Optimal Transport in a Nutshell
Part 2

You can't be serious!
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'Connections between interacting particle dynamics and data science’
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Wasserstein distance: Given two probabilities 1 and v € Z,(X) we define "’”3’-’(0“5’0‘1’;’
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Calculating the Wasserstein distance

o In 1D: Let p,v € P(R) with cdf F and G respectively. Let the cost be a function of
the distance, that is ¢(x,y) = h(x — y), where h: R — [0, c0) is convex and
continuous. Then the Kantorovich cost is given by

1
. P
min )K(ﬂ*)—/o h(F~Y(t) — G~ (1)) dt.
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Properties of the Wasserstein distance
9. The Wasserstein distance is a metric on &,(X).

o_ Equivalence of W, distances: for p < g Jensen's inequality implies

{

Aoy, ( / d(x,y)"dw)% < ( / d(x,y)qdw)%,

and therefore Wy (p,v) < Wq(u,v).

@_ Convergence in the Wasserstein space:

pn — p < dwe (in, ) = 0.
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Curves in metric spaces

@ A curve w: [0,1] — X is called absolutely continuous if there exists a g € L*([0,1])
such that d(w(tp),w(t1)) < ftgl g(s)ds for every ty < t1.

o_ Consider a curve w: [0,1] — X. Its length is defined as

n—1

Length(w) := sup{z d(w(tk),w(tks1)):n>1,0=ty < t1...t, = 1}.
k=0

If w € AC(X) then Length(w) = fO |w’(t)|dt.

o A curve w: [0,1] — X is a geodesic between xp and x; € X, if it minimises the length
among all curves w connecting xp and xj.

9. A curve w: [0,1] — X is a constant speed geodesic, if

d(w(t),w(s)) = |t — s|d(w(0),w(1)) for all s, t € [0, 1].
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Theorem
Let X C RY be compact and consider two probability measures u; € 2(X), i = 1,2 with

densities o; wr.t. the Lebesgue measure. Let V/(gg, 01) denote the set of all (o, vt)teo,1
satisfying

o The map t € [0,1] — p: is continuous in Z(x) in the weak topology

o The continuity equation 8y 0+V - (o, -vt) = 0 holds in the weak sense for v; € L?(jut)
with initial and terminal conditions given by

Ot—0 = 0o and o;_; = 01 -
Then

1
min  K(7) = inf //v2g x)dxdt.
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The sliced Wasserstein distance between two probability densities p and v in W(]Rd) is given by

1

2
dvas:) = ( [ oy ((Po) s (Pa)r)a0) "
where S = {0 € RY: ||0]| = 1} and Py: RY — R is the projection.
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The Gromov-Wasserstein distance

Let p =31 a0, € P(RP) and v = 317, bjdy, € Z(RY) with p < g with 3°7 ; a; = 1 and

Zj'il bj =1. Let cx: RP X RP — R, respectively cy: R9 x RY — R denote the cost. Then the
Wasserstein-Gromov distance is defined as
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Gradient flows

@ Metric space: Consider a function F : RY — R and a xo € RY:

' (t) = —VF(x(t))

3
. X(O) = Xp d(x, \(J‘)
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— xT|2 - r MW\\
Xpy1 € argmin F(x) + M < less cs aj
27 o
@ Wasserstein space The JKO version of the game .... JD’O‘D']
: diy, (0, 0fk) OtHo
@ efia € argmin,Fo) + ZTU() Cindey lehrer
188
LimH—imj PrE vt @
A) Show thol ® fos @ on que Soludrioy
2 Ophmolidy Cond. Lwrt p) .. Fonlerorih
$F o L - Cons ‘ Pot-
ar : ol A Delocily
o T depeemes
8)  Trousperl. Ta-x_ 74 V(ﬁ

mop  Tw)ex- Vg T T Ty



4) As t 20 1} erolen CDhoa?;

Q-7 Cp T (&) -

o1 o f/i/V(’)

Gamp: Tip= | f lagg- e
&
T B s } s

ﬂium ?o\e.u\—\’g(

Tobeu Tlovck,---- J
(‘)*f = V- ((7IL(’)V (') +V AN f))
2 3 N
hown- Lineo¥ qnlenol intaaclio
ok ‘*1 et 3\3 enes 53

D gubopy me Muoold



Conneclion Yo dolo daeuct

Cuseawble | parhcle melludh £, densily of
meon Limiy  Johshed  honlineor Tre

2)

= [Draa dime behovior Now # ]’N‘“CUJ

L D o0 4ime

belhouor  oka quoﬁ - jnvolfal
Limit

D exislew, Shudur of €.

S Speedl do &q\/.i.h'bvfbﬁ'l

eqw‘u brohou

) Genea lise His ‘F“‘ okﬂacwl Lodds.

S) Trouwwa
Slun Wosserslen

5 Anorew Durwn
av



Entropic regularisation en#op'( fcjulal sohou

The regularised OT problem reads as
n (Z cijPjj +ePjjlog P,j) 9 /DT){

i

among all admissible transportation plans and for a given £ > 0. The second term corresponds to
the variational derivative <. the negative entropy

H(P) : Z Py (log(P;) — 1) .
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Kullback-Leibler divergence between discrete measures
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Proposition
The regularised OT problem has a unique solution P € R"*™ of the form

Pij = uiKyv;,

where u € R} and v € R are two (unknown) scaling vectors. ,: .. Gibbs ke rnel
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Sinkhorn algorithm: Let 1 € R” and v € R™, initialise v0 and set & > 0.

(k+1) . o
o Update u =
k+1) . v
o_ Update v(k+1) .= T
@_ Go to first bullet until convergence

Calculate the corresponding OT plan

P = diag(u) K diag(v).
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