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Problem Formulation

D c RY bounded, Lipschitz, d=2,3.
Consider (model) deterministic Boundary Value Problem (dBVP):

given
a € L°(D), ess inga(x) >a0 >0, feHYD)=(H}D)),
xre

find w € H}(D) such that

b(u,v) := /Da(x)vxu-vggvdx = /Df(a:)v(a:)da: in D Yv € H3(D).

Existence, Uniqueness, Regularity, AFEM, ....:

(1)



What to do if a(x) is “uncertain” 7
Accurate numerical solutions for one a(x) are of limited use.
Assume complete statistics (joint pdf's) on data a(z) available.
Reformulate () as sPDE.

Reconsider numerical solution methods for ():
— G@Given statistics (law) of random input data a(w,z) (KL-expansion)
— compute statistics (law) of random solution u(w, ) (‘gPC’'-expansion)

— sampling vs. parsimonious param. representation of joint pdf’s
of u(w, )

— trade randomness for high-dimensionality



Elliptic BVP with stochastic data

Given:
e probability space (€2, %, P) on data space X (D) C L>*(D), V C HY(D),
e random diffusion coefficient a(x,w) € L*(2,dP; X (D)),

e deterministic source term f € H-Y(D) = (Hi(D))',

(sBVP) Find u(z,w) € L?2(2,dP; H}(D)) such that

E [/D a(z, )Veulz,-) Vev(z, )da:] =E [/D f(x)v(x, )d:c]
for all v € L2(Q2,dP; H}(D))
a € L>(2,dP; X(D)) and essinfa(-,-) > ap > 0 = 3u € L?(2,dP; H}(D)).
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Monte Carlo

Sampling (sBVP): Each ‘sample’ = 1 deterministic BVP

1. Generate (in parallel) Ng data “samples” {a;(x)}2,,
2. Solve (exactly and in parallel) the N dBVPs
—V - (aj(z)Vu;) = f in D, u=0 on 0D

3. Estimate k-point correlations M*u from Nq solution samples {uj(a:)}jyzﬂl
(k = 1: estimate mean field E[u] from sample average EMe[u]).

Theorem 0: Assume u € LY(2,V) for some « € (1,2] with V = H}(D).
Then ex. C(«) such that for every No > 1 and every 0 <e <1

P{IE[] - E¥[ullly < Ce /NG ™2 lufl gy} > 1 -



Karhunen-Loeéeve expansion

- separation of deterministic and stochastic variables -

Proposition 1 (Karhunen-Loeéve)
If a € L2(2,dP; L>*(D)) then in L?(Q2,dP; L?(D)),

a(z,w) =E[a](2) + > vV Anpm(@)Yn(w) = Ela] (@) + ) thm(a) Vin(w)

m>1 m>1
e (\m, pm)m>1 €igensequence of covariance operator

Cla] : L?(D) — L?(D) (Cla]v)(z) := /DCa(a:,zU’)v(a:")dac/ Vv € L?(D),
Co(x,2") = E [(a(z,-) — E[a](x))(a(',-) — E[a](z))]

Vi (w) -= \/%/D(a(a:,w) CEla](x))om(z)dz : Q2 — T CR m=1,2, ..
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Karhunen-Loeéeve expansion

- convergence -

a(w,w) = Ea(2) + > vV Anpm (@) Vi (w)

m>1

KL expansion converges in L?(D x ), not necessarily in L>*(D x )

To ensure L>*(D x £2) convergence, must

- estimate decay rate of KL eigenvalues \,,: Schwab & Todor JCP (2006),

- bound ||¢m||1~p)y: Todor Diss ETH (2005), SINUM (2006)

- assume: bounds for |||~



Karhunen-Loeéeve expansion

- eigenvalue estimates -

Regularity of C, ensures decay of KL-eigenvalue sequence (A\p,)m>1

Co(x,2') : D x D —Ris

e piecewise analytic on D x D if ex. smoothness partition D = {Dj}jzl
of D into a finite sequence of simplices D; such that

