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Wasserstein distance: Given two probabilities µ and ⌫ 2 Pp(X ) we define

dWp (µ, ⌫) := min
⇡2⇧(µ,⌫)
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Calculating the Wasserstein distance

In 1D: Let µ, ⌫ 2 P(R) with cdf F and G respectively. Let the cost be a function of
the distance, that is c(x , y) = h(x � y), where h : R ! [0,1) is convex and
continuous. Then the Kantorovich cost is given by
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Between Gaussians: Let µ = N (mµ,⌃µ) and ⌫ = N (m⌫ ,⌃⌫) be two Gaussian in Rd ,
then the map
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Properties of the Wasserstein distance

The Wasserstein distance is a metric on Pp(X ).

Equivalence of Wp distances: for p  q Jensen’s inequality implies

✓Z
d(x , y)pd⇡

◆ 1
p


✓Z
d(x , y)qd⇡

◆ 1
q
,

and therefore Wp(µ, ⌫)  Wq(µ, ⌫).

Convergence in the Wasserstein space:

µn * µ , dWp (µn, µ) ! 0.
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Curves in metric spaces

A curve ! : [0, 1] ! X is called absolutely continuous if there exists a g 2 L1([0, 1])
such that d(!(t0),!(t1)) 

R t1
t0

g(s)ds for every t0 < t1.

Consider a curve ! : [0, 1] ! X . Its length is defined as

Length(!) := sup{
n�1X

k=0

d(!(tk ),!(tk+1)) : n � 1, 0 = t0 < t1 . . . tn = 1}.
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R 1
0 |!
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A curve ! : [0, 1] ! X is a geodesic between x0 and x1 2 X , if it minimises the length
among all curves ! connecting x0 and x1.

A curve ! : [0, 1] ! X is a constant speed geodesic, if

d(!(t),!(s)) = |t � s|d(!(0),!(1)) for all s, t 2 [0, 1].
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Benomon & Brenier : ( 1990 )
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Theorem

Let X ⇢ Rd be compact and consider two probability measures µi 2 P(X ), i = 1, 2 with
densities %i wr.t. the Lebesgue measure. Let V (%0, %1) denote the set of all (%t , vt)t2[0,1]
satisfying

The map t 2 [0, 1] ! ⇢t is continuous in P(x) in the weak topology

The continuity equation @t %+r · (%t ·vt) = 0 holds in the weak sense for vt 2 L2(µt)
with initial and terminal conditions given by

%t=0 = %0 and %t=1 = %1 .

Then
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The sliced Wasserstein distance between two probability densities µ and ⌫ in P(Rd ) is given by

dSW2 (µ, ⌫) :=
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The Gromov-Wasserstein distance
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Gradient flows

Metric space: Consider a function F : Rd ! R and a x0 2 Rd :

x 0(t) = �rF (x(t))

x(0) = x0

Minimising movement scheme: let ⌧ > 0, define a sequence of points (x⌧k ) s.t.
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4) As T -70 iterates converge
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Connection to dote science
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Entropic regularisation

The regularised OT problem reads as

min

0

@
X

ij

cijPij + "Pij logPij
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among all admissible transportation plans and for a given " > 0. The second term corresponds to
the variational derivative of the negative entropy
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(0Th ⇒ F ! unique solution P

⇒ Solutions of 10Th converge
to Sol of 10T)

but convergence notes
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⇒ Solve problem extremely efficiently !
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Sinkhorn Given matrix A with pos . entries icon
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→ RAS method

→ matrix Dooling



Kullback-Leibler divergence between discrete measures

KL(P,K) :=
X
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Proposition

The regularised OT problem has a unique solution P 2 Rn⇥m of the form

Pij = uiKij vj ,

where u 2 Rn
+ and v 2 Rm

+ are two (unknown) scaling vectors. K. .
Gibbs kernel
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Sinkhorn algorithm: Let µ 2 Rn and ⌫ 2 Rm, initialise v0 and set " > 0.

Update u(k+1) := µ
Kvk

Update v (k+1) := ⌫
KT u(k)

.

Go to first bullet until convergence

Calculate the corresponding OT plan

P = diag(u)K diag(v).

1
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Rapid developments : a) Different rag. teems
°) Connection to proximal alg .
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