae for the (Fractional) Leibniz Rule for D*. By using an
exact Leibniz Rule, one sees that certain terms which are difficult to estimate are in fact equal to
zero. We omit the details here.

4. THE HARTREE EQUATION ON RZ2.

4.1. Definition of the D-operator. Let us now consider (1) on R2. The proof of Theorem 1.2
will be based on the adaptation of the previous techniques to the non-periodic setting. We start by
defining an appropriate upside-down I-operator.

Let N > 1 be given. Similarly as in the periodic setting, we define 8 : R? — R to be given by:

D if g > 2N
(79) 0(¢) .—{17 ey

We then extend @ to all of R? so that it is radial and smooth. Arguing similarly as in the 1D setting
[50], it follows that, for all £ € R?\ {0}, one has:

(80) 100 < ﬂ(j)
(81) Iv260)]| < ’éf)

Then, if f : R? — C, we define Df by:

(82) DF(€) = 0() £ ().

We also observe that:

(83) Dflle Ss 1f s Ss N*IDFl 2

4.2. Local-in-time bounds. Let u denote the global solution of (1) on R2. As in the periodic
setting, our goal is to estimate || Du(t)|| 2.

We start by noting:

Proposition 4.1. (Local-in-time bounds for the Hartree equation on R?) There exist § = §(s, E(®), M (®)),C =
C(s, E(®), M(®)) > 0, which are continuous in energy and mass, such that for all ty € R, there
exists a globally defined function v:R? x R — C such that:

(84) Vit to+8] = U[to,to-+6]-
(85) [0l 1.3+ < C(s, E(®), M(P)).
(86) D]l (o34 < Cls, E(®), M(®))[[Du(to)| 2

Furthermore, we have:
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Lemma 4.2. If u satisfies:

(87) {u + A= (V xul)u,

u(z,0) = O(x).

and if the sequence (u™) satisfies:

(89) iuf" o M) = (Vo [uR)u,
u™(z,0) = @, (x).

where ®,, € C*(R?) and &, LN D, then, one has for all t:

W™ () 2 ().

The proofs of Propositions 4.1 and 4.2 are analogous to the proofs of Propositions 3.1 and 3.2.
The main point is that all the auxiliary estimates still hold in the non-periodic setting. As before,
we can assume without loss of generality that ® € S(R?). We omit the details.

4.3. A higher modified energy and an iteration bound. As in the periodic setting, we will
apply the method of higher modified energies. We will see that we can obtain better estimates in the
non-periodic setting due to the fact that we can apply the improved Strichartz estimate (Proposition
2.3), and the angular improved Strichartz estimate (Proposition 2.6).

We start by defining:

B (u(?)) = | Du(t)]|2--
As before, we obtain that for some ¢ € R, one has:
d
£E1(U(t) = iC/ ((0(60))% = (8(€2))* + (0(63))* — (0(&4))?)
&1+€2+E€3+£4=0

(89) V(& + &0)(E1)U(E)TU(E3)T(Ea) dE; .

As in the previous works, we consider the higher modified energy:

(90) E?(u) := E*(u) + M\ (My; ).

The quantity My will be determined soon.
For a fixed multiplier My, we obtain:

d
g (Mys;u) =
dt 4( 4,U)

—id(My(|&? = [&2]* + 1€ — [€a]*)su)

—i > [My (€123, €4, €5, E6)V (€1 + E2)

&1+82+E€3+8a+E€5+86=0

— My (&1, 8234, &5, 56)‘7(52 +&3) + My(&1, 62, &aas, 56)‘7(53 + &4)
(91) — My (1, €2, €3, Ea56)V (€4 + &) | T(EL)T(E)T(ES)T(Ea)T(E5)T(Eo)-

As in the periodic setting, we can compute that for (£1,&2,&3,£4) € I'4, one has:
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(92) 16117 — & + 167 — &) = 2612 - &1a

As before, we decompose:

Ty =Qpr UQ,.
Here, the set €2, of non-resonant frequencies is defined by:

(93) Q= {(&1,62,63, &) € Ta3 812,614 # 0,]cosZ(&12,&14)| > Bo}

and the set . of resonant frequencies €2, is defined to be its complement in I'4.