J
=D, (2)
j=1
and C,(z,z") analytic in open neighbourhood of D, x D; for any (j,7').

e piecewise H% on D x D if

Vo € HiL(D x D) := () L*(Di, H'(D;))
1,]<J



Karhunen-Loeéeve expansion
- eigenvalue estimates -
e (H,(-,-)) Hilbert space,
e C c K(H) compact, s.a.,
e cigenpair sequence (Am, dm)m>1-

If C,, € B(H) is any operator of rank at most m,
Am+1 < [|C = Cllsy-

(e.g. Pinkus 1985: n-widths in Approx. Theory).

(3)



Karhunen-Loeve expansion

- eigenvalue estimates -

Proposition 2 (KL-eigenvalue decay)

e (> exponential KL decay: Gaussian Cq(z,z"))

Co(z,z") ;= c?exp(—ylz — 2/|°) = 0<A\p<c(y,0)/m! Vm>1

e (exponential KL decay: Piecewise analytic C,(x,z'))

C, pw analyticon Dx D ==3¢>0 0< M\, <cexp(=bm'/?%) Vm>1

e (Algebraic KL-eigenvalue decay for p.w. H!(D)-kernels)
Co€ HYL(Dx D) (t>d/2) = 0<Ap<cm™* ¥m>1
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Karhunen-Loeéeve expansion

- eigenvalue estimates -

10 Largest eigenvalues of exp(—|x—x’f+6), x 0(-1,1)
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Karhunen-Loeve expansion

- eigenfunction estimates -

Regularity of C, ensures L*>® bounds for L2?-scaled eigenfunctions (Pm)m>1

Theorem 3 ( Schwab & Todor JCP 2006)

Assume
Co€ Hy(Dx D) for t>d.
Then
V6 >0 ex.C(6)>0 st. Vm>1: lemllz~py < C N,
Hence:

At 2 llomll 1~
by o= 2 1Pl o isya12-5 < o(gymot/2i0
|nfm€DE[a]
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Karhunen-Loeéeve expansion

- convergence rate -

Conclusion:
KL expansion of

a(z,w) € L?(2,dP; L>(D))
converges uniformly and exponentially on D x Q2 if
- Cy(z,2") piecewise analytic
- (Y (w))m>1 uniformly bounded on © (e.g. Y (w) ~U(-1,1))

13
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Karhunen-Loeéeve expansion

- convergence rate -

Largest 2000 Eigenvalues of Factorizable Kernel exp(—lle—Xlz), x O (—l,l)3
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Karhunen-Loeéeve expansion

- truncation from infinite to finite dimension M -

oo > M € N KL-truncation order

M
an(a,w) = Ela)(@) + 3 v Ampm(@) Y (w)

m>1
(SBV P) with stochastic coefficient a(z,w)
—div(a(z,w)Veu(z,w)) = f(z) in L2(Q,dP; H (D))
(SBV P)); with truncated stochastic coefficient ay;(z,w)
—div(ay(z,w)Veur(z,w)) = f(z) in L?(Q,dP; H (D))

Theorem 4 If C, pw analytic and (Y;,)m>1 uniformly bounded, then
Vo >0 ex. b,C(d), Mo > 0 such that (SBV P),; well-posed for M > My and

1w — wa| < Cexp(—bMY?) VM > My if C, pw analytic

15



High dimensional deterministic bvp

M
ay - DxQ—R, ay(r,w)=E[a(z)+ Z \/ﬂ%pm(x)ym(w)

m>1

Assumption
(Yo )m>1 independent, uniformly bounded family of rv's
(e.g. Yy, uniformly distributed in M, =1 =(-1/2,1/2), m =1,2,3,...)

