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Motivation

Computation of averages
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Convergence of averages
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Motivation

System At True temperature Feedback pressure | True pressure
[fs] K] [bar] [bar]
Nat in water 1 300.46 1.01 5.14
Nat in water 2 301.83 1.24 17.83
TCR-pMHC 1 300.65 1.05 6.97
protein 302.23
solvent 200.48

“While the induced temperature error is within one percent, the
resulting pressure is manyfold higher than the reference pressure, by a
factor of between 5 to 7 with a time step of 1 fs, and a factor of 14

with a time step of 2 fs.”

— M.A. Cuendet and W.F. van Gunsteren, J. Chem. Phys. 127, 184102 (2007)
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Goal

@ What is the error in an average from a MD trajectory?
Error = [(A) numerical — (A)exact|
@ Estimate accounts for two factors:
Error < Statistical Error 4+ Truncation Error

@ Asymptotic Bound:

1
Error < (4 7 + G AtP

NG

@ Talk will focus on truncation error.

Poincaré hyperbolic: S. Reich, Backward error analysis for numerical integrators, '99
Statistical error: E. Cances, et al, Long-time averaging using symplectic ..., ‘04, '05.
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@ Newton's equations:

Force = Mass x acceleration
g=p/m and p=—VU(q)
g = position, m = mass, p = momenta

@ First order system

z=F(z), where
@ Exact solution map

F:R"—R"

z (t) = q)t (to, Zo)
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@ Time average:

(A)time = I|m -

t
/ A(z(1))dr
—oo t
@ Ensemble average

<A>ensemble:/QA(Z),0(Z) dz
e Ergodicity

<A>time - <A>ensemble

(a.e.)
Almost all trajectories are statistically the same.
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@ Continuity equation for probability density:

dp
or

8t-|—V-(pF):0

0
P F-Vp+pV-F=0
ot
@ In the case p > 0,

Dilnp

_V-F
Dt
@ For microcanonical ensemble

V.-F=0 = p=Cé[H(z)—E]
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@ Nosé-Hoover vector field

dq 1

A — M

dt P

dp §
= = _VU(gq)-2>
” (q) P
d§ T p -1

== pTMlp—gkgT
o p p — gks

@ Invariant distribution

1 1 +.. 1 2
——— | =p'M + + =
pocexp{ T<2p p+ U(q) > )}
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Error Analysis

@ First order system
z=F(2)

@ Forward error:
Is the numerical trajectory close to the exact trajectory?

1zn = 2 (ta) || < CALP

@ Backward error:
Is the numerical trajectory interpolated by an exact trajectory, but for
a different problem?

|Fac(2) = F(2)|| < CAtP

“Method of Modified Equations”
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Error Analysis

e Ergodicity:
Exact trajectories are sensitive (chaotic) to perturbations in the initial
conditions
— Large Forward Error.

@ Statistics:
Thermodynamic properties (averages) are not a function of the
details of the initial conditions
— Small Backward Error.
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Symplectic Structure

@ In 1 dimension

p Conservation of Area

& dq A dp = constant

“‘s

S
) o
LTI

Conservation of “Oriented Area”
@ In n dimensions S"dg; A dp; = constant
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Backward Error Analysis: Modified Equations

@ Given a pth-order numerical method, Wj, we can always construct a
modified vector field, Fp, such that the numerical method provides a
rth-order approximation to the flow of the modified system .

@ If the numerical method and vector field are symplectic/Hamiltonian,
the modified vector field will be symplectic/Hamiltonian.
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Backward Error Analysis: Modified Equations

@ Given a pth-order numerical method, Wj, we can always construct a
modified vector field, Fp, such that the numerical method provides a
rth-order approximation to the flow of the modified system .

@ If the numerical method and vector field are symplectic/Hamiltonian,
the modified vector field will be symplectic/Hamiltonian.

@ Series is truncated at an optimal r*, which increases as h — 0.