We now define the multiplier My by:

((O€1))* ~ (B(2))* +(6(55))° — (P(€a)*) 7 .
(04) My(r €n.bs 60) = 46 Tar—arriartar V(&4 &) i (6, 6,8.6) € Qur
O’ lf (61752763,64) S QT'

Let us now define the multiplier Mg on I'g by:

(95)  Mg(&r, &2, €3, €4, &5, E6) = Mu(Eras, Ea,Es, E6)V (€1 + E2) — Mu(r, Ea3a, &5, E6)V (€2 + E3)+

+My(61, €2, €315, 66)V (€5 + Ea) — Mu(€r, 62,65, Ea56)V (€4 + &)
We now use (89) and (91), and the construction of M, to deduce that %

d o B
%E (u) =

/ ((9(51))2—(9(52))2+(9(§3))2—(6(54))2)17(53—1—54)@(51)ﬁ(&)ﬂ(&,)ﬁ(@)dfj—&-
&1+82+E3+£4=0,|cos £(&12,814)|<Bo

+ / Mo(€1, €2, €3, €4, 5, €6)T(E1)T(E)T(E)T(E0)T(E5)T(E)
§1+E€2+E3+E€a+E5+E6=0

(96) =I+4+11.

As before, we need to prove pointwise bounds on the multiplier My. Given (£1,£&2,&3,84) € Ty,
we dyadically localize the frequencies, i.e, we find dyadic integers N; s.t. [£;] ~ N;. We then order
the N;’s to obtain: N{ > N3 > Ni > Nj. We again abuse notation by writing 6(N;) for (N}, 0).
One then has:

Lemma 4.3. With notation as above, the following bound holds:
1 1

97 My =O0(———=0(N{)O(N3)).

( ) (ﬂO(Nik)Q ( 1) ( 2))

The proof of Lemma 4.3 is analogous to the proof of Lemma 3.3 and it will be omitted.

In the non-periodic setting, we will see that we can choose a larger 5y from which we can get a
better bound. Let us choose:

(98) o~ 57

Here, we take a € (0,1). We determine « precisely later (see (123)). For now, we notice:

1
99 ) > —
(99) fo>
2As in the periodic setting, we recall that (6(£1))2 — (0(£2))2 + (0(£3))2 — (6(£4))% = 0, whenever £12 = 0 or
€14 = 0, hence the corresponding terms again don’t contribute to the quadrilinear term. Therefore, we don’t have to
worry about defining the quantity cos(0, -).
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We observe that Lemma 4.3 and (99) imply:

(100) My = O (g0 (ND)O(V3)).

The bound from (100) allows us to deduce the equivalence of E' and E?. We have the following
bound:

Proposition 4.4. For any t € R, one has that:
(101) B (u(t)) ~ E*(u(t))
Here, the constant is independent of t and N, as long as N is sufficiently large.

The proof of Proposition 4.4 is analogous to the proof of Proposition 3.4. We omit the details.
Let § > 0,v be as in Proposition 4.1. For ¢ty € R, we are interested in estimating:

to+0 d ) to+9 d )
=B (u(t))dt:/t SER(u()dr.

0

E%mmw»—ﬁw%»z/

to
The iteration bound that we will show is:

Lemma 4.5. For all tg € R, one has:

!E%wm+6»—E%wm»tsN{z#wuoy

Arguing as in the case of (1) on T?, Theorem 1.2 will follow from Lemma 4.5.
We now prove Lemma 4.5

Proof. Tt suffices to consider the case when to = 0. As on T?, we compute that E?(u(d)) — E%(u(0))
equals:

6 ~ ~ ~
(] ((0(60))~(0E))* +(0(€3))°~ (B(60))?) U (€ +£4)0(60)(€2)(Ea)B(E) e +
0 E14E2+E3+84=0,[cosZ(€12,814)|<Bo

+/ Mo (&1, 82,83, &4, 55,&s)ﬁ(fl)6(52)5(53)5(54)@(55)5(56)61&)dt =
&1+82+E83+8a+E5+86=0

5 5

(102) :/ Idt+/ 1Idt =: A+ B.
0 0
We now have to estimate A and B separately.

4.3.1. Estimate of A (Quadrilinear Terms). By symmetry, we can consider without loss of generality
the contribution when:

1€1] > |€2l; €3], [€al, and [§2| > [€4]-

Hence, we are considering the contribution in which one has:

|€1] > N, |cosZ(&12,614)] < Bo-
We dyadically localize the frequencies: |{;| ~ Nj;j = 1,...,4. We order the N; to obtain N >
N5 > N3 > Nj. As in the periodic setting, we have:

(103) Ny~ Ny ~ N} > N.

