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Problem Statement

(P)


Minimize J(y ,u) = g(y) + j(u)

over u ∈ L2(Ω)

a(y , φ− y) ≥ (u, φ− y), y ∈ K , for all φ ∈ K ,

ν1|v |2H1
0
≤ a(v , v), and a(v ,w) ≤ ν2|v |H1

0
|w |H1

0
,

K = {v ∈ H1
0 (Ω) : v ≤ ψ}.

a(v1, v2) = 〈Av1, v2〉, for v1, v2 ∈ H1
0 (Ω),

here: A second order, regular differential operator,
Aψ ∈ L2, ψ|∂Ω ≥ 0

optimal control of complementarity problem
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a(y , φ− y) ≥ (u, φ− y)L2 , y ∈ K , for all φ ∈ K ,

⇔

min 1
2 a(y , y)− (y ,u)L2 over y ∈ K ,

⇔
Ay + λ = u, y ≤ ψ, λ ≥ 0, 〈λ, y − ψ〉 = 0,

⇔
Ay + λ = u, λ = max(0, λ+ c(y − ψ), for any c

approximation

Ayc + max c (0, λ̄+ c(yc − ψ)) = u,

λ̄ governs feasibility



Approximating problem

(Pc)


Minimize J(y ,u) = g(y) + j(u)

over u ∈ L2(Ω) subject to

Ay + maxc(0, λ̄+ c(y − ψ)) = u,

maxc(0, x) =


x , for x ≥ 1

2c
c
2(x + 1

2c )2, for |x | ≤ 1
2c

0, for x ≤ − 1
2c .

(OSc)


Ayc + max c(0, λ̄+ c(yc − ψ)) = uc ,

Apc + max′c(λ̄+ c(yc − ψ)) pc + g′(yc) = 0,

j ′(uc)− pc = 0,
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Towards first order optimality
Lemma
u 7→ (y(u), λ(u)) : L2 → H1

0 × L2 is directionally differentiable.

a(y ′, φ− y ′) ≥ (h, φ− y ′), y ′ = y ′(u; h) ∈ S(y), ∀φ ∈ S(y),

where

S(y) = {φ ∈ H1
0 (Ω) : φ = 0 on λ > 0, φ ≥ 0 on B}.

B = {λ = y − ψ = 0}

Ay ′ + λ′(u; h) = h, λ′(u; h)(y − ψ) = 0, y ′ λ = 0,

and
y ′ ≥ 0, λ′ ≥ 0, y ′ λ′ = 0 on B.
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Theorem
(y∗,u∗) be a locally optimal for (P). ∃ uniquely determined

p ∈ H1
0 (Ω) and µ ∈ H−1(Ω) ∩ (L∞(Ω))∗:

Ap + µ+ g′(y∗) = 0, p ≥ 0 on y∗ = ψ, (1)

〈µ, y∗ − ψ〉 = 0, λ p = 0 a.e., and 〈µ,p〉 ≥ 0 (2)

j ′(u∗)− p = 0. (3)

〈µ, φ〉 ≥ 0, ∀φ ∈ H1
0 (Ω), φ ≥ 0 on {y∗ = ψ}, 〈λ, φ〉 = 0, (4)

Sign condition for µ on B:

〈µ, φ〉 = 0, ∀φ ∈ H1
0 (Ω), φ ≥ 0 on B, φ = 0 on Ω \ B, (5)

If g′(y∗) ∈ L2(Ω), then we have p ∈ L∞(Ω).
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Mignot-Puel 1984, Ito-K 2000. Barbu, Bergounioux. ”strongly
stationary”.



Theorem
µ = µr + µfinad

µr = −g′(y∗) on {λ > 0}, suppµfinad ⊂ {λ = 0} ∩ {y = ψ}.

Proposition

uc ⇀ u∗ in L2, yc(uc) → y∗ in H1
0 ,

λcn = max c(0, λ̄+ c(yc − ψ)) ⇀ λ(y∗) in H−1

In the feasible case with yc ≤ ψ,

{(pcn , µcn)}⇀ (p, µ) ∈ H1
0 (Ω)× L∞(Ω)∗ satisfying (1)-(3)



Proposition

λ̄ ≥ max(0, uc − Aψ) + κ(|pc |L∞) ⇒ yc ≤ ψ.

Proposition
(a) feasible case (λ̄� 0)

‖y∗ − yc‖L∞ ≤ ‖λ̄‖L∞

c
+

1
2c2 .

(b) infeasible case (λ̄ = 0)

A = {x ∈ Ω: y∗(x) = ψ(x)}, Ac = {x ∈ Ω: yc(x) = ψ(x)}.

∂A is C1,1 and ∂Ac is Lipschitzian

‖y∗ − yc‖L∞(Ω) ≤ 1
c‖f − Aψ‖L∞(Ω).



Theorem
µ = µr + µfinad

µr = −g′(y∗) on {λ > 0}, suppµfinad ⊂ {λ = 0} ∩ {y = ψ}.