Random variable Y,, — Parameter y,, € I
(Y1,Y2,....Yy)  — y=(y1,y2,--.,ym) € IV

dP = p(y)dy = @) pmn(ym)dym

m>1

M
v Dx M SR, ay(z,y) =Elal(@) + D VAnen(@)ym

m>1

16



High dimensional deterministic bvp

stochastic bvp

—div(ay(z,w)Veur(z,w)) = f(x) in HY(D), P—ae we
M-dimensional, parametric deterministic bvp

—div(ay (z; y1,92, -, ym) Vot (z,y)) = f(z) in H YD), vyeI

Proposition 5(Doob & Dynkin)
Under Assumption, the parametric deterministic bvp is well-posed and

uy (z,w) = dy(x, Y1(w), Yo (w), ..., Yy(w))

17



High dimensional deterministic bvp

- stochastic semi-discretization -

M
ay(z,y) = E.(x) + Z mwm(x)ym

m>1

M-dimensional, parametric deterministic bvp: find
iy € L2(IM; HY(D)) ~ L2(IM) ® H} (D) = S® V: Vv € L2(IM; H{ (D)) holds

/ ( / 5M<w,y>vxﬂM<a:,y)-%v(a:,y)dx) pwdy = [ [ s@o@deptn)dy
A D ™ Jp

Galerkin semi-discretization in y (sGFEM):
s crL2(1™), Ng:=dimS" <oco dBVPs
find Uy € SM @ HE(D) such that Vv € SM @ H}(D):

/ ( / amx,y)wM(a:,y)-vxvu,y)dx) pwdy = [ [ s@o@deptm)dy
m \Jp mvJp

18



SGFEM for high dimensional deterministic bvp

- stochastic semi-discretization -
Quasi-Optimality:

u—U 2y < C inf U — V|72
f Ml z2qag) < UGSA@H&(D)H | 22¢)

ar(z,y) affine in y = 4y (x,y) analytic in y = SMpolyn. space w.r.to y

task: solve dbvp with KL-accuracy* O(exp(—cM/?)) in “low complexity’ **
*how to choose the polynomial space in y = (y1,y2,...,ynm) ?
**how to choose a basis B of P 7

19



SGFEM for high dimensional deterministic bvp

- stochastic semi-discretization: p.w. analytic C, -

‘ANOVA’ type Tensor Product Spaces in IM:

For M,u >0, 1 <v << M € Ng define index sets

Ay = {a e Ng' | |ali <p,  |alo < v} C Ny, (4)
polynomial subspaces (N. Wiener (1938))
Y =y Y La(y) = La,(y1)Lay(y2).. a €A
S =PAY) :=span{y® |« € A},} € L2(I'), (5)
SY =LA, :=span{La(y) | a € AL} € L2(IM), (6)

20



SGFEM for high dimensional deterministic bvp

- stochastic semi-discretization: p.w. analytic C, -

Theorem 6 (Todor + Sc IMA Journ Numer. Anal. (2007))
If ex. b,C,k > 0 s.t.

Am < Cexp(—bm™) m — oo,
ex. c3,cq,cr > 0 such that for

n = I_C3M’{_|, Vv = |_C4MKJ/(KJ+1)-| (7)
holds, as M — oo for polynomial subspace P(A}!) ® Hi(D)
i. (P): ex. b,¢c >0 s.t.

inf s — U] poog o < exp(—bM1/d
vEP(AL)®H; (D) @ — vl e mipy) S p( )
Ng :=dim P(AM) < exp(eM @tV jog(M)) (8)
ii. SGFEM converges w. spectral rate:
Vs > 0: .C L. inf Upny — oo M+ F1 < C(s)N5°
’ er-Cls) s UEP(AS?V)®H5(D)||“M V| p(rempyy < C(s)Ng

iii. (B): In L2-ONbasis of P(A})) the stiffness matrix of (sBVP)y in IM is
well-conditioned and sparse (at most O(M) nontrivial “entries” / row)

21



High dimensional dBVP - nonlinear approximation

Co € Hyw(D x D),  t< o0
Recall: C, € H5(D x D) = a(z,w) = E[a](z) + D oms1 Ym () Ym(w)

A Sm e, [mll L=(py = An2llmll p(py S m 242 m=1,2,..
KL - convergence rate: if t > 2d then ex. Mgy > 0 such that
||u_uM||L2(Q;H§(D)) < ||a/_a/M||Loo(Q;Loo(D)) <CM™™@ VM > My, 0<s<t/2d-—1.

e Convergence rate of sGFEM of O(N;zs') possible?
e Which A7

e Which s'(t) > 1/27?