We denote the corresponding contribution to A by A, v, ns,n,. In other words:

ANl,Nz,N3,N4 =
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§
/ / ((0(£1)? = (8(£2))* + (0(€3))% — (B(€4))*) V (&3 + &)
1+€2+E€3+84=0,|cosZ(£12,€14)|<Bo

U, (61) U, (€2)0, (€3) D, (E4)dE;dt.
As in the periodic setting, we have:

~ N N
(104) ((6(60))% = (B(62))* + (0(63))* — (6(&a))*) V(&3 + &) = (N*G(Nl )O(N3)).
Using Parseval’s identity in time, it follows that:
N3
| ANy N N3, Na | 5/ / N
T1+T2+T3+72=0 J &1 +62+83+§4=0,]cos £(£12,614)[<Bo * V1

|Ocv) v, (€1, )l [ov, (€2, 72) [0, (83, 73) [0, (64, 7a) | dE .

O(NT)O(N3)

‘We now consider two subcases:
Subcase 1: Ny ~ N;
We observe that:

1 ~ C~ ~ o~
vl S 5 [ / (D)3, (€7D (€2 ) (V0 v (€ 72) [ 607 .
T1+T2+73+74=0 J §1+E€2+E3+84=0

Let us define Fj;j =1,...,4 by:

(105) By = [(Do) |, Fa = [(XD0) vl B = (Vo) v, |, B 1= (O,
Consequently, by Parseval’s identity:

1 [
|AN1,N2,N3,N4‘ 5 F / / F1F2F3F4dl'dt.
1 JRJR2

We use an Lyf, Ly, L}, L, Holder inequality, and argue as earlier to deduce that, in this

t,xy it it

subcase:
1
| ANy Na, N Nal S N7 PN ot 3+ XDV N, [l 0,3 - VO NG | o, 14 lonall 0.3+
1 1
~ (Nf)l_ || U”Xo 1+||UHX1 5 ( 4||U||X1,%+)
(106) S DUl IR s S e BN(®)
v v .
~ Ny x0at X as ~ (N2

In the last step, we used Proposition 4.1.
Subcase 2: N1 > Ny

In this subcase, we need to consider two sub-subcases. Let v € (0,1) be fixed. We will determine
v later. (in equation (121))

Sub-subcase 1: N3 < Ny

Let the functions Fj;j = 1,...,4 be defined as in (105). We use an Lfym, Lfym Holder inequality,
and we argue as before to deduce that:

|ANy N2, Ng, Na | S N* [F1Fsllzz [FaFallrz, -
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We use Proposition 2.3 and Proposition 2.5 to deduce that this expression is:

< LS Do or [Voms o )(N4 1D, ot ol o0s+)
~ Ny Nl% 1l o5+ sll yo. 5+ N 2l 0.4+ ally0. 4+
< 1 z 9 < 1 1
(107) ~ (Nf)27N1 ||D,UHX0,%+||U||X1:%+||U||X%y%+N (Nik)Z—%—E (¢)

Sub-subcase 2: N3 > N/

In this sub-subcase, we have to work a little bit harder. The crucial estimate will be Proposition
2.6. We suppose that (£1,&2,&3,&4) is a frequency configuration occurring in the integral defining
AN, .No.Ns.N,- We argue as in [22]. We note the elementary trigonometry fact that in this frequency
regime, one has: Z(&1,&14) = O(%%Z(&g, E34) = O(%) Furthermore, one can use Lipschitz
properties of the cosine function to deduce that:

Ny

(108) lcosZ(&1,€3)] S Bo + Ny

We now define:

F(z,t) := / / /R2 /]Rz eit(71+72)+i<1a51+52>x|6054(51752)|§50+%ﬁ(§1,7'1)?:;(52,7’2)d§1d§2d7—1d7—2~

We now use an L7, L7 , Holder inequality, and recall (105) to deduce that one now has:

[ ANy N Ns sl S 5 1l 2z, [ P2 Fallzz

N N*
which by using Proposition 2.6 and Proposition 2.5 is:

1
2

Nyt N,
(50 TN ) 1P o 1+||F3||Xo,%+(7N2§, 1Dv, [l o3+ lowal o.3+)
~ WH UN1||X0 1+H UNz”Xo 1+HUN3|| 1 —+HUN4|| x5+
1
1
+(N1*)%+W7 ||DUN1HX0 1+||DUN2|‘X0 1+||UN3||X1,%+||UN4||X1,%+
5 1
109 < 0+ —)EY(®).
We combine (106), (107), and (109) to deduce that:
32 1 1
(110) |AN1,N27N3,N4‘ 5 ( - + 3 + )El((I))

(N7)2=  (Np)etas  (Np)P 20
We then sum in the N;, use (103), and Proposition 4.4 to deduce that:
1

+ N27%7)E2(¢>).

Sl

B
Nz-

(111) 141 < (

m\.ﬂ
[N
4+ =
W
|
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4.3.2. Estimate of B (Sextilinear Terms). Let us consider just the first term in B coming from the
summand My (&123, &4, &5, E6) in the definition of Mg. The other terms are bounded analogously. In
other words, we want to estimate:

g — . =N
BW = / / My (123, &4, €5, €6) (0D0) (61 + Eo + €3)D(E2)T(E5)D (&6 ) dE .
0 JE+E&a+E3+84+E5+E6=0

The bounds that we will prove for B will also hold for B, with different constants.
We now dyadically localize &123,&4,¢5, &6, i.e., we find V;;5 = 1,...,4 such that:

|€123] ~ N1, [&4] ~ Na, |&5] ~ N, €] ~ Ny.
Let us define:

6 _— ~ ~
BJ(\}BVNQ,N&M = / / My(§123, 84,85, 6) (v0V) y, (E1+E2+E3)UN, (§4) VN, (§5) VN, (§6)dE;dt
0 JE&+E€a+E3+E4+E5+E£6=0

We now order the N; to obtain: Ny > N3 > N3 > Nj. As before, we know the following localization
bound:

(112) Ny ~ NS 2 N.
In order to obtain a bound on the wanted term, we have to consider two cases.
Case 1: N; = Ny or N; = Nj.
Case 2: Ny = N5 or Nj = N

Case 1: As in the periodic case, we consider the case when:
Ny = Nf,Ny = N;, N3 = N;, N, = Nj.

The other cases are analogous.
We use Parseval’s identity together with the Fractional Leibniz Rule for D, and argue as in the
periodic case to deduce that it suffices to bound the quantity:

KN17N2,N3,N4 =

1 _ ~ ~ . . ~
o P € e, ) 7 POt 7l 0, 70 v (€5, )l

‘We must consider several subcases:

Subcase 1: Ny > Ny
Let us define the functions Fj;j =1,...,6 by:

(113) Fy = |(Do)), Fy = Fy = 0], Fa o= (Do)l Fs = | (00 |, Fo = [ |-
We first use an L2, LM M T2 L# Holder inequality to deduce that:

t,x) it Tt o x

1

KNy Na Vg Vs S W”FAIFB”L%THFZHLKT||F3||L§‘fm|‘Fl“Lf)m||F6||L§;'

By Proposition 2.5, (19), (26), (17) adapted to the non-periodic setting, by the fact that taking
absolute values in the spacetime Fourier transform, and since N1 ~ Ny, it follows that this expression
is:
1 N}
~ W(N§7 HDU”XO,%+ v, ||XO,%+) ||U||X1,%+ ||UHX1,%+ ||DUHX0,%+ ||UN4HX0+,%+-
1
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We use localization in frequency to deduce that this is:

1
< 2 4
~ /BO(Nik)%_ ||DU||X0,%+ ||UHX1,%+'

which by Proposition 4.1 is:

1
(114) < ————FEY®).
Bo(NY)z~
Subcase 2: N3 ~ N;
We use an Lfﬂ, Lé\fc, Lé\fc, Lfﬂ, Lf;, L?}' Holder inequality, and we argue as in the periodic case

to deduce that:

1
KNy N2 Na Ny S W”IDUHXO,%+ ||v||X1,%+ ||U||X1,%+ HDU||X0,%+ HXUNQ,”XO%— HUN4||X0+,%+
1

1 9 9 1
S WHDU||XO,%+HU||X1,%+ (EHUHXL%*)HUHXL%*
(115) <1 pye
™ Bo(NT)? .

Case 2: Ny = N3 or N; = Nj.