@ Use a low-order modified vector field when h is large?
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Flow Map

1
Vector Field

l

Ensemble

XN,

>

Q

>

PAt
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@ Hamiltonian

1 _
H(q,p)=5p"M~'p+U(q)

@ Verlet
VI %vu(qn)
Gt = "+ AtMLpntl/2
pn—l—l _ pn+1/2 . %VU (qn—l-l)
@ Splitting

1
Hi=2op'M7p,  Ha=U(q)
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Example: Verlet

e Strang Splitting
At At
exp (AtL) = exp (7£2> exp (AtLy)exp <7£2) +0O [Atﬂ

L=L1+ L
Li=M1p-V, Lo=-V,U(q) V,
@ Modified Equations

Al A A
exp (Atﬁ[A]t> — exp <7t£2> exp (AtLy) exp (71?[,2) + O [Atr+1}

Solve for EA[Ar]t using Baker-Campbell-Hausdorff formula
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@ Original Hamiltonian:

H(q.p)=5p"M~'p+U(q)
@ Modified Hamiltonian:

Ha.at (g, p) = H(q,p) +

t2
12

1
(pTM—lu”M-lp — 5VUT/w—lvu)
Verlet conserves Hr a+ to 4th order accuracy!
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Example: Verlet

@ Original Hamiltonian:

1 _
H(q,p) = §PTM 'p+U(q)

@ Modified Hamiltonian:

2

At ~ 1 -
Ha.ae(a,p) = H(q,p) + 75 (pTM LWU'M~1p - §VUTM 1VU>

Verlet conserves Hp a: to 4th order accuracy!

@ Practical Computation:

* @) = Yvug m
a2\ T gt q P

= p'M U (qyM'p - VU (q)- M~V U(q)
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Correcting Microcanonical Averages

@ Hamiltonian + Symplectic integrator = Modified Hamiltonian

H(z) = E

A A
Hiz)=E
@ Numerical average is computed on H surface

@ What is the error from using the wrong surface?
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Correcting Microcanonical Averages

H(z) = E

O/ﬁzw

Exact — Numerical ~ (A)y—g — (
[A z)d[H(z)—E} dz jA(z)cs[
fé[ }dz f&[ﬁl(z)—é}dz
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Correcting Microcanonical Averages

@ Expand delta function
5[H(z)] - 5[F/(z)] + (H_ H) 5’[#1(2)} T
and use directional derivative

u-vzcs[H(z)} :5’{H(z)} u-VH

e Corrected average

P V(W A
<A>exact - <1>num + <V . W>num _|_

where

w = (/:I—H) uuVI:I
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Correcting Microcanonical Averages

/|'\|(Z) = /E\

@ Alternative method:

(Aexact = (w A(T (2)))num

where T maps points on H to points on H.

@ Weighting factor, w, accounts for distortion
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Liouville Equation for Modified Vector Field

@ Modified Equations

dz ~ ~
d—j = Far(2)  where Far=F+At°G

@ Modified Liouville Equation

%ﬁAt+v' (ﬁAt ’A:At) =0

e Weighting factor

w:=p/pat, assuming p,par >0

implies

In(w) =AtP(V-G+ G-Vinp)

S
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@ Truncation Error Estimate

(A)num

- <A>exact

Q

/A(q,p)pAtdF—/A(q,p)pdr

r r

<A>num <W>num - <A w)num
<w>num

@ Reweighted Averages

<A>exact -

<A w>num

<w>num * O [Atr]
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Example:

@ Nosé-Poincaré Hamiltonian:

- 1 . w2
H(q7p7577T5)_ <2S2PTM 1p+U( )+Z+nglnS_Eo>

@ Nosé-Poincaré Modified Hamiltonian:

N At?
Ha: = Hnp + ST <

Ts .
,LLS

1 Tpas—1 1~T -1y pp—1=~
— SVUIMTVU+ 5p"MTIUM TR

1 /1 2 2gkTm2
(L skr) +#>
21 \'S W

pTMIvUu
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Example:

@ Modified marginal distribution:

_ 1 A . A .
pat(q,p)dpdg = E/J 6[Hae(q,s, b, ps) — Eo] dpdqdps ds,

- %/J 6[5<HN—H1%+At2G>]d;”)dqdpsds.