22



High dimensional dBVP - nonlinear approximation

C. € Hyo(D x D), t< oo

Benchmark:
find M < oo and A C ng by nonlinear, best No-term approximation.

Notation:
e A = {all sequences a = (a,)_; C Ng w. finite support } C N§

e A countable: define
ANM) :={a:suppaC{l,... M}}CAN, M=12,...
Then A(M) countable and A = |J},_; A(M), hence countable.

aeN = |ajo:=#suppa<oo, |ali:= Zam<oo.
m>1

23



High dimensional dBVP - nonlinear approximation

C. € Hyo(D x D), t< oo

Let
y €U = Bi1(ls) = (=1,1)° V= H}(D).
Then
u = Zuayo‘ = anﬁa(y) e LU, V)

aeN aEN
where, for any o € A,

Ug 1= iI(DZ‘u)(O) cV, co:= / w(x,y)La(y)p(y)dy € V.
ol U

24



High dimensional dBVP - nonlinear approximation

Co € Hyb(D x D), t< oo

For any Ag C A,

inf  |lu—v||? <U_ZC£2 <ZCQ
vEL(N)RV | HLi(UaV) < | ae/\ o Oé”L,%(U,V) > P lcally,
0 0

it e vl < flu—=D_ way™ll~ < Ua||v
UE'])(/\O)@)VH |2~y < | O;() oY | L= vy O% | wall

T -summability of {||u.|lv : e € A}, {|lcallv €N} ?

A-priori estimates of ||ua|v,

lca|lv for a € A.

25



High dimensional dBVP - Regularity 1

C, € Hyu(D x D), t< oo

a(@y) = ao@) + 3 yntn(@),  y= @Wrya.) €U
m=1

eSSianUED{aO(:C)} Z ao,min > 07 wm = >‘rln/290m(aj)7 m = 17 27

Recall: if C, € Hy,(D x D), then for any 0 < s < t/2d,
_ [¥m

. I~ _
b L A lemllepy SmTT, m
ag,min 2amin

Then {bym}m>1 € €7 for any 1/7 < t/(2d) and,

- ||¢M||L°°(D)’

Va €N : b =[] b < o

m>1

1.2, ...
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High dimensional dBVP - Regularity

C, € Hyo(D x D), t< oo

Theorem 7
Let {b}, {bm} be as above and denote

B = bpym T B, :=b,m™  §>0.
Then, for every a« € A,

la]!y o la|!'Ta
0% T

[uallv < [[f1lv- and leallv S N1 F v
B° Be

I1

a € N.

27



High dimensional dBVP - Regularity III

C, € Hyp(D x D), t< oo
Idea of Proof: consider
b= {bm}tm=1 €41, |blle, <v <1,

y = (Y1,92,93,...) € B1(¢x)
Then for

a(y)=1+biyi+..=14+ > buym
m=1

we have
1 1

a(u(y) =1 <= u(y) =

a(y) is linear in each y; and

u(y) is continuous in y € B1({~) and analytic in each v;.

a(y) 1+ biys + boyo + ..

Y

(TAS Bl(eoo)-

28



Moreover, for every a € A\,

Dju(y) = Dy[1 4+ biy1 + boy2 + L= (=D ea)] T al! H by’

m>1

First bound: ‘real variable’ bootstrap argument.
(Todor and Schwab, IMA Journ. Numer. Anal. 2007)

Second bound: ‘several complex variables’ argument.

Hartogs' Theorem and Cauchy’s inequalities for functions u(-,z) which are
separately analytic w.r. to each z; in the Bernstein ellipses &£,, 1 = 1,2, ...,

imply u(-, z) are
jointly analytic in z = (z1, 22, ...) in the polycylinders

-1, 11" C &, x ... x &y, CCY with py ~ 1/by, — 00 as m — oo

for any M.