We assume as in the periodic case that Ny = N3. Let’s also suppose that N3 = N, No = N3.
The other contributions are bounded analogously. Arguing as in the periodic case, we have to
bound:

1
LN, Ny N3, N i=/ / NIV
e it ra=0 Jéy 4t ég=0 Bo(NT)?

[0(&1, 7)[0(&2, T2)[0(E3, 73) | (XDB) Ny (€4, 7a) || (D) N, (€5, 75) [V, (€6, 76 ) |dE T
We consider two subcases:

Subcase 1: N > Ny
We know that: Ng > Ny
Let us estimate L, n, N, N, We define Fj, 5 =1,...,4 by:

Fy 1= [0, Fs = [(Dv ), B 1= [(Do) |y Fir = [,
We use an L%c, L%c, L%c, Li‘;, L?,x Holder inequality, (19) adapted to the non-periodic setting,

Proposition 2.5, and (28) to deduce that:

LNy Nz Ng,Ns S WHEH%%||F2F4||L$,I||F3||L§;
1
1
[

N2
S W XL%+(r;||DUN2||XO!%+||UN4||Xov%+)||DUN3||XO+v%+
2

1
S ﬁ\m””io,

Bo(Ny)2
(116) S e Dy oy S e
~ BO(Nl*)%7 XD,§+ X1,§+ ~ /BO(NT)gi

For the last inequality, we used Proposition 4.1.

Subcase 2: Ny ~ N

il yge

sllel

EY(®).
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We argue similarly as in Subcase 2 of Case 1 to deduce that:

1
(117) LNy N2 Ng, Ny S WE1<‘I))

We use (114), (115), (116), and (117) to deduce that:

(1) 1 1
(118) I BN, Ny Na.Na | S BO(NT)%fE (®).
We sum in N;. Using (112) and (118), it follows that:
(1) L
FERAS — B (D).
BoN=~

By Proposition 4.4, and by construction of B()| we deduce that:

1

—— E%(®).
BoNz~ (@)

(119) B <

4.4. Choice of the optimal parameters. By (102), (111), and (119), it follows that:

1 1
_|_

(120) ‘E2(u(5)) - EQ(U(O))‘ S ( — T NEfE- T Ne-E- 60;73

IR O o)

N

We now choose v s.t. 3 + % =2 — 7. Hence, we choose:

(121) v =

One then has that:

(122)

Let us now choose 8y. We recall that by (98), one has: Sy ~ ﬁ, a € (0,1).

1
2
In order to have 52 < ——, we should take: a > %
N2~ ™ Ni™
In order to have L < 1 , we should take: o < 3,
BoN2~ ™~ NI~ 4

Consequently, we take:

13
12 = =]
(123) aels]
From the preceding, we may conclude that:
1
(124) | B2 (u(8)) — E*(u(0))] < N%,E2(U(0))o

Lemma 4.5 now follows.
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4.5. Further remarks on the equation.

Remark 4.6. Let us observe that Theorem 1.2 would follow immediately if we knew that the equation
(1) on R? scattered in H*. To the best of our knowledge, this result isn’t available, and it can’t be
deduced from currently known techniques used to prove scattering. Some scattering results for the
Hartree equation were previously studied in [34, 35, 36]. In [34, 35], the asymptotic completeness
step was proved by using techniques from [47], which work in dimensions n > 3. In [36], the one
and two-dimensional equations are studied. In this case, scattering results are deduced for a subset
of solutions with initial data which belongs to a Gevrey class.

Further scattering results for the Hartree equation are noted in [31, 38]. In these papers, one
assumes that the initial data lies in an appropriate weighted Sobolev space. The implied bounds
depend on the corresponding weighted Sobolev norms of the initial data. Hence, uniform bounds on
appropriate Sobolev norms of solutions whose initial data doesn’t lie in the weighted Sobolev spaces
can’t be deduced by density. Finally, the techniques used in [41, 42, 43, 44, 44, 45, 46] are restricted
to higher dimensions and work for a specific type of convolution potential that is different from ours.

5. APPENDIX A: PROOF OF PROPOSITION 3.1

Proof. The proof is based on a fixed-point argument. Let us without loss of generality look at
to = 0. With notation as in [49], we consider:

(125) Lw = x5(t)S(t)® — ixs(t) /Ot St —t")(V * |ws|*)ws(t')dt'.