@ Change of variables, integrating

1

p==
C Ps n="o
-1

2
p
= kT <H(q,p) + ﬁ + i G(g,e™, p, ps) — H1%>,

@ More mathematical manipulations

2 2 2
~_ Pc At? 2pjpk quqk qu 1 Pj
= — exp} — — 7= — — —okp T

-1
oNrio

0
ng T+ hzﬁ_nG(qa env P, ps)

Mo
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Example:

@ Weighting Factor:

w R~ exp —Ar [2pTM_1U"(q)/\/1_1p
ke T

~VU(q)" M7VU(q) - % (pT/V/‘lp — g kg T)2] }

@ Reweighted Averages:

<A W>num

AeXC ~
R .

e Hybrid Monte Carlo:
J. lzaguirre and S. Hampton, J. Comput. Phys. 200, 2004.
E. Akhmatskaya and S. Reich, LNCSE 49, 2006.

@ Time correlation functions:
R. D. Skeel, SIAM J. Sci. Comput. 31, 2009.
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Numerical Experiment:

@ System:
e 256 Particle Gas

e Lennard-Jones Potential
o T =15¢/k, p=0.95r3, t =20r5\/m/e

@ Method:

o Nosé-Poincaré (Symplectic, Time-Reversible)

o At =0.012r5y/m/e to 0.0001rgy/m/e

@ Reference:

e Dettmann and Morriss, Phys. Rev. E 55 1997
e Bond, Laird, and Leimkuhler J. Comput. Phys. 151 1999.

e S. Bond and B. Leimkuhler Acta Numerica 16, 2007.
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@ “Extended” Energy Conservation:
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@ Improved Estimator
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@ Improved Estimator Error
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@ Numerical stability of pressure measurement

@ In general, when can we correct for numerical bias?

@ |s the error in the dynamics or the observation?

ax



Final Thoughts:

@ Numerical stability of pressure measurement
@ In general, when can we correct for numerical bias?

@ Is the error in the dynamics or the observation?

Ruslan Davidchack, Warwick Capstone Minisymposium (July 1, 2009)
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Motivation
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@ Motivation: Poisson-Boltzmann Equation

© Formulation

e PDE
@ Solvation Free Energy
@ Born lon

© Discretization

@ Adaptive Refinement
@ Error Indicators
@ Marking Strategy
@ Results

© Final Thoughts
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Motivation

Proteins naturally occur in solution

= Must model them in solution

Two options for modeling solute-solvent electro-
static interactions

@ Explicit: Solvent molecules explicitly
represented

© Implicit: “Average” effect of solvent is
computed
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Motivation

Proteins naturally occur in solution

= Must model them in solution

Two options for modeling solute-solvent electro- P
static interactions

@ Explicit: Solvent molecules explicitly
represented

© Implicit: “Average” effect of solvent is
computed
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Want to compute electrostatic Solvation Free Energy:

@ Total Solvation Free Energy I‘ W,

G =W, — W, + Gpp

. . G Gn
@ Electrostatic Solvation Free Energy l l ?

S=W, - W. ‘1‘
b
Wi
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Outline

© Formulation

e PDE
@ Solvation Free Energy
@ Born lon
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Formulation

Poisson-Boltzmann Equation (PBE): Nonlinear PDE to compute
electrostatics of protein in solution

@ 3D infinite domain: Q -

@ 2 Subdomains:

e Solute: Q,,
e Solvent: €.

@ Interface: I

Stephen Bond (lllinois Computer Science)

Solvent _ +
s - +
+ _
+ + - +
_ + -
+
+ —
Tons — , +
Solute ¢
(Explicit Charges)
Q
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Formulation: PDE

Poisson-Boltzmann Equation (PBE) for electrostatic potential

—V - e(x)V(x) + &2(x) sinh (¢(x)) = dmpr(x) for x € QpmU Qs,
d(x) =0 for x= o0,
[e(x)Vo(x)-n]=0 for xeT.