High dimensional dBVP - convergence rate of sGFEM 1

Co € Hib(D x D), t< oo

Best No-term approximation:
find finite sets Ag C A of monomials y* / Legendre polynomials L£,(y), v € Ao,
of cardinality N = #/Ao — oo, and “coefficients” ¢, € V such that

lu =Y elullzwyy < C(#Mo) 7D,

vEN
with, hopefully, o(t) > 1/2 (MCM).
ok for o =2 —1 <L — 1 provided {||callv : v € A} € ¢!
When are
v

(3" ven), {—I!'E”:ue/\}eéT?

v

29



High dimensional dBVP - convergence rate of sGFEM II

Cq € Hé’qf,(D x D), t<oo
Consider for b = {b,,} the conditions
16| = [b1] + |b2] + ... < 1,
[bllex = sup{lbm|} <1,

and

bel” for some 71 < 1.

Proposition 8 (Cohen, DeVore & CS '08)
() and (ED]) —

(*:acAyer,

|
{ﬁbo‘:aE/\} c /.

ol

() and (Dj]) —

(9)
(10)

(11)

(12)

30



High dimensional dBVP - convergence rate of sGFEM III

C, € Hyu(D x D), t< oo
Theorem 9
If
Co€ Hi(Dx D), 2d<t<oo

then the solution u(x,y) € L?(U,V) admits the Legendre expansion
u(x,y) = an(a:)ﬁa(y)
aeN

and the ‘coefficient sequence’ {c, : @ € A} C V satisfies

1 t
{llcally v €A} €07 for 1< =< —.
T 2d

There exists a sequence {/A,}2, of finitely supported index sets such that the
sGFEM based on P(A;) ® V converges with rate

t 1
—aun e < (M), 0 o2
lu —un 2@y S (FA) <o < >4 o

31



Number Theory (finding Ay) - I
Problem: Theorem 9 does not give a constructive way of finding sets

AN CN>C...CNC..A
Two strategies: 1. Adaptive sGFEM, 2. A-priori selection of the Ay.

Consider 2:
given pu = (p1, p2,...) >0s.t. 1> pu1 > pup > ... > um — 0 and e > 0, define

Ag(u):z{OzEng | uo‘zcs} = {aEng | ,u_o‘gl/s}

Based on [sharp] bounds on coefficients ||ual|v, ||callv.

NA:(b) will contain essentially the #N\.(b) ‘largest coefficients’ callv-

uO./HVI

Monotonicity: for any u,u € A as above and any €, > 0
1. M:.(p) := maXpen{pm > €} < oo,
2. Va € Ac(p) :supp(a) C {1,2,..., M(p)},
3. £> ¢ implies Az(p) C Ac(p),

4. p =< pimplies Ac(p) C A(R).

32



Number Theory (finding Ay) - II

Consider comparison sequences v, € ¢°° such that
b=<v,:={(m+1)7:m=12,..}, o> 0.

Note:
b<v, = Va€eA: b < vd
Scaling: given o > 0, find

Ae(Ve) = Ao (1) = {a eNg : [ (m+ 1) < 51/"} . e—0.

meN

a € N.(v,) iff & multiplicative partition of some integer = < ¢ 1/7.

33



Complexity (finding A\y)

Proposition 10 (R. Andreev '08)
1. A-(v,) can be localized in work and memory growing log-linearly in #A.(v,).

2. As e — 0,

e2\/Iog:c 1)
Ao(vg) ~ with o =g 1/7,
#N\: (Vo) wQ\/E(Iogaz)3/4 T =c¢

e E.R. Canfield, Paul Erddos and C. Pomerance:
On a Problem of Oppenheim concerning ‘“Factorisatio Numerorum”
J. Number Theory 17 (1983) 1 ff.,

° q. Szekeres and P. Turan:
Uber das zweite Hauptproblem der “Factorisatio Numerorum”
Acta Litt. Sci. Szeged 6 (1933) 143-154.
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Sparse Tensor sGFEM - 1

Issues:

e Selection of polynomial basis:
gPC from 1-d polyn. orthog. w.r.to separable (prior) p(y).

e SO far, only semidiscrete approximation:
Fully Discrete sGFEM needs (A)FEM in D: ¢, — ¢, €V, CV.