Let ¢ > 0 be the constant® such that |xsS(t)®| x:» < 05177%”@”1{5. Such a constant exists by
using arguments from [39, 49]. We then define:

1-2b 1-2b
B = {w;||w||x1s <2¢672 || P g1, [|w| xe0 <2672 ||| g}

Arguing as in [49], B is complete w.r.t || - ||x1,+. For w € B, we obtain:

1—2b 1-2b
(126) |Lw||xsb <cd =2 ||®||gs + 1672 [|[(V |w5|2)w5||xs,b71.

Similarly, we obtain:

(127) IDLw| xor < e8 2 || D12 + c10 2 |D((V * |ws|?)ws) || xow-1.

We now estimate ||(V * |ws|?)ws|| xss-1 by duality. Namely, suppose that we are given ¢ = c(n,7)

zn:/dﬂc(n, DR =1.

such that:

‘We want to estimate:

=y T (b )" [ (1, )
T4 —T2+73—T4=0

_ 21\1-b
n1—no+nz—ns=0 (1 + |T4 |n4| |)

@5 (n2, 72)||@s (na, 7) ||V (n1 + no)|dr;.

Since V € L*(Z2), this expression is:

3This time localization estimate, and all the other similar estimates that we had to use in [49] carry over to the
torus.
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| (n4’7—4)| —~
< (1 + [na])*|ws (n1, 7))
Z T1—T2+73—74=0 (1 + ‘7_4 + |n4|2|)1ib

ni—ns+nz—ngs=0

[ws(n2, 72)||ws (n3, 73)|dT;.
Let us write:

o0
— | D; D = {n € 22 |n| ~ 2t}
k=0
Let Iy, i, k, denote the contribution to I with n; € ij, for j = 1,2,3. Let us consider without
loss of generality the case when:

(128) k1 > kg > k.

The contributions from other cases are bounded analogously.

Following [6], we write:

Dkl - UQa-

Here, Q, are balls of radius 2¥2. We can choose this cover so that each element of Dy, lies in a
fixed finite number of @Q,. This number is independent of k; and k.

If n; € Qq, then since ny = ny — na + n3, |nal, |n3| < 2%2, it follows that ny lies in @a, a dilate
of Q. Thus, the term that we want to estimate is:

. okys
Jk17k2,k3 =2" E E /
~ T1—To+7T3—T4=0
@ n1€Qa,M2EDyy ,n3EDky ,na€Qq,n1—n2+n3—ng=0 R

|lc(na, 74|
14 |7y + [na]?[)1-0

Iﬁs(m,ﬁ)lll’%(m,h)l\%(ns,T3)|( dr;.

‘We now define:

|C n T)| i((n,z)+7t)
129 1 ’I’L7ZI/‘ T .
(129) Z/ e

neQa
(130) Galz,t) = > [ drfwg(n, )40,
neQa
(131) Hya,t) = 3 [ drfs(n,r)je @70,
nEDk

By Parseval’s identity and Hoélder’s inequality, we deduce:

Ty ok S 208 Z / FoG o Hy Hydadt

k
<29 3 || Fallos, IGallos, I Hzl s, | Hslls -

Now, from Lemma 2.2, with s1,b; as in the assumptions of the Lemma, we have:
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1l ps S 250 (Y dr(L+ |+ [nf2)® w5 (n, 7))
’ﬂGDkQ

< 27250 (ws) g1z [ o

Here (ws)pr is defined by: ((ws)ar)” = Wsxp,,, and we note that localization in ¢ and in n
commute. This is a slight abuse of notation, but we interpret ws as a localization in time if § > 0
is small, and we interpret wy as a localization in frequency if N is a dyadic integer.

By interpolation, it follows that:

1(ws)aa [l 001 S 11 (w8)ara 1500 [l (w5) ks 13705

Here:
b1
132 0:=1——.
(132 ;
By construction of s, we obtain:
[[(ws)ara [ x0.0 = [[(ws)arz |22, = [[(ws)orasllzz

We now use Holder’s inequality and (21) to see that this expression is:

S (ws)are | papz 1¥sl s S 5%”(1”6)2@ o014 < ﬁ”(wé)zszxowb-
tHax t X4

Consequently:

6
| Hallps . S 25276% | (ws)ea oo

1-2b
2 [lwgrs [ xo.e.

(133) < gkesigat

In the last inequality, we used appropriate time-localization in X .