Assumption (H1)

g′′(y∗)(y ′, y ′) + j ′′(u∗)(h,h) > 0

for all h ∈ L2(Ω) \ {0} and y ′ = y ′(u∗; h) with

g′(y∗)y ′ + j ′(u)h = 0.

There exists τ > 0 such that

p ≥ 0, on {x : ψ − τ < y∗ < ψ}

and
〈µ, φ〉 ≥ 0, ∀φ ∈ H1

0 (Ω), φ ≥ 0.



Second order sufficient optimality

Theorem
Let (y∗,u∗, λ,p, µ) satisfy the first-order optimality system, (H1).
Then there exists α > 0, r > 0 such that

J(y∗,u∗)+α‖v−u∗‖2
L2 ≤ J(y(v), v), ∀v ∈ L2(Ω) : ‖u−v‖L2 < r .

uc → u∗



Semi-smooth Newton method

j(u) = β
2 |u|

2, (g′′(y)δy , δy)L2 ≥ α |δy |2.


Ayc + maxc(0, λ̄+ c(yc − ψ))− 1

β pc = 0

Apc + max′
c(λ̄+ c(yc − ψ)) pc + g′(yc) = 0.

Let F : (H2 ∩ H1
0 )× (H2 ∩ H1

0 ) → L2(Ω)× L2(Ω) be given by

F (y ,p) =

(
Ay + maxc(0, λ̄+ c(y − ψ))− 1

β p

Ap + max′
c(λ̄+ c(y − ψ)) p + g′(y)

)
. (11)



Definition
F : D ⊂ X → Z is called Newton differentiable in U ⊂ D, if there
exist G : U → L(X ,Z ):

(A) limh→0
1
| h |

| F (x +h)−F (x)−G(x +h)h |= 0, for all x ∈ U.

Example
F : Lp(Ω) → Lq(Ω), F (ϕ) = max(0, ϕ) is Newton differentiable
if q < p, and

Gmax(ϕ)(x) =


1 if ϕ(x) > 0
0 if ϕ(x) < 0
δ if ϕ(x) = 0, δ ∈ R arbitrary.

Example
p = q ... (A) is not satisfied.



Theorem
Let F (x∗) = 0, F Newton differentiable in U(x∗), and
{||G(x)−1||L(X ,Z ) : x ∈ U(x∗)} bounded.

Then the Newton iteration converges locally superlinearly.

Rate of convergence

Ref.: Chen-Nashed, Hintermüller-Ito-K, Kummer, M. Ulbrich.
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Theorem
If (H2), holds and c is sufficiently large, then the semi-smooth
Newton algorithm applied to F (y ,p) = 0 is welldefined and
converges locally super-linearly.

Assumption (H2)
pc ≥ 0 on {| λ̄c + yc − ψ| ≤ ρ}, c ≥ C0

e.g. g(y) = |y − yd |2L2 with ψ ≤ yd

then: pc ≥ 0, p ≥ 0, µc ≥ 0, µ ≥ 0



how to choose and/or update c ?

Value Function V (c) = g(yc) + j(uc)

Proposition
Infeasible case: V̇ (c) = O(1

c ) for c →∞
Feasible case: V̇ (c) = o(1

c ) for c →∞.



Proposition
(Monotonicity of V ). Assume that

pc ≥ 0 on As
c = {x : λ̄+ c(yc − ψ) ≥ 1

2c
}

Infeasible case: V̇ (c) ≥ − 5
8c2 |pc |L1(Nc), on (0,∞).

Feasible case: V̇ (c) ≤ 0 for all c sufficiently large.

Nc = {x : |λ̄+ c(yc − ψ)| < 1
2c
}, }.



Proposition
(’Concavity’ of V , infeasible case)

V̈ (c) ≤ −(g
′′
(yc)ẏc , ẏc)− c2 |pc ẏ2

c |L1(Nc) + 5
4c3 |pc |L1(Nc),

for all c � 0.

(’Convexity’ of V , feasible case).

V̈ (c) ≥ β |u̇c |2 + g′′(yc)(ẏc , ẏc) + (− 1
c3 − λ̄

c2 ) |pc |L1(Nc).
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Model Function.
m(c) = C1 −

C2

(E + c)
.

m has monotonicity / concavity properties of V .

ṁ ∼ V̇ = (pc ,
∂

∂c
max

c
(λ̄+ (c(yc − ψ))L2



exact path following

|V ∗ − V (ck+1)| ≤ τk |V ∗ − V (ck )|

|C1,k −m(ck+1)| ≤ τk |C1,k − V (ck )| =: αk

ck+1 = (
C2,k

αk
)1/r − Ek .

Theorem
(exact path following)

lim
k→∞

(yck ,uck , λck ) → (y∗,u∗, λ∗).

Hintermüller & K.



Remark

I PDA with regularization may lead to cycling,
I Calibration of Black Scholes with American options is

related, but.
I Time dependent case, V ⊂ H ⊂ V ∗, V not compact in H,

motivated by e.g. Ω unbounded domain, Ito &K.