35



Sparse Tensor sGFEM - 11
Regularity of deterministic problem:

e Smoothness Scale of approximation spaces:
V=A"D> Al D A% D> A%... D C®(D)
Examples (Dirichlet Problem w. random coefficient):
1. (Isotropic Sobolev Scale, h-FEM in D on quasiuniform meshes)
A° = HY(D), A°=H*(D)NHID), s>1.
2. (Weighted Kondrat'ev Scale, h-FEM in D on graded meshes)
A° = Hi(D), A°*=Vj(D)nHz(D), s>1 integer.
3. (Besov Scale, h-AFEM in D)
A° = Hi(D), A*=Bj_(D)NH{(D), s>1.

e Spatial regularity at order s’ > 1:
u(y) =) y'ua, yEU, wacA'CV. (13)

aEN
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Sparse Tensor sGFEM - 111
Proposition 11 (sGFEM /full tensor approximation):

Assume
1. spatial regularity (I3) of order s’ > 1: 7, € A%,

2. Covariance regularity of order t:

Co € H\ (D x D), t>2d,

3. multilevel spatial approximation scale:

VoCcViCVoC...CV

with uniformly bounded, V-stable and quasioptimal projectors P, : V — V}
and

Np :=dimV, = O(2"), ¢ — 0.

37



Then ex. {Ag}g2, with Ay, C A, #AN\, ~ Nq(k) — oo and

—r —s'/d
lu =" v Prball iy S Ng™™ + N/
aEN,

with total ‘number of DOF’

Ntotal = NoNp
Note: for Monte Carlo we have r = 1/2.
Sparse Tensorization (not possible for MCM):

U — Z Ca(x)ﬁa(y)a un, = Z Coz(x)ﬁoz(y)-

aEN aEN,
Sparse Tensor discretization: approximate co by c¢yq) € Vio) CV, a € Ag.
Error:
lu — Z Cé(a)'CCVH%?(U,V) < lu— Z Caﬁa”%z(U,v) + Z lca — PE(a)CaH\Q/

acN; acN; acN;
If {||callas : @ € A} € £7(t), proper selection of A, and £(«) gives rate

N5"+ N,*/*  with Ny = Nglog Np 4+ Nplog Na.



Conclusion

Elliptic PDE with stochastic coefficients:
Variational Formulation, EXxistence, Uniqueness

Karhunen - Loeve Expansion of Random Input Data:
Exponential pointwise convergence for p.w. analytic C,,
Algebraic pointwise convergence for C, € Hy,

Fast Computation of KL-expansion in general domains D C R3
by gFMM (Rokhlin and Greengard), H-Matrix techniques (Hackbusch
etal),...

Transform SPDE into parametric, deterministic PDE on U = (—1,1)*®

Truncation to M < oo dimensions; conditional expectation; error esti-
mates.

Convergence Rates of h-, p- type sGFEM for sparse tensor approximations
of

Bi(ls) Dy — u(y,-) €V
38



Stochastic Regularity of random solution = domain of analyticity of para-
metric, deterministic problem

Finite Smoothness Covariance: algebraic Conv. of h-sGFEM and Spec-
tral Conv. of p-sGFEM as

h—0, p—ooo, M— .

Sparse collocation on input-KL adapted ‘lattices’ of integration points in
(—1,1)M (Schwab and Todor IMAJNA (2007))

Sparse tensorization of D and 2 Galerkin discretizations:

Niotal =~ N log Np + Nplog Ng
Diffusion problems in physical dimension d = 2, with M = 1500.

requires mixed regularity in both, D and U: if

u = an(x)ﬁa(y), then {|lcallas : € A} € £7

aEN
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