Analogously:

1-2b
7 [lwgrs [ x0.0-

k3s Q+
(134) |Hylls S 25000
Given an index «a, we define (ws)a, and w, to be the restriction to n € Q, of ws and w

respectively. We note that this is a different localization than the ones we used before. Since each
Q. has radius 2¥2, Lemma 2.2 implies that:

IGallzs . S 2857 dr(1+ |7 + ) s (n, 7)) 2
nEQq

< 272 | (ws)al| xo1 -

Arguing as in (133),(134), we obtain:

(135) IGallzs, < 2558557 lwal|xo.-
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Furthermore, each Q. is of radius ~ 2¥2. Let ¢, be the restriction of ¢ to n € @a. Let us also
choose by such that:
(136) by <1-0b.

From Lemma 2.2, and the previous definitions, we obtain:

1Falls, S 2% | Fallxom < 2% Follxoa-»

(137) S 2% eallz,

From (133), (134), (135), (137), it follows that:

Tinearky S 3 85T ka0ghes1 9kos o || o |wis | o Jwall xos [lcallzz

We apply the Cauchy-Schwarz inequality in a to deduce that the previous expression is *:

< gk gkt | o g [0 s [ 00 lleaua Iz, -

We write 8251 = (8k251)0=(ghzs1)1+ okssi — (kss1)0—(9kss1)I+ and we sum a geometric series
in ko, k3 to deduce that:

Z Ths ks ks S

k; satisfying (128)
39 3(1 2b)
S 25 T Jwak I xeolleam Nz, wllscasis w]l o+

Using the Cauchy-Schwarz inequality in k1, this expression is:

3(1—2b)
S STl xonllellng, el xoer o] s

3(1 2b)

30 4
(138) STt [l xsollwlaer+.0-

Let us take s = %—. Then the assumptions of Lemma 2.2 will be satisfied if we take by =
= (3 + = 7+ Since b = s+, (136) is then satisfied. By our construction in (132), one has:

0:17—>7 Hence, po := 3¢ + 3(1 — 2b) > 0.

Thus, by (126), and by definition of B it follows that for w € B:

1Lw|| o0 < 672 ||®]| gz + 26T 2072 |l o ][ 51

S [ PRt e [ P sl T
Similarly, for v, w € B, one has:
1Zv = Lw|xre < exd %202 (o] o + [fw]lx1.0)? v = w]x1.0

4Strict1y speaking, we are making the annulus |n| ~ 2F1 a little bit larger, but we write the localization in the
same way as before.
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< 260202, o — w] x1..

We now argue as in [49] to obtain a fixed point v € B. We then take D’s of both sides and use

(127). Now, we have to estimate:
ID((V * [vs|*)vs) | xo.0-1.
Arguing as before, it follows that this expression is:

< 07| Dl xoe 0ll5r0

Namely, in the analogue of Ji, i, k,, We can replace the 2F15 by Oy, , which is equal to 2;1: if
2k > N, and 1 otherwise. One then argues as in [49], and (47), (48) immediately follow.

We now check uniqueness, i.e. (46). Namely, we suppose that:

iug + Au = (V * [u/*)u,x € T2t € R
(139) ivg + Av = (V x |v[))v,z € TAt e R
uli=o = v|t=0 € H*(T?),s > 1.
We are assuming that u is a well-posed solution to (1) on T2, and hence ||u(t)|| = satisfies exponential

bounds, as was noted in the Introduction. Furthermore, since v € X S’%Jr, by Sobolev embedding in
time, it follows that v € L{°H;. Consequently, there exist A, B > 0 such that, for all t € R, one
has:

(140) @)=, o)+ < AP,

‘We observe:

u(t) — v(t) = fi/o St — ) (V * [u2)u — (V  [o]2)v) (t)dt.

We take L? norms in z and use Minkowski’s inequality to deduce:

(141) Ju(t) —v(@®)] L2 < /O IV Jul®)u = (Vo ool g2 dt'.

In order to bound the integral, we need the two following bounds, which follow from Holder’s
inequality, Young’s inequality, and Sobolev embedding °.

