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Manifold of Probability DistributionsManifold of Probability Distributions
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Manifold of Probability DistributionsManifold of Probability Distributions
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InvarianceInvariance ( ){ },S p x=

1.  Invariant under reparameterization1.  Invariant under reparameterization
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Two StructuresTwo Structures

Riemannian metricRiemannian metric

affine connection --- geodesicaffine connection --- geodesic
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Affine Connection

covariant derivative

geodesic   X=X   X=X(t)
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Affine Connection
covariant derivative; parallel transport
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Duality: two affine connectionsDuality: two affine connections
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Dual Affine ConnectionsDual Affine Connections
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Information GeometryInformation Geometry
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Dually Flat ManifoldDually Flat Manifold

1.  Potential Functions1.  Potential Functions

---convex     (Bregman,  Legendre transformation)

2.  Divergence2.  Divergence [ ]:D p q

3.  Pythagoras Theorem3.  Pythagoras Theorem
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4.4. Projection TheoremProjection Theorem

5.Dual foliation5.Dual foliation
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Pythagoras Theorem
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D[p:r] = D[p:q]+D[q:r]

p,q:  same marginals

r,q:  same correlations
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Projection Theorem
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spatial correlationsspatial correlations
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Spatio-temporal correlationsSpatio-temporal correlations

correlated Poisson

( )p x : temporally independent

correlated renewal process

( )tp x : firing rate ( )i
r t modified

spatial correlations fixed



firing rates:

correlation—covariance?
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Correlations of Neural Firing
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Orthogonal Coordinates:

firing rates
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two neuron casetwo neuron case
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Decomposition of KL-divergence

D[p:r] = D[p:q]+D[q:r]

p,q:  same marginals

r,q:  same correlations
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pairwise correlations
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independent distributions
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How to generate correlated spikes?

(Niebur, Neural Computation [2007])

higher-order correlations

covariance: not orthogonal



Orthogonal
higher-order correlations
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tractable models of
distributions

Full model:               parameters

Homogeneous model:  n parameters

Boltzmann machine: only pairwise

        correlations

Mixture model
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Models of Correlated Spike Distributions (1)
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Models of Correlated Spike Distributions (2)
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Mixture Model
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Mixture modelMixture model
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Conditional distributions
and mixture
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State transition of Hebb assemblies
mixture and covariances
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Temporal correlations
                      {x(t)}, t =1, 2, …T

Poisson sequence:

Markov chain

Renewal process

Prob{ (1),..., ( )}x x T



Orthogonal parameter of
correlation ---- Markov case
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Spatio-temporal correlation

correlated Poisson
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Correlated renewal process
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Neurons
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Population and Synfire
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Synfiring
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Bifurcation
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Semiparametric StatisticsSemiparametric Statistics
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Linear Regression: Semiparametrics
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Statistical Model
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Least squares?
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Estimating function

Estimating equation
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Poisson process

Poisson Process: Instantaneous firing rate is constant over

time. dt
For every small time window dt,

generate a spike with probability dt.

T

Cortical Neuron Poisson Process

Poisson processPoisson process

cannot explain inter-cannot explain inter-

spike intervalspike interval

distributions.distributions.

T
eTp =)(
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Gamma distribution

Gamma Distribution: Every -th spike of the Poisson process is left.

: Firing rate

: Irregularity
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Gamma distributionGamma distribution
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Irregularity  is unique to

individual neurons.
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Irregularity varies among

neurons.)

We assume that We assume that  is independent of is independent of
time.time.



Information geometry of

estimating function
•Estimating function y(T, ):

(See poster for details)
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temporal correlationstemporal correlations
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Estimation of 

by estimating functions
No estimating function exists if the neighboring firing rates are
different.

m( ) consecutive observations must have the same firing rate.

Estimating function:

(E[y]=0)

Example:Example:
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Case of m=1

(spontaneous discharge)

Firing rate continuously

changes and is driven by

Gaussian noise.
: Correlation
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 can be approximated if can be approximated if
the firing rate changesthe firing rate changes
slowly.slowly.
Estimating function (m=2):

slow