Note: € and k are discontinuous at interface

Simplifications: PBE Domain

@ Infinite domain assumed to be finite
@ Linearized PBE (LPBE) assumes
¢ ~ sinh(¢)
Challenge:

@ pr: point charges at solute atom
locations cause singularities in ¢
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Formulation: PDE

Poisson-Boltzmann Equation (PBE) for electrostatic potential

—V - e(x)V(x) + 72(x) sinh (¢(x)) = dmpr(x) for x € QpmU Qs,
d(x) =0 for x= o0,
[e(x)Vo(x)-n]=0 for xeT.

Note: € and k are discontinuous at interface
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Formulation: PDE

Poisson-Boltzmann Equation (PBE) for electrostatic potential

—V - e(x)V(x) + &2(x) sinh (¢(x)) = dmpr(x) for x € QpmU Qs,
o(x) = g(x) for x €09,
[e(x)Vo(x)-n]=0 for xeT.

Note: € and k are discontinuous at interface

Simplifications: PBE Domain

@ Infinite domain assumed to be finite
@ Linearized PBE (LPBE) assumes
¢ ~ sinh(¢)
Challenge:

@ pr: point charges at solute atom
locations cause singularities in ¢
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Formulation: PDE

Poisson-Boltzmann Equation (PBE) for electrostatic potential

—V - e(x)Vé(x) + R3(x) sinh (6(x)) = dmpr(x) for x € QpmUQs,
o(x) =g(x) for xe€9Q,
[e(x)Vo(x)-n]=0 for xeT.

Note: € and k are discontinuous at interface

Simplifications: PBE Domain

@ Infinite domain assumed to be finite
@ Linearized PBE (LPBE) assumes
¢ ~ sinh(¢)
Challenge:

@ pr: point charges at solute atom
locations cause singularities in ¢

Stephen Bond (lllinois Computer Science) Goal-Oriented Adaptivity for the PBE June 1-5, 2009 10 / 33



Formulation: PDE

Poisson-Boltzmann Equation (PBE) for electrostatic potential

—V - e(x)V(x) + R2(x)p(x) = dnps(x) for x € Qm U Qs,
o(x) =g(x) for xe€9Q,
[e(x)Vo(x)-n]=0 for xeT.

Note: € and k are discontinuous at interface

Simplifications: PBE Domain

@ Infinite domain assumed to be finite
@ Linearized PBE (LPBE) assumes
¢ ~ sinh(¢)
Challenge:

@ pr: point charges at solute atom
locations cause singularities in ¢
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Formulation: PDE

Poisson-Boltzmann Equation (PBE) for electrostatic potential

—V - e(x)Vo(x) + R2(x)p(x) = dnps(x) for x € Qm U Qs,
o(x) =g(x) for xe€9Q,
[e(x)Vo(x)-n]=0 for xeT.

Note: € and k are discontinuous at interface

Simplifications: PBE Domain

@ Infinite domain assumed to be finite
@ Linearized PBE (LPBE) assumes
¢ ~ sinh(¢)
Challenge:

@ pr: point charges at solute atom
locations cause singularities in ¢
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Formulation: What Challenge?

Source term: pf(x) = Zf qié(x — x;)

Coulomb's law for single charge is (en, is dielectric in vacuum)

1

€m|X|

—emV2G(x) = 418(x) = G(x)=

Consider PBE in molecular subdomain Q,, (i.e. £%(x) = 0)
_emv2¢(X) = 4mpr(x)

e Up to Ker(V?), ¢ is given by Coulomb's law

@ Standard piecewise linear FE basis does not converge to 1/|x|
singularities
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Formulation: Regularized PBE

Will remove singularities from electrostatic potential analytically

@ Use analytical form of Coulomb potential G(x), satisfying

—emV2G(x) = dmps(x)
G(oc0) =0

@ Define u = ¢ — G, u called Reaction Potential

@ Substitute ¢ = u+ G into PBE, solve for u gives Regularized PBE
(RPBE)

—V - e(x)Vu(x) + B3(x)u(x)

V- (e(x) — em)VG — R (x)G(x)
u(x) = g(x) — G(x) for x €09,

[e(x)Vu(x)-n] = (em —€)VG(x)-n for xeT.

} for x € Q,UQs,
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Formulation: Solvation Free Energy

Recall, goal is to compute Solvation Free Energy: S = W, — W,

ou=¢—G 1 —

@ S is a linear functional of u

S(u) = % / u(x)pr(x) dx

nNE
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Formulation: Born ion example

Born ion is single ion in center of sphere: analytical solution known
= Sphere radius=2A, ¢, =1, ¢, =78, k2 =0

- ~
- ~
/s g A
N —50
4 \
/ \
/ \ ~100}
/ =
\ 5
/ S50
R .
S c
o o
| =200
\ | 3
o
\ ! —250
\ /
\ / 5
N / 3005 2 4 6 8 10
, Radius
N\
N /s
~N 7
~ ~
~ -
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Outline

© Discretization
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Discretization concerns
@ Complex geometry of molecule = Use Finite Elements

@ Problem: Need mesh matching molecular surface
Use GAMer (Geometry preserving Adaptive MeshER) from Holst group *

*Z. Yu, M. Holst, Y. Cheng, and J.A. McCammon,
J. Mol. Graphics, 2008.
Stephen Bond (lllinois Computer Science) Goal-Oriented Adaptivity for the PBE



Use finite elements to solve linear RPBE

@ Primal problem is
a(u,v) =L(v) VYveV

where
a(u,v) = /QE(X)VU(X) - Vv(x) 4+ B2 (x)u(x)v(x) dx
L(v) = /Q —(e(x) — €m)VG(X) - Vv(x) — B2 G(x)v(x) dx.
@ Want to compute solvation free energy: S(u)

Initial mesh not good enough for accurate solvation free energy

@ Use Adaptive Mesh Refinement to improve accuracy

Stephen Bond (lllinois Computer Science) Goal-Oriented Adaptivity for the PBE June 1-5, 2009 17 / 33



Outline

@ Adaptive Refinement
@ Error Indicators
@ Marking Strategy
@ Results
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Adaptive Mesh Refinement

Adaptive Mesh Refinement (AMR) Algorithm

SOLVE — ESTIMATE — MARK — REFINE

SOLVE: Solve Regularized LPBE
ESTIMATE: Construct elementwise error estimates
MARK: Select elements with “large” error for refinement

REFINE: Subdivide selected elements into smaller simplices

AN Ny
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Adaptive Mesh Refinement

Adaptive Mesh Refinement (AMR) Algorithm

SOLVE — ESTIMATE — MARK — REFINE

SOLVE: Solve Regularized LPBE
ESTIMATE: Construct elementwise error estimates
MARK: Select elements with “large” error for refinement

REFINE: Subdivide selected elements into smaller simplices

| will focus on ESTIMATE and MARK
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AMR - ESTIMATE

From approximate solution u” calculate error

© Easily computed
@ Bounds the error
e What error should be bounded?

How to compute error in u"?

@ Relate weak residual to error

R(v) = L(v) —a(u",v) VYveV
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AMR - ESTIMATE: Energy-based

Measure error in energy-norm (||g[|* = a(g. g))

ool < (5-r2n)
K

Indicator is

1
N (u”) = h%(HrK|‘%2(K) + Zh8K||r8KH%2(aK)

where

rc(x) = (V- (e(x) — €m)VG(x) — R2(x)G(x)) — (=V - e(x)Vu"(x) + B>(x)u"(x))
rok (x) = nk - [(e(x) — em)VG(x) + e(x)Vuh(x)}

nk
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AMR - ESTIMATE: Energy-based

Elementwise error in solution of RPBE for Born ion
v" Indicator shows correct error distribution
X Scaling of indicator is wrong

x No explicit knowledge of Solvation Free Energy

. 4.03e+03

3.02e+03

2.02e+03

1.01e+03

0.0477

Exact Error Numerical Indicator
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AMR - ESTIMATE: Goal-oriented

Want to find error in solvation free energy: S(u — u”)

@ By Riesz Representation there exits a w such that
R(w) = a(u — u",w) = S(u— u")

o Given w, error in S(u™) can be computed

@ To find w, solve the Dual problem
a(v,w)=S(v) Vv e V

@ In practice, w is approximated by FE solution

@ Indicators bound error in functional

[S(u—u") = la(u—u" w)| < CY ne(u® wh)
K
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AMR - ESTIMATE: Goal-oriented

Algorithm: Goal-Oriented Refinement
@ Solve primal problem for u”
@ Solve dual problem for w”

© Compute error indicator

[S(u—uP)| = la(u—u", w)| <Y 0k (u", w")
K

where K is an element
Q Refine elements where nx(u”, w") is “large”

© Repeat
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AMR - ESTIMATE: Goal-oriented

Two options for computing 1k
© Solve dual problem using quadratic basis functions: w ~ w

[S(u—u)| = [L(w"?) = a(u", wh?)| < Y (u”, wh?)
K

h,2

where

hoh2y —
TZK(U ) ) /K
+ e(x)Vul'(x) - Vw2 (x) + R2(x)u" (x)w"?(x)

(€ — em)VG(X)VW?(x) + 72 (x) G(x)w™?(x)

dx

@ Solve dual problem using linear basis functions

S(u—u") =3 o ") + (w— wh) — 1w — o)~ (w — w)
K

h

where u — u” and w — w” are approximated using element residual

method
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AMR - MARK

MARK: Select elements with “large” error for refinement

@ Choice of marking greatly effects quality of refinement

For a triangulation 7 = 7™ U 7~: two marking strategies
@ Global Marking: For v € (0,1)

Mark all K € T such that nx >~ max nr
TeT

@ Split Marking: For v € (0,1)

s Nk > 7y max nr
Mark all { KeT such that { TET®

KeTm >
NK 77[2%777
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Implicit Solvent Results

Fasciculin-1

Compute solvation free energy

@ “Exact” solution from uniform
refinement

@ Meshes from GAMer (Holst Group)

@ Goal-oriented vs. energy-based
refinement

921 Atoms
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Implicit Solvent Results

Marking Strategy
Global Split
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Implicit Solvent Results

Relative Error in Solvation Free Energy of Fasciculin-1

10! T T 107
51077 072 — Goal-Based-Quad
&S| — Goal-Based-Quad-Split
o . .
= — Goal-Based-Linear-Split
=
%d —— Energy-Based
o 103 s .

10 10 — Energy-Based-Split

10 - - . 1074 - - _

10¢ 10° 106 107 104 100 106 107
Size of primal problem Size of dual problem

Take Home: Goal-oriented mesh refinement can achieve greater accuracy
with fewer degrees of freedom
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Multilevel Preconditioning: Multigrid

Form a coarse problem: Aj_; = P!A;P;
Smooth: Aju; ~ f;, ri="f—Aju;
Restrict: fi_1 = Pfr;

Solve: Aj_quj_1 = fi_1

Prolong: uj = uj + Pju;_1

°
°
°
°
°
@ Smooth: Aju; = f;
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Electrostatics: Hierarchical Basis and BPX

B. Aksoylu, S. Bond, M. Holst, SIAM J. Sci. Comput. (2003)

@ Introduce a change of basis

@ Only smooth on the “new” mesh points
@ Hierarchical Basis (Bank, Dupont, Yserentant)
e Recursively defined locally supported basis functions

e BPX (Bramble, Pasciak, Xu)

e Equivalent to smoothing on the “one-ring”
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Outline

© Final Thoughts
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Final Thoughts

© Poisson-Boltzmann equation models electrostatic effects of implicit
solvent

@ Can develop error indicators using weak residual
© Goal-oriented refinement requires the solution of dual problem

@ Solvation free energy accurately calculated using goal-oriented
refinement

© Appropriate marking strategy must be used

© Multilevel preconditioning challenging with adaptively refined meshes
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