[V (urug))us|lz < [V (urug)| e lusllzz < IVI|osllunll oo luell e [lus|l o2

(142) < Jua|lms

uz|| s [lus|| gz -

Also:

[V (uauz)uslle < IV * (uaug)llzz lusllLe < IV Iy llurual| s [Jusl| e

5Note that we are considering s > 1.
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(143) <Vlizlluallzz luelloes luslloee < lluallzz lluallmg llus| 2

Substituting (142) and (143) into (141), and using (140, it follows that:

t t
[u(t) = o(@)] 2 5/ (IIulle+IIUHH5)2HU—UI\L§dt’S/ e u — v p2dt”.
0 0

By Gronwall’s inequality, it follows that on [0,?], one has ||u —v|[z2 = 0, hence u = v. The same
argument works for negative times. (46) now follows.

Arguing as in [49], we note that all the implied constants depend on s, energy, and mass, and
that they are continuous in energy and mass.

This proves Proposition 3.1. (|

5.1. Appendix B: Remarks on the scattering result of Dodson. Let us briefly explain why
the L2-scattering result of Dodson [27] for the defocusing cubic NLS on (R?)

(144) {iut + Au = |ulPu,x € Rt € R

uli=o = ® € H*(R?), s > 1.
can be used to deduce scattering in H® of the same equation, assuming that the initial data ® lies

in H®. In other words, we want to justify the persistence of reqularity phenomenon for scattering.
We note that a similar argument is given in [23].

Let u be a global solution to (144). In [27], it is shown that whenever ® € L?, u satisfies the
spacetime bound:

(145) Hu||L§Y$(R2><R) < 0.

It can be seen that (145) implies scattering in L2. Given s > 1, and assuming that ® € H®, we are
interested in obtaining:

(146) ||Dsu||L;{I(R2xR) < 00.

In order to prove (146), we start with T' € R and we observe that for all ¢ € R, one has:

(147) u(t) =St —T)u(T) — Z/T S(t —7)(Jul*u)(T)dT.

Taking D® on both sides, it follows that:
t

Du(t) = S(t —T)D°u(T) — z/T S(t — 1) D*(|u|*u)(7)dr.

We suppose that I is an closed interval in R whose left endpoint is 7" and whose right endpoint can
be +o00. By Strichartz estimates, we deduce:

s s s 2
1Dl rrey S 10" zzimey + 1D (Pl g

By using the Fractional Leibniz Rule and Holder’s inequality, this implies:

(148) [D%ullLs (rxmzy S 1D*w(T) L2 (r2) + ||DSUHL§w(IxR2)||U|\%;{z(1xm2)-
Given € > 0, by (145), we can make the interval I small enough so that:

(149) lullLs | (rxr2) < €.

Choosing € small enough, (148), and (149) imply:

(150) ”DSUHL‘;‘T(IXR?) S HDSU(T)”Lg(R?) = ||U(T)||H;(R2)~
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We now cover R by such intervals I, with a small modification when we take the left endpoint of
the interval to be —oo. The bound (146) now follows.

Let us now observe why (146) implies scattering in H*®. Namely, given § > 0 small, we can find
T(6) > 0 such that:

(151) ID*ullLs ((7(8),+00) xR2) < 0
We use (147), Strichartz estimates and we argue as before to obtain that for all ¢ > T'(§), one has:

[ D*u(t)—=S(t=T(6)) D*u(T(6))l| Lee L2 (17(8),400) xB2) S HDSUHng([T(a),mo)xR?)HUHQL;{x [T(5),400) xR2) -
Using (145) and (151), it follows that, for all ¢ > T'(¢):
(152) [D*u(t) — S(t —T(6))D*u(T(6))l|Lee 12 ([7(8),+00) xE2) S O-

We now let 5, := 27% — 0, and we choose T'(6;) as above such that T'(6;) — +oo. Using (152) and
the unitarity of S(t) on L?, it follows that (S(=T(0)u(T(x))) is Cauchy in H*. By completeness,

there exists uy € H® such that S(—T'(dx))u(T(d)) Rl uy. By using (152) again, we note that:
S(—t)u(t) LN Uy, a8t — 400.

By unitarity, it follows that, for the obtained uy € H®, one has:

(153) |u(t) = S(t)uy| s w2y — 0, ast — +o0.

An analogous argument shows that there exists u_ € H?® such that:

(154) lu(t) — S(t)u_| s @2y — 0, ast — —o0.

Hence, the H*® scattering result for the cubic NLS (144) follows, thus implying uniform bounds on
|lu(t)|| g+ whenever ® € H*.